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In an interesting appendix to a letter written by John Collins to
James Gregory on August 3, 1675, but not published until a few
months ago, appear some formulae, given without proof, for expressing
the roots of an equation of any degree from the 2nd to the 9th in
terms of the coefficients, under the assumption that these roots are in
arithmetical progression. The formulae were discovered by the well
known contemporary of Leibniz, Baron W. von Tschirnhaus. It is
evident that in the case of an equation of degree n this particular
assumption imposes » — 2 conditions on the coefficients; so that two
of these coefficients can be chosen ad libitum. Tschirnhaus did not go
to the trouble of obtaining these relations explicitly, in fact he makes
no mention of them, but he gives expressions, in the cases indicated
above, for the roots as functions of the first two coefficients of the
equation in question, and these coefficients, as we have observed, are
arbitrary. It is not known by what approach he arrived at his
formulae; it seems likely to us, however, that he expressed the desired
roots in terms of two arbitrary unknowns, that he evaluated the sum
of these, and the sum of their products two at a time, and that,
finally, he equated the results to the first two coefficients of the
equation. In this way two equations are obtained, sufficient to
determine the two auxiliary unknowns; and the problem can be con-
sidered as solved. Without seeming to imply that this procedure
was the same as that adopted by the eminent German mathematician,
we shall show that by its means one can not only derive his results,
but also solve the question in the case of an algebraic equation of
any degree.

To this end it is necessary to consider separately the cases of
even and of odd degree.

Case 1. Let the proposed equation be
(1) g2+l + px2n + qx2n—1 4+ ....=0.
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If the mean root is z then all the roots, presumed in arithmetical
progression, can be represented thus,

(2) T—NY, eo.., T— Y, T, T+ Y, ...., &+ 0y,

and since their sum is (2n 4+ 1)z, we must have (2n+ 1)z = — p,
whence

(3) T = —p/(2n +1).

We apply next the identity
(4) 2@ab+ac+bc+ ..)=(@+bF+c+..2—(a2+b2+c*+ ..)
and (3). It follows that the expression to be equated to 2¢ is
(—pP -+ (@ -9+ @+y°+.... +(@—ny)’+ = +ny)}
that is,
PP —{(2n + 1) a2 + 292 (12 + 22 4 .. .. 4+ n?),
and this, in view of
(5) 124224+ ..., 4+ n2=n(n41)(2n + 1)/6,
can be written
) { P2 +02n(n+1)(2n+1)}
6

b b

so that we have

2np? 2¢? n(n 4 1) (2n + 1).

2q =
2n + 1 6
Hence
©® y= : \/ g,
\/n(n—l—l) en41) Yon + 1
6
and from (2), (3), (6) we have the following expressions for the roots,
P v \/ np? -
7 - T U
(7 2n+1+\/n(n+l)(2n+l) 2n + 1 ?
6

where ¢ takes integer values from — n to =.
If in (7) we put in succession n =1, 2, 3, 4 we obtain

T N T B BN g
\/3 & 5N T N T TP Vg TP
expressions which lead immediately to four of the values of the roots
given by Tschirnhaus.
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Case 2. Let the proposed equation be

(8) ’ 22" 4 pr?-l 4 g2 4 ... = 0.

1f the roots are in arithmetical progression they can be represented by

9 z—2n—-1ly, ..., 2—3y,z2—y,z24+y,z+3y, ....,z+ (2n - 1)y,
and since their sum is 2n2, we have 2nz = — p, whence
(10) x = — p/2n.

Referring once again to (4) we see that the expression to be equated
to 2¢ in this case is

(=P —{(x— 9P+ (z + y)* + (x — 39)* + (x + 3y)* +
+(z— 20 — 1912 -+ (2 + 20 — 1y)%,
that is,

P2 —{2na® + 242 (12 4 32 4 ... + 20 — 12).
Now we have
12432+ ...+ (2n—1)2
=[12422 + 32+ .... 4+ (2n)%] —4[12 4+ 22 + 32+ ... 4 2%
=1{2n(2n +1)(4n+ 1) —dn(n + 1) (2n + 1)}
=(2n — 1) n (2n + 1)/3,
go that the expression becomes

. [P s(2n—1)n(2n+ 1)
p {2n+2y 3 :

which gives

QQ‘?ﬁz‘;*lz’2‘2y2(2n—l);(2n+l)'

whence finally

1 217,—— 1,
11 =
3

Finally, applying (8), (9) and (11), w. arrive at the following
expressions for the roots,

2n — 1 )

P \/-n—l -

2niJ(2n—l)n(2n+l) 4n Pr=q
3

where 7 takes the values 1, 2, ., ..., 2n — 1.
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If in (11) we put in succession n =1, 2, 3, 4 we find for y the
values

F o, L, L, L
\/4 2 vio V8 ~ % v3s Vig ~ % Vse Vig — ¢

and these expressions lead at once to the other four roots given by
Tschirnhaus.

NOTES.
1. See the important volume, James Greqory: Tercentenary Memorial Volume, edited
by H. W. Turnbull (London, 1939), pp. 318-319.

2. In the formulae cited, the denominators 10, 5, 35, 14, 84, 30 should be replaced by
their square roots.

3. The reader wishing for detailed information concerning the life and work of this
mathematician will find it given at pp. 540.545 of Tome II (Milan, Hoepli,
1931) of my Storia delle Matematiche.
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