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Irregular Weight One Points with D4 Image

Hao Lee

Abstract. Darmon, Lauder, and Rotger conjectured that the relative tangent space of an eigencurve
at a classical, ordinary, irregular weight one point is of dimension two. _is space can be identiûed
with the space of normalized overconvergent generalized eigenforms,whose Fourier coeõcients can
be conjecturally described explicitly in terms of p-adic logarithms of algebraic numbers. _is article
presents the proof of this conjecture in the casewhere theweight one point is the intersection of two
Hida families of Hecke theta series.

1 Introduction

Fix a prime number p. Let Q and Qp denote a ûxed choice of algebraic closure of
Q and Qp respectively. Fix an embedding ip ∶Q ↪ Qp . _is embedding induces an
injection of the absolute Galois groups

GQp = Gal(Qp/Qp) ↪Ð→ GQ = Gal(Q/Q),

which identiûes GQp with the decomposition group ofQ at the prime p.
Let g be a classical cuspidal newformofweight one, level N , and nebentypus char-

acter χ. Suppose g has q-expansion

g(q) =
∞
∑
n=1
anqn .

Let
ρg ∶GQ Ð→ AutQp

(Vg) ≅ GL2(Qp)

denote the associated odd, irreducible Artin representation given by Deligne and
Serre [7]. Let α and β denote the roots of the p-th Hecke polynomial x2 − apx+ χ(p).
_emodular form g is said to be regular at p if the roots are distinct, and irregular at
p if the roots are equal.
Assume that the level N is coprime to p. _en the p-stabilizations of g are deûned

to be
gα(z) = g(z) − βg(pz) and gβ(z) = g(z) − αg(pz),

which haveUp-eigenvalues α and β, respectively. Since α and β are roots of unity, the
p-stabilizations of g are ordinary at the prime p.

Let S1(Np, χ) (resp. S(p)
1 (N , χ)) denote the space of classical (resp. p-adic over-

convergent) modular forms of weight one, level Np (resp. tame level N), nebentypus
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character χ, and Fourier coeõcients in Qp . Let T be the Hecke algebra of level Np
spanned over Q by the Hecke operators Tℓ for primes ℓ ∤ Np and Uq for primes
q ∣ Np. _rough the action of the Hecke operators on the space of modular forms,
the p-stabilization gα induces an algebra homomorphism λgα ∶T→ Qp . Let Igα be the
kernel of this homomorphism. Let

S1(Np, χ)[gα] = S1(Np, χ)[Igα ]

be the space of Igα -torsion elements of S1(Np, χ). Similarly, let

S(p)
1 (N , χ)JgαK = S(p)

1 (N , χ)[I2gα ]

be the space of I2gα -torsion elements of S(p)
1 (N , χ). Elements belonging to the latter

space are called overconvergent generalized eigenforms attached to gα .
If g is regular at p, the space S1(Np, χ)[gα] is one dimensional and generated by

gα . If g is irregular, the space S1(Np, χ)[gα] is two dimensional. Furthermore, the
Hecke operators Tℓ for ℓ ∤ Np and Uq for q ∣ N act semi-simply and admit the
decomposition

(1.1) S1(Np, χ)[gα] = Qp gα ⊕Qp ĝ ,

where ĝ(q) = g(qp). However, the action of Up on this space is not semi-simple, as

Up gα = αgα and Up ĝ = gα + α ĝ .

_e “natural” complement with respect to the natural inclusion of S1(Np, χ)[gα] in-
side S(p)

1 (N , χ)JgαK, consisting of non-classical overconvergent generalized eigen-
forms, is themain study of this paper.

Let C denote the eigencurve of level Np generated by the Hecke algebra T. Bel-
laïche and Dimitrov [1] proved that if g is regular at the prime p, then the eigencurve
C is smooth at gα . Additionally, the weight map is étale if and only if g is not the
theta series attached to a ûnite order character on a real quadratic ûeld K in which p
splits. In the latter case, Cho and Vatsal [2] showed that the weight map is not étale,
and the space S(p)

1 (N , χ)JgαK is two dimensional. Moreover, there exists a unique
non-classical overconvergent generalized eigenform whose ûrst Fourier coeõcient is
zero (normalized). Darmon, Lauder andRotger [4]were able to explicitly describe the
Fourier coeõcients of this overconvergent eigenform in terms of p-adic logarithms
of algebraic numbers in a ring class ûeld of K.
Darmon, Lauder and Rotger [3] further conjectured that in the case where gα is

irregular, the eigencurve C is not smooth at gα . _e dimension of the vector space of
overconvergent generalized eigenforms is conjecturally four. By the decomposition
given in equation (1.1), since

( a1(gα), ap(gα)) = (1, α) and ( a1(ĝ), ap(ĝ)) = (0, 1),

there is a natural linear complement of S1(Np, χ)[gα] inside S(p)
1 (N , χ)JgαK, con-

sisting of eigenforms whose ûrst and p-th Fourier coeõcients are zero. Let
S(p)
1 (N , χ)JgαK0 denote the space of such forms; its elements are said to be normal-

ized. _is space is conjecturally of dimension two. Similar to the regular setting, the
authors conjectured a formula describing the Fourier coeõcients of its elements in

110

https://doi.org/10.4153/CMB-2017-068-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2017-068-1


Irregular Weight One Points with D4 Image

terms of p-adic logarithms of algebraic numbers [3]. _is explicit formula will be
described in detail as Conjecture 3.2.

Suppose g is a Hecke theta series attached to a character χ deûned over a qua-
dratic imaginary ûeld K. In this setting, Darmon, Lauder, and Rotger [3] gave a
simpliûed expression of the Fourier coeõcients of two canonical basis elements of
S(p)
1 (N , χ)JgαK0, which will be presented as Conjecture 3.3. _e goal of this paper is

to study a special setting where gα is the intersection of two Hida families of Hecke
theta series atweight one. A proof of Conjecture 3.3 in this scenariowill be presented
in Section 4. _is result is relevant in the study of the generalization of Darmon,
Lauder, and Rotger’s proposed elliptic Stark conjecture [5] to the irregular case.

2 Preliminaries

_is sectionwill be devoted to recalling the necessary background required to present
the conjectures of Darmon, Lauder, and Rotger [3] in the irregular case. Assume
henceforth that g is irregular at the prime p. Since ρg is an Artin representation,
it factors through a ûnite quotient Gal(L/Q) for some ûeld extension L of K. Let
Wg = Ad ρg = End(Vg) denote the space of endomorphisms of Vg , also called the
adjoint representation of ρg . Let W○

g = Ad○ ρg denote the subspace ofWg consisting
of trace zero endomorphisms. An element σ ∈ Gal(L/Q) acts on an element w ∈ Wg
by conjugation in the following way:

σ ⋆w = ρg(σ) ○w ○ ρ−1
g (σ).

_e adjoint representation also factors through a ûnite quotient G = Gal(H/Q),
where H is a subûeld of L.

_ere is a canonical exact sequence of G-modules

0Ð→W○
g Ð→Wg Ð→ Qp Ð→ 0,

with a canonical G-equivariant splitting φ∶Wg →W○
g given by

φ(A) = A− 1
2 Tr(A) ⋅ I.

By enlarging L,we can assume that ρg(L[GQ]) ≅ M2(L) in order to get a two dimen-
sional L-vector space Ṽg and an identiûcation ι∶ Ṽg ⊗L Qp → Vg . Similarly, there are
G-stable L-vector spaces

W̃g = Ad Ṽg and W̃○
g = Ad○ Ṽg

with identiûcations

ι∶ W̃g ⊗L Qp Ð→Wg and ι∶ W̃○
g ⊗L Qp Ð→W○

g .

By the natural duality between eigenforms and Hecke algebras, there are identiû-
cations

S1(Np, χ)[gα] ≅ hom(T/Igα ,Qp) and S(p)
1 (N , χ)JgαK ≅ hom(T/I2gα ,Qp).

_ere is also a natural exact sequence

0Ð→ Igα /I
2
gα Ð→ T/I2gα Ð→ T/Igα Ð→ 0.
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By applying the contravariant hom( ⋅ ,Qp) functor on the above exact sequence, we
obtain the following proposition.

Proposition 2.1 _ere is a natural isomorphism of vector spaces

S(p)
1 (N , χ)JgαK0 ≅ hom(Igα /I

2
gα ,Qp).

_is proposition shows that the space S(p)
1 (N , χ)JgαK0 can be identiûed as the rel-

ative tangent space of the eigencurve at gα . Following the general R = T philosophy, it
should be expected that the space S(p)

1 (N , χ)JgαK0 is isomorphic to the set of isomor-
phism classes of p-adic deformations of ρg to the ring of dual numbers Qp[є]/(є2)
with constant determinant. By theworks ofMazur [8], the space of such deformations
can be characterized by the set of cocycles H1(GQ ,W○

g ).
More speciûcally, for each g′ ∈ S(p)

1 (N , χ)JgαK0, the form g̃ = gα + єg′ is an eigen-
form for T with values in Qp[є]/(є2). It has an associated Galois representation

ρ g̃ ∶GQ Ð→ GL2(Qp[є]/(є2))

satisfying ρ g̃ = ρg mod є and det(ρ g̃) = χ. In other words, ρ g̃ is a deformation of ρg
with constant determinant. Every such deformation ρ g̃ is of the form (1 + є ⋅ cg′)ρg
for some cocycle cg′ ∈ H1(GQ ,W○

g ).

Conjecture 2.2 _emap g′ ↦ cg′ is an isomorphism between S(p)
1 (N , χ)JgαK0 and

H1(GQ ,W○
g ).

From a cocycle cg′ ∈ H1(GQ ,W○
g ) obtained from some g′ ∈ S(p)

1 (N , χ)JgαK0, its
corresponding modular form g′ can be recovered in the following canonicalway. For
every prime ℓ ∤ Np, the ℓ-th Fourier coeõcient g′ is given by

aℓ(g′) = Tr ( cg′(σℓ)ρg(σℓ)) ,

where σℓ is a Frobenius element corresponding to the prime ℓ. _us, themap g′ ↦ cg′
is injective.

Remark 2.3 Conjecturally, this construction can be generalized to give an inverse
map

H1(GQ ,W○
g )Ð→ S(p)

1 (N , χ)JgαK0 .

However, this map may not be well deûned. In particular, if we had started with an
arbitrary cocycle c ∈ H1(GQ ,W○

g ), it is diõcult to justify that its corresponding formal
q-series g′ must be a modular form satisfying all the necessary properties to be an
element of S(p)

1 (N , χ)JgαK0.

_eorem 2.4 _e space H1(GQ ,W○
g ) is two dimensional.
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Proof By the in�ation-restriction exact sequence and the fact that GH acts trivially
on W○

g , there are isomorphisms

H1(GQ ,W○
g )

reGH
≅ H1(GH ,W○

g ) = homG(GH ,W○
g ).

By class ûeld theory, the space H1(GQ ,W○
g ) can further be identiûed as

homG(GH ,W○
g ) ≅ ker(homG ((OH ⊗Zp)

× ,W○
g )

re
→ homG(O

×
H ⊗Zp ,W○

g )) .

_e space homG((OH ⊗Zp)
× ,Qp) is spanned by morphisms of the form

logp ((ip ○ σ)⊗ 1) σ∈G ,

where logp ∶Q
×
p → Qp is the standard p-adic logarithm sending p to 0 and ip is the

previously ûxed embedding Q↪ Qp . _erefore, there is another isomorphism

(2.1) H1(GH ,W○
g ) ≅ ker ( homG(H ⊗Qp ,W○

g )
re
Ð→ homG(U ,W○

g )) ,

where U is the image of O×
H ⊗ Zp inside H ⊗ Qp under the p-adic logarithm. By

Dirichlet’s unit theorem,

H ⊗Qp ≅ IndG
1 Qp and U ≅ IndG

⟨c⟩Qp − 1G ,

where c ∈ G is a complex conjugation and 1G is the trivial representation. Since ρg is
odd, the action of complex conjugation onW○

g has eigenvalues 1 and −1. By Frobenius
reciprocity and the fact that every irreducible component of W○

g is non-trivial and
self-dual,

(2.2) dimQp
homG(H ⊗Qp ,W○

g ) = 3 and dimQp
homG(U ,W○

g ) = 1.

In summary,
dimQp

H1(GQ ,W○
g ) = 2.

Corollary 2.5 _e dimension of the space S(p)
1 (N , χ)JgαK0 is atmost two, and equal-

ity holds if and only if Conjecture 2.2 is true.

Proof _is follows from the injectivity of themap

S(p)
1 (N , χ)JgαK0 → H1(GQ ,W○

g ).

3 Main Conjecture

Since the eigenform g is irregular at p, the p-th Frobeniusmap acts as the identitymap
on Wg . Equivalently, the prime p splits completely in H. With the ûxed embedding
H ↪ Qp and a chosen prime p0 of H above p, let logp0

∶Hp → Qp denote the p0-adic
logarithm that factors through logp .
For all u ∈ O×

H , ω ∈ W̃○
g , deûne

ξ(u,ω) =
1
∣G∣
∑
σ∈G

(σu)⊗ (σ ⋆ ω) ∈ (O×
H ⊗ W̃○

g )
G .
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By equation (2.2), the elements

ξp0(u,ω) = (logp0
⊗id)ξ(u,ω) =

1
∣G∣
∑
σ∈G

logp0
(σu) ⋅ (σ ⋆ ω) ∈W○

g

span a 1-dimensional L-vector subspace ofW○
g . Let ω(1) be any generator of this line.

For each prime ℓ ∤ Np, choose a prime λ of H above ℓ. Suppose h is the class
number of H. Let ũλ be a generator of the principal ideal λh , and let

uλ = ũλ ⊗ h−1 ∈ (OH[1/ℓ]×) ⊗Z L.
Suppose σλ ∈ G is a Frobenius map associated with λ. Set

ω̃λ = ρg(σλ) ∈ W̃g and ωλ = φ(ω̃λ) ∈ W̃○
g .

With this notation, denote

ξ(uλ ,ωλ) =
1
∣G∣
∑
σ∈G

(σuλ)⊗ (σ ⋆ ωλ) ∈ (OH[1/ℓ]× ⊗ W̃○
g )

G ,

ω(ℓ) = ξp0(uλ ,ωλ) =
1
∣G∣
∑
σ∈G

logp0
(σuλ) ⋅ (σ ⋆ ωλ) ∈W○

g .

Finally, let
M(ℓ) = [ω(1),ω(ℓ)] = ω(1)ω(ℓ) − ω(ℓ)ω(1) ∈W○

g .
Since uλ is well deûned up to some non-zero scalar multiple of O×

H , the above ele-
ments are well deûned up to an element of (O×

H ⊗W○
g )

G and L ⋅ ω(1), respectively.
Additionally, the image of ω(ℓ) insideWg/(L ⋅ ω(1)) does not depend on the choice
of λ above ℓ. Hence,M(ℓ) is independent of all the choices made to deûne it.

Proposition 3.1 ([3,_eorem 5.3]) Fix ω ∈W○
g . Deûne a G-equivariant linear map

φw ∶H ⊗Qp Ð→W○
g

as follows. For each h = (hλ)λ∣p ∈ H ⊗Qp =⊕λ∣p Qp , deûne

φω(h) =
1
∣G∣
∑
σ∈G

(σ−1(h))p0 ⋅ (σ ⋆ ω).

_en φω is the zero map on U = logp(O
×
H) ⊆ H ⊗ Qp if and only if ω is orthogonal

to the line spanned by ω(1) in W○
g . Hence, the map ω ↦ φ[ω ,ω(1)] is an isomorphism

betweenW○
g /(L ⋅ω(1)) and H1(GQ ,W○

g ) via the identiûcation given by equation (2.1).

Applying Proposition 3.1 to the conjectural inversemap described in Remark 2.3,
along with some simple calculations, we can restate Conjecture 2.2 in the following
equivalent way.

Conjecture 3.2 For each ω ∈W○
g , there exists an associated normalized, overconver-

gent, generalized eigenform g′ω ∈ S(p)
1 (N , χ)JgαK0 whose coeõcients satisfy

aℓ(g′ω) = Tr (ω ⋅M(ℓ))

for all primes ℓ ∤ Np. Additionally, themap ω ↦ g′ω induces an isomorphism between
W○

g /(L ⋅ ω(1)) and S(p)
1 (N , χ)JgαK0.
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In the casewhere g is a CM form, Darmon, Lauder, and Rotger made the observa-
tion that some speciûc choices of ω(1), uλ , and basis elements ω1 ,ω2 ∈W○

g /(L ⋅ω(1))
can be picked to simplify Conjecture 3.2. We will now brie�y describe this result.

Suppose g is a theta series associated with a ûnite order Hecke character

ψg ∶GK = Gal(K/K)Ð→ L×

deûned over a quadratic imaginary ûeld K overQ. Fix an element τ ∈ GQ/GK . Let ψ′g
be a Galois character deûned by

ψ′g(σ) = ψg(τστ−1) for all σ ∈ GK .

As a GK-representation, Ṽg is a direct sum of two one-dimensional representations
where GK acts via the characters ψg and ψ′g . Let e1 and e2 be a ûxed choice of eigen-
vectors associated wiht ψg and ψ′g , respectively.

Let ψ = ψg/ψ′g and G0 = Gal(H/K). Fix u ∈ O×
H . Let

eψ =
1

∣G0∣
∑
σ∈G0

ψ−1(σ)σ ∈ L[G0]

and deûne
uψ = eψ(u) and τuψ = eψ−1(τu).

With this notation, we can now state the simpliûcation of Conjecture 3.2 to the CM
case.

Conjecture 3.3 _ere exists a canonical basis (g1 , g2) of S(p)
1 (N , χ)JgαK0 whose

q-series is of the following form.
(i) _e Fourier coeõcients aℓ(g1) of g1 are supported on primes ℓ ∤ Np that split in

K. Suppose ℓ splits into (ℓ) = λλ′ in K. Let ũλ be a generator of λh where h is the class
number of K, and let

uλ = ũλ ⊗ h−1 ∈ (OK[1/ℓ]×)⊗ L.

_en the coeõcients are given by

aℓ(g1) = (ψg(σλ) − ψg(σλ′)) ⋅ logp0
(

uλ

τuλ′
) ,

where σλ and σλ′ are a choice of Frobeniusmaps corresponding to λ and λ′, respectively.
(ii) _e Fourier coeõcients aℓ(g2) of g2 are supported on primes ℓ ∤ Np that are

inert in K. Choose a prime λ above ℓ in H and suppose σλ is a Frobenius element
associated with λ. Choose uλ ∈ (OH[1/ℓ]×)⊗ L in the same way as described earlier in
this section. With respect to the previously chosen basis e1 and e2, suppose

ρg(σλ) = (
0 bλ
cλ 0 )

for some bλ , cλ ∈ L. Pick

ûλ ∈ (OH[1/ℓ]×/O×
H)⊗ L ≅ ⊕

λ∣ℓ
L ⋅ λ
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so that it has prime factorization ûλ = bλλ + cλ(τλ). Let uψ(ℓ) = eψ(ûλ). _en the
coeõcients are given by

aℓ(g2) = det(
logp0

(uψ) logp0
(uψ(ℓ))

logp0
(τuψ) logp0

(τuψ(ℓ))
) .

4 Dihedral Image Conjecture

_is section will be dedicated to describing a special scenario, where g is a CM form
induced from two distinct imaginary quadratic ûelds, and the image of ρg is isomor-
phic to the dihedral group of order eight. Amore detailed description of this setting
along with various interesting properties can be found in [6]. _e representation ρg
is also known as a Hecke–Shintani representation, which is a two dimensional irre-
duciblemonomial Artin representation induced from multiple quadratic ûelds. Such
representations play a signiûcant role in Shintani’swork on Stark’s conjecture [10] and
Rohrlich’s study of almost abelian Artin representations ofQ [9]. A proof of Conjec-
ture 3.3 in this special setting will be presented at the end of the section.
By construction, g will be the intersection of two explicit Hida families of weight

one. From these, we will be able to ûnd two linearly independent generalized eigen-
forms that span S(p)

1 (N , χ)JgαK0, which are the forms described in Conjecture 3.3.
_is method does not extend to the general dihedral group setting, where we have
access to only one explicit Hida family. It is currently unknown how to directly show
that the q-series deûned in Conjecture 3.3 aremodular forms with the desired prop-
erties.

Let F = Q(
√

N) for some N > 0 be a real quadratic ûeld. Let F1 be an almost
totally real extension of F. _at is, F1 is of the formQ(

√
a − b

√
N) for some integers

a, b such that d = a2 −Nb2 < 0. Since F1 has two real places and one imaginary place,
it is not Galois over Q. Let L be its Galois closure. By construction, L = F1F2 where
F2 is the Galois conjugate of F1 over Q and Gal(L/Q) ≅ D4 is the dihedral group of
order eight. _e following diagram summarizes all the subextensions of L over Q,
where every line indicates a ûeld extension of degree two.

L

F1 F2 H K1 K2

F = Q(
√

N) M = Q(
√

Nd) K = Q(
√
d)

Q

Let
ψK ∶GK Ð→ {±1} and ψM ∶GM Ð→ {±1,±i}

be the Galois characters of the quadratic imaginary ûelds K and M that cut out the
extensionsK1 overK and L over M, respectively. Let θψK denote theweight oneHecke
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theta series attached to ψK , and let ρK = IndGQ
GK

ψK denote the associated Artin rep-
resentation attached to θψK . Adopt similar notation for the ûeld M. Since D4 has
one unique irreducible two dimensional representation, ρK ≅ ρM , which implies that
θψK = θψM . In other words, there are two Hida families of theta series attached to the
characters ψK and ψM that have the same specialization at weight one.

Remark 4.1 _e ûelds are named tomatch previously used notations. _at is,GL =
ker ρK and GH = kerAdρK .

Let g = θψK . By the irregularity assumption, theprime p splits inH andhence splits
in both K and M. _erefore, the Galois representations associated with the cuspidal
family of ordinary theta series attached to ψK at weight k is given by

IndGQ
GK

ψKνk−1
K ,

where νK is a canonical Hecke character. More speciûcally, as an idèle class character
of K,

νK((α)) = ±α
for all α ≡ 1 modulo the conductor of νK .
Consider k as a “weight variable” that can be manipulated analytically. _en the

1-cocycle c ∈ H1(GQ ,W○
g ) corresponding to the p-adic deformation toweight k = 1+є

is given by
c(σ) = φ(IndGQ

GK
logp0

νK)(σ) ∈W○
g ,

where φ∶Wg → W○
g is the canonical splitting deûned in Section 2. _erefore, the

ℓ-th coeõcient of the associated normalized generalized overconvergent eigenform
is given by

Tr ((ρK ⋅ φ(IndGQ
GK

logp0
νK))(σλ)) ∈ Qp ,

where σλ ∈ GQ is a Frobenius element of a choice of prime λ of K above ℓ. It is easy
to see that the coeõcients of this eigenform are supported on primes ℓ that split in K.

Suppose ℓ is a rational prime that splits into (ℓ) = λλ′ in K and let h be the class
number of K. Suppose ũλ is a generator of λh . _en

logp0
νK(σλ)

h = logp0
vK((ũλ)) = logp0

ũλ ,

which implies that

logp0
vK(σλ) = h−1 logp0

(ũλ) = logp0
uλ ,

where uλ = ũλ ⊗ h−1 ∈ OK[1/ℓ]×⊗L. Using this dictionary and the previously chosen
basis, the ℓ-th coeõcient can be simpliûed to

Tr((ψK(σλ) 0
0 ψK(σλ′)

) ⋅
1
2
(
logp0

(uλ/u
′
λ) 0

0 logp0
(u′λ/uλ)

)) =

1
2
logp0

(uλ/u
′
λ)(ψK(σλ) − ψK(σλ′)) .

_is is exactly the eigenform described by Conjecture 3.3. Denote this normalized
generalized eigenform by gK , and the eigenform constructed from the theta series
θψM using the samemethod by gM .
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By construction, H = KM is a biquadratic ûeld. If ℓ splits completely in K and
M, then ℓ splits in H and the Frobenius element is the identity for all primes above ℓ.
Hence, both aℓ(gK) and aℓ(gM) are zero, because ψK(σλ) = ψK(σλ′) and similarly
for M. _erefore, the Fourier coeõcients of gK are supported on the primes ℓ that are
split in K, but are inert in M. For such a prime ℓ, we have ψK(σλ) = −ψK(σλ′), which
shows that aℓ(gK) is non-zero. _is implies that gK and gM are linearly independent.
By Corollary 2.5, they must form a basis of S(p)

1 (N , χ)JgαK0. More importantly, we
have proved Conjectures 2.2 and 3.3.
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