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Abstract. Let 4 be an artin algebra with representation dimension not more than
3. Assuming that 4 is an Auslander generator and M < add 4V, we show that both
findim(End 4M) and findim(End4M)? are finite, and consequently the Gorenstein
symmetry conjecture, the Wakamatsu-tilting conjecture and the generalized Nakayama
conjecture hold for End4M.
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1. Introduction and mainresult. Let 4 be an artin algebra. The finitistic dimension
of A, denoted by findimA, is defined to be the supremum of the projective dimensions
of all finitely generated modules of finite projective dimension. The famous finitistic
dimension conjecture asserts that findim4 is always finite.

Igusa and Todorov [3] presented a good way to test the finitistic dimension
conjecture. In particular, they proved that findimA4 is finite, provided that the
representation dimension of A, denoted by repdimA, is not more than 3. Recall
that repdimA4 = inf{gd(End4 V") | V is a generator—cogenerator}, where gd denotes the
global dimension and End 4 7" denotes the endomorphism algebra of 4 V. A generator—
cogenerator such as repdimA4 = gd(End,4}) is called an Auslander generator. In
general, an artin algebra may have many Auslander generators, see for instance [2].

Our main result is stated as follows.

THEOREM 1.1. Let A be an artin algebra with repdimA < 3. Assume that 4V is
an Auslander generator. Then both findim(End M) and findim(End  M)? are finite,
whenever M € add 4 V.

Theorem 1.1 generalizes the main result of [6]. It is not known if findim A% is finite,
provided that findim4 is finite in general, where A% denotes the opposite algebra of A4.

We recall the following well-known conjectures (see, for instance, [1, 4]). Here E is
an artin algebra.

Gorenstein symmetry conjecture. id(zE) < oo if and only if id(Eg) < oo, where
id denotes the injective dimension.

Wakamatsu-tilting conjecture. Let pw be a Wakamatsu-tilting module.
(1) If pdgw < o0, then w is tilting.
(2) If idgw < o0, then w is co-tilting.
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Generalized Nakayama conjecture. Each indecomposable injective E-module
occurs as a direct summand in the minimal injective resolution of gE.

It is well known that the finitistic dimension conjecture hold for £ and E% implies
that all the above conjectures hold. Hence, we have the following corollary.

COROLLARY 1.2. Let A be an artin algebra with repdimA4 < 3. Assume that 4V
is an Auslander generator. Then the Gorenstein symmetry conjecture, the Wakamatsu-
tilting conjecture and the generalized Nakayama conjecture hold for End 4M whenever
M e addA V.

Since representation-finite algebras and torsionless-finite algebras have
representation dimension of not more than 3 (see [5]), we obtain the following result
as special cases.

COROLLARY 1.3. Let A = Endy M, where A and M satisfy one of the following
conditions:

(1) A is a representation-finite algebra and M is any A-module, or

(2) A is a torsionless-finite algebra and M is torsionless or co-torsionless or a direct

sum of torsionless and co-torsionless modules.

Then both findimA and findimA? are finite. In particular, the Gorenstein symmetry
conjecture, the Wakamatsu-tilting conjecture and the generalized Nakayama conjecture
hold for A.

2. The proof.

Let 4 be an artin algebra. We denote A—mod the category of all finite generated
left 4-modules. Assume M € A—mod. We denote pd ;M the projective dimension of
4M and @', M the ith syzygy of M. Throughout the paper, D denotes the usual duality
functor between 4—mod and A?—mod.

The following lemma is well known.

LEMMA 2.1. Let A be an artin algebra and let V be a generator—cogenerator in
A—mod. The following are equivalent for a non-negative integer n.
(1) gd(End V) <n+2.
(2) For any X € A—mod, there is an exact sequence 0 — V, — -+ — V| —
Vo = X — 0 with each V; € add 4V such that the corresponding sequence
induced by the functor Homy4(V, —) is also exact.

The following lemma collects some important properties of the Igusa—Todorov
functor introduced in [3].

LEMMA 2.2. For any artin algebra A, there is a functor V which is defined on the
objects of A—mod and takes non-negative integers as values, such that
(1) W(M)=rpd M, provided that pd ;M < oo.
(2) W(X) <W(Y) whenever add X C add, Y. The equation holds in case
add4 X =add,Y.
3) If0 > X - Y - Z — 0 is an exact sequence in A—mod with pd Z < oo,
thenpd ,Z < V(X @ Y)+ L

Let A be an artin algebra and M € A—mod with £ = End M. Then M is also
a right E-module. It is well known that (M ® —, Hom4(M, —)) is a pair of adjoint
functors and that, for any E-module Y, there is a canonical homomorphism oy :
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Y - Homy(M, M Qg Y) defined by n — [t — ¢ @ n]. It is easy to see that oy is an
isomorphism, provided that Y is a projective E-module.
The following lemma is essential.

LEMMA 2.3. Let M € A—mod and E = End M. Then, for any X € E—mod,
Q23X ~ Homy(M, Y) for some Y € A—mod.

Proof. Consider the exact sequence
0—> X —>E —-E—X—0

with Ey, E; € E—mod projective. Applying the functor M ® g —, we obtain an induced
exact sequence

for some Y € 4—mod. Now applying the functor Hom (M, —), we further have an
induced exact sequence

0 — Homy(M, Y) - Hom, (M, M Qg E;) - Hom4 (M, M R Ey).

Moreover, there is the following commutative diagram:

0— QX — E — Eo
¢ o o

00— Homy(M, Y) —  Homy(M, M ®r E,) — Hom4(M, M Qf Ey).

Since £ = End4M and Ey, E| € addgE, the canonical homomorphisms o, and
o, are isomorphisms. It follows that Q%X ~ Hom4(M, Y).

Proof of Theorem 1.1. Let E := End M. Suppose that X € E—mod and pdzX <
0. Then pd (2% X) < co. Moreover, 22X ~ Homy(M, Y) for some ¥ € 4—mod, by
Lemma 2.3. Since 4 V' is a generator—cogenerator such that gd(End4 V') < 3, by Lemma
2.1 we obtain an exact sequence

0>V —->Vo—=>Y—->0()

with Vy, V1 € add4V such that the corresponding sequence induced by the functor
Homy(V, —) is also exact. Note that M € add 4V, so the sequence (}) also stays exact
under the functor Hom4(M, —). Thus, we have the following exact sequence in E—mod:

0 — Homy(M, V1) - Homy(M, Vy) - Homy(M, Y) — 0.
Now by Lemma 2.2, we have that

pdX < pdg(QEX)+2
= pdy(Homy(M, Y)) + 2
< W(Homy(M, Vo) @ Homuy(M, V1)) + 142
< W(Homu (M, V))+1+4+2 < co.
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It follows that findim£E is finite.

Now consider algebras A% and E?(= End, M)¥). Since 4V is a generator—
cogenrerator in A—mod, 4»DV is also a generator-cogenrerator in A% —mod.
Moreover, if gd(End 4 V) < 3, then gd(End ,,D V) < 3, since End 4o DV =~ (End 4 V)®.
Finally, if M € add4V, then DM € add4»DV and (End4M)? ~ End4»DM. Thus,
the previous argument shows that findim(End4M)% (= findim(End 4»DM)) is also
finite. O
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