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1. Introduction. The [lifting procedure described in [2] is a powerful tool for
classifying pointed Hopf algebras. It has been applied successfully to the classifica-
tion of pointed Hopf algebras of dimension p? in [2] and dimension p* in [4]. It has
been used also in the classification of pointed Hopf algebras of dimension 32 in [10].
We describe here all pointed coradically graded Hopf algebras of dimension p° (we
assume p is odd since the case p = 2 is treated in [10]). Some of these algebras are
known and can be found in the referred articles as well as in [3], [8]. Classification
problems of pointed Hopf algebras have been also treated in [6], [9] and [7].

Our main references for Hopf algebras are [13] and [11]. For Nichols algebras
we refer to [12] and [1].

The article is organized as follows: in Section 2 we give the notation and defi-
nitions we use and the first results we need. In Section 3 we describe all possible
Nichols algebras of dimension p>~ over groups of order p/ (j =1, ...,4). In Section
4 we prove necessary auxiliary results; some of them have interest on their own, e.g.
Theorem 4.3. In Section 5 we prove that any pointed Hopf algebra of dimension p°
over k is generated by group-like and skew-primitive elements. In other words, any
coradically graded pointed Hopf algebra of dimension p> can be recovered by
bosonization (or biproduct) from one of the Nichols algebras appearing in Theorem
3.2. Furthermore, this proves also that any pointed Hopf algebra of dimension p°
can be recovered by lifting (in the sense of [2]) of one of these bosonizations. Thus
the classification of the pointed Hopf algebras of dimension p> could be done in
principle using the lifting procedure. This article contains the first steps in this
direction. In Section 6 we address the remaining steps and consider some illustrating
examples.

This is part of the doctoral thesis of the author, who thanks N. Andruskiewitsch
for his guidance.

2. Notation and preliminary results. The letter k will stand for an algebraically
closed field of characteristic 0. All Hopf algebras are k-algebras. For I" a group and
g € I" we denote by I'y the isotropy subgroup I', = {h € I' | hg = gh}. Let ¢ € k. For
n > m € N, we use the standard notation
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For A a Hopf algebra, we say that A is pointed if and only if the simple sub-
coalgebras of 4 are 1-dimensional (if and only if the irreducible representations of
A* are 1-dimensional).

Let 4 = ®;50A(i) be a graded Hopf algebra. We say that 4 is coradically graded
if the graduation corresponds to the coradical filtration of A4; i.e. if A, = @/_,A(i)
Vr > 0, where A4yg € A; C ... stands for the coradical filtration of 4. In particular, 4
being coradically graded and pointed implies that 4(0) ~ kI", where I'" is the group
of group-likes of A4.

Let H be a Hopf algebra. We denote by #YD the category of (left-left) Yetter—
Drinfeld modules over H (see [11]) and by c its braiding. Let 4 be a coradically
graded pointed Hopf algebra and 4(0) = kI'; then

R=A%0 —(xec 4| (d®m)A(x) =x® 1} = ®;R(i), (2.1

(where 7 : A — A(0) is the canonical projection), is a braided Hopf algebra in the
category KEYD. The Hopf algebra 4 can be recovered by bosonization: 4 = R#KI.
Furthermore, R is coradically graded and R(0) = k1. If moreover R is generated as
an algebra by R(1), then we say that R is a Nichols algebra.

If R is a Nichols algebra, then R is uniquely determined (up to isomorphism) by
V' = R(1), which coincides with the space of primitive elements P(R). We write
R ="B(V).

We refer to the survey [1] for details on these constructions (Nichols algebras
are called TOBASs in that article).

PROPOSITION 2.2. Let f be any field, and let H be a Hopf algebra over f. Let V be
an object in 5YD. Suppose V has a basis {xi, ..., xp} such that ¢(x; ® x;) = b;x; ® x;
Sor certain by € £ (since ¢ is an automorphism, b; € £ ). We take for eachi=1,...,0

order of b;;  if by Z 1 and is a root of unity,

N> if bi; is not a root of unity,
T ] o if by = 1 and char =0,
char f if bjj = 1 and char £>0.

Then dimB(V) > []; Ni. Moreover, if B(V) is finite dimensional, then the equality
holds lfal’ld OI’lly l.fbljbﬁ = 1, Vi ;é]

Proof. See [2, §3]. ]
We recall (see for instance [1]) that if T is a finite group, the category KLYD is
semisimple. The simple objects are the modules M(g, p) defined as follows: let g € T,

p an irreducible representation of the isotropy group I',. Let W be the space
affording p, and take

M(g, p) = Ind;g W =KkI" ®r, W,

with the usual module structure and the comodule structure given by
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S(h@w)=hgh™' @ (h®w) e kI' ® M(g, p).

REMARK 2.3. Since g is central in Ty, if p is an irreducible representation of I'y
then the Schur lemma says that p(g) = ¢id, for some ¢ € k*.

DEFINITION 2.4. We say that V € #YD has a matrix (by) if it has a basis
{x1, ..., xp} such that c(x; ® x;) = b;x; ® x;.

This happens for instance if T" is abelian. This happens also under a weaker
condition: let V' = ®;M(g;, p;) and suppose that the subgroup I'" of I generated by
the conjugacy classes of all the g; is abelian. Then V comes from the abelian case in
the sense of [1, Definition 3.1.8] and consequently has a matrix. In this case V' can be
considered as a Yetter—Drinfeld module over I" and B(V)#kI" can be reconstructed
as an extension of I'/T” by B(V)#KI". A sufficient condition for I to be abelian in
the case V' = M(g, p) is that the isotropy subgroup I'y be invariant in I'" (see [1,
Lemma 3.1.9]). Since we are working in characteristic 0, if " has a matrix (b;) and
B(V) is finite dimensional then, by Proposition 2.2, b; # 1, Vi.

If ¥ has a matrix (b;) with b;b; = 1, Vi # j, then it can be shown that (V) has
a PBW basis of the form

(X" xy” 10 < m < Ny,

where N; is defined as in Proposition 2.2. The relations are given by

xﬁv" =0, xx;=byxjx;, Vi>j.
Thus B(V) is a quantum linear space as an algebra. We notice that the lines kx;
(i=1,...,0) are not Yetter—Drinfeld submodules in general. In order to agree with
the terminology of [2], we shall denote such an algebra by QLS only when the lines
kx; are Yetter-Drinfeld modules Vi. Thus, a QLS in KLYD is given by a module
V=%, M(gi, x;), where

g1.....89 € are central elements, and
X1, ---, X € ' are characters such that (2.5)

xi(g)xi(g) =1, Vi#].

For V € KLYD, we shall say that B(V) is a QLS over I'" C I"if Vis a Yetter-Drinfeld
module in KL VD and the conditions 2.5 hold for I". A 1-dimensional QLS will be
called also Quantum Line (or QL), and a 2-dimensional QLS will be called also
Quantum Plane (or QP).

According to [3], if V" has a matrix (b;) we say that V is of Cartan type if there
exists a (generalized) Cartan matrix (a;) such that

bybi = by, Vij=1,...,6.
We transfer to V' the terminology over the Cartan matrix (a;).
LEMMA 2.6. Let g be central in T and p an irreducible representation of T'. Let

V= M(g, p). By 2.3, g acts by a scalar on V, say q. Let N be the order of q. Then
dim B(V) > Ndeer,
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Proof. Since g is central, V' comes from the abelian case, and consequently ¢ has
a matrix (by). It is straightforward to see that b; = ¢, Vi,j. Then Proposition 2.2
applies and the result follows. O

LemMA 2.7. Let g € T" and p an irreducible representation of T'y. Let V = M(g, p).
Suppose that dim V < p, where p is the smallest prime dividing |U'|. Then g is central,
degp =1 and thus B(V) is a QL over T with dim B(V) = N, where N is the order of

o(g).

Proof. We have dim V' =[I": I'g]deg(p) < p. Since [I": I'y] and deg(p) both
divide |I'|, necessarily [I" : I'g] = 1, whence g is central, and deg(p) = 1. The result
follows from Proposition 2.2. O

REMARK 2.8. Since dim®B(V) > 1 +dim V, the hypothesis of the preceding
lemma is satisfied if dim *®B(V) < p.

REMARK 2.9. By Lemma 2.7, we have that if V = ®;M(g;, p;) is such that
dimV < p, then g; is central and p; is a character Vi, and furthermore
dim B(V) > []; N, where N; is the order of pi(g;).

3. Main results.

LEMMA 3.1. Let A be a coradically graded pointed Hopf algebra of dimension p°.
Let T' = G(A) be the group of group-likes of A. Let R = A°K" € KLYD be the coin-
variants (thus A = R#kT ) and let V = R(1) be the primitive elements of R. Assume
that V generates R as an algebra (i.e. R =0B(V)). Then the following possibilities
arise.
1. If [T =p°, then V=0 and A = kT'.
2. If [T'| = p*, then V is 1-dimensional and R is a QLS.
3. If IT| = p*, then V may be 1 or 2-dimensional and R is a QLS over some sub-
group T” of T.
4. If ' = C, x C,, then V is 2-dimensional (and then R is a twisting of a Nichols
algebra of type A, ) or V is 3-dimensional (and R is a QLS).
5. If T' = Cpp, then V is 2-dimensional (and in this case R is a QLS or a twisting
of a Nichols algebra of type A,) or V is 3-dimensional (and R is a QLS).
6. If T = C,, then either V is 2-dimensional, R is of type B, and necessarily
p=1mod 4, or V is 3-dimensional, R is of type Ay x Ay and p = 3.

Proof. We prove that ®B(V) is of the form claimed.

1. This is immediate.

2. By Remark 2.9 we have dm V=1, V = (x) = M(g, x), g € Z(T"). Further-
more, x(g) = ¢ is such that ¢ = 1 (and ¢ # 1 since 4 is finite dimensional), whence
the structure of R is given by

X =0, ex)=0,

r

A(xX") = Z (:) X@x

i=0 q
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dx)=g®x, h—x=yxhmx.

Let a = x#1 € 4. Then 4 is generated by I" and «a, with the structure given by
@ =0, ea)=0, hah™'=x(hya VYheTl,

Ad") = 2’: (Z)q(aig’_i) d.

i=0

3. The bound dim V' < 2 is a consequence of 4.3 below. If V' is 1-dimensional,
then V = M(g, x) and 4 is given exactly as in the case || = p* with the only excep-
tion being that ¢ has order p?> and the relation on « is a” = 0.If Vis 2-dimensional,
[1, Proposition 3.1.11] applies and ¥ comes from the abelian case; i.e. " has a basis
{x1, x2} with (x;) = M(g;, xi) (g; and y; are respectively central elements and char-
acters of a certain subgroup I'" of I'). Let N; be the order of x;(g;). Then, by 2.2, we
have p?> > N|N,, whence N; = N, = p; (xi(gi) # 1 since A is finite dimensional).
Again by Proposition 2.2 we have that ®B(V) is a QLS over I". Let b1, = x2(g1), and
for each /i € T let the matrix p(h); be defined by /& — x; = > p(h);x;. Then A4 is
generated by I', a;, a, with structure and relations given by

2
d' =0, ea)=0, hah™ =" p(h),a. VheT,

i
i=1

Aa)=gi®a+1®a,

ayay = b]zazal.

4. The bounds 2 < dim V' < 3 are immediate consequences of Proposition 2.2. If
dim V' = 2, then by Lemma 4.10 below it is a twisting of an algebra of type A,. If
dim V' = 3, then by Proposition 2.2 it is a QLS.

5. As in the case I' = C, x C,, the bounds 2 < dim ' < 3 are consequences of
Proposition 2.2. Suppose that dim V' = 2, V" has basis {x;, x»} and ¢ is given in this
basis by the matrix (b;). If b1y (resp. b)) has order p?, then by Proposition 2.2 by
(resp. b11) has order p and B(V) is a QLS. If both b;; and by, have order p then, by
Lemmas 4.9 and 4.10 below, B(V) is a twisting of an algebra of type A4,. If
dim V' = 3, then by Proposition 2.2 it is a QLS.

6. This is proved in [3, Theorem 1.3]. O

In Section 5 we prove that if I' is a group of order p/ and R = ®;R(i) € kEYDisa
coradically graded braided Hopf algebra of dimension p°~ with R(1) ~ k, then R is
generated by R(1). With this and the previous lemma we can prove the following
result.

THEOREM 3.2. Let A = ®;A(i) be a coradically graded pointed Hopf algebra
of dimension p>. Let T = G(A) be the group of group-likes of A. Let R = ®;R(i) =
A4 e KEYD and let V = R(1). Then R is generated by V (i.e. A= B(V)H#kT)
and B(V) is one in the list below. By B(-) we denote the group of order p* in [S,
p. 145].
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r dim®B(V) Type Conditions
(c,)* 1 QLS
(Cp)* x Cp 1 QLS
sz X C 2 1 QLS
Cy x Cpe 1 QLS
Cpi 1 QLS
B(vi) 1 QLS
B(vii) 1 QLS
B(viii) 1 QLS
B(ix) 1 QLS
B(x 1 QLS
B(xiv) 1 QLS
(C,)’ 2 QLS
Cp x G, 1 QLS
2 QLS
Cp 1 QLS
2 QLS
() 2 42
3 QLS
Cp 2 Ar p=3orp=1mod3
C, 2 B p=1mod4
3 Az X A] P = 3

Proof. For the groups of order p*, the only condition for the existence of a QLS
is the existence of a central element g € I and a character x € I such that x(g) has
order p. This is possible if and only if g & [I", '] where [, I'] is the commutator
subgroup of T. It follows by inspection of each case that the groups in the table are
those I' such that Z(I") ¢ [F r].

We go now to |I'| = p3. It is clear that QLS of rank one exist for I' = C, 2 x Cp
and I' = C3, but not for I' = (Cp) The two non-abelian groups of order p? have
centers included in their commutator subgroups, whence the 1-dimensional Yetter—
Drinfeld modules give rise to infinite dimensional Nichols algebras. We prove now
that for the three abelian groups there exist QLS of rank 2: let gy, ¢2, g3 denote
respectively (fixed) roots of unity of orders p, p?, p>. We denote the generators of

(Cp)* by {g1. £, g3} and the generators of (C,)’ by {81, &>, §3}, where gi(g)) =q‘f"f We

denote the generators of Cp. x C, by {g1, 22} and the generators of C, vxC by
{g1, &>}, where g,(gj) = q3 B We denote the generator of C,s by {g} and the generator

of Cr 3 by {g}, where g(g) = ¢3. Itis straightforward that the following Yetter—Drinfeld
modules give QLS of dimension p?:

F=(C), V=Mg,$)® Mg, &),
F:szxcpa V:M(glly’gl)@M(g?p’gl)v

F=Cp, V=M .9)@® Mg 8
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For the two non-abelian groups we should have ' a Yetter—Drinfeld module of

dimension 2. There are three possibilities.

1. V.= M(hy, x1) ® M(hy, x2), where h; are central and y; are characters; but by
the same reason as in the rank one case, this would give infinite dimensional
Nichols algebras.

2. V= M(g, x), where x is a character and [I" : T';] = 2; but this is impossible
since p # 2 (this case arises when p = 2; see [10]).

3. V= M(g, p), where g is central and p is an irreducible representation of T’
with deg p = 2. Since p # 2, by the Frobenius theorem we find that this is
impossible; (this case arises when p = 2; see [10]).

Let now I' = (Cp)z. It is immediate that there are no QLS of rank 1 nor 2, since
otherwise there would be a character with a p?-th root of unity in the image. The
existence of a QLS of rank 3 is a consequence of [2, Lemma 4.1]. An explicit con-
struction is as follows: let I' have generators {g|, g>} and [ have generators {g1, g}
where gi(g;) = q‘f” (as before g, is a fixed p-th root of unity). Let V' = M(gy, g1)®
M(gl,gfl) @ M(g, 82). It is straightforward to see that V" generates a QLS. For a
construction of a Nichols algebra of type A, let r = % € Z/p (the construction for
p = 2 is slightly different; see [10]). Set V = M(g1, 818> )® M(g2, g1~ &»). It is clear
then that V" has the matrix

(by) = <ql,, gi ) whence byby = b% with (a) = ( 21 ‘21)
9 4 -

Let I' = C)». The non-existence of a p-dimensional QLS is a consequence of
Lemma 4.1 below. Let g, ¢ be respectively generators of I', T, and let g = g(g).
Suppose that V € kLYD generates an algebra of type 4;. Let V = M(g",¢")®
M(g®, ). Since V has a matrix b; = ¢*/ and by, by, must have order p, then p divides
e1 and ey, or p divides f; and f;. Then the same arguments as in [3, Theorem 1.3] give the
condition p = 3 or p = 1 mod 3. Furthermore, let b be such that > + b+ 1 = 0 mod p
(the condition on p is equivalent to the existence of such a ) and take e; = p, f; = 1,
e = —p(b+1), fr = b. It is straightforward to see that this gives a Cartan matrix of

type 4,.
For I' = C, it is proved in [3, Theorem 1.3] that there exists an algebra of type
B, if and only if p = 1 mod 4, and of type 4, x A, if and only if p = 3. ]

4. Subsidiary results. The following lemma may be considered as an addendum
to [2, Lemma 4.2].

LemMMA 4.1. Let T'=Cp and V € ’,;5322) generate a finite dimensional QLS. Then
V may be 1-dimensional (and hence dimB(V) = p* with 1 <v < n) or it may be 2-
dimensional (and hence dim B(V) = p** with 1 <v <n).

Proof. The bound dim V' < 2 is the content of [2, Lemma 4.2]. Let I" have a
generator g and [ have a generator g. Let ¢ = g(g), which is a primitive p"-th root of
unity. If 7 is 1-dimensional, the result is an easy consequence of Proposition 2.2.

Suppose that V = M(g®, /1) ® M(g%, §/>). Let €, = p’e; such that ey, e are not
both divisible by p, f = p'f; such that f;, f> are not both divisible by p. Then V" has a
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matrix given by b; = ¢/ = ¢/ . Since B(V) is finite dimensional, r + s < n (for if
not b;y = by =1). Let u =n—r —s. Suppose that pfe; (if pfe; it is analogous).
Suppose first that pff>; then by, has order p“. Since V generates a QLS, by157,' also
has order p* and thus pfe,, pffi. This implies the result with v = u. Suppose next
that p| f>. Then pffi. Let f> = p'b, e; = p’a with p b, p fa. We prove that t = y: we
have ¢ < u since if not by, = 1. Now, b;» has order p“~', whence b, has order p*~'.
Since p ff1 we have p'|e;, whence y > ¢. By similar considerations y < ¢. This implies
the result with v =u — ¢. ]

We shall make use of the following important tool for Nichols algebras.

DEeFINITION 4.2, Let Ve ZyD and ¢=cypyp. For i+j=n, we denote by
Ay B"(V) = B'(V) @ V/(V) the (i, j)-component of the comultiplication of B(V).

It is proved in [14] (or see [1, Definition 3.2.10]) that A;; is injective, Vi, . Let
{x1,..., xo} be a basis of V" and let {x], ..., xj} be its dual basis. We denote by 9y, the
differential operator on B(V) given by

0y,(2) = ((d @ xNA,_1.1(z), if zeB"(V), n>0, and 3,(1)=0.

By the injectivity of A;; it is immediate that for z € B"(V) (n > 0) we have z =0 if
and only if 3,,(z) = 0, foralli = 1, ..., 6. Suppose now that V" € kLYD and 9,, is such
that there exists g € I with 9,,(v) =0 if 8(v) =h®@ v and h # g; (this happens for
instance if 8(x;)) =g ®x;, j=1,...,0 and g =g;). Then it is easy to see that 0,
satisfies the Leibniz rule

0x,(2122) = 9y, (z1)(g — 22) + 210x,(22).

The following theorem is proved in [2, Theorem 0.2] in the case in which I' is an
abelian group.

THEOREM 4.3. Let T be a finite group. Let V € ﬁ;yp be such that dim B(V) = p?,
where p is the smallest prime number dividing |T'|. Then dim V < 2 and B(V) is a QLS
over some subgroup T" C T'. Furthermore, if p > 2 then V = M(g, x) with g central, x
is a character such that x(g) has order p> and hence B(V) is a QL over T, or
V= M(g, x1) ® M(g2, x2) where g; is central, x; is a character (i=1,2) such that
xi(g:) has order p and hence B(V) is a QP over T.

Proof. Let V = @%_ M(g;, p;). It can be shown that dim B(V) > dim B(M(g;, p:)),
Vi. Let I =[I" : T'y,] and d = deg(p;). We have dim M(g, p1) = dI. We have d =1 or
d>p,and I =1 or I > p. Since dim B(V) > 1 + dim V' we have dim V' < p°.
Suppose first that d > p. This implies that / = 1, whence g; is central in I". By
2.6 we have p? = dim B(V) > dim B(M(g,, p1)) > N¢ with N the order of g, where
gid = pi(g1). Since B(V) is finite dimensional, we have g # 1 and hence N > p.
If p>2 we have a contradiction. If p =2 we must have 6 =1, d=2, N=2.
The condition d =2 implies that V' comes from the abelian case, as explained
after Definition 2.4. The condition on N tells us that ¢ = —1. Furthermore, by
Proposition 2.2, B(V) is a QLS, and it is shown in [1] that the matrix of ¢ is
-1 =1
-1 -1
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Suppose then that / > p. This implies that d = 1, whence p; is a character of T'y,.
Let ¢ = pi(g1) and let N be the order of ¢. Let x be a generator of the space afford-
ing pi, and let {h; =1, hy, ..., by} be a set of representatives of the cosets of I'/Tg,.
Then M(g,, p1) has as basis the elements {#; — x, ..., h; — x} and we have

cthi =~ xQh — x) = higlhflhi -~ x®h —~x

=hg =~ xQh — x=qhj =~ x® h; = x). @4
It is straightforward to see using derivations that the elements
(,(hi—x)" |1l <r<N, i=1,...,1}
are linearly independent, whence
pr=dimB(V) > 1+ IN - 1). 4.5)

Thus, N < p. On the other hand, g # 1 for if not it is easy to see using derivations
that the elements {x" | r > 0} would be linearly independent and B(V) would be
infinite dimensional; (note that we have not proved at present that kx is a sub-YD-
module nor that M(g, p;) comes from the abelian case, and hence Proposition 2.2
cannot be used.) We have thus proved that N = p. Suppose for a moment that 7 > p.
It is clear that if p > 2 then I > p 4 2, but then (4.5) tells us that this is a contra-
diction. If p = 2, then I = 3 but, by [1, Proposition 3.2.2], dim B(M(g, p1)) = 5, also
a contradiction. Hence, we have that / = p and then I'g, having index the smallest
prime dividing ||, is invariant in I'. As stated after Definition 2.4, this implies that
B(M(g1, p1)) comes from the abelian case, but then Proposition 2.2 applies and (4.4)
tells us that dim B(M(gy, p1)) > p”. This is a contradiction if p > 2. If p = 2, then
0 =1, q=—1 and it is proved in [1] that the matrix of ¢ is

-1 1 -1 -1
() e (30)

Suppose finally that /=d = 1. Then g; is central and p; is a character. Let
g = p1(g1) and let N be its order. Then dim B(V) > dim B(M(g, p1)) = N implies
that N < p?>. If N =p?, then 6 = 1 and the result follows at once. If N < p?, then
N>p and N is prime. Since dimB(M(gi,p1)) =N, we have 0> 1. Since
dim B(M(g2, p2)) < p> — 1 (because if x is a generator of M(gy, p1) then x does not
belong to B(M(g», p>))) by the same arguments as above applied to M(g,, pr) we
have necessarily that g, is central and p; is a character. Let NV, be the order of py(g2).
Thus N, < p?, and since g1, g» are both central, M(g, p1) ® M(g>, p») comes from
the abelian case, whence by Proposition 2.2, B(M(g, p1) ® M(g2, p2)) has dimen-
sion at least NN,. This implies that N = N, = p, 8 = 2 and B(V) is a QLS over T'.

REMARK 4.6. It is proved in [8] in a different way that if dim B(V) = p, where p
is the smallest prime number dividing T, then dim V' =1 and B(V) is a QLS. It is
proved also, with the same ideas as here, in [3, Proposition 7.5].

REMARK 4.7. We note that the proof of Theorem 4.3 above says that there are

no ¥ in fLYD such that dim B(V) = 7 if 7 is a prime number smaller than every
prime dividing |T|.
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The previous theorem implies the following result.

COROLLARY 4.8. Let A be a pointed Hopf algebra of dimension m whose coradical
has dimension m/p*, where p is the smallest prime number dividing m. Then p* divides
m and dim A, = (r + \)m/p?, where r = 1 or 2.

Proof. Consider the coradical filtration of 4 and let H = @;H(i) be the asso-
ciated graded algebra. Then H is pointed and H(0) >~ kI", where I' is the group of
group-likes of A that has order m/p*. Let R = H°"® ¢ XlyD and let R’ C R be the
algebra generated by R(1); (R’ = R if and only if R is a Nichols algebra). Thus
dim R = p? and by the Nichols—Zoeller theorem, dim R’ = p/ with 0 <j < 2. The
case j = 0 would imply that dim R(1) = 0, which is impossible. The case j = 1 is also
impossible, for in that case Remark 4.6 says that dim R(1) = dim R'(1) = 1, and [2,
Theorem 3.2] says that R is a Nichols algebra. Then R’ = R. Remark 4.7 says that p
divides |I'| (whence p* divides m) and Theorem 4.3 says that » = dim R(1) may be 1
or 2, whence dim H(1) = r|I"| and

dim 4, = dim H(0) + dim H(1) = (r + D|T| = (r + Dm/p>.
O

LEMMA 4. 9 Let T be a p-group and V a 2-dimensional module in K"YD such that
dim B(V) = p>. Recall that under this assumption ¢ has a matrix (bjj) with respect to
some basis {x, y}. Let q be a primitive p*-th root of unity, and suppose that b; = ¢°. If
p divides ¢\ and ¢y, then p divides ci> + ¢3.

Proof. We have x¥ = ? = 0. Let z = Ad,(y) = xy — bppyx and o = 1 — b1b;.
We have

ax(Z) = b12y — blzy =0, 8},-(2) =x—bphix=0x= 8_\,3),(2) =o0.

Furthermore,

a(x"y’z") = (’)b”bqlbiﬁ X ly&Zt
3,02 = (S)bzzbtzlbtzzy3 2+ ZUb blzzyszf iz,
3x0,(»'z") = U(l)(bl,blzbZIbzz)y z'
Thus, if pfci2 + 21, the order of (b11b12b21522) is p?, whence the set {z' | 0 < ¢ < p?}
is linearly independent. This implies inductively that the set {)°z' | 0 <s < p,
0 <t < p?} is linearly independent, and then that the set {x'y*z' | 0 <r,s <p,

0 <t < p?} is linearly independent, so that dim B(V) > p*. O

The following result is a consequence of [3, Corollary 1.2]. We give a direct
proof here.

LEMMA 4 10. Let V =(x,y) be a 2-dimensional module in k;yD such that

dim B(V) = p3. Let V have a matrix (byj) and suppose that b, =1, for all i, j. Then by
is a Cartan matrix of type A,.
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Proof. Let g = by1 and c¢;; be given by b; = ¢“. We may suppose as above that
b1y = byy. Let by = ¢°, by = ¢¢. Take z = Ad(y) = xy — ¢°yx,and let o = | — q2“;
thus o # 0, since otherwise B(}) would be a QLS and dim B(}) would be p>. As
before

dx(z) =0, 0,(z) = ox = 0,0,(2) = o,

whence
ax(x"yszf) — (,) qt+u(s+t) r— lyszt
ay(yszt) :(S)q aH—ct s—1 I+Zaq(0+6)lys —1— txz
i=0

0,0,(0°z") = (1) gre2arc yszl

As before, the set {x"y*z' | 0 < r,s, t < p} is linearly independent; (as a remark,
note that we must have 1 +2a + ¢ # 0 (mod p) since if not B(V) would be infinite
dimensional). Now let w = Ad.(z) = xz — ¢'*%zx. We have

dx(w) = 0, 3(w) = ox? — g g x* = o(1 — g7

The (x, y)-bidegree of w is (2, 1), whence the set {x?y, xz, w} must be linearly depen-
dent in order for B(V) to be p3-dimensional. This implies 2a + 1 = 0, which means
that b12by = bfll.

With the same reasoning, we must have bjpby; = b;z , and thus b;b; = b 7 with

cij = (_21 _21> mod p,

and b; is a Cartan matrix of type A4,. As a remark, note that by = ba. O

5. The classification is complete. We have to prove that Theorem 3.2 lists all the
coradically graded pointed Hopf algebras of dimension p°. This amounts to proving
that a coradically graded pointed Hopf algebra is generated by its homogeneous
component of degree 1, which in turn is equivalent to proving that if 4 = ®;4(i) is a
coradically graded pointed Hopf algebra and R = A is its algebra of coinvariants
then R is a Nichols algebra. As in [3, §8], let S = R* be its dual. Then S is a graded
braided Hopf algebra in KLYD, S=@;S(i) and is generated by S(0)® S(1).
Furthermore, we have a surjection S — S, &' = B(S(1)). We have to prove that S is
coradically graded; i.e. that P(S) = S(1). This is the same as saying that §' = S.
Now, [2, Theorem 3.2] plus Remark 4.6 solve the problem for the cases in which I'
has order p* or p?, and [3, Theorem 8.2] and [3, Lemma 8.5] solve the problem for
the case in which I" has order p or I' = C, x C,. The following theorem solves the
pending case.

THEOREM 5.1. Let T be a finite group and p the smallest prime number dividing

IT|. Let S = @®;S(i) in XLYD be a graded braided Hopf algebra of dimension p* such
that S(0) = k and S is generated by S(1). Suppose that S(1) comes from the abelian
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case, i.e. there exists an abelian subgroup I'" C T such that S(1) is a YD-module over
[. Then S is a Nichols algebra.

Proof. We prove the statement for p > 2, the case p = 2 being treated in [10]. Let
S’ =*B(S(1)), and consider the canonical projection S — S'. We must prove that
this is an isomorphism. If dim S(1) =3 then, by Proposition 2.2, we have
dim 8’ > p?; but this implies that S = S and S is a Nichols algebra. If dim S(1) = 1,
then [2, Theorem 3.2] shows that S is a Nichols algebra. Hence we are led to con-
sider the case dim S(1) = 2. We have dim S’ < p?, and we suppose that dim S’ < p°.
Then by Proposition 2.2 we have dim S’ > p?, whence dim S’ = p?>. Now Theorem
4.3 says that S’ is a QLS over I, S'(1) has a basis {x, y} and the braiding ¢ has a
matrix (b;) in this basis, where b;; are primitive p-th roots of unity and b»by = 1.
Furthermore, the linear spans kx and ky are sub-YD-modules over I". Let
z = x1X2 — bpxpx; € S. If we prove that z = 0 in S, then dim S = p?, but this would
be a contradiction and we would be done.

Suppose that z # 0. Now, it is immediate that z is primitive in S. Consider the
coradical filtration of S and let 7= &;7(i) be the associated graded algebra. We
have x, y,z € S;. Consider x, y,z € T(1). It is easy to see that these elements are
linearly independent. We compute the matrix of ¢ for {x, y, z}. It is given by

by bi biibis by b bubn
by =1 bu b b21b2 =\ b by bbby
bitbar  bioby  biibiabrbxn bibar bbby  biibxn

Consider now the canonical projection T — T’ = B(T(1)). Since kx, ky and kz are
sub-YD-modules of S over I/, then kx, kjy and kz are sub-YD-modules of T over I'.
Thus, if W = (X, 7, Z) we have dim B(W) < dim T’ < dim T = p>. Now Proposition
2.2 applies; (notice that b, has order p, Vi, since by1b» =1 would imply that
dim B(W) = 00). Hence B(W) is a QLS, but this implies that 1 = b3 b12by = b7,
which is impossible since p # 2. Hence, z = 0 in S and the theorem is proved. O

6. Final remarks. In order to give a complete classification of the pointed Hopf

algebras of dimension p°, the following steps should be taken.

1. For each Nichols algebra R in Theorem 3.2, give all the modules M in kLYD
such that B(M) ~ R.

2. Classify the isomorphism classes of the bosonizations of the Nichols algebras
in the previous step; (note that there exist non isomorphic Nichols algebras
which give isomorphic algebras after bosonization).

3. For each coradically graded p>-dimensional Hopf algebra in the previous
step, classify all the liftings.

These steps are highly non trivial. For instance let I' = Cp», where n > 0 and

p # 2, and let 0 < s < n. The number of QLS of rank 1 over I with dimension p* is
given by

P

i+j—n=s
ij<n
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while the number of isomorphisms classes of these QLS after bosonization is given

by
i+j—n=s I(l’])
ij<n
where
$pi)=p~'(p—1),

¢(i.)) = ¢()g(),
I(kl, e k,) = ¢(max{k1, ceey k,})

Furthermore, the number of QLS of rank 2 over I' with dimension p°®, (where s is
even, by Lemma 4.1), is given by

Z (i, j1)(i2, o)

2, 0=, L C Luinj)

while the number of isomorphism classes of these QLS after bosonization is given by

1 @1, )02, /)
L(iv, p)I(i1, i, 1, o)

i1j1:02:2
where
Ly(i, ) = i +j—n),

and the sum is over the tuples such that

h+j—n=s121, bh+p-—n=s5>1,
S1+s2=s, i,J1,b, o <n, Ii+j=0i+].

As a result of this, the number of coradically graded non isomorphic Hopf
algebras of dimension p° with coradical C w4, Cp s, respectively, 2(p*> — 1) and
p(p — D2 + 2=,

See also the discussion in [3, §9] for the first step, [3, §6] for the second. In par-
ticular, a necessary and sufficient condition for two YD-modules to give isomorphic
algebras after bosonization is given in [3, Proposition 6.3].

As an example of the last step, let 4 be a pointed Hopf algebra of dimension p°
with coradical I' of order p*. Let H be the associated graded Hopf algebra and R its
invariants as in (2.1). Then H = R#KTI", where R = B(V). We have then V' = M(h, x)
where £ is central and x is a character such that x(%) has order p. Let x be a gen-
erator of V. Then, by [10, Proposition 2.0.17], x can be lifted to @ € 4 such that
Al@)=h®a+a® 1and gag™' = x(g)a Vg € I. Since the elements {x'#g | 0 < i < p,
g € I'} are a basis of H, the elements {a'g | 0 <i < p, g € I'} are a basis of 4. The
lifting A is then determined by the element &”, the case ¢ = 0 being the bosonization
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A = R#KT. It is easy to see that ¢ is a skew-primitive and A(¢’) =" Q & + o’ ® 1.
Looking at the space of skew-primitives, this implies that

@ =r —1), »ek.

Taking a suitable scalar multiple of « we may suppose that A € {0, 1}. Hence there
are no more than 2 liftings. In some of the cases we must have &’ = 0. These cases
are given by the diamond lemma

ga’ = gh(h’ — 1) = AW’ — 1)g,
g’ = x(g)aga’™' = ... = x(9)d’g = x" (I — 1)g,

whence A(x” — 1) = 0 for A to be p>-dimensional. This tells us that over the group
B(vi) any pointed Hopf algebra of dimension p° is coradically graded.

On the other hand, it is clear that if /”” = 1 then ¢ = 0. This tells us that over
the groups B(viii), B(ix), B(x)and B(xiv) any pointed Hopf algebra of dimension p’
is coradically graded.

As a corollary we note that a pointed Hopf algebra of dimension p> and non
abelian coradical is coradically graded, unless its coradical is isomorphic to kB(vii).
We classify all the liftings in this case: B(vii) can be presented with generators
X, Y, Z and relations

X‘DZZY‘D:ZP:17 [ZvY]:va [X’Y]:[X7Z]:1

Hence Z(B(vii)) = (X) while [B(vii), B(vii)] = (X?). Let g be a (fixed) p-th root of
unity. The Yetter—Drinfeld modules generating Nichols algebras of dimension p are
then

V = M(X', x) such that p}i, x(X)=q* (pfa), x(Y)=q", x(Z) = ¢".

However, it can be shown that most of them give isomorphic algebras after bosoni-
zation. We are led to consider two modules:

Vi=MX, x) (i=1,2), xX)=q, xi(¥)=x1(2) =1,
X =x(Y)=q. x(2)=1

Hence we have two pointed Hopf algebras of dimension p®> with non abelian co-
radical that are not coradically graded:

AW generated by a, X, Y, Z and the relations of B(vii) together with
Xa=qaX,Ya=aY,Za=aZ,d =X’ —1,A(e) = X®a+a®]1l,

A® generated by a, X, Y, Z and the relations of B(vii) together with
Xa=qaX,Ya=qgaY,Za=aZ, & =X’ —1,A(@) = XQa+a® 1.

A description of the liftings of QLS (respectively of the algebras of type A, over
groups of exponent p) is made in [2] (respectively [4]).
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