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Abstract  In this work, the behaviour of solutions for the Dirichlet problem of the non-local equation
Af ()

(o f(u)dz)P’

is studied, mainly for the case where f(s) = ¢"(s). More precisely, the interplay of exponent p of the

non-local term and spatial dimension N is investigated with regard to the existence and non-existence of

solutions of the associated steady-state problem as well as the global existence and finite-time blow-up

of the time-dependent solutions u(z,t). The asymptotic stability of the steady-state solutions is also
studied.

ut = A(k(u)) + QcRrRYN, N=1,2
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1. Introduction

In this paper, existence and non-existence results are obtained for solutions of initial-
boundary-value problems to the non-local parabolic equation

MW
(o £ () dx)?”

Here f(u) is a Lipschitz continuous, positive, increasing function and x(u) is imposed
to be a positive function with £ € C?(Ry). 2 is a smooth bounded subset of RY and
A, p are positive parameters. Also, for simplicity, it is assumed that u(z,0) = (z) is
continuous with ¢(z) = 0, x € 92 and ¥(z) > 0, x € {2 (the last may be supposed,
without loss of generality, as a consequence of the fact that for any ¢(z) the solution
u(zx,t) becomes non-negative through {2 at some time t).

Our original motivation for studying such problems comes from the plasma ohmic
heating process. The plasma is an electrical conductor and so it could be heated by passing

up — A(k(w)) xeN, t>0. (1.1)
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a current through it. This is called ohmic heating and it is the same kind of heating that
occurs in thermistors. One naturally encounters, in one dimension, an equation of the
form

Ag(u)
1 )
(/21 9(w) dz)?
where u = u(x,t) stands for the dimensionless temperature of the plasma, while g(u)

represents the temperature-dependent electrical resistance of plasma (see [13,14]). The
nonlinear diffusion term (u?),, comes from assuming the Stefan-Boltzmann law for emis-

g = (uh) g + “l<z<l1, t>0, (1.2)

sion of thermal radiation. However, it is possible that some more complicated expression,
depending on the nature of heat transport, could replace (u*),,. Moreover, the non-local
term )\g(u)/(f_l1 g(u)dz)? arises due to the ohmic heating nature of the process. For
more details concerning the derivation of the mathematical model (1.2), see [13] and the
references cited therein.

The key for the study of the asymptotic behaviour of the solutions to Equation (1.1)
is the study of the associated steady-state equation

Af (w)

BRI

x € (2. (1.3)

Our main purpose, in this work, is to show the interplay of p, the exponent of the
non-local term, the non-local parameter A and the spatial dimension N, with regard to
the existence or non-existence of solutions to Equation (1.3) and the global existence
or blow-up of solutions to Equation (1.1). The study of the asymptotic behaviour of
solutions to Equation (1.1), when f is a decreasing function, can be undertaken, since a
maximum principle holds, by using comparison techniques [13,14]. However, when f is
an increasing function, comparison techniques fail, because there is not a valid maximum
principle for Equation (1.1). In this case, the asymptotic behaviour can be studied either
with a dynamical-systems approach [4] or probably using eigenfunctions expansions [9].

We will place emphasis on cases where the spatial dimension N is 1 or 2, the non-
linearity f(u) = ¢"() and the boundary conditions are of Dirichlet type. In these cases,
we study stability of solutions of Equation (1.3) by constructing a Lyapunov functional,
which also helps us to study the global existence and blow-up of solutions to the time-
dependent problem.

Following a method due to Fila [6,7] and some ideas of Lieberman [12], we extend
some of the results of [13,14], where f(u) is now an increasing function and (u*),,
is replaced by the more complicated nonlinear diffusion term (x(u))ys. Simultaneously,
these results are extended to the case of spatial dimension N = 2.

The paper is arranged as follows. In § 2 we establish the local existence and uniqueness
of solutions to the initial-boundary-value problem of Equation (1.1). In §3 we obtain
existence—non-existence results of the steady-state problem. The questions of global exis-
tence and finite-time blow-up for solutions to initial-boundary-value problems for Equa-
tion (1.1) are addressed in §§4 and 5, respectively.
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2. Existence and uniqueness

In order to guarantee the existence of a solution for the problem

ur = A(k(u)) + o F) o ;\fj(cqs?;zlx)P’ Tz €N, t>0, (2.1a)
2

B(u(z,t)) =0, xe€df2, t>0, (2.1b)

u(z,0) =(x), z €, (2.1¢)

where B is a boundary operator, we impose that x(s), x'(s) and «”(s) satisfy precisely
one of the following conditions (see [11, Chapter V.1]):

k€ C*(Ry), k(s)>0, K'(s)>0, w"(s)>0, s>0 (2.2)
or

k€ C*Ry), r(s)>0, K(s)>0, £'(5)>0, 5>0
and x(0) = &'(0) = x”(0) = 0. (2.3)

In contrast to the decreasing case, when f(s) is an increasing function, the existence of
an upper and a lower solution in the classical sense does not guarantee the existence of
a solution of problem (2.1), which lies between them. In order to overcome this difficulty
we introduce the concept of lower—upper solution pairs.

Definition 2.1. A pair of functions (z,v) with z,v € C*Y(27r;R) N C(2r;R) (21 =
2 x(0,T)) is called a lower—upper solution pair for problem (2.1) if z(x,t) < v(z,t) for
(z,t) € 27 and
LMW
(Jo f(z)dz)r’
B(z) <0< B(v), z€df2, 0<t<T,
2(z,0) < ¢Y(z) < v(x,0), =€l

ref2, 0<t<T,

If all the above inequalities are strict, then (z,v) is a strict lower—upper solution pair
(see [3,5]).

Now let (z,v) be a lower—upper solution pair and an iterative scheme starting with
Up = v, Uy = z and proceeding according to

_ )\f( )
Qnt_A( f_Q Ty 1 )p7 ref, t>0,
Af(un 1)

Ut = A(I{(ﬁ ))

re, t>0,

(o f () da)?”
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for n = 1,2,.... The previous problems are local, hence using the maximum principle
we see that z < u,,_; < u, < Up—1 < Up—1 < v. So, we get two bounded monotonic
sequences each of which converge to a solution of (2.1) as n — oo. Since f is Lipschitz
continuous we get that u is unique and z(z,t) < u(x,t) < v(z,t) for every (x,t) € Or, .,

where T,.x is the maximal existence time for uw. Thus we have proved the following
existence theorem (see also [3,5]).

Proposition 2.2. Let (z,v) be a lower—upper solution pair for (2.1). There then exists
a unique solution v to problem (2.1) such that

2(x,t) < u(z,t) <v(z,t), forevery (z,t) € Or

max *

Remark 2.3. From the above analysis we get that the solution u to (2.1) continues
to exist as long as it remains less than or equal to b > sup v(z, t). This argument implies
that u ceases to exist only by blow-up, i.e. if there exists a sequence (z,t,) — (x*,t*)
as n — oo with t* < oo such that u(x,,t,) - co as n — oco.

When k(s) satisfies condition (2.3) (e.g. k(s) = s™, m > 1), then writing Equa-
tion (2.1a) in the form

! " 2 Af(u

up = K (u)Au + 5" (u)|Vul® + o Fw) da)p’
we obtain that this equation is (uniformly) parabolic for u > 0, while it becomes degen-
erate when u = 0. The degenerate problem does not admit a classical solution and so, in
this case, the concept of the solution of (2.1) must be extended in some sense (see [6]).
However, since ¢(z) > 0, the maximum principle implies that u(z,t) > 0 in £, . Under
this hypothesis, problem (2.1) is non-degenerate and so always admits a classical solution,
as was proved above.

f(w)
(

3. Steady-state problem

The corresponding steady-state problem to (2.1) with Dirichlet boundary conditions is

)\f(w) _ 2 N a
A(k(w)) + 7([9 Fw)dz)? 0, €N, NCRY, (3.1a)
w=0, x€df. (3.1b)

Definition 3.1. While we will write (3.1) in the above form, w > 0 is called a solution
to (3.1) exactly when v = x(w) is a classical solution (v € C?(£2) N C'(£2)) to the problem

; )
T T gz ~
v==r(0), z€df, (3.2b)

A x € 2, (3.2a)

where g(s) = f(k71(s)).
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We start our study of the steady-state problem from the one-dimensional case.

Proposition 3.2. Let N =1, {2 =(—1,1) and p = 2. Problem (3.1) that has a unique
solution for every A > 0.

Proof. In this case, problem (3.1) takes the form

Mw)
(K(w))zz + (f,ll ) do)? 0, —l<z<l, (3.3a)
w(—1) =w(1l) =0, (3.3b)
and v = k(w) satisfies the problem
v +ug(v) =0, -l<ax<l, (3.4a)

v(—1) =v(1) = k(0) > 0,
with p = )\/(f_l1 g(v) dz)?. Integrating Equation (3.4a) over (—1,1) and using the fact
that v is an even function, which comes from
v(—x) do M

v(x) do
e — GM)=
/H(O) VG(M) —G(o) /nw) G(M) - G(o) () /n(o>

we get

g(s)ds,

= ( [ o) d) (3.5)

Also, multiplying (3.4a) by v" and integrating over (—1,1) we obtain

M

(o' (1))? = 25 / o(s) ds, (3.6)

+(0)

where M = v(0) = max[_yjv(x). Now, combining (3.5) and (3.6) we take A\(M) =
A= Sf:(/lo)g(s) ds, which implies that X' (M) = 8g(M) > 0 and hence \(M) — oo as
M — oo (¢'(s) > 0, s > 0, since f(s) is increasing and either (2.2) or (2.3) hold, thus
f:Fo) g(s) ds = 00); this completes the proof. O
Below we give some results for the case where f(s) = (%),
Proposition 3.3. Let N =1, f(s) = ¢ (g(s) = ¢®), k(0) = 0 and 2 = (—1,1).
(a) If p > 1, then problem (3.3) has a unique solution for every A > 0.
(b) If 0 < p < 1, then there exists A\* > 0 such that problem (3.3) has

(i) at least two solutions for A < \*,
(ii) a unique solution for A = \*, and

(iii) no solution for A\ > \*.
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Proposition 3.4. Let N = 2, f(s) = ¢*) (g(s) = ¢®), k(0) = 0 and 2 = B(0,1) =
{xr e R?: |z| < 1}

(a) If p > 1, then problem (3.1) has a unique solution for every A > 0.

(b) If p =1, then problem (3.1) has a unique solution for 0 < A < 8w and no solution
for A > 8.

(¢) If0 < p < 1, then there exists A* such that problem (3.1) has
(i) at least two solutions for 0 < X < A*,
(ii) a unique solution for A\ = \*, and
(iii) no solution for A > \*.
The above propositions are proved in a similar way to Theorems 3.1 and 3.2, respec-
tively, in [4], also taking Definition 3.1 into account.
Also, using Pohozaev’s identity, non-existence results can be extended to strictly star-

shaped domains. A domain 2 C RV, N > 2, is strictly star-shaped (containing 0) if
there exists a > 0 such that

x-n= a/ ds, for n unit outer normal.
a0

It can be proved, provided fooo f(o)K' (o) do < oo, that problem (3.1) has no solutions if
A > 2NgP=2(0)[2[P~1A(002) [° f(0)K' (o) do/a (see also [4]).

4. Global existence and asymptotic stability

We start this section with the one-dimensional case, giving a global existence result
concerning the time-dependent problem for functions f(s) that are bounded away from 0.

Proposition 4.1. Let f(s) > ¢ > 0 and p > 1, then, for every positive bounded
function ¥ (z) and A > 0, the problem

= (k(u _ M) x a
ur = (r( ))m+(fnf(u)dx)1” €ENCR, t>0, (4.1a)
u(z,t) =0, x€dN, t>0, (4.1b)

u(z,0) =(z), x €1, (4.1¢)

where (2 is a bounded subset of R, has a (unique) uniformly bounded, classical solution
in Qo = 2 x [0, 00).

Proof. Let

then the following relation holds:

A A
g(z,t)de = < —,
f9tw008 = e <

for every t > 0, (4.2)

since p > 1.
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Using the maximum principle (see [2]) we take the estimate

0 <u(z,t) < |[Ylloo +A sup [|g(-,t)|l1(o), for every t >0, (4.3)
0<t<T

where A is a constant depending only upon |{2|. Combining relations (4.2) and (4.3) we
finally obtain the estimate

0< sup |lu(s,t)|loo < |#¥]|co + A1 < 00, for every T > 0, (4.4)
0<t<T

with A; = 24/(C|£2])P~1. Due to the Nash-Moser Theorem and a Schauder-type estimate
(see [11]), relation (4.4) leads to an estimate of the form

||u||02+a,1+a/2(Qoo) g /12,
which establishes the existence of a classical global-in-time solution to problem (4.1). O

Remark 4.2. In the case, where f(s) is an increasing function, f(s) > f(0) > 0 for
s > 0, and so Proposition 4.1 is still valid.

Below we prove for the two-dimensional case N = 2 a result analogous to Propo-
sition 4.1, holding for problem (2.1) with Dirichlet boundary conditions, but only for
f(s) = e*®). This is because the proof is based on the existence of a Lyapunov func-
tional for this problem and such a functional can be constructed only if f(s) = e*(*).

Indeed, for spatial dimensions N = 1,2, problem (2.1) with Dirichlet boundary condi-
tions generates a local semiflow in L°°(£2) N H(£2) defined by

St)(-) = u(-, t;9(x)), fort >0 and v € L®(2)N HI($2).

The (positive) orbit of the semiflow is y(¢) = {S(t)y : t > 0} and its w-limit set is
defined as

w() :={w € L>*(£2) : there exists a sequence (t,)nen, tn — 00 such that
S(tn) — w in CH(2)NC%*(N2)}

in C1(02) N C?(£2). For p # 1, this local semiflow has a Lyapunov functional given by

Tl = 4 /Q V() do + % ( /Q () dx)l_p,

and the semiflow is gradient-like in the sense that for any ¢ € [0, Tinax)

/O /Q W (e de ds + J[ul(t) = J[]. (4.5)

Now we are ready to prove the following existence result.
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Proposition 4.3. Let N =2 and p > 1. Then the problem

e (W)
=A —_— 2 4.
Uy (k(u)) + e )’ x€e N, t>0, (4.6a)
u(z,t) =0, x€df2, t>0, (4.6b)
u(z,0) =(z), =z €1, (4.6¢)

where {2 is a smooth bounded subset of R? and x(0) = 0 has a (unique) uniformly
bounded solution in Qs = 2 x [0,00), for every A > 0, provided that k(¢) € H}(2).

Proof. For the proof we proceed as in [4]. Let u(x,t) be a classical solution to prob-
lem (4.6) in {2 x [0,T). Then, due to (4.5), we have J[u](t) < J[y] = Ey, which for
p > 1 implies that [, [Vk(u(z,t))|* dz < 2E, for every ¢t > 0. From Gilbarg-Trudinger’s
inequality [8] we have

2
/ exp [cl|:v|d dz < cp]02|, for every v € H} (), (4.7
0 v
where ¢1, ¢o are positive constants and ||v|| = fQ |Vo|? do. Also, for any ¢ > 1, through

Young’s inequality, we obtain for the solution w(z,t)

|k (w) alr@)| ¥ ,
o Yol < (TS + dtntu P

Hence, taking into account (4.7) we finally get

[ e do < ol el <0, for every £ > 0,
2

The latter implies
() a dllw(u)|?
e co€
| dze < ——— < 00,
Ahbwwmﬁ O e 5
giving that

or(u)

—————— € L9Y(2), forg>1andanyt>O0.
([ e dx)p

g(@,t) =
By standard parabolic arguments (L?-estimates and embedding of Sobolev Theorems
(see [11])) we have that u is Holder continuous in 0 < ¢t < T, for every T' > 0. Finally,

through Schauder-type estimates we obtain that « is a uniformly bounded classical solu-
tion to problem (4.6) in Qo = 2 x [0, 00). O

Using the Lyapunov functional we prove some stability results concerning the steady-
state problem (2.1) when f(s) = e*(®).
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Proposition 4.4. Let f(s) =e"*), p > 1 and 2 = (—1,1). Then the solution u(z,t)
of problem (4.1) with 0 < u(x,0) = ¢(x) € L>®(2)NHL(§2) converges in C1(£2) N C?(£2)
to the unique solution w(x) of problem (3.1), for every A > 0.

Proof. First case. For p > 1, according to Proposition 4.1 we have
[u(,t)llc2ta(-1,1) < K

for some 0 < o < 1 and a constant K independent of ¢, hence there exists a sequence
(tn)nen with ¢, — 0o as n — oo, such that ||u(-,t,) — w(:)|lc2(2)ncr (@) — 0 as n — oo
(the embedding C?T*(£2) — C?(2) is compact if £2 is bounded (see [1])). Thus w(x)) # 0.
Also, we know that A is a one-element set, see Proposition 3.3, thus it is sufficient to
show that w(¢y) C A. Relation (4.5) implies that

tr / 2 - _1 ' r(u(x 2 |\Vk(u(z,7))]*} dz
| [ wouazas = =5 [ (st = Vaulz, )R}

)\ 1 1-p 1 1-p
_ {( / (@) dx) _ ( / (@) dx) }
p—1 -1 -1

1 1 A 1 1-p
<3 [1 \Vk(u(z,7))|? dz + p— </ er(u(@m) d:c)

-1
< C7

since u € C2te1+a/2((—1,1) x (0,T]) for any T > 0. The constant C' depends only on 7,
while it is independent of ¢. Hence [ f_ll k' (u)u,? dr ds < C and since &/ (s) is bounded

we have
o 1 B
/ / w2 drds < C. (4.8)
T —1

This relation implies that there exists a sequence (t)reny With ¢ — 0o as k — oo such
that

ug(z,tr) — 0 as t, — oo in L2((—1,1)). (4.9)
In order to prove that (4.9) holds for every sequence of time we again use the fact that
u; is bounded in C**/2([—1,1] x [r,00)). This implies that |lus(-,t)||p2((~1,1)) = v(t) is
uniformly continuous in |7, 00). Let us suppose that there exists a sequence t,,, — 0o such
that v(t,,) - 0 as t,, — oo, then there would be a constant o > 0 with v(¢,,) > o >0
for every m > 1 (redefining (¢,,)men if it is necessary). Since v is uniformly continuous
we can choose § > 0 such that for every ¢ € (0,40) we have [v(t) — v(t,,)| < & when
|t — tm| < ¢. Integrating over (t,, — 0, ¢y, + 0) we get fti:’f; v(t)dt = (0 —€)2§ > 0 and

50 tm+9 m te+06
/ o(t)dt > Z/ v(t) dt > mad.
T t

k=17tk—0

This relation implies that

[e%S) tm+0
/ v(t)dt = lim v(t)dt > lim mod = oo,

m—r o0 T m—r o0
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which contradicts (4.8) (the sequence (,)nen can be chosen such that ¢, 11 — t,, > 2¢).

Therefore,
ug(z,t) — 0 ast — oo in L*((—1,1)). (4.10)

Now, for every & € H((—1,1)) we have

/ 11 wde= [ 11 [m(u))m " M] ¢do

et (u)
_ / (r(1))o€' d + A/ o idjx) (4.11)

(&’ is the generalized derivative of &).

Since w(t) # 0, there exists a sequence (t,)nen With ¢, — 0o as n — oo such that
w(z, ty; ) — w(z) in C([-1,1]) N C?((—1,1)). Now, passing to the limit as n — oo in
(4.11), and also taking into account (4.10), we obtain that w satisfies

_ ! , ! e"(W¢ dg
0= /_l(ﬁ(w))zé do + A/_l ey

However, w € C1([-1,1]) N C?((—1,1)) so we take

0= /_ 11 [w(w))m + %}fdx.

This relation, since £ is an arbitrary function in Hg(£2), tells us that w is the unique
classical solution to (3.1).

Second case. In the case where p = 1, the only thing in the proof that has changed is
that C' now depends on sup,~, [|u(-,t)|| as well. This is because, for p = 1, the Lyapunov
functional of (4.1) has the form

T (t) = ;/_11 Vi(u) 2 dz — )\ln(/_ll () dx).

For dimension N = 2 the following proposition holds.
Proposition 4.5. Let f(s) = ¢*(*) with x(0) = 0.
(1) If N =2, p > 1 and 2 = B(0,1), then the solution u(r,t) to (4.6), where 0 <

u(r,0) = (r) € L>=(2) N HE(2) is radial symmetric, converges in C*(£2) N C?(12)
to the unique solution w(r) of (3.1) for every A > 0.

(2) If N =2,p =1 and 2 = B(0,1), then the solution u(r,t) of (4.6), where 0 <
u(r,0) = (r) € L>=(02) N H(2) is radial symmetric, converges in C*(£2) N C?(12)
to the unique solution w(r) of (3.1) for every 0 < A < 8.
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The proof follows the same steps as those of Proposition 4.4 and is therefore omitted.
Remark 4.6. If Dirichlet boundary conditions are replaced by Neumann-type bound-
ary conditions, then again using the Lyapunov functional and provided that u(r,0) =
¥ (r) is radial symmetric, u(r, t) is proved to be a global-in-time classical solution (see [4]).

5. Blow-up for the exponential and 0 < p <1

In this section we investigate under what circumstances the solutions to the problem

Aer ()
Uy = A(FE(U)) + W, x € Q, t > 0, (51&)
u(z,t) =0, x€dfR, t>0, (5.1b)
u(z,0) =v(x), x €N (5.1¢)

(£2 is an open subset of RY with smooth boundary 9¢2), blow up in finite time, when
0 < p < 1. For this investigation we use energy methods, in contrast to the comparison
techniques used in the case of a decreasing function f(s) (see [13,14]).
By using a method due to Fila [6,7], we first prove that if u is a global-in-time solution
o (5.1), then k(u) should be uniformly H}(£2)-bounded and afterwards we exclude the
possibility of global-in-time solutions existing for A > A*. In order to prove the first result
we need a sequence of lemmas.

Lemma 5.1. Let u be a global-in-time solution to problem (5.1), then there exists a
constant v = v(1,b) such that

/ K(u)dx <v, foranyt >0,
19

where K(s) = [; r(s)ds, prov1ded that x(s) > C(K(s))®, s > 0, for some positive con-
stants C, b > 0 and fo s)ds =

Proof. Multiplying (5.1a) by x(u) and integrating over 2 we obtain

d A [, k(w)e™ dx
— | K )| 2 : 2
= /Q (u)d / Vsl da + =72 em(u) e (5.2)

For some € > 0, relation (5.2), through (4.5), gives
d oA [oer®Wdr A [, k(u)er™ da
— [ K(u)dz = —2J[u](t = "
at /Q () d O T, ey T, C“(“) dz)?
A
(Jpert dz)p

X {/ﬂ{m(u)e“(") - (13 —|—6> }dx + S/Q et dm]

1-p
> —2J[p] — AC1|02|'7P 4 Ae (/ er(w) dx) )
7

> —2J[Y) +
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where the constant C;(g) = Cy > 0 is chosen such that

2
/ﬂ(u)e“(“) — (H —|—5)e“(“) 2 —01

(such a choice is always possible since k(s) — co as s — 00).
Taking into account our hypothesis x(s) > C(K(s))? for s > 0 and applying first
Holder’s and then Jensen’s inequality we get

1-p 1-p
( / o) dx) > ( / oCE () dx)
0 0
1-p
> o [ K0 )

2

>Cy (/ K*(u) da:)
2

4

> C4</ K(u)dx) .
2

< /9 K(u)dz > ACye ( /Q K(u) dx)4 ey (5.3)

where Cy = 2J )] + \Cy |21 7P.
Suppose there exists tg such that

Hence

A(to) = /Q K(u(z,t9)) da > <)\gi€>1/4 = v(b, 1),

then from (5.3) we deduce that A(t) is an increasing function for ¢ > to and there exists
§ > 0 such that A’(t) > §A%(¢), for t > t,. Integrating the latter inequality for ¢ > t, we

obtain
P L R AL
< 3 Tl <% 1 Tl <00,
0w St 0 J ) 5*

which implies the existence of a t* < oo such that A(t) — oo as t — ¢*—. Therefore, since
K (s) — oo only if s — 00, we obtain that u(z,t) blows up in finite time 7™ < t* < oo as
well, i.e. |lu(-,t)|| = oo as t — T*—, which contradicts the fact that u is a global-in-time
solution. 0

Lemma 5.1 is essential in proving that the solution u to (5.1) blows up for ‘large
enough’ initial data.

Proposition 5.2. Let x(u) = u™, m > 1, then for every ¢ > 0 with k(¢)) = Y™ €
H () there exists a pu* such that for every u > p* the solution u to (5.1) with u(z,0) =
u(x) blows up in finite time.
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Proof. We set

A mygm -\ 7
m(p) = / |V (uap)™|? do — (/ Y da:) .
1- Q

Suppose that C'is a constant such that e#” ¥ > C(p™™)(2+e)/(1=P) then

mw v
(1) 1 2m/ V™ |2 da — . p(2tem (/ P((2Fe)m)/(1=p) dw> .
- Q

The latter implies that m(u) — —oco as u — oo. Therefore, there exists pg such that
() < 0 for p > po. Following the same lines as in the proof of Lemma 5.1 we obtain

1 d !
- m+1d > m+1d o 4
i /Qu z = AeCy (/Qu x) Cs, (5.4)

where Cy = 2.J[utp] + AC1|2|' 7.

Now, by choosing
) s 1/4 o 1/(m+1)
e =y, | (352 ) ol 7

where Cj = )\C'1|Q|1_p we get A(0) = [, (p)™ ! dx > (Ca/AeCy), and due to (5.4) we
obtain that A(t) = [,u”"!(x,t)dx is an increasing function for ¢ > 0 and more precisely
there exists o > 0 such that A’(t) > §A%(t) for t > 0. The latter implies that there exists
a t* < oo such that A(t) — oo as t — *—, which implies that u blows up in finite time
T <t U

Remark 5.3. Proposition 5.2 is still valid if «(s) is a homogeneous function, i.e. if
there exist p, @ > 0 such that k(us) = p*k(s).

Remark 5.4. Proposition 5.2 is analogous to that which holds for the local reaction—
diffusion problem (see [10]). This is not something unexpected, since for 0 < p < 1 the
contribution of the denominator of the non-local term to the problem (5.1) is quite small.

Lemma 5.5. Let (s) satisfy the hypotheses of Lemma 5.1. If [, |Vk(u)|* dz — oo as
t — tmax, Where tmax Is the maximal existence time for the solution u to problem (5.1),
then tpax < 00.

Proof Suppose that tmax = 00, then w is a global-in-time solution. Defining
fo Jo K )) dz ds, we have

/QZLKw%mm
:Lm m+// ) dz ds
:ﬂ#ﬂ@dm+£( /'vm)ﬁm+A/'Lﬁmf;)¢ods
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and using (4.5) we obtain

k(u)er

E"(t) = —/Q [V (u)] dx+A/Q(ern<u>dx)pdx

=—(24¢e)J[u(t) + %E/Q |Vk(u)|* de

r(u)er (24+¢e)A () -7
+A/()(foe“(“)dx)f‘dm+ o1 (/Qe dm)
> —(2+ 2]+ 3z [ VR do
(9]

Ao k(u)e" ™ dr A2 +e) Jo () dg

([ e da)p L—p (J,erwdz)r’

However,

Afprer™Wdz  A2+e) [,e"Wdx
(f, e da)p 1—p (f,ewda)r

A 2+¢ AC
AN wuw) 2T w@) L qp > — 2 —_¢
(fn ool dayp /Q{m(u)e 1_pe } T > 12 35

where Cy(e) = Cy is a constant such that s(u)e®™ — ((2+¢)/(1—p))e™®) > —Cs.
Therefore, we take

E"(t) > %E/Q |Vi(uw)|? de — (2 + ) J[¢)] — Cs,

and since € > 0, [, |Vk(u)[*dz — oo as t — oo, we get E”(t) — oo as t — co. The latter
implies that for every N > 0 there exists to = to(NN) such that E”(t) > N for t > to, so
E'(t) > Nt + Ny for t >ty (N; = Ntg + E'(to)) and hence E'(t) — oo as t — oo, which
contradicts Lemma 5.1.

O

Lemma 5.6. Let u(z, ;1) be a global-in-time solution to problem (5.1) withw(1)) # 0.
If w € w(v) is a steady-state solution to problem (5.1), then [,|Vk(w)*dz < M =

M ().

Proof. Since J[u] is a Lyapunov functional, the function ¢ — J[u|(t) is decreasing for
t > 0, therefore J[w] = infiso J[u](t) < J[¢] for every w € w(v), and so (2 + €)J[w] <
(2 + €)J[v]. However,

ool oo (o

1—p
:%6/ |V/<c(w)|2dx+/ |V/<a(w)|2dx+)\(2+g)(/ er(w) dx> )
7 7 p—1 2

(24 ¢)J[w]
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but w is a steady-state solution so we have

2. _ K(w)e )
/Q |VE(w)|* de = )\/Q T, ) dajp dz.

Hence the following expression holds:

A Jolr(w)e™™ — ((2+¢)/(1 = p))e”™} da
([, ") d)p

2+¢e)J[W] = %E/Q |V (w)|* dz +

\C
> 1 2de — ———
> za/nm(wn =

where C' = C(g) > 0 is a constant such that

/ {/{(w)e"(w) - (ime“(w)} dz > —C.
7

-Pp

Finally, we obtain

JwsPar < (24 2) el + 2 = arw),

for any steady-state solution w € w(v)). O
Now, we introduce a functional II(t) = II[u](t) = [, e"(“(®:1) dz, which will be used
to exclude the possibility

lim sup/ \Vi(u(z,t))?de =00 and  lim inf/ |Vi(u(z,t)>de < co.  (5.5)
t—o0 N t—o0 0

The functional I1(t) satisfies a result analogous to Theorem 3.1 in [12].

Lemma 5.7. Let 2 = (—1,1) and k(s) — o0 as s — oco. If 7 > ¢ and 3, B, v are
positive constants with B > v, satisfying

II(t)=B? IH(oc)=~% I(t)<B? fortc][o,7], (5.6)

H(o) = /Q |VE(u(z,0))?dz < 2, (5.7)

then there exists a positive constant § = §(B? —~2, \, p) such that 7 — o > 4.

Proof. From (4.5) we take J[u](t) < J[u](0) for t € [0, 7] and, since p < 1, L H(t) <
$H(o) + (A/(1 — p))II(t)*~? holds. Due to (5.6), (5.7) the previous relation becomes
1H(t) < 18%+ (A/(1 —p))B*1=P)_If, now, without loss of generality, we assume that
B > 1, we have

H(t) < 2 (2 AB?) < 2 \B 2 fi
(t)\ﬂ(ﬂJr )\[1_1)(6+ )}7 or t € [o,7]. (5.8)
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Relation (5.8), through the one-dimensional Sobolev inequality (see [1]), gives

k(u(z,t)) < 1270(5 +AB)=Cy, for (z,t) € [-1,1] X [0, 7] (5.9)

Evaluating I7[u](¢) upon a solution u of (5.1), differentiating afterwards with respect to
t and using (5.9) we obtain

1
H’(t):/ K (u)e" (W, dz

-1

1 (u)
= K (u)e" mdx—l—/\/ — dz
[ e em)dx)

< / 1 K (1)e™ W (K (1)) ze dz + A& (7 1H(CY))eC < / 1 () do:)l_p. (5.10)

-1 -1

For the first term of (5.10) we have

/ K (1)e™ ™ (K (1)) g dz < —/ [ (u) + & (u)]e" ™K' (u)ug? dz < 0

-1 -1

since ug(—1,t) > 0, uy(1,¢) < 0 and «/'(s) = 0, k”(s) = 0 for s > 0. Hence we get
IT'(t) < MW/ (k71(C1))2'Pe=P)C for t € [1, 0], implying

B2 -2 =1I(r) - (o) < (1 — 0))\/{’(/1*1(Cl))glfpe@*zi)cl_
The latter gives § = (B? —~2)/(\x/(k~1(Cy))2 " Pe(2=P)Ch), m

Lemma 5.8. Let 2 = (—1,1) and k(s) — oo as s — oco. If u(x, t;1) is a global-in-time
solution to problem (5.1) with

Jim inf [[s(u(- 1) |y < 400 and  lim sup [(u(-6)uy0) = +oo,  (5.11)

then for every large enough constant B there exists a steady-state solution w € w(v)
such that IT[w] = B2.

Proof. Below we use the norm

(e )l g 2 = </Q |Vr(w)? dx>1/2

instead of the usual norm of HJ(£2). From the one-dimensional Sobolev inequality and
(5.11) we get
tlim inf IT(t) = 4 < +oo. (5.12)
— 00

Since also

%/Q\W(u(x,t))ﬁdxs %/Qm(wn?d“ﬁnlwu), (5.13)
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from our hypothesis (5.11) we obtain
tlg& sup I1(t) = +o0. (5.14)

Now, due to (5.12) and (5.14) we can find two sequences (Ty)meN, (Om)men diverging
to infinity and satisfying the relations I1(7,,) = B2, II(0,,) = %, I(t) < B? for t €
[0m, Tm] and any arbitrary constant B € (liminf, o I1(t),limsup,_, ., II(t)) (see [6,12]).
Furthermore, relation (5.13) for t = o, gives H(o,,) < (2/(1 —p))(H(0) + M\y2(1=P)),
Applying Lemma 5.7 for 8 = (2/(1 — p))(H(0) + \y*1~P)) we take a constant § > 0
satisfying 7,,, — o, > 9. Now, relation (4.5) with ¢t = 7, gives, sending m to infinity,
M(u); € L?((—1,1) x (0,00)) (where M’(s) = (x(s))'/?), and therefore Word added — OK?

/ / (Mi(u))?>dzdt — 0 asm — oo. (5.15)
-5

We have, using standard parabolic arguments (see [11, Theorem V.3.1]), that the
sequence (U (-, t))men (Where uy,(z,t) = u(x, 7, — J +t)) is uniformly bounded with
respect to m in C1T((—1,1)), for some 0 < a < 1, and hence (u,(+,t))men is precom-
pact in H'(§2). Therefore, there exists a subsequence (uy,,. (+,t))xen converging to a limit
function w € w(v) with respect to the H}(£2)-norm. We claim that the limit function w
is a steady-state solution. Indeed, due to (5.15) we have

1 1 )
/ M (g (2, £2)) — M (1 (2, £2))[2 dz < 5/ / M, (up)[2 dt da — 0, m — oo,
—1J0

—1

for 0 < t; < t2 < 4. In other words, we assume that M (w) is independent of ¢, and so w
is as well. Hence there holds

! B Aer(w(@)) ()
5/4 {(K(w(x)))””%(@ (7, extuw(@) dm)P} d

[ [ [otwemon - e e

oy ’ / 1 [mwm(x D)etule) f”(’"i(”fg)] ddt

| )\en(um(x,t)) ded
— m(x,t + t
mgnoo/ / |: i .T )) (fil en(um(z,t)) dx)p:| ¢($) *

——Jim [ </0 ut(x,rm—é—l—t)dt)qb(x)dx

m—oo | _

1
= — lim [u(z, Tm) — w(x, T — 0)]@p(z) dz = 0,

m—oo | 4
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for every ¢ € H}((—1,1)). Since w is smooth, we finally take that

! Aefi(w) B 1
/71 {(/ﬁ(w))m + W ¢(z)dz =0, for every ¢ € Hy((—1,1)),

therefore w is a steady-state solution to (5.1) satisfying IT[w] = f_ll e"Wde=B2. O

Now it can be proved that the global-in-time solutions of (5.1) are uniformly bounded
with respect to t > 0. More precisely, the following proposition holds.

Proposition 5.9. Let 2 = (—1,1), ¥ € H}(2) and k(s) be a function such that
Lemmas 5.7 and 5.8 are valid. If u(z, t;1)) is a global-in-time solution to (5.1), then

(i) sup;zo 15 (u(, )z (2) < 00, and
(ii) sup;s, [[u(-,t)]|eo < 0o for any 7 > 0.
Proof. Suppose that (i) is not true, then due to Lemma 5.1 we take
[r(u(-st) a2y » 00 ast— oo
and so
dim sup [|(u( )|y o) = +oo and - L inf |5 (u(-, 8) [ 3 (2) < oc.

Then Lemma 5.8 implies that for any large enough constant B, there exists w € w(¢))
satisfying
1
/ () 4y = e*((€) = B2 for some ¢ € (—1,1). (5.16)
-1

From the one-dimensional Sobolev inequality we get

1 1/2
(/ |Vﬁ(w)2dx) > C|lw||eo = Cr(w(z)), for every x € [—1,1],
1

and (5.16) leads to f_ll |Vi(w)|?dz > (C'ln B?)2. According to Lemma 5.6 there exists a
constant M = M () such that fil |Vi(w)|?de < M. The two previous relations imply
that B < (eV4/€)1/2 which contradicts the fact that B is an arbitrary large constant.
This completes the proof of (i).

From (i) and the one-dimensional Sobolev inequality we take a constant C; such that
sup;>, [5(u(-1))[leo < C1 for every 7 > 0. Since s(s) — oo only if s — oo we get
that u(z,t) is uniformly bounded with respect to t, i.e. sup; . [[u(-,)||oc < oo for any
7> 0. ]

For the two-dimensional case N = 2, we will prove a result analogous to Theorem 5.9.
Due to the nature of the two-dimensional Sobolev inequality we should modify the proof
of Lemma 5.7, which is the key result for the proof of Lemma 5.8. In this case the
Gilbarg—Trudinger inequality will play the role of the Sobolev inequality (see [12]).
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Lemma 5.10. Let N =2, 2 be a bounded subset of R? and k(s) — oo as s — oo. If
7> o and 3, B, v are positive constants with B > =, satisfying I1(7) = B2, Il(c) = +2,
II(t) < B? for t € [0,7] and H(o) = [, |Vk(u(x,0))|*>dz < 3%, then there exists a
positive constant § = §(B% — 4% \,p) such that T — o > §.

Proof. Due to the hypothesis, as in the proof of Lemma 5.7, we get H(¢) < [(2/(1 —
p))(B+ AB)]? = C for t € [0,7]. The latter, through the Gilbarg-Trudinger inequality,
gives

/ e (W) dg < Cy|R|TH®) < Cy| 2], for t € [o, 7],
Q

where C1, Cy are positive constants, with C; = ¢[(2/(1—p))(8+ AB)]? and ¢ > 1. Hence
the following relation holds:

(W) q CyeCt
/Q [(f_(z er(w) dx)p] o < |f2[pa-t oo fort€lol

Using now-standard parabolic arguments we get that the solution u to (5.1) is bounded

in 2 x [0,7] by a constant C = C(B,\). Following the same lines as in the proof of
Lemma 5.7 we take (since Ou/0n < 0 in 9£2)

() < / H/Q(u)e“u)% as — / I () + K ()] ! ()| Vi dee
! ! + AR/ (C) [ 02|} 7Pe2—PIR(E)

N

)\,{/(C)|Q|1—pe(2—p)ﬂ(0)

I
oY

Integrating the latter over [0, 7] we obtain

B2 - 42 < (r—0)C and hence 0= (B?—+4?)/C.
g

In the case where N = 2, the only thing that should be changed in the proof of Lemma
5.8 is that we now use the Gilbarg—Trudinger inequality instead of the one-dimensional
Sobolev inequality to prove that lim; o inf IT(¢) < 400 when lim;_, o, inf H(¢) < +o0.
Therefore, the following lemma holds.

Lemma 5.11. Let N = 2, 2 be a bounded subset of R? and k(s) — co as s — co. If
u(z, t;1) is a global-in-time solution of (5.1) with

tli}rg()inf HK/(U(',t))HHa(Q) < +oo and tliglosup ||f£(u(-,t))||H&(Q) = 400,

then for every arbitrary large constant B there exists a steady-state solution w € w(%))
satisfying IT[w] = B2.

An immediate consequence of the two previous lemmas is the following result.
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Proposition 5.12. Let {2 be a bounded subset of R?, ¢ € H}(£2) and let k(s) be
a function such that Lemmas 5.10 and 5.11 are valid. If u(z,t;%) is a global-in-time
solution of (5.1), then

(i) supso (u(, )y (o) < oo, and
(ii) sup;s, [[u(-,t)]|eo < 0o for any 7 > 0.

Proof. Suppose that (i) is not true, then, due to Lemma 5.1,
tl_i)rgoinf [R(u(- )| (2) < +oo  and tli)rgosup R (u(- )2y = +o0

must hold. According to Lemma 5.10 for an arbitrary large constant B > lim;_,«, inf IT(t)
there exists w € w(4) such that II[w] = fne"‘(w) dz = B?. Using the previous relation
and the Gilbarg—Trudinger inequality we get

B? < 0|2 I" @ e

and so ||k(w)||gi(0) = In(B2/Cy|2])¢". Also, Lemma 5.2 implies that there exists a
constant M = M(3) such that [|r(w)|| i) < M. The above relations imply that
B < \/C1|2]er €2 which contradicts the fact that B is an arbitrary large constant. [

The main result of this section is as follows.

Proposition 5.13. Let N =1, 2 = (-1,1) or N = 2, 2 = B(0,1) and ¢)(z) € H}(2).
If X > X* and k(s) Is a function such that all the previous results are valid, then the
solution u(zx,t;1) of (5.1) blows up in finite time.

Proof. If u(x,t;1) is a global-in-time solution of problem (5.1), then, according to
Propositions 5.9 and 5.12, sup>q [|k(u(-,t))|| g (o) < o0 and sup,, [[u(+,)[ls < oo hold
for 7 > 0. The latter implies the existence of a steady-state solution w € w(%) of (5.1),
which is a contradiction since for A > A* there are no steady states. Hence there exists
a sequence (tn)pneny With t, — tmax as n — oo such that ||/£(u(-,tn))||Hé(Q) — oo and
llu(-ytn)]|oo — 00 as n — o00. According to Lemma 5.1 we have that tmax < 00, so the
solution u blows up in finite time. This completes the proof. (Il

6. Discussion

In this work, the behaviour of solutions to the equation

Af(u)
T U ) dey

associated with boundary and initial conditions, is studied mainly in the case where

uy = A(k(u)) QcRY, N=1,2

f(s) = e*®). Some existence and non-existence results are given concerning the corre-
sponding steady-state equation. Using energy methods, it is investigated under what
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circumstances the solution u(x,t) is global in time or blows up in finite time. Moreover,
when 0 < p < 1 a blow-up result is proved, for dimensions N = 1, 2.

However, an open problem remains, which is the asymptotic behaviour of w(z,t) in
the case where f(s) # ¢"(*)In this case a Lyapunov functional cannot be constructed
and so the method used to prove blow-up, when 0 < p < 1 and A > \*, fails.
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