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1. When the theory of Hankel transforms is applied to the solution of certain mixed
boundary value problems in mathematical physics, the problems are reduced to the solution
of dual integral equations of the type

[Tev@rend =16 0<p <,

f “p@send =0 (p>),

where « and v are prescribed constants and f(p) is a prescribed function of p [1]. The formal
solution of these equations was first derived by Titchmarsh {2]. The method employed by

Titchmarsh in deriving the solution in the general case is difficult, involving the theory of
Mellin transforms and what is essentially a Wiener-Hopf procedure. Inlecturing to students on
thissubject one often feels the need for an elementary solution of theseequations, especially in the
cases o = + 1,»v = 0. That such an elementary solution exists is suggested by Copson’s solution
[3] of the problem of the electrified disc which corresponds to the case « = —1,»v = 0. A
systematic use of a procedure similar to Copson’s has in fact been made by Noble {4] to find the
solution of a pair of general dual integral equations, but again the analysis is involved and
long. The object of the present note is to give a simple solution of the pairs of equations which
arise most frequently in physical applications. The method of solution was suggested by a
procedure used by Lebedev and Uflyand [5] in the solution of & much more general problem.

2. To solve the pair of dual integral equations

f: EY TRV AE = F(p) (0 <p <L) eooroeeeeeeeresrseeeees (1)

f : BOTGENAE =0 (p> 1) eooveeerreseeereresesessesessseeeennns @)

which occur in the discussion of the flow of a jet of a perfect fluid through a circular aperture
in a plane rigid screen, of the field due to an electrified circular disc, and of the punch problem
in elasticity, we set

Y(E) = ¢ f :qS(t) GO (EL) b, vnvrerereeerernevererererereneeeeaeen. (3)

For this form of the function ¢ (£) we find that
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f ® ()T (o) dE = f ® Tolgp) dt f ' $(0)¢ cos (&t) dt
0 0 0

- 8) ["Iogprsindg- [ Tuieprae [ g0 sin @ at

If we invert the order of integration in the double integral on the right and make use of the
result [6]

f : To(E0) SIN (B GE = 0 (€< p)s eveereersresrsresressesresrsonn )

we see that the form (3) satisfies equation (2).
Substituting from equation (3) into equation (1) we find that ¢ (¢) must satisfy the equation

2t [ swoos@a =100 0<p<.

If we interchange the order of integration and make use of a well-known integral [6]

JO Jo(p€) cos (€t) d§ = {(p2 -8 (p> 1),

we see that ¢ (f) must satisfy the integral equation

f:/i(s,f“)?ﬁ =flp) O<p<1).

The simple transformation ¢ = p sin 8 turns this integral equation into Schlémilch’s integral
equation, the solution of which is elementary [{7]. We find that, under conditions which are
sufficient for our present purpose, the solution of this equation is

_ t of(p)dp
$0) =~ = T (6)

(Compare Lemma 2 of [3]).
Substituting from (6) into (3) and integrating by parts we find that

25{00 §f0 pf(p) dp +ff sin ¢y @t [ 2L

JI-p% o/ (= p%)
which is easily transformed to the familiar form (cf. [1, p. 456])
Y& = 2§{cos§f0\/ 1o P §J‘(}\/udu f of (ww) sin (fv)dv} ......... (M
3. We can proceed in a similar way to solve the pair of dual integral equations
Jo (O (Ep)dE = flp) (0O <p <), ivviiiiiiiiii, (8)
f G T e — )
which arise in crack problems in the theory of elasticity. In this case we put
1
P(é) = fox(t) sin (§8)dt, x(0) =0. .ovriiiiiiiiiiin (10)

It is obvious from equation (4) that the form (10) satisfies the equation (9). If we substitute
from (10) into (8) we find that
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®© @ 1
jo B ©olpt)d6 = | Jo<p§)df{—x<1>cos§+f0x'<t) cos (ft)dz}
- f Y f ® To(pt) cos (¢t) dé - x (1) f ® Jo(pf) cos £ dé.
[1] 0 0

Making use of the result expressed by equations (5) we see that the integral equation de-
termining y (¢) is
X' ( t) dt
J J(pP-15) " =Jie)
This is exactly the same equation as for ¢> in §2 &nd 50 has solution
; ¢ pflp)dp
=25 OJ(tﬂ-ﬁ)
If we integrate with respect to f and use the fact that y(0) = 0, we have
2 [t d
x(t) == f pflp)dp

0 <p<l).

WIGEYS
Inserting this expression in equation (10) we get the solution
2 f L ¢t pf(p)dp
== | sin(&)dt | Fr—m - e 11
4@ =~ | dnend | FLL an)
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