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Explicit formulas for the Grothendieck class

of mo,n

Paolo Aluffi®, Matilde Marcolli®® and Eduardo Nascimento

ABSTRACT

We obtain explicit expressions for the class in the Grothendieck group of varieties of
the moduli space Mo,,. This information is equivalent to the Poincaré polynomial
and yields explicit expressions for the Betti numbers of ﬂo,n in terms of Stirling or
Bernoulli numbers. The expressions are obtained by solving a differential equation
characterizing the generating function for the Poincaré polynomials, determined by
Manin in the 1990s and equivalent to Keel’s recursion for the Betti numbers of M .
Our proof reduces the solution to two combinatorial identities, verified by applying
Lagrange series. We also study generating functions for the individual Betti num-
bers. These functions are determined by a set of polynomials pgf)(z), k > m. These
polynomials are conjecturally log-concave; we verify this conjecture for several infinite
families, corresponding to generating functions for 2k-Betti numbers of Mo, for all
k < 100. Further, studying the polynomials pglrf)(z), we prove that the generating func-
tion for the Grothendieck class can be written in terms of a series of rational functions
in the principal branch of the Lambert W-function. We include an interpretation of the
main result in terms of Stirling matrices and a discussion of the Euler characteristic

of ﬂo,n-

1. Introduction

Let ﬂ(],n be the moduli space of stable n-pointed curves of genus 0, n > 3, and denote by [ﬂo?n]
its class in the Grothendieck ring of varieties. This class is a polynomial in the Lefschetz-Tate
class L = [Al], and in fact
n—3
[Mon] =Y tkH* (M) LF,
k=0
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see [MM16, Remark 3.2.2]. Thus, this class is a manifestation of the Poincaré polynomial of
Mo . The following surprisingly elegant formula is, to our knowledge, new.

THEOREM 1.1. For all n > 3,
Monl =1L > " s(k+n—Lk+n—1-j)S(k+n—1—jk+ 1)L (11
720 k>0

Here s, respectively, .S denote Stirling numbers of the first, respectively, second kind. The
result implies that the stated expression evaluates to a degree-(n — 3) polynomial in L with
positive coefficients, a fact that seems in itself nontrivial.

An explicit formula for the individual Betti numbers is an immediate consequence of
Theorem 1.1.

COROLLARY 1.2. For n >3,
o ¢ 0—j ' no1
dimH%(Mo,n)—ZZ(—l)E_]_k(g , k)s(k—l—n Lk4+n—1—5)8S(k4+n—1—jk+1).

For instance,
dim HG(MO 5)=s(4,1)S(1,1) — 4s(4,2)5(2,1) + 6s(4,3)S5(3,1) — 4s(4,4)S(4, 1)
+5(5,3)5(3,2) ~ 4s(5, 4)5(4,2) +65(5, 5)S(5.2
+5(6,5)5(5,3) — 45(6,6)5(6,3) + (7, T)S(7, 4
=(-6)-1—-4-11-1+6-(—6)-1—4-1-1+35-3
—4-(=10)-7+6-1-154+(—15)-25—4-1-90+1-350
=0
while
dim HG(ﬂo,lo) =15(9,6)5(6,1) —9s(9,7)S(7,1) + 36s(9,8)5(8,1) — 845(9,9)5(9,1)
+ 5(10,8)5(8,2) — 9s(10,9)5(9, 2) + 36s(10, 10)5(10, 2)
+ s(11,10)S5(10, 3) — 9s(11,11)S5(11, 3) + s(12,12)S5(12,4)
=(—4536)-1—-9-546-1+36-(—36)-1—84-1-1+870-127
—9-(—45)-255+36-1-5114 (—55)-9330 —9-1-28501 + 1611501
=63173.
We prove Theorem 1.1 by studying the generating function

- o Zn—l
M =1+2z+ Z[Moyn] R
n>3 '

Recursive formulas for the Betti numbers and the Poincaré polynomial of My, have been
known for three decades, since Keel’s seminal work [Kee92]. Getzler [Get95] and Manin [Man95]
obtained explicit functional and differential equations satisfied by the generating function (1.2),
and this information was interpreted in terms of the Grothendieck class of Mg, in [MM16]. We
obtain the following explicit expressions for this generating function.

(1.2)
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THEOREM 1.3. For all n > 3,

N ' " .
M:Z%ii%! ((1_L)(1+(z+1)L))L—ZH<1_ﬂ“) L

i = (+1
(0+ 1)k ko L
=Y (et I (-4 v
20 \ k>0 §=0

Here and in the rest of the paper, expressions with non-integer exponents should be
understood as shorthand for the corresponding exponentials: (- - - )A :=exp (Alog(---)).

We prove Theorem 1.1 as a direct consequence of the second expression in Theorem 1.3, and
the second expression follows from the first. We prove that the first expression equals M by
showing that it is the solution of the aforementioned differential equation characterizing M.

The first expression may be used to obtain alternative formulas for [My ] and for the Betti
numbers.

COROLLARY 1.4. For all n >3,

£4+1 K

[Mon] = Z %

l+n—2 LZ
(ST IT ¢+1-41)| ———. (1.3)
£>0 j=0

(C+1)!

As in the case of (1.1), the right-hand side of (1.3) is, despite appearances, a polynomial in L
with positive integer coefficients and degree n — 3. In particular, for every n, only finitely many
summands of (1.3) need be computed in order to determine [My ,]. For example, here are the
series expansions of the first few summands of (1.3) for n = 6:

231 1 4054 26522 126141
(=0: 1-16L+ §H4 §%§ L?+J§§?L4—‘§O3 IL° Z?%T* LS 4. ..
. 4532 1 22 .
(=1: 32 L — 464 1.2 + 3256 L3—4§;§ L*+ 52@8 L5—4—%%@§ LS +...
729 10935 163215 410265 12663747
(=2 2L2 — L3+ T L — 5 M+—Tﬁf L6 +...
i—3. 8192 13 131072}L44+ 1057792}L5 17410048 L6+
7 3 73 3 9 o
390625 3359375 117453125
(=4: o1 L4 — T L5 + I LS ...
s, 41i?o4 L5 7762224 L6 4...
282475249
=6: mnlabni i BT
(=6 -0 +

and their sum:
1 +16 L + 16 L*> + L* + o L* + o L + 0 LS+

The infinite sum (1.3) converges to [Mog] =1+ 16L+ 16L%+1L3 in the evident sense.
Concerning Betti numbers, we have the following alternative to Corollary 1.2.

COROLLARY 1.5. For i >0, let

ani =

(—D)'@ki+nitk+n-1)+k-37 1 E: p
i(i+1) i(k+1) J
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Then for all £ >0 and all n > 3, we have
¢

267 (k) s
tkH* (Mo ) = Z W Z ml Z Chkiy *** Cnki,, - (1.4)
k=0 Tom=0 4t =l—k

By Faulhaber’s formula, the numbers Cjx; may be written in terms of Bernoulli numbers:

ani =

<(—1)i(2ki+m+k+n—1)+k—z'

J=0

i(i+1)

Thus, Corollary 1.5 expresses the Betti numbers of ﬂ(),n as certain combinations of Bernoulli
numbers, just as Corollary 1.2 expresses the same in terms of Stirling numbers. For instance,

— 271 889 277 4
tkHS (Mo 5) = 5~ 3 Bo— 5 Bi-8B—3Bs
1427 590
+ TB% + 73031 + 16ByBy + 42B? + 8B By

2 2
- ?Bg —128B2B; — 64ByB} — %B{’

=0

while

2 1271
7562667 5T 192797 Bo — 68255, 27 By 38,

. 3132439 2 2524355 BBy + %BoBz . 12;19
17714733 59049 6561 243
1.6 Y8 4 2
=63173.
For n =1, 2, the right-hand side of (1.4) equals 1 for k=0 and 0 for k£ > 0. For every n > 1, (1.4)
may be viewed as an infinite collection of identities involving Bernoulli numbers, equivalent to
the corresponding identities involving Stirling numbers arising from Corollary 1.2. It appears to
be useful to have explicit expressions of both types. For instance, Corollary 1.5 can be used to
refine the result obtained in [ACM25] on asymptotic (ultra-)log-concavity of the Grothendieck
class of My, see [Nas].

Keel’s recurrence relation for the Betti numbers of My, can itself be viewed as a sophisti-
cated identity of Stirling numbers (by Corollary 1.2) or Bernoulli numbers (by Corollary 1.5).
Verifying such identities directly would provide a more transparent proof of these results, but the
combinatorics needed for this verification seems substantially more involved than the somewhat
indirect way we present in this paper.

The proof of Theorem 1.3 is presented in § 2. It relies crucially on two combinatorial identities,
both of which follow from ‘Lagrange inversion’. Proofs of these identities are given in an appendix.
Theorem 1.1 and the other corollaries stated above are proved in § 3.

In §§4-6, we study the finer structure of the formulas obtained in the first part of the paper,
building upon work carried out in [ACM25]. This information is both interesting in itself and

rk H® (Mo,m) =

81
B? +

—B1B
1 212

B:B; — ByB? - —-B3
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leads to further results on the Betti numbers of My, and on the generating function M , see
Theorem 1.9 and 1.11 below. As in [ACM25], we consider the generating function
n—1

ap(z) = érkH%(Mo,n) (;_ o

for the coefficients of L¥ in [M_,], i.e., the individual Betti numbers of Mo, ,. While Corollary 1.2
yields an explicit expression for the coefficients of this generating function, there is an interesting
structure associated with ay(z) that is not immediately accessible from such an expression.

Specifically, by [ACM25, Theorem 4.1] there exist polynomials pm ( ) € Q[z], 0 <m <k, such
that

k
=e? Z (=1)™ptk) () elk—m)z (1.5)

m=0

for all k>0, while a(z) =e* —z — 1. It is proved in [ACM25] that p,(ﬁ)(z) has degree 2m and
positive leading coeflicient, and that

® _ (k+1)F
O T (k+1)V

and this is used to establish an asymptotic form of log-concavity of [My,]. Several polynomials

pg,lf)(z) are computed explicitly in [ACM25]; for instance,

(1.6)

2
z
pgl)(’z):]‘_‘_z_‘_ 2’
so that
2 3 4 5 6
_ (1) (1) _ Z Z Z z z
ai(z) =e€* (po ezfpl (Z))—ez (62122> §+5E+16§+426+ ..

is the generating function for tkH?(Mj ). On the basis of extensive computations, in [ACM25]
we proposed the following conjecture.

CONJECTURE 1. For all k > 1, the polynomials pﬁfi), =1,...,k, have positive coefficients and

are log-concave with no internal zeros. All but pgl), p:(f’), pé ) are ultra-log-concave.

In this paper, we prove the first statement in this conjecture and provide substantial numerical

(k)

evidence for the second part. For this purpose, we assemble the polynomials py,’(z) in the

generating function
Z t, u Z Zp m+€ tf m
m=0 £>0

By (1.5), M(z,L) is (up to an exponential factor) a specialization of P(z,t,u). This fact and
Theorem 1.3 may be used to obtain an explicit expression for P(z,t,u): we prove the following
statement in §4.

THEOREM 1.6.

-1 .
P(Z,t,u)zz We(erl)z ((1+u)(1—u(z+1)))7w H <1+ Ju ) £

J=0
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In §5, we use Theorem 1.6 to obtain more information on the polynomials pgf)(z). Denote

by cgsg the coefficients of pg,li)(z) so that pgf)(z) = Z?;ﬂo cgij).zj.

THEOREM 1.7. Forallm >0, 0 < j < 2m, there exist polynomials Iy, ;(¢) € Q[{] of degree 2m — j
such that
B (k —m + 1)k=2m+i
mJ (k—m+1)!
for all k > m. Further, I';,;(¢) >0 for all m >0, 0< j <2m, £ >0.

. ij(k — m) (1.7)

The polynomials I';,;(¢) are effectively computable. For example,

271 ¢ 57 - 4295 o 1341 5 28867 , 2143 5 3619 , 119 13
F4,0—1—28€ +33€ + 576€ + 20 0+ 1152€ + %6 0+ 2886 +3—0€+ﬁ.
The first 400 such polynomials I'y,;(¢) with 0 <m <20, 0<j <2m have positive coeflicients
and are in fact log-concave. However, I'yg o is not log-concave, and the coefficient of ¢? in the
degree-42 polynomial I'g; o, namely, — 9272%38005031i85858565157271558346%6030903, is negative, a good reminder of how
delicate these notions are and a cautionary tale about making premature conjectures.
Nevertheless, as stated in Theorem 1.7, we can prove that I'y,;(¢) is positive for all m,

0<j<2m, £>0, and this has the following immediate consequence.

COROLLARY 1.8. The polynomials pﬁ,’f)(z) have positive coefficients.

This proves part of Conjecture 1. Further, we obtain substantial evidence for the rest of the

conjecture, dealing with log-concavity of the polynomials pgf) (z). Specifically, we reduce the proof

of ultra-log-concavity of pgs)(z) for a fixed m and all k£ > m to a finite computation involving the
polynomials I';,;. A few hours of computing time verified the conjecture for m=1,...,100.
As a byproduct of these considerations, we obtain an alternative expression for the Betti

numbers of M, in terms of the polynomials I',,;(¢).
THEOREM 1.9. For n>3 and 0 </ <n— 3,

(k+1)n72+kfm 2m
m

rkH* (Mon) = Y (—1) o D (n=1)-- (n—35) Tmy(k).

k+m=~ 7=0

This formula generalizes directly the well-known formula for the second Betti number,

- 1 2_n+2
I‘kH2(M07n) — 5,211 o %’

cf. [Kee92, p. 550]. For instance,

— 2 (n+4)(n+3) 3n* + 14n3 4+ 57n% 4+ 118n + 96
kHS —Zoyn 2T AP Y gn .
tkH (Mon) = 3 12 3t 192
_n6 —7Tn® + 35n* — 7Tn3 + 120n2 — 72n + 32

48 ’

2n

giving
— 2 91 531 73039
kH6 :7'41077' 10 7‘21077
rkH"(Mo,10) 3 5 37+ 5 5
Studying the function P(z,t,u) also reveals an intriguing connection with the Lambert W-

function, which we explore in §6. Recall that the Lambert W-function W (t) is characterized

=63173.
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by the identity W (t)e"® =t; the reader is addressed to [CGH196] for a detailed treatment
of this function. We consider in particular the ‘tree function’ 7'(t) = —W (—t), where W is the
principal branch of the Lambert W-function. (This function owes its name to the fact that
Tt)=> 01 Lt " where T;, = n"~! is the number of rooted trees on n labelled vertices.) For a
fixed m, consider the generating function

Z plm+0)( (1.8)

£>0

that is, the coefficient of «™ in P. This is a polynomial in Q[[t]][z] of degree 2m. Explicit
computations show that

P() :eT,

eT
P = a7 <;z2 +(1+T)z+ %(2 + T2))

and
. el 1 4+5+2T—T2 3+8+4T+T2—2T3 5
=—F=\|z% z z
2T (=T \38 6 4
A42T +T?-T* 124 24T — 1272 + 8T — T* — 4T°
+ 5 z+ 24

where T'="T(t) is the tree function. (In fact, the first expression is a restatement of (1.6).) For
all m >0, the series e~ 1 P,(2,t) is a polynomial in z with coefficients in Q[[t]]. We prove that,
for all m > 0, these coefficients can be expressed as rational functions in the tree function 7', as
in the examples shown above. More precisely, we have the following proposition.

ProPOSITION 1.10. Let T'=T(t)=—-W(—t) be the tree function. For m >0, there exist
polynomials Fy,(z,7) € Q[z, 7], of degree 2m in z and < 3m in 7, such that
r Fa(z,T)

P(z,t)= -z

(1.9)
Setting Fy(z, T') = 127 extends the validity of (1.9) to the case m = 0.
Since for m > 0 the polynomials F,,(z,7) have degree < 3m in 7, they are characterized by
the congruence

Im—1
F(z,7)= Z psgl“)(z)(l — T)Qm_le_(“l)TTg mod 7°™
=0

Proposition 1.10 implies the following alternative expression for M.

THEOREM 1.11. Let T =T(e*LL), where T is the tree function. Then with F,,(z,T) as above,

we have
(2,T)
:E E 2m T ™. (1.10)

m=0

While the identities stated in Theorem 1.3 are more explicit expressions for M , they show
no direct trace of the relation with the principal branch of the Lambert W-function displayed in
Theorem 1.11. The proof of this result relies on another combinatorial identity involving Stirling
numbers, whose proof is also given in the appendix.
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It is essentially evident that (1.1) may be expressed in terms of a product of matrices. We
formalize this remark in § 7, by showing that the class [M ] may be recovered as a generalized
trace of a matrix obtained in a very simple fashion from the standard matrices defined by Stirling
numbers of the first and second kind (Theorem 7.1). This is simply a restatement of Theorem 1.1,
but it may help to relate the results of this paper to the extensive literature on Stirling
numbers.

There is another connection between My, and the Lambert W-function: the generating
function for the Euler characteristic of Mo,n may be expressed in terms of the other real branch
of the Lambert W-function, denoted W_; in [CGH'96]. The various expressions obtained in
this paper for the Betti numbers imply explicit formulas for the individual Euler characteristics
x(Mon). In §8, we highlight one compelling appearance of x(My,,) as the leading coefficient
of a polynomial determined by a sum of products of Stirling numbers, see Proposition 8.1.

Choi, Kiem and Lee have extensively studied the S,-representation structure of H, (ﬂo,n)
[CKL23, CKL, CKL25], recovering in particular asymptotic results from [ACM25]. Stirling
numbers are closely related to the combinatorics of S,, and it would be interesting to inves-
tigate whether the combinatorial formulas in this paper can be understood directly in terms of
representations of symmetric groups.

A new proof of the Stirling formula for the Poincaré polynomial of My ,, was recently obtained
in [EFMT], in the context of a general study of Chow rings of polymatroids with respect to
arbitrary building sets.

We end this introduction by pointing out that another expression for [My ;] may be obtained
as a consequence of the result of Ezra Getzler mentioned earlier, which we reproduce as follows.
For consistency with the notation used above, we interpret Getzler’s formula with L = ¢2.

THEOREM 1.12 (Getzler [Get95]). Let

) n—2
2" o 1+2)F —(1+Lax)
Ly=z-Y — Y (—=1)L"2 dim H;(Mo, _g-
Then
o0 (lZn n—2 ' o
fla, L) =z + 22 — > L dim Hai(Moni1)
n= 1=0

is the inverse of g, in the sense that f(g(z,L),L)=x.

Getzler’s generating function f differs from our M by the absence of the constant term.
Theorem 1.12 may be seen to be equivalent to the functional equation for the Poincaré polynomial
mentioned earlier, also proved (with different notation) in [Man95].

We can apply Lagrange inversion (see, e.g., the first formula in [Rio68, p. 146, (18)]) to the
identity f(g(z,L),LL) =z. Specifically, assume that

n=>0

is a power series such that
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for constants a,, and functions «a(x), S(x) such that 3(0) =0. Then Lagrange inversion states
that

et "
an = W(O‘ (z)p(2)"™)|z=0,

T

where p(z) = KGR Applying this formula with a,, = [Mon+1], a(z) =z, f(z) = g(z, L) gives

n
[Mo.ni1] = (n —1)! - coefficient of 2"~ in the expansion of ( x )
g(z,L)

with g(z,L) as in Theorem 1.12. Therefore,

L(L -1z )L>”‘1 .

[Mo.n] = (n — 2)! - coefficient of 2"~2 in the expansion of (1 T2 — (11w

This also easily implies that

n—1
— 1
X(Mo.) = (n—2)! - coefficient of 22 in the expansion of :
WWo.) = (n-2) b T
We do not know if alternative proofs of the results in this paper may be obtained from these
expressions.

2. Proof of Theorem 1.3

Throughout the paper, all functions are implicitly considered as formal power series, used as
generating functions for the coefficients in their expansion.

A recursion determining [ﬂoyn] or, equivalently, the Poincaré polynomial of ﬂo,n, is well
known: see [Kee92], [Man95] and [MM16]. It is equivalent to a differential equation for the
generating function

—~ o anl
M(Z, L) =1 +z 4+ Z[M(],n]m,
n>3 ’
namely,
oM M

= —, 2.1
9z 1+4+L(1+2)—LM @1)

subject to the initial condition ]\7\220 = 1. (This is a restatement of [Man95, (0.8)].)
Denote by M the first expression stated in Theorem 1.3:

— (4 1)* B . G-t -1 _jL ,
M._;(“_l)! <(1 L)(1+( +1)L)> ]1;[()<1 £+1> LY, (2.2)

where we view L as an indeterminate. We need to verify that M=1. To prove this result, it
suffices to verify that M satisfies (2.1), which we rewrite as
oM — _ OM —
14+ L(1 — - M=L—M 2.3
(1+L(1+2) 5 e (23)

and the initial condition M|,—o = 1.
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Both of these claims will be reduced to combinatorial identities. For the first, it is convenient
to separate the part of M depending on z from the rest: write

:i )1+ (z+1)L)

1+k(1 L)

with
k—1
k+1 Lek(-1)
Fk):= | [ — 1-L L".
R =) ( k:+1> (1-L)
7=0
We have
1+k-L) 1+ k(l — L)
F(k)(1 DL —_—
Z HEH UL AT e oL
implying
(1+ (z+1)L) ——M ZF L)(1+ (z+1)L) "t

In order to verify (2.3), we need to verify that this expression equals

rea-n 1+ (1-1)
(1+(z+1)L)

2 (Lkm)(1=L) _
L

1+7n(1 L)

M ILZF )(1+ (2 4+ 1)L) F(m)(1+ (z+1)L)

_]LZF m)(1+0(1 —L)(1+ (z+1)L)

_]LZ Y FOFm)1+1-L)(1+(z+1DL) "t

k=1 6+m=Fk—1
Therefore, in order to prove that M satisfies (2.3), it suffices to prove that, for all k> 1,

L Y F ) (14601 —1L))=F(k)- k(1 -L).

l4+m=k—1
To simplify this further, let

((+D! 44 (+1
so that
F(O)=E(f)-(1-L) &L
The sought-for identity is
L Y E@-(1-L)7t LE(m)- (1-L)% L™ (1+61-L))
l+m=k—1
—E(k)-(1-L)" ¢ Lk k(1 -L).

Clearing the common factor proves the following claim.

10
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CLAIM 2.1. Let

/—1
0+ 1) L
E):= . 1—
() (¢+1)! ],1;[0 (+1
Then, in order to prove that M satisfies (2.3), it suffices to prove that, for all k > 1,
> EW@E(m)-(1+£(1-L))=k-E(k). (2.4)
l+m=k—1

For every k, this is an identity of polynomials in L. For example, for k = 3 it states that

<2—%> (3—2L)+(2—]L)+<;—I;>:8<1—£[£> (1—]]2").

As such, (2.4) is equivalent to the identity obtained by performing an invertible change of

variables. Setting L. = 1

w—1"
—1 1371
1 E—i—l)
E) = (+1—4L)=
@ (£+1)!j:0( tl=g £+1']1;[0

-1 .
= ((w = 1) (0 +1) + )
B (04 1) (w—1)* ’
and trivial manipulations show that (2.4) is then equivalent to the identity

[l (w—DC+1)+5) TI75 (w—1m+1)+5) 1
Z Al ‘ m! 'm+1

l+m=k—1
k—1 .
L= ((w=1)(k+1) +5)
B (k—1)!
of polynomials in Q[w]. In order to verify this identity, it suffices to verify that it holds when w
is evaluated at infinitely many integers. We can then restate Claim 2.1 as follows.

CLAIM 2.2. In order to verify that M satisfies (2.3), it suffices to prove the binomial identity
Z wl+1)—1 w(im+1)—2 1 (wk+1)-2 (2.5)

1 m m+1 k—1 '
L+m=k—-1

for all positive integers k and w.

This identity does indeed hold. It may be obtained as a specialization of more general,
known, identities; see e.g., [Rio68, p. 169] or [Gou56|, where such identities are identified as
generalizations of ‘Vandermonde’s convolution’. We include a proof of (2.5) in the appendix,
Lemma A.1, and this concludes the verification that M satisfies the differential equation (2.3).

Next, we need to verify that M satisfies the same initial condition as M , e, M|,—o=1,
that is,

04 1) " -1 L
(113 ) EET

20 §=0

This statement is surprisingly nontrivial.
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Remark 2.3. Identity (2.6) may be viewed as an infinite collection of identities involving Bernoulli
numbers. Explicitly, for £ >0 and ¢ > 1, let

2(k+1) 1 , 1 .
- - S (FYEIHB;, i odd
4 i1 e 2o () i 0dd >0,
ki =
2k 1 .
Z; =0 (H_l)kz 1By, 1 even > 0.

i (i) (k1)
Identity (2.6) is then equivalent to the assertion that, for all positive integers /£,

(k+ 1)k
Z (k1)1 2= i Z Apiy -+ Agi,, =0,
k=0 i1t Fim=C—k

where all indices 7; in the summation are positive integers. (This computation will be carried out
in a more general setting in the proof of Corollary 1.5.) For increasing values of ¢, this identity
states that

1

Bl = _7BO7

13
By=4-— ?BO*B1+ 4(Bo+231) ;

259 1 27 45
B3 =12 — 730 — 1531 + BQ + BO + B()Bl

7 2
+_Z£%1}2+>§£%’+»513LBZ__16(BO+_2EH)

etc. Our verification of (2.6) proves all these identities simultaneously.

For increasing values of ¢, the summands in the left-hand side of (2.6) expand as follows.
2 13

) 1
=0: (1-L*t =1-L+-L2-ZL3+=—1%+...
t=0: )E +5L - gL+ L+
s 13
(=1: (1-L*»i7'L — L—2L2~|—3L3—§]L4—|----
3-L 3 45
(=2 (1-L*)i 22— 5 1.2 = §L2_5L3+ZL4+...
4-T.4—2L 8 38
(=3: L3I T A o i PR
(1 )t 3 5 3 S L+

The sum of these terms is a power series, and the task is to verify that this series is the constant 1.
For this, it suffices to prove that the series has a limit of 1 for L. = % for all integers m > 1. Setting
L =1 with m >1 an integer, the left-hand side of (2.6) may be written as

S (=) T ()

>0 j=0

() () ()

420

after elementary manipulations. Therefore, the following assertion holds.

12
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CLAIM 2.4. In order to verify (2.6), it suffices to verify that the identity

SN ) e

holds for all integers m > 1.

Identity (2.7) follows from Lemma A.2, which states

S ( y
g)oa—l-ﬁﬁ 14

for all positive integers o, 3, with y = (x — 1)2~". Indeed, setting o = 3 = m, this identity gives

Z€+1< m(l+ 1)>y£’

and specializing to z = (1 — #)_ yields (2.7) as needed. This concludes the proof of (2.6).

Summarizing, we have proved that M and M satisfy the same differential equation and initial
conditions. Therefore M = M, confirming the first assertion in Theorem 1.3. O

In order to complete the proof of Theorem 1.3, we need to verify that M also equals the
second expression in that statement:

Ck—1
AT — (£ + 1)Z+k k JL ¢
M=>" Z(Hl)!k!(z L— L) H L=y ) | B (2.8)
£>0 k>0 7=0
For this, use the expansion
-1 —1 2
(1+33)a=1+a:v+a<a2 )x2+a(a 3)‘(04 )x3+'--
to obtain
(1-L)A+(z+ L) T =1 +L(z-L-Lz)% "
1 k—1
— H(Z—L—Lz)‘f [T(@+0—(+jL)
k>0 j=0
k—1
(e )F k (£+j)L
_;; oz L-L2) 1:[ L=
>0 7=0

Making use of this expression in (2.2) yields

— (£+1)€+k k—1 (E—i—j)]L -1 JL
M‘ZE gww(“l””ﬂ(lw). (WH) Lf

and (2.8) follows.

Remark 2.5. An alternative proof of Theorem 1.3 can be obtained by using a different char-
acterization of the generating function M. Manin (Man95, Theorem 0.3.1, (0.7)]) and Getzler
(Get95, Theorem 5.9) prove that M is the only solution of the functional equation

MY =L2M + (1 —L)(1+ (2 + 1)L). (2.9)

13
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It can be verified that the function M satisfies this equation, and this implies M = M. As in the
proof given above, the argument ultimately relies on Lemma A.2.

3. Grothendieck class and Betti numbers, and Proof of Theorem 1.1

Corollaries 1.4 and 1.5 follow directly from the first expression shown in Theorem 1.3.

Proof of Corollary 1.4. According to Theorem 1.3,

z M, I (¢+1) B . whl L 2
1+ +1;[M0,n](n_1)!—; ey (- D0+ G+ 1)L) (1 > e

Thus, the class [My,,] may be obtained by setting =0 in the (n — 1)th derivative of this
expression with respect to z. A simple induction proves that

8n71

n—2
ot (L DL ) = (4 e+ DL T T+ 0= (04 )L,

and hence

" n—2 .
gzn_ll ((1 +(z+ 1)]14,)%—5) — (14 L)t (g g 1yt H (1 _ (E—i-j)]L> .

+1

2=0 =0
It follows that [Mo,] equals
_ l+n—2 .
(B2 ey —0—n+1 JjL ¢
27(1—1[4) (1+IL) " H 1——— L*, (3.1)
|
= (£+1)! ol +1
and the expression stated in Corollary 1.4 follows. O

Proof of Corollary 1.5. The rank of H?(My,,) is the coefficient of ¢ in (3.1). The logarithms
of the individual factors in each summand in (3.1) expand as follows:

e log ((1 - L)%fgz

1ﬁ—k Ef+1
<L—k>log(1—]L): > 1
=0
—(1+k)+> L 3
et i(z‘+1) ’

e log ((1 + L)%*’“”“):

1+k ) L i+l
—— —k-n+1)log(l+L)=1+k) > (-1)'——=—(k+n—-1)> (-1)'-
( L i>0 i+l i>0 i+l
2 -1
14k +Z ki+ni+k+n IL,

= i(i+1)
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e (11557 (1 )

k4+n—2 H—I]L%—H k+n—2 L
Z Z (i +1)(k+1)+! _Z Z J' i(k+1)i
i>0 i1 \ j=0

Therefore, the product of the three factors is the exponential of 2121 C,1i Lt where for n >0,
k>0,1>1 we set
k+n—2

(-1)i2ki+ni+k+n—1)+k—i 1 y
Chki = - : L 3.2
nki i(i+1) ik +1) < J (3:2)
With this notation,
_ (g_i_ 1)£+n71 ) .
Mon]=>» ————exp Crol" | L
" ; (0+1)! ; ne
m
B (E"i‘ 1)£+n71 '
- (L+1)! Z ml 2 Cunll | L
€20 i>1
We have
m
Z aniLi = Z ( Z Ckiy = - anim) L
i1 720 \iqt i =r
where the indices i; in the summation are positive integers. The stated formula (1.4)
¢ k+n—1 £k
Sy (k+1) 1
tkH*(Mo,) = Tl Z i Z Crkiy ** Cnki,,
k=0 m=0 """ iy ffip =b—k

follows. 0

Remark 3.1. In parsing this formula, it is important to keep in mind that the indices 7; in the
summation are positive. For example, when k =/, i.e., £ — k =0, there is exactly one contribution
to the last ), that is, the empty choice of indices (m 0); that summand is the empty product
of the coefficients Cy1;, that is, 1. For instance, rkH"(Mg,,) =1 for all n.

By contrast, if m > /¢ —k, then the last > is the empty sum, so the contribution of such
terms is 0. This is why we can bound m by ¢ — k in the range of summation.

The classical Faulhaber’s formula states that, for ¢ > 1,

(e

J

where the B; terms denote the Bernoulli numbers (with the convention B; = %) Applying
Faulhaber’s formula turns (3.2) into

nkizZ.(Z.j_l)((—1)i(2ki+ni+k‘—l—n—1)+k—z’
A | .
_(k‘Fl)ZZ< i )Bj(k—i-n—l) J+1>

=0
as stated in the introduction.
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Proof of Theorem 1.1. To prove Theorem 1.1, we use the second expression for M obtained in
Theorem 1.3:

— 04 1)tk ekt jL
2>0 \ k>0 o =0

The class is obtained by setting z=0 in the (n— 1)th derivative with respect to z. This
straightforward operation yields

. 04 1)l = L
L | 2 (£+§)!(kin+1)!(_L)k i <1 ej+1> v,

030 \k>n—1 §=0

and therefore, after simple manipulations,

_ - DEAe gyt L
(Mo =(1-L) 1§: 2: E+1Mﬁ—£) 11 (1 5+1> L

k>0 \ /=0

Now, recall that the Stirling numbers of the first kind, s(V, j), are defined by the identity
N N-1

s(N,j)al = [[(@=j)=a(@—1)--- (2= N +1).
j=0 J=0

Setting y = % and clearing denominators shows that

N—1 N
(1—jy)=>_ s(N,N—j)y/
=0 =0
We then have
k+n—2 . k+n—1 j
JL , L
1—->— )= k -1,k —1- —

H < +1> ' s(k+n S k+n j)<€+1>
7=0 7=0

yielding
ktn-1 k k—¢ k+n—1—j
- 1 +1 J . :
Mol =(1=L)" D 3 Z( )(€+(1)!(l<:)—£)! sthtn—1 k+n—1-jL".

Next, recall that the Stlrhng numbers of the second kind, S(N, ), are defined by

r .
ZN

N — _1 T‘*’ii .
S(N.7) ;< T (33)
for all N >0, r > 0. Therefore,
k _1—i  k+1 e
B E—i—l)kJrn 1—j » Zk+n 1—j )
ke N (kL  _S(k+n—1—jk+1
;( TS T ;( T s TG R AL
and we can conclude
k+n—1 .
Mon)=(1-1)"" > Y Sk+n—1—jk+1)s(k+n—1k+n—1-jL,
k>0 j=0
which is the statement. [l
16
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Remark 3.2. Since S(N,r)=0 if r > N, nonzero summands in this expression only occur for
0<j<n—2.

Corollary 1.2 follows immediately from Theorem 1.1, as the reader may verify.

4. The generating function P, and proof of Theorem 1.6

We now move to the polynomials pm ( ) € Q[z] mentioned in § 1. These polynomials were intro-
duced in [ACM25] for the purpose of studying the generating functions for individual Betti
numbers of Mg ,,. As proved in [ACM25], for all m >0 and 0 <m < k there exist polynomials

pgr’:)(z) € Q[z] of degree 2m such that

_ k
Z rkﬂ%(ﬂo,n) —) =e° Z z) elh=m)2 (4.1)
n>3 m=0
for all £ > 0. Let
Z ¢, u pm-‘rf) mtﬁ
230 m>0

be the generating function for the polynomials p7(n) ; then (4.1) states that

M(z,L) = e*P(z, ¢*L, —L). (4.2)

In this section, we prove Theorem 1.6 from the introduction, which gives an explicit expression
for the generating function P:

2,0, Uu)= (€+1)£€_(€+1)Z w)(1 —u(z — o 14
Pt =2 | Ty (L)L = u(z +1)) 1210( )

This statement will follow /irom Theorem 1.3, but the argument is not completely trivial, for
the mundane reason that M(z,LL) is a two-variable function while P(z,t, u) is a three-variable
function; M (z, L) is a specialization of P(z,t,u), not conversely.

Proof of Theorem 1.6. We let

o B (5_,_1)6 B R _ 140(ut1) =
P(z,t,u)—bzo (£+1)!€ D2 (14 u) (1 —u(z+1)))" -« jl_[o (1—}—“_1) tt

and we have to prove that P(z,t,u) = P(z,t,u). Equivalently, we will prove that

P(z, su, —u) = P(z, su, —u); (4.3)
note that the right-hand side equals > ;- Zﬁzo(—l)mpgﬁ)sk_muk.
CrLAmM 4.1. There exist po]ynomia]s %) (z, s) € Q[z, 5] such that

Z su, —u Zp(k Z, 8
k>0

This claim implies (4.3). Indeed, by Theorem 1.3 and identity (4.1) we have

k
>z )L = P(z, €L, —L) = *M(z, L) =y (Z(—nmp;’?(z)ew—m)z) L,

k>0 k>0 \m=0
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and therefore

= Xk: (=1)™ptk) (2)elk—m) (4.4)

m=

for all £ > 0. Given that Claim 4.1 holds,

o

is then a polynomial vanishing at s=e¢e*, and hence it must be identically 0 since e* is
transcendental over Q(z). The needed 1dent1ty (4.3) follows.

Thus, we are reduced to verifying Claim 4.1.

By definition,

_ /41 £ _ . 140(1—w) -1 ju
P(z, su, _U)ZZ Eﬁ—i-l%'e D2 (1 —w) (1 +u(z+1)) = H (1 — €+1> stut.
£>0 ’ j=0

In order to prove Claim 4.1, we have to verify that, for all k> 0, the coefficient of u* in

k

/-1
(£+1)* —(£41)z Leed o) Ju 0,0
1 1+ +1 u 1-—
;:0 @ 1>!e (I—u)(1+u(z+1))) jlzlo 71 s‘u

is a polynomial in z and s. This is clearly a polynomial in s, and it suffices then to verify that
the coefficient of u* in the factor

e 21 pu(z41))

is a polynomial in z for all 4 > 0. Simple manipulations show that this factor equals

b (”“1‘“) log(1 4 u(z 1)) — (1 +e>z)

u

+(1 w)

k

I CETEDS <(1+fzr(z2+1) +i—f1> (ulz+1)™

k>0 i>0

and the statement is clear from this expression. (In fact, the coefficient of u’ in this expression
is a polynomial of degree 2i in z.) This concludes the proof of Claim 4.1, and therefore of
Theorem 1.6.

Of course, the same result may be formulated in different ways. The following expression
follows from Theorem 1.6 by manipulations analogous to the corresponding manipulations in
the proof of Theorem 1.3.

COROLLARY 4.2. The generating function P(z,t, u) admits the following expression.

£—|—1£+k {+k—1 (&)
k —(l+1)z 40
P(z,t,u) E g = (z+u+ zu) || ( £+1> e .
é>0k>0 ]:O
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Remark 4.3. Tt is straightforward to verify that the function P(z,t,u) is a solution of the
differential equation
opP 0P P

L i p= .
oz o T 1—u(l+z2)—tP

This is the analogue for P of the differential equation (2.1) satisfied by M.
It is also not difficult to obtain a functional equation for P,

(e*P) " +utP=(14+u)(1—-u(z+1)),
lifting the functional equation (2.9) satisfied by M.

5. The polynomials pgi) and I';,;, and proof of Theorems 1.7 and 1.9

We are interested in studying more thoroughly the polynomials pgf)(z) € Q[z] defined in §4. As

proved in [ACM25], pgf) has degree 2m and a positive leading coefficient, and these polynomials
determine the Betti numbers of Mg, in the sense that

n—1 k

z —m)z

§ :rkHQk(Mo,n)i) —=¢? § :(—1)mp§,'§>(z) elk—m)
m=0

(n—1)!
n=3

for k>0 (cf. (4.1)). For instance, it follows that, for every k > 0, the sequence of Betti numbers
rkH?*(Mo,) as n=3,4,5,... is determined by a finite amount of information, specifically,

the (k + 1)? coefficients of the polynomials pgf), m=0,...,k. It is hoped that more information

about the polynomials p,(ﬁ) will help in proving conjectured facts about the integers rk H2 (Mo.n),
such as log-concavity properties.
The following list of the first several polynomials pﬁ,’f) is reproduced from [ACM25].

(0)

p(] :]-a

1

) =1,
p§1>:722+z+1,
@ _3

pO _27

p§2) =22 +3242,

1 b} 1
péQ) = S22k 24

87 6 2
pg?’) = 222 + 1—252 +9,
pés) = %z4 + %23 +922 49243,
pég) = i26 + 125 + ﬁz‘l + zzg + 522 + §z+ g,

48 24 24 2 4 2 3
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@ _ 125
Po~=9g
(4 _ 16, 56 38
1= SZ + 32+ 3
27 51 129 65 45
@ _ 204 203 24 7%,

Pro=16® T T TR T,
1, 13. 21, 74 1
(4):6z6+€25+ T2 A 302 1 18a 4

W_ 1 s, 17 06, D5, 289, 108, 8, 1,15
Pi = 354% 7167 T9° T2 A8 12 12 6° " 21

In this section, we prove that all polynomials p,gi) have positive coefficients and provide evidence
for the assertion that most p,(qli) are ultra-log-concave. Both facts were conjectured in [ACM25].

We denote by F Ml ) e Q the coefficient of 27 in pgn)( ). The following proposition introduces
rational numbers I',,,;(¢) and establishes the equality (1.7) stated in Theorem 1.7.

PROPOSITION 5.1. For £>0 and j >0, let I',,;(¢) € Q be defined by the identjty

Z Zml“mj(é)zjum =e *(1+{+Du)(1—(z2+L+1)u _74 H 1+ ju).

m>0 j=0
Then T'y,;(¢) =0 for j > 2m and
o _ (ko m R
™ (k:—m+1)!
for all k, m, j, with0<m <k, 0<j <

Fm](k‘ — m)

Proof. This follows from an application of Theorem 1.6:
E—F 1 0— m+]

>y 3 G e

£>0 m>0 520

Z €+1‘erm3 £+1)2)j<£+u1) n

£>0 " m>05>0

-1 ;
Z (e+1 “((1+u) (1—(z+1)u))_%_en <1+ Eijl)

e>0 §=0

:P<Z, ¢, U Z Z p(m+€ mtl

£>0 m=20

Y Y S

£>0 m>0 j=0

Comparing coeflicients gives the statement. O

In order to prove Theorem 1.7, we have to verify that I',,;(¢) is a polynomial in ¢ and attains
positive values for £ > 0 in the range m > 0, 0 < j < 2m. For this purpose, we introduce another

20
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set of ancillary rational numbers, A,;(¢), defined by the generating function

SN A @ um =e7F (14 (E+ Du)(1—u(z + £+ 1)) "G, (5.1)
m>0 j>0
Thus,
2m . 2m ‘ -1
D To@2Fum = [ > Apy@27u™ | T (1 +ju) . (5.2)
m>0 j=0 m>0 j=0 j=0
PROPOSITION 5.2. Forallm>0and j=0,...,2m, Ay,,;(¢) is a polynomial in £ of degree 2m — j

and with positive coefficients. For j >2m, Ap,;(¢) =0.
Proof. The proof amounts to elementary but delicate calculations. Note that
log (az (1 + (0 + Du)(1 —u(z+ €+ 1)))—%“))
1
=—z+ <_u - E) (log(14 (¢4 1)u) +log(l — (£+ 1+ 2)u))

B 1 (=1 (+ 1) — 0+ 142)"

>0
The reader will verify that this expression equals

> z(z—li—l) ((E + 1) (64200 + £+ (=1)"F(i — 0))
i>1

i,
1 o , . .
+ Z <Z + > (C+1) 7 —j)+i+ L+ i) + z‘zZ“)u’,
=17

that is, the coefficient of z/u’ in the expression is 0 for i =0 and for j >4 + 1, and equals,

A (C+ 1)1 (i + 200+ 04 (—1) (i — €)) for j=0,

iGi+1)
i (D @+ D906 — ) +i+ e+ 6i) for 1< j< i,
o for j=i+1

for i > 1. For all j=0,...,7+ 1, this is a polynomial in ¢ of degree ¢ 4+ 1 — j. Further, trivially,
(1 —j) =0 in the range 1 < j <, and

2i({+1)>0 if iis odd,

P20+ 0+ (=) (i) =
20(i+1)>0 if ¢ is even.

Summarizing,
i+1 o
YN Ani)Fum =exp | YD 50
m>0 j>0 i>1 j=0

with d;;(¢) polynomials of degree i + 1 — j with positive coeflicients. Now,

2 3
C C
exp(cru+ cou® + cgu’ + -+ ) =1+ cru + <21+c2> u? + <C3+CIC2+61> ud
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is a series whose coefficient of u™ is a linear combination of products ¢;, - - - ¢;, with i >0 and
>_ ik = m. Therefore, for every m, 3~ - Ap;(£)27 is a linear combination of terms
=

41 it
Z 5i1j1 (E)Zjl T Z (5i,,,j,,, (E)er Z 611]1 .. 2 g (g)zj1+--'+jr
j1:0 ]':0

with i >0 and iy =m. Each polynomial &, (¢)---d; ; (¢) has positive coefficients and

degree
sz—i-l Z]k—m—i-r—j

with j =) ji the exponent of z. The degree of the sum is the maximum attained by m + r — j,
that is, 2m — j (for r =m, iy = - - - =i, = 1). Thus, the coefficient A,,;(¢) has degree 2m — j in ¢,
as stated. The exponent j itself ranges from 0, attained for j, =0 for all 7, to > (i + 1) =m +r,
and attains the maximum 2m, again when all i, equal 1.

Thus, Ap,;(€) =0 for j > 2m, and this concludes the proof of the proposition. O
The polynomials A,,;(¢) can of course be computed explicitly:
1 0+ 404+ 1)(04 1)
Agpp=1, App=({+1)? Ap=20+1, A=, A20:( 2)( ) ;

etc. We have verified that all the polynomials A,,;(¢) with 1 <m <50, 0<j <2m, are ultra-
log-concave. The first several hundred are in fact real-rooted, but A1971(€) appears not to be.

Proposition 5.2 implies another part of Theorem 1.7, thereby confirming the first statement
in Conjecture 1.

COROLLARY 5.3. For all m >0, 0<j<2m and ¢ >0, we have I';,,;(¢) > 0.

Therefore, for all m>0, 0<j<2m and k>m, p7(n)(z) is a degree 2m polynomial with
positive coefficients.

Proof. The second part of the statement follows from the first by Proposition 5.1.
The first part is a consequence of (5.2), since the polynomials A,,;(¢) have positive coefficients

by Proposition 5.2 and so does the factor Hﬁ;é(l + ju). O
The following proposition will complete the proof of Theorem 1.7.

PROPOSITION 5.4. For all m >0 and 0 < j < m, the functions I'y,;(¢) are polynomials of degree
2m —j in L.

Proof. Faulhaber’s formula for sums of powers Z?;é 4° easily implies that
-1 11 (—1)+ 1y
T+ ju) =exp ZZ(Z Jaii
7=0 121 j=0 ‘7 (Z+ )

=1+ %e(z —1Du+ iw —1)(£—2)(3¢ — 1)u® + 4%62(6 —1)2(0 —2)(¢ - 3)u®

=) Bm(O)u™

m2=0
where B; denotes the jth Bernoulli number. It follows that the coefficient §,,(¢) of u™ in the
expansion of HJ 0(1 + ju) is a polynomial in Q[¢] of degree 2m (and, of course, (3,,(¢)=0
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for m > /). By (5.2), we have

mi+meo=m

and it follows that I',,;(¢) is a polynomial in Q[/] of degree 2m — j as stated. O

This concludes the proof of Theorem 1.7.
The information collected so far may also be used to investigate the conjectured log-concavity

properties of the polynomials pgf) (cf. Conjecture 1 in §1). With the notation introduced above,

(k)

ultra-log concavity for py,” is the following condition:

k) \? (k) (k)
c C . C .
Vi=1,...,2m—1, <(;§j> > ol Mt

n) TG G

> ( in this range, and therefore these sequences automatically have no

(k)

mj

By Corollary 5.3, ¢
internal zeros.

LEMMA 5.5. The polynomial pg,TM)
Vi=1,....2m—1, j(2m—)Tp;(0)* = (G +1)(2m — j+ )T j—1(6)Tmjr1(£) > 0.

Proof. Immediate consequence of Proposition 5.1. O

is ultra-log-concave if and only if

Since, by Proposition 5.4, each I',,,;(¢) is a polynomial in ¢, Lemma 5.5 provides us with an

effective way to test the ultra-log-concavity of all polynomials p,(ji), k > m, for any given m. For

(k)

example, according to Lemma 5.5, in order to verify that p,” is ultra-log-concave for all k > 2,
it suffices to observe that the polynomials

131
12

403
12
302, 2
G490+ 20+1,
15 3 1
16 + ZE + B
are trivially positive-valued for all £> 0. For larger m, not all the polynomials appearing in
Lemma 5.5 have positive coefficients, but it is a straightforward computational process to verify
whether they only attain positive values for ¢ > 0.

PRroOPOSITION 5.6. The polynomials pgi)(z) are ultra-log concave for m <100 and all k > m,

with the exceptions listed in Conjecture 1.

41 85
0O+ = =2
+g 0+ 0+
13, 2
4 2

9 67
Z 0 P+ —l+4
i +5l+d

4+

Proof. As in the foregoing discussion, Lemma 5.5 reduces this statement to a finite computation,
which we carried out with Maple. O

As one more application of the material developed above, we have the following formula for
the Betti numbers of Mg, in terms of the polynomials I';,;:

n—2+k—m 2m
ot (Mo, = 3 ()PS0 (63)

k+m=/{ 7=0

(This is Theorem 1.9.)
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Proof. According to [ACM25, Theorem 5.1]

l+n—1 2m
s S8 (1) 1y
J=

Identity (5.3) then follows from Proposition 5.1.

6. The Lambert W-function and proof of Theorem 1.11

The goal of this section 1s the proof of Theorem 1.11, expressing the generating function
M=1 +Z+En>3[M0 n] Ay = 1), in terms of the principal branch W of the classical Lambert

W-function, cf. [CGH'96]. In fact, it is more notationally convenient to work with the ‘tree

function’, defined by
nh— 1 tn

T(t)=-W(-t)=>_

n>1

nl

and we recall that this function satisfies the relation
T(t) = te’®

(see [CGHT96, (1.5)]).
Consider the coefficient of 4™ in the generating function P introduced in §4:

0=

>0

(cf. (1.8)). It is clear that this function may be expressed as a series in the tree function T'=T'(t),

since t = e~TT according to (6.1):

)= 3o p e T

£>0

(6.2)

We are going to verify that this series is a rational function in T up to a factor e’, and in fact

admits the particularly simple expression (1.9):
7 Fn(z,T)

P = (1—T)2m1

where Fy= ﬁ and F,, are polynomials for m >0 of degree < 3m. This is Proposition 1.10,

which we proceed to prove. Ultimately, this fact is a consequence of Proposition 5.4.

Proof of Proposition 1.10. For m =0, using (1.6),
(+1), 1
Pt =3 gl =30 U Ly =

!
= = (+1)! t

by (6.1), and this is the statement. For m > 0, and treating 7" as an indeterminate, consider the

expression

€+14+
2m 1 Z ()Tt

= (£+1)!
g_‘_lé-i-k-i-a
_ 2m 1 krpk+¢
= PP PRCH o CUT
£>0 k>0
24
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For 1 <a, (6.3) can be expressed in terms of Stirling numbers of the second kind (cf. (3.3)),
and we can apply Lemma A.3:

)21 _(\N—lpN
22 e+1 )( VT

NZ>0 >0

2m 1 N+1—impN
= 1 gl
ZZ“ (N+1—1)! i(=1)

N>01i>1

=(1-T)"""" > S(N+a,N+1)T"
N>0
= (1= T)*"™ o, (T)

with 04(T") a polynomial of degree <a — 1. In particular, for a <m, (6.3) is a polynomial of
degree <2m —a — 1 in this case. If a <0 and N > —a,

iN+a N+41—i
Zm(—l) :S(N+G,N+1):0
i>1 )

since N +a < N + 1. Thus, (6.3) is a polynomial of degree < 2m —a — 1 in this case as well.
It follows that, for all m >0, 0<j<2m and 0 <r < 2m — j,

(04 1)t-mti

T)2m-1 ro—(+ 1) Tt
§j 041 T
0+ 1) (C+1)e

is a polynomial of degree < 3m — j —r — 1. By Proposition 5.4, I'y,;(¢) is a polynomial of degree
2m — j. Therefore, it is a linear combination of polynomials (£ + 1)", 0 <7 < 2m — j, and we can
conclude that

(e+1)mH

2m 1 . —(+1)T e
E Ty (€ T
= g_i_l ]( )6

is a polynomial of degree <3m — 1. By Proposition 5.1, this implies that

F, (Z T) 2m 1 Zp(m—M) €+1)TT€
£>0

is a polynomial of degree <3m —1 in T'. Now, set T'=T'(¢) and use (6.2)

D=0 (2)e TOT (1) = 7O W

>0
to verify (1.9) as needed. O
Theorem 1.11 follows from Proposition 1.10. Indeed, recall (4.2):
M(z, L) =e*P(z, ’L, —L).
Since P(z,t,u)=3_,,5 Pm(z, t)u™, Proposition 1.10 gives

_eeTZ 2m r(=L)™

m>0
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where now T'=T(e*LL). By (6.1),
ereT (L) = e*e "L IT(e*L) = I
L?

and (1.10) follows. O

7. Stirling matrices and the Grothendieck class of ﬂg,n

The material in this section is included mostly for aesthetic reasons. We recast Theorem 1.1 in
terms of products involving the infinite matrices s = (s(4, j))i j>1, respectively, & = (S(4, j))i j>1,
defined by Stirling numbers of the first, respectively, second kind:

1 0 0 0 0 --- 1 0 0 0 0
-1 1 0 0 0 1 1 0 0 0
2 -3 1 0 0 1 3 1 0 0
s=|_6 11 -6 1 0 , 6=11 7 6 1 0
24 —50 35 —10 1 1 15 25 10 1
We will also use the notation
1 0 0 0 k
0 v 0 0 0 --- 01 0 0
1,:=|0 0 ~* 0 . Shp=|0 0010
00 0 00 0 1

0 3
The matrix Shy is obtained from the identity matrix by shifting entries to the right so that

the nonzero entries are placed along the NW-SE diagonal starting at (1, £+ 1). For an infinite
matrix A, the ‘kth trace’

try(A) :==tr(Shy - A)

is the sum of the entries in the kth subdiagonal, provided of course that this sum is defined, for
example as a formal power series.

It is well known that s and & are inverses of each other. We consider the following matrix,
obtained as the product of the commutator of 1, and s by l:

1 0 0 0
1-L L 0 0
U5l & 1, — 1 — 3L+ 2L 3L — 3L L2 0

1—6L+11L%2 —6L3 7L —18L%2 +11L% 6L2—6L3 L3

With this notation, the following is a restatement of Theorem 1.1.
THEOREM 7.1. For all n > 3,
[ﬂ(),n] = (1 — L)n_l . tI‘n,Q (I]_]L -5 ]l]L—l NGE HL).
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The trace appearing in this statement is well defined as a series: since the ith column of
the matrix is a multiple of L:~!, only finitely many entries on every diagonal contribute to the
coefficient of each power of L.

Example 7.2. The entries in the fourth subdiagonal are
1 -10L+ 35L2 - 50L% 4+ 24L°
31L —225 L2 + 595 L% — 675 L* + 274 1L°
301 L2 —1890 L3 +4375 L* — 4410 L5 + 1624 LS
1701 L3 — 9800 L* 420930 L5 — 19600 LS + 676917
6951 L* — 37800 L5 + 76440 L% — 68040 L7 + 22449 1.8

etc., adding up to
try (I -5 g1 - S - Iy) =1+ 21L + 11112 + 35613 + 87514 + - - -
and
(1—L)°-trg (g, -s- M1 - & - 0g) = 14 16L 4 162 + L% = [Mo 6]
as it should.
Proof of Theorem 7.1. The (a, b) entry of the matrix Iy, -s-1p-: - &- 1, is
(-5 Tt & ML) gpy = L s(a, L™ S (e, L = " s(a, ) S(c, LT,

(& (&
Fora=k+n—1,b=k+ 1, this gives
> stktn—1Lk+n—1-35)S(k+n—1-jk+1)LFH.
Jj=0

By Theorem 1.1,

[Mon] = (1 - L)n_l : Z(HL 5l -6 ﬂL)(k+n—1,k+1)
k>0

=(1-L)"tr, o(ly-s-Mp-1 - & - 1y)
as stated. O

The product by (1 —L)"~! can also be accounted for in terms of this matrix calculus, giving

[M(),n] :trn_g ((1 — L) . ]11—]L . II]L + 5 ﬂL—l NCE ﬂ]L . ﬂ(l—]L)”)'

8. About the Euler characteristic of ﬂo,n

We will end with a few comments on the Euler characteristic x(Mo,,) of Mo,. The generating
function
Zn—l

(n—1)!

X(2)=1+24+> x(Mon)

n>=3

is the specialization of MatL= 1, but it cannot be recovered from the expressions obtained in
Theorem 1.3 because of convergence issues. However, specializing the differential equation (2.1)
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w

04 02 0 02 04

24

FIGURE 1. A branch of the Lambert W-function.

for M at L=1 gives
xX_ X
dz 242z-X
with initial condition X(0)=1 (cf. [Man95, (0.10)], with different notation), for which the
solution is

z+2 22 23 24 2° 20
= =1 — — +7— 34— 213— 8.1
X(2) Y O pog i R AT 3 F23 (8.1)
Here, W_1 is the other real branch of the Lambert W-function, cf. [CGHT96]. See Figure 1.
We do not know how to extract an explicit expression for x(Mp,) from (8.1), but any of
the formulas obtained for the Betti numbers in this note yields such an expression. For example,

Corollary 1.2 implies

n—3 ¢ (-]
i n—1
X(Mon) =33 (-1 ’f<€_ _k> (k+n—1k+n—1-4)S(k+n—1-jk+1).

(=0 j=0 k=0

An alternative formulation may be obtained in terms of the shifted trace
trpp (ML s 17" &- ML) = s(k+n—1Lk+n—1-45) S(k+n—1-jk+1)LF
Jj=0
appearing in Theorem 7.1.

PropoOsITION 8.1. For all n > 3,
trp o (IL-s- 1" - & 1) = an(k)LF
k>0

where a, (k) is a polynomial with rational coefficients, degree n — 2 and leading term x((ﬁ%,ﬁ)_

Proof. The class [My,] is a polynomial of degree n —3 in L. Therefore, there exist integers
bo, . ..,bn_3 such that

Mon sz (1-L

28

https://doi.org/10.1112/mod.2025.10012 Published online by Cambridge University Press


https://doi.org/10.1112/mod.2025.10012

EXPLICIT FORMULAS FOR THE GROTHENDIECK CLASS OF My,

and with this notation, by = [Mo n]|L=1 = X(Mo ). By Theorem 7.1,

try_o (1p,-5- 1" & - 1) = A4°” }:
=0

—z(zbe(’”ﬁgff))w

k>0

nZl

It follows that the coefficient a, (k) of L* is a polynomial as stated, and
kn—2
an(k) = by ——— + lower order terms,

(n—2)!

concluding the proof. O
Ezample 8.2. In Example 7.2, we noted
try (I -5- g1 - & - 1y) =1+ 21L + 111L% + 35613 + 875L* +

Tracing the argument in the proof of Proposition 8.1 shows that these coefficients are values of
the polynomial

17 97 29
ag(k) = 12k4 3 k3 +Ek2+€k+1

and x (Mog) = (6—2)!- 15 =34
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Appendix A. Combinatorial identities

Here are collected the combinatorial statements used in this paper; proofs are included for
completeness.
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LEMMA A.1. For all integers k,w > 1,

Z (w(€+1)1> (w(m+1)2> 1 _<w(k+1)2>
P l m m+1 k—1
Proof. We will use one form of the Lagrange series identity, [Rio68, §4.5]:

@) [
et BEN e EIT] I

r>=0

x

where y = —Z+. Applying this identity with f(z) = (z +1)®, ¢(z) = (x + 1)? gives
e)

(x+1)otH! B Z <a + 6r> ) (A1)

r+1—px = r

Setting a=w —1, f=w in (A.1) gives

A=y (M )T e

41 —wz

Setting

m

Br)=Y" (w(mtnl) —2> my7+1

m=0

and applying (A.1) with a =w — 2, = w gives

By =3 <w<m+1>—z>ym(x+1)w_1

dy = m x4 1—wz’
from which
w—1 w—1
By= / g(gx:ll) s = / :(C:r++11) wE %dx - / @ +11>2d$ = _%ﬂ +C.
Setting z = 0 determines C' =1, and we get
B(z)=(z+1)“ L
Another application of (A.1), with a =2w — 2, 8 = w, gives

B ()

£>0 m2=0
(z+ 1)1t
=A(zx)B(z)= ———
B w(r+2)—2\ ,
=S (M)
r>0
Extracting the coefficient of *~1 verifies the stated identity. O

LEMMA A.2. For all positive integers a, 3, we have

o « a+BY\ ,

>0

where y = (x — 1)z 5.
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Proof. We will use a second form of the Lagrange series identity, [Rio68, §4.5]:
dE 1
0+ % (dx“ )

where y = —%5. Apply this identity with f(z z+1)% o(x)=(z+1)°, y=z(x+1)"5 We
o(x)

have
1 att @
S (e DI g = Sat 08— 1) (0B — (€= 1)z + 1)y
o a+L8
T a+i8 ( 0 >
and hence
(1= —2 (0‘”5) (x(z+1)P)L.
res a+ 6 Y4
Substituting « — 1 for = gives the statement. O

LEMMA A.3. For N,r >0, let S(N,r) denote the Stirling number of the second kind (cf. (3.3)).
Then for all integers a > 2, there exists a polynomial o,(x) of degree a — 2 such that
()

N _
Z S(N+a, N+1)z" = s

N>0
For a =1, the same holds with o,(z) =1.
Remark A.4. The coefficients of the polynomials o, are the numbers denoted By ; in [GS78],
where it is proved ([GS78, Theorem 2.1]) that they agree with the numbers of ‘Stirling permuta-

tions of the multiset {1,1,2,2, ...k, k} with exactly ¢ descents.’” In particular, they are positive
integers.

Proof. Since S(N+1,N+1)=1 and S(N +2,N +1)= (VJ?) for all N >0, the statement is
immediate for a =1 and a = 2. For a > 2, let

oa(T)

Sta(z):= 3 SN +a, N+ 1 = 7= 5y

N0
and recall the basic recursive identity satisfied by Stirling numbers of the second kind:
S(N+a,N+1)=S(N+a—1,N)+(N+1)S(N+a—1,N+1).
This implies the relation

d

Sta(#) = 1+ 5@t (0)),

from which the statement follows easily. In fact, this identity implies the recursion
0a(2) = (1= 2)(0a-1(2) + 204_1(7)) + (20 — 3)z00-1(2),

verifying that o,(x) is a polynomial of degree a — 2, with leading coefficient (a — 1)!, if o,—1(x)
is a polynomial of degree a — 3 with leading coefficient (a — 2)!. O
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