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1. Formulae for the first variation of the volume integral.

I consider an n-dimensional generalized metric space1 Sn with
coordinates xi(h, i, j , k... run from 1 to n throughout), with each
point of which is associated a contravariant vector-density with com-
ponents ul and weight p, called the element of support. The unit
vector in the direction of the element of support has components
denoted by Z'.

Let 8, be a v-space in 8n with coordinates ta (a, j8, y. .. run from
1 to v throughout), and let Sr+1 be any (v + l)-space containing 8V,
defined by equations of the form

xi=xi(t\ t\... t", v),
at each point of which the element of support is defined by equations
of the form

«' = ui(t\ t 2 , . . . t",v),
the coordinates ia, v in Sr+1 being chosen so that Sv is the surface
v = v0. Let Bv_x be a given closed hypersurface of Sv, bounding a
region R. If points of R are displaced in 8V+1 by variation of v from
t»0 to v0 + Sv, the region formed by the displaced points will be
denoted by R'.

If the first fundamental form of 8V is denoted by ga^,l°-dte, the
volume of R is given by

It

where g is the determinant | gap | and {dt)v is an abbreviation for
•dt1 dt2.. . .dt". The volume of R' is similarly given by

^R | 8" " ^ + 0(8v*) j (dt)'

eothat F'-y

where 8V=Sv[ ^
J R OV

i Of the type treated by Schouten and Haantjes in (3). (See the list of references
nt the end of the paper.)
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the first variation of the volume integral.

For brevity 1 shall put1

calling fj the displacement vector.

To evaluate SF we have

If Z) indicates absolute differentiation in Sn, dgap = Dgap since the

gra? = gr̂ Aa/Ap)' arc scalar in iSn; hence

i.e. di/g = DXa}
iZ,*)

i. (1.1)

Defining v torsion vectors2 Q.J by

— ( — ) ( — ) = O.)' (1-2)

so that

we obtain from (1.1), (1.3)

( ^ ^ . . , (1.4,

Thus 8V = Sv\ (J^+Qa)
i)^i(dty. (1.5)

Now ' —(iP>i)

dt°

From (1.5) we now obtain

^ ( ^ ) d.6)

On integrating ^ - ( ^ " ' j V we obtain from (1.6)

1 In Subspace theory it is customary to write Bl for ?K jet" ; I have written X >l

instead, in order to emphasise the similarity between the equations given herein for a
minimal variety and those given in (2) for an extremal curve.

- A geometrical interpretation of a torsion vector is given in (2), § 2.
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SF= Sv\ M-\{dt)l - 8w f ( V ^ r ~ n»m)(dty (1.7)
Bv-1 J R \ tit /

where (dt)l stands for (dt)" with the term dta omitted.1

2. Conditions for a minimal variety.

The v-space Sv will be said to be a minimal variety in Sn if, for any
given Bv_ lt 8V = 0 for arbitrary displacement of points of Sv and the
element of support within Br _ t, and for /**= 0 on JB,, _ 1. From (1.3)
and (1.7), when /x* = 0 on Bv_1

SF= -

The "conditions that SF= 0, for values of /** and — arbitrary save for

the latter satisfying —lk = 0, are given by equating to zero the
ov

coefficients of /A — in (2.1), since lkAm = 0. Hence
dv

Sv is a minimal variety in Sn if and only if

(i, W.+^g^-ol

(ii) Xa)iKMm = °
In the particular case in which v = 1, these equations reduce to

those denning an extremal curve.2 As a further special case we may
consider that in which *Sn is a Finsler space, v = 2, and the element
of support is tangential to Sp. If mi are the components of the unit
vector orthogonal to the element of support and tangential to #„,
the Aa/ are of the form Aa)*= ajl + bjn\ Then condition (2.2) (ii)
becomes

g^bJbpmim'Aw = 0. (2.3)

Now (pPbJbp does not vanish unless the bw all vanish, and in this case
the two vectors Xa)

{ are in the same direction. In general, however,
they are not, and (2.3) leads to

mimiAijk = 0. (2.4)

Now 3 equations of the form ^'A^t — 0, where £' is a unit vector,

1 Equations (1.5), (1.7) are similar to those for the first variation.of "the length
integral; see (2), (3.5), (3.6).

2 See (2), (4.2).
3 See (2), § 4 for proof.
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are satisfied only by £•= ± l\ unless a restriction is placed on the
Aijk. Hence

THEOREM 1. A Finsler Sn can possess a two-dimensional minimal
variety S2 with tangential element of support only in the restricted case
in which the equations £'£'.4^ = 0 have a solution other than £'= ± P at
points of $8.

Returning to the general conditions (2.2) and putting

we may write condition (2.2) (ii)

B.Ajk = 0. (2.6)

To evaluate — L/gy\ \ in (2.2) (i) we have

Therefore ~9a" = ~ tf"*\ % - * - 9°W\ ^ - • (2 -7)

Thus from (1.1) and (2.7)

writing 8*-£* = C* - [(2.8)

and ueing - ^ - - ^ = ^ ^ - - V_ j J/,. (2.9-)

Now (2.2) (i) may be written

VgfC*^ + Vg»\ Bh^At\ + VgVKC^Afr = o,

in which the middle term vanishes on account of (2.6). Finally (2.2)
becomes '
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THEOREM 2. 8, is a minimal variety in Sn if and only if

(ii) BfAJt = 0

3. Mean curvature of a minimal variety.

Let C be a curve on any subspace Sp (not necessarily a minimal
variety of Sn), with unit tangent vector at a given point P having
Sn, Sv components dxi/ds = £!', dx"/ds = £a respectively, s being the arc-
length of C.

If p is the radius of first curvature of G in Sn at P, pD^/ds is the
unit vector in the direction of its principal normal in Sn; hence if 6 is
the angle between this principal normal and any unit vector X' normal
to Sv at P,

Writing 1/R for (cos 9)/p, we have

R~ dsxi-

I call 1/jR the normal curvature of Svfor the normal X* corresponding to the
curve C. Now since £{ = Aa/£

a,

and 5 = ^ x ' ^ for

a-
S m c e ' ST = di + K\-ds T*k + K> Ts

it follows that 1/B depends not only on £a but also on duk/ds and will
therefore, in general, have different values corresponding to different
curves having the same tangent at P. If, however, &'„ is a.
minimal variety in Sn, the uk are supposed functions of the /" and
duk/ds = ^ duklotP ; then DXjfds = £" DXj/dP and 1/12 is now of the
form '

i=Z>^, . (3-D
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whore . XaP = 1 ( ^ + ^f)Xit (3.2)

which is symmetrical in a, /J.

Defining then the mean curvature of 8? for the normal X1 as the
sum of the values of 1/R stationary for variation of £a, we have for this
mean curvature

Km(X) = g°*XafS. (3.3)

If we multiply equation (i) of THEOREM 2 by Xi, and use

= Xh

we obtain . Km(X) + A ^X* g* AA\. = 0.

Hence the following necessary, but not sufficient, condition for a
minimal variety:

THEOREM 3. 2/ Sv is a minimal variety in Sn, its mean curvature for
,a normal, Xi is given by

When Sn is Riemannian and Ajk = 0, this reduces to the well-known
theorem: The mean curvature for every normal of a minimal variety
in a Riemannian space vanishes. In this case the condition is sufficient
as well as necessary.1

If in particular the element of support of the generalised Sn is
normal to Sv,

since Â - V = 0. Hence

THEOREM 4. If Sv is a minimal variety to which the element of support
is normal, its mean curvature for the element of support vanishes.

4. Conditions for the vanishing of the first variation of the volume
integral.

From (1.5) follows

1 Proved in (1), § 62.
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THEOREM 5. The first variation vanishes if

Also, from (1.7) we have

THEOREM 6. The first variation vanishes if R is a region of a minimal
variety in Sn and the displacement vector is normal to R on its boundary.

For if R is a region of a minimal variety in Sn the second integral
in (1.7) vanishes identically. Finally, from (1.7) we have also

THEOREM 7. The first variation vanishes if the displacement vector
satisfies ^Di^ijdt0- = Qa) ̂ °^ at points of R, and either vanishes or is normal
to R on its boundary.
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