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Theorems on Summation of Series.
By ArLexanper Horm, M.A.

(Read 12th March. Received 28th April 1909).

1. Theorem I. If S: J(n)=F(n), where a and n are positive
integers, and if f{n) is a finite single-valued function of =» for
values of nz=a, then SZAj(n) = AF(n) + const.

By supposition fla)+fla+1)+... +f(n)=F(n), hence F(n),
being the sum of a finite number of finite single-valued functions,
must be a finite single-valued function of n.

Hence also Af(rn) and AF(n) must be finite single-valued
functions of n.

Now S(n)=Fn)-F(n -1)
Afin)=AF(n) - AF(n-1)
. BDfin-1)=AF(n-1)- AF(n - 2)
Dfla+1)=AF(a+1) - AF(a)
Afla)=AF(a) - AF(a-1)
" SAfin)=AF(@n) - AFu - 1),
S.Af(n) = AF(n) + const.
1 1

\‘"______ = e
Ex. From S 1) n+1+1’
. < 1 1 N 1 o
we derive “1[(n+1)(n+2)_ n(n+l)]_ n+2+n+1+const.
® 1 1
> - _
,1n(n+1)(n+2) 2(n+])(n_+_2)+const.

. » 1 1
Putting n=1, const. =1 .- 2’n(n+1)(n'+2)= _2(n+1)(n+2)+i'
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3. Theorem I1. 1f S: JS(n)=F(n), where a and = are positive
integers, and if flx), F(z) and their first derivatives f'(x), F'(z) are
finite single-valued confinuous functions of x for finite values of
r=a,
then E: S'(n) =F'(n) + const.
we have Sx)y=F(x) -Fx-1)

- f@)=F@)-Fz-1)
. fln)=F(n)-F(n-1)
S (n-1)=Fn-1)~F(n-2)
fla+)=F(a+1)-F(a)
f(@)=F(a) - F(a—1)
S./'(n)=F(n)-Fla-1)
}.): S'(n) =T(n) + const.

3
+log—§+100—+ +logr =

3, [logn — log(n + 1)] = —log(n + 1).
Here  f(x)=logz -log(x+1), F(x)= - log(z+1)

wy=1 L. -1
F@= ez FO=-23

o Ax), F(x), f'(x), F(x) are all finite single-valued continuous
functions of z for ﬁnite values of zz=1.

= - const.
"‘ " n+1] +

v"
n(n+1) n+1+const.

Putting n=1, const.=1
n 1 1
S .
Hln(n +1) i’ 1
3. Theorem II1. 1If I, f(n) F(n), where a and »n are positive
integers, and if f(z), F(x) and their integrals with respect to
z, f~(=), F'(z) are finite single-valued continuous functions of z

for finite values of z=a, then S: S m)y=F'(n)+Cn+C, where
C and €' are constants.
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We have f(x)=F(z)-F(x - 1).
Hence on integrating with respect to x, we have for finite values
of x=a,
S ) =FYz)-Fx-1)+C
where C is a constant.
S (n)=F'n)-F'(n-1)+C
Sn-1)=Fn-1)-F(n-2)+C
S a+1)=F*a+1)-FYa)+C
f(a)=Fa)-Fa-1)+0C
S fYn)=Fn) - FYa-1)+C(n-a+1)

o Sof i) =FYn) +Cn+C
where C and C’ are constants.

" 2
Ex. Si(n) =2+ 2.
2 .
Here fAx)y=w, Flx)= ; + —:—
2 JER.
S x)= % +const., F(x)= + 7" % + const.

- Ax), F(zx), f~x), F'(z) are all finite single-valued continuous
functions of x for finite values of x=1.
n 2 3 2
() Fe g rone
Putting n=0, C'=0, and n=1, C=42,;
n2

2y (n?) = ) 5

7
8 .

From which we derive in a similar manner

-+

4w

n s m3 2
Sl<%>={%+—6—+ﬁ+0n+0’,

12
and putting n=0, C'=0, and n=1, C=0
n' n w

‘e El(na)=z‘+'§'+z.

and so on.
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