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Abstract

For a ZG-lattice A, the nth partial free Euler characteristic ¢,(4) is defined as the infimum
of all

n

o (=1)"dg(F)

i=0
where F, varies over all free resolutions of 4. It is shown that there exists a stably free
resolution E, of A which realises ¢,(4) for all » > 0 and that the function n — ¢,(4) is
ultimately polynomial on residue classes. The existence of E, is established with the help of
new invariants ¢,(A4) of A. These are elements in certain image groups of the projective class
group of ZG . When ZG allows cancellation, E, is a minimal free resolution and is essentially
unique. When A is periodic, E, is ultimately periodic of period a multiple of the projective
period of 4.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 20 C 10, 20 C 05,
18 G 10.

Introduction

Our aim in this paper is to compare the projective and free resolutions of
a lattice 4 over ZG, the integral group ring of a finite group. An example
where such a comparison has some importance is when A is periodic: this
means that there exists a projective resolution which repeats with some period
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g . Does A then have a periodic free resolution also of period g ? The answer
depends on the vanishing of a particular element in a certain factor group
of the projective class group of ZG. This was discovered many years ago
in the special case 4 = Z by Swan [4]. We shall show here that his ldeas
supported by additional material, lead to similar results in general.

A numerical measure of the difference between projective and free res-
olutions is given by the two partial Euler characteristics introduced by the
author in [2]. It was proved there that the partial projective Euler charac-
teristics x,(4), n > 0, are realised by any minimal projective resolution of
A . Moreover, the associated Poincaré series )_ ., xn(A)t" is rational of the
form g(¢)/(1-t")™ , where g(¢) € Z[f] and m, g € Z_,. This was observed
by P. Webb [7] and depends on earlier work of Evens and Swan which enables
one to calculate (in principle) the function x(A4) in terms of data from the
modular representation theory of G. No such method of calculation seems
available for the partial free Euler characteristics ¢,(4), n > 0. Neverthe-
less, by adopting an indirect approach, we shall prove here that 3 ., 8n(A)t”
is rational of the same form as the y(A)-series. There is, in general, no free
resolution that realises ¢(A), but we establish the existence of a stably free
resolution that does. When ZG allows cancellation, this is a minimal free
resolution and then, by a result in [3], every minimal free resolution of A
realises &(A).

The functions x(A) and ¢(A) are related by inequalities

=Xn(4) < 8,(4) < =1, (4) + 1.

IGI IGI
The proof of our stably free resolution theorem depends on relating the set of
integers n where the first of these inequalities is an equality with the vanish-
ing of invariants g,(4) that live in different image groups of the projective
class group of ZG and generalise the Swan invariant for Z mentioned ear-
lier. When A is a non-periodic lattice, o,(4) = 0 for all sufficiently large
n and consequently the functions &(A4) and %[ x(A) are ultimately equal.
When A4 is periodic we shall find that &(A4) is also periodic and if the pro-
jective period is g, then o, ra— ,(4) = 0 if, and only if, there exists a partial
free resolution to dimension rg — 1 with kernel in the genus of A4.

In Section 1, we discuss in detail the results needed from the earlier papers
in this series, [2] and [3]. The new invariants ¢,(A4) are defined in Section
2, the stably free resolution theorem is proved in Section 3 and a periodic
version is given in Section 4.

There are two appendices. In the first I show that every positive integer
does indeed arise as the projective period of a suitable lattice, a result that is
very likely known but which I have been unable to find in the literature. The
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second appendix is an afterthought to the decomposition theorem of [2]. It
was pointed out to me by Serge Aloneftis that this theorem is valid for all
lattices and not just those in the class .Z° based on Z. His argument is given
in the appendix and is a simple adaptation of the proofs in [2].

It is a pleasure to dedicate this paper to Tim Wall. My first visit to Australia
was the result of an invitation by him to the University of Sydney in 1971.
The crucial idea for establishing the existence of the Swan invariants of this
paper occurred to me during a brief return visit in 1985.

1. Survey of earlier results

We shall employ here the same notation, conventions and terminology as
in [2] and [3], but I repeat in this section sufficient material to save the reader
from having to refer to the earlier work (unless, of course, he is interested in
proofs).

Fix now a finite group G and consider a ZG-lattice 4. A projective
resolution

--—)Pn—>Pn_l——>---—>PO-—>A—yO,

where C, istheimageof P in P _, if n >0 and C, = A4, will be denoted
by (P,C) or P,. We call (P, C) minimal if P, —» C, is a minimal
projective presentation of C, forall » > 0: this means that the kernel C,_,
has no non-zero projective module as a direct summand.

Comparing projective resolutions involves the notion of genus. Recall that
ZG-lattices A and B belong to the same genus (are locally isomorphic) if
and only if 4, ~ B, , where 4 =A®,Zg and Zg, is the subring of
Q consisting of all rational numbers a/b with b prime to |G| .

An important type of decomposition of a lattice that is unique to within
genus is a projective excision. This is a decomposition 4 = 4’ @ P, where P
is ZG-projective and 4’ has no non-zero projective direct summand. Then
A' is called an A-core and dG(P(G)) (the minimum number of module gen-
erators of P(G)) is called the projective rank pr4 of A. If pr4 =0 we shall
say A is core-equal. So all the kernels of a minimal projective resolution of
A are core-equal.

If P, and P,: are projective resolutions of A4 with the property that
rank P, = rank P, forall n >0, then P, and P. belong to the same genus:
this means that (P*)(G) and (P:)(G) are isomorphic augmented complexes
over A(G) . Two minimal projective resolutions always have the same rank
sequences and hence they belong to the same genus. Moreover, an arbitrary
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projective resolution (P, C) of A4 factors as
(P, C)= (P, CY®(Q, D),

where (P, C') is a minimal projective resolution of 4 and (Q, D) is a
projective resolution of 0. Thus, C, =~ C,'l ® D, is a projective excision of
C, forall n > 1. We propose to call the above decomposition a projective
excision of the complex (P, C). All the non-standard results mentioned so
far are proved in [2, Section 3].

Now let (E, K) be a free resolution of 4. It is minimal if E, — K, is
a minimal free presentation of K, for all n > 0: this means that d(E,) =
d;(K,) . The rank sequences of two minimal free resolutions may differ, but
only if ZG fails to allow cancellation. When ZG does allow cancellation,
then all minimal free resolutions belong to the same genus. we need later the
fact that a minimal free presentation 0 — K — F — L — 0 has K core-
equal if, and only if, L is a Swan module; otherwise prK = 1. Recall that
a Swan module is a lattice L satisfying d;(L) = a'G(L(G)) . These results are
all proved in [3, Section 2].

Rank sequences may be compared by partial Euler characteristics. If P,
is a projective resolution of A then

n .
X,(P) =Y _(-1)""'rank P,
i=0
and the infimum of the set {x,(P)| all P,} is x,(A), the nth partial projective
Euler characteristic of A. The resolution P, is minimal if and only if P,
realises x(4) : x,(P) = x,(A4) forall n > 0 [2, (3.4)]. If E, is a free
resolution of A4 we define
n .
g,(E) =) (-1)"""d4(E,)
i=0
and set ¢,(4) = inf{¢,(E)| all E,}. This is called the nth partial free Euler
characteristic of A. One should note that |Gle,(E) = x,(E) and (since
projective Z(G)G-modules are free) x,(P) = |G|sn(P(G)). Moreover by [2,
(3.4)], x,(4) = |G|an(A(G)). (The functions y and & are defined over Z
just as they are over Z.) Because we are here interested in comparing the
two types of Euler characteristic we shall work with s(—(G)) rather than with
x(-)-
If (P, C) is a projective resolution and s > r > 0, we denote by (P, C),
the segment [s, r] of (P, C):

0-C,,—»P—---—>P—-C —0

+1
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Then (P, C), is the partial (or truncated) resolution to dimension n. Note
that we choose to write [s, r] rather than [r, s]; this is done to conform with
the convention that suffices increase to the left in a resolution.

It is clear that an(P(G)) depends only on (P, C),. We use our Euler
characteristic notation also for partial resolutions. Note that a projective
excision of (P, C) determines a projective excision of each truncation. If
the projective excision is (P, C) ~ (P', C')® (Q, D), then we easily verify

&,(Pg) = sn(P(,G)) +prD,,,.

Periodicity is usually defined in terms of the behaviour of the functor
ExtEG(A , ). An equivalent, and for our purposes more useful, definition is
this: the lattice A has projective period q if g is the smallest positive integer
so that there exists a minimal projective resolution (P, C) of an A-core A’
in which C, = A for all r > 1 and each segment [rg — 1, (r — 1)q] is a
repeat of [¢ — 1, 0]. (Cf. [3, (3.1)].)

All the results noted in this section will be used freely and usually without
further reference in the rest of this paper.

2. The Swan invariants of a lattice

We shall need to work with the projective class group of ZG . Let K,(ZG)
be the Grothendieck group of projective ZG-modules and {P} denote the
element corresponding to the projective module P. The homomorphism
0 : Z — K,(ZG) given by d(n) = n{ZG} is split by a homomorphism
' : Ko(ZG) — Z, where 6'{P} = d(QP). Both Kerd' and Coker & have
been called the projective class group of ZG. Four our purposes it is more
convenient to work with Coker J , which we therefore call here the projective
class group of ZG. We write K(ZG) = Coker 6 and [P] for the element
determined {P}. Thus [E] = 0 if E is ZG-free and [P] = [Q] if and
only if P® E ~ Q& F for suitable free modules £ and F. The projective
module P is called stably free if [P] = 0 and thus, whenever ZG allows
cancellation, stably free implies free. If P, is a projective resolution of A4

*
we put
n

e,[P1=Y_(-1)"'[P]).
i=0
Let M be a finite ZG-module of order prime to |G| and let

be a ZG-projective presentation. Then Q( 6 = Pg> whence Q is also projec-
tive and [P]—[Q] is an element of K(Z(G) which depends onlyon M and not
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on the projective resolution (by Schanuel’s Lemma). We set [M] = [P]-[Q].

Now let L be a ZG-lattice, write V' = QL and define C,, to be the
subgroup of K(ZG) generated by all [L'/L], where L' is a lattice such that
LcL'cV and |L': L] is finite of order prime to |G|. (This construction
is due to Swan [5, page 198]. An equivalent definition of C,, is the subgroup
generated by all [S], where S is a simple image of L of order prime to
|G|.) We remark that CQ is the much studied subgroup, frequently denoted
by T(ZG), generated by all [rZG + vZ), where r is an integer prime to |G|
and v=3 8.

Let (P, C) be a minimal resolution of 4. We know that (P, C) is
uniquely determined to within genus and hence the QG-modules QC,,
n > 0, are uniquely determined by A. Therefore so are the subgroups
S,(4) = CQC . As P,_ varies, the elements ¢,[P] may change but our main
result here shows that no change occurs modulo S, (4).

(2.1) THEOREM. If P, and Q, are minimal projective resolutions of A
then for each n > 0,
Bn[P] - 8n[Q] € Sn+l(A)'

We give two quite different proofs of this theorem. The second one was
shown to me by Peter Linnell and I am grateful to him for permission to
include it here. It is representation theoretic and the central idea is to show
that if L and M are lattices in the same genus and L&P = M Q with P
and Q projective, then [P]-[Q] € CQ ;- My own proof is more homological
and depends on describing globally the relation between two resolutions that
belong to the same genus.

We begin with this homological proof of (2.1).

(2.2) LEMMA. Let there be given a diagram of ZG-lattices

0 » B » P » A — 0
/| Js
0 — B’ Q v A —— 0,

with exact rows, P and Q projective and both oG and 0(0) isomorphisms.
Then there exists a commutative diagram

0 — B » P » A —— 0
‘| | |-
0—— B Q » A 0,

where ¢(G) is an isomorphism.
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ProOF. (The reader may like to compare what follows with the proof of
(3.5) in [2].) Let ¢ be the element in Ext,.(4, B) determined by the top
sequence and let & in EthG(A' s B') correspond to the lower one. Now

Ext,;(4, B)®Z g, =~ Eth(G)G(A(G) » Bg))

and the isomorphisms oG and 0(0) determine an isomorphism
~ i !
Eth(G)G(A(G) » Bg) = Extz(o)G(A(G) » By
. -1
under which é(G) — aI(G)é(G)G(G) . , . /
Let E = End,;(B’), so that E(G) ~ Endz(G)G(B(G)). Since f(c) gener-
! ’ . .
ates Eth(G)G(A(G) » Bg)) asaright E; -module [2, (3.6)(iii)], we can find an
element u in E s, such that

-1 ’
Y6566 = Sk

But 5(0) generates its Ext-group and hence we can find v € E(G) such that

’ -1
<6 = %666
Thus f(lc) = éEG)/w. If I is the annihilator of i('G) in Eg ,then uv—1€l
andso Eg = pEg+I, whence [1, page 87] there exists an invertible element
B in Eg of the form g =pu+d,with deI. Let ~' = p® L, where

p is an injective endomorphism of E and r is prime to |G|. We can and
shall assume r = 1 (mod|G|). Then

-1
€00)6) =¢6b60 P =% lef g,
! -1 !
= & BB g = (@&'r1y) g

and thus &0p = af'rl .
We may now construct extensions as follows:

¢ 0 - B - P — 4 - 0

op | | l=
p 0 — B — T — A4 — 0 : the push-outto8p

a'rly) 0 - B - S — 4 — 0 : thepull-backtoa
= ! la
&rly, 0 - B —- R - 4 — 0 : thepush-outtorly
rl T T=
{’ 0 — N Qo - A -5 0
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Since £0p = al'rl ' » the corresponding extensions are equivalent. Also
the extensions (R) and (Q) are equivalent because r =1 (mod|G|). So we
obtain a diagram as in the statement of (2.2).

(2.3) LEMMA. Given minimal projective resolutions (P, C), (Q, D) of
A, there exists a complex homomorphism ¢: (P, C) — (Q, D) over the
identity on A so that ) is an isomorphism.

PRrROOF. We construct ¢ inductively. So suppose we have already estab-
lished the existence of a complex homomorphism with the required properties
on truncated resolutions,

o(n): (P, C)y— (@, D).

Then we have
0 - Cn+2 - Pn+l - Cn+l - 0
)
0 - D, - @,y — Dy — 0,
where C,, , and D, , are in the same genus (by minimality). Hence (2.2)
yields a homomorphism 6: P, | — @, , which induces ¢(n) and is such
that B(G) is an isomorphism. We define ¢(n+1) tobe 6 on P, | and ¢(n)

on P, for i < n. This completes the proof.

The next lemma shows that, in the situation of (2.3), for each n > 0,
¢,[P1-¢,[01€S,, ,(4) and Theorem 2.1 is proved.

(2.4) LEMMA. Let there be given a commutative diagram of ZG-lattices,

0 — K, ,, X, » X, » A » 0
1| 1| AR
0 — L, Y, » ¥, A » 0,

with exact rows, X; and Y, being ZG-projective (0 < i < n) and f(G) an
isomorphism. Then

[X,] = X, )+
where V =QK, ., =QL, .

rY,]-1v,_,1+--- (mod C},),

This lemma is a slight generalization of a result of Swan [5, 5.1]. For the
convenience of the reader we repeat Swan’s proof.

PrOOF. Let M, be the mapping cone for f : X, — Y,. Thus M, =

X_,9Y,0<i<n+1 (where X_, =Y, , =0), and we have an exact
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sequence

0—-H

(M) — H(X)—-H(Y)—> H (M)— - — H(Y)—> Hy(M)— 0.
Here f induces H,(X) — H,(Y). Since X, and Y, are partial projective
resolutions, H,(X) = H(Y) =0 for 0 < i < n, Hy(X) — Hy(Y) is an
isomorphism and

Hn(X) = Kn+1 - Ln+l = Hn(Y)

is injective with cokernel of order prime to |G|. Consequently H,(M) =0
for 0<i<n-1 and i=n+1, while |H (M) is prime to |G|.
Now consider the projective complex

0-M, - —>M~-0

and let M’

;41 be the kernel of M, — M, | (1 <i<n). Then

O_'j‘ln+l_)}‘l:wl—"’I-In(ju)_’o

is exact and so M,', +1 1s projective because M, is projective. The projec-
tivity of M, and the exactness of M, at all dimensions at most n—1 gives
splittings

]l[l. ~ A{l ! oM !

L (sisn
and M, = M,,. We have therefore

M, 1= [M,]+ -+ (=)™ [My] = [M, ] - [M,,] = —[H,(M)].

But [M, 1-[M,]1+---=(X,]-[X,_ ]+ ) -(Y,]-[Y,_,]+-) and
[H (M)]=[L [K,.,]1 € C, . This completes the proof.

n+l]_

We now turn to Linnell’s proof of (2.1).

(2.5) LEMMA. Let I be the annihilator in ZG of the ZG-lattice L and
J the annihilator in ZG of I as right ideal. Then

(1) I and J are two sided ideals and both ZG/I and ZG|J are lattices;,
(i) QIeQJ =QG and |Gl +J;
(iii) Cop = Cyy -

ProOF. (i) is obvious. Turning to (ii), since QG is semi-simple and Q7 is
a two sided ideal, QG = QI @ W, where W is the annihilator of Q7. Hence
W =QJ. Let A be a maximal order containing ZG and define I, = QINA,
Jo=QJNA. Then A =1;® J, and therefore |G| € |G|[, +|G|J, C I+ J.
Thus (i1) is established.
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Finally, if e is a primitive central idempotent then (QL)e # 0 if, and only
if, ¢ ¢ QI which is equivalent to ¢ € QJ . Hence QL and QJ involve the
same simple QG-modules. Now if a simple QG-module W is a summand of
QL and D isa Z-form of W (meaning that D is a ZG-lattice contained in
W such that QD = W), then every finite simple image of D of characteristic
prime to |G| belongs to C,, . Moreover C, is generated by these finite
simple modules as W varies in QL. We conclude that CQ L= CQ Iz

(2.6) LEMMA. Let L and M be ZG-lattices in the same genus and sup-
pose L& P~ Ma&Q, where P and Q are projective. Then there exists an
injective ZG-homomorphism @ : P — Q so that [Q/P8] € Cor

ProoF. By (2.5)(i), InJ =0 and thus the commutative diagram
¢ —— ZG/I

| !

ZG|J —— ZG/I1+J
is a fibre product diagram. It follows that the same is true of

P —— P/PI e — QU
1 Lo ] .
P/PJ —— P/P(I+J) Q/QJ —— Q/QU +J)

because PINPJ =0 as P is a direct summand of some ZG"™ ; similarly
for Q. Now L/LJ = L/L(I+ J) and the right hand side is finite by (2.5)
(ii); also M/MJ ~ L/LJ since L and M lie in the same genus. The
isomorphism

L/LJ®P/P] ~M/MJ&Q/QJ
induces an isomorphism n(P/PJ) ~ n(Q/QJ), where n =|L : LJ| and this
gives an isomorphism a: P/PJ ~ Q/QJ (because these modules are lattices
by (2.5)(i)). We also have an isomorphism

L/LI®oP/PI ~M/MI® Q/QI.
By semi-local cancellation we obtain an injective homomorphism g: P/PI —
Q/QI, whose cokernel is finite of order prime to |G|.

We now have homomorphisms
P
— ~

() pP/PJ] — P/P(I+J) <« P/PI

al L s

Q/@J — Q/UI+J) « Q/QI

https://doi.org/10.1017/51446788700032390 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700032390

374 K. W. Gruenberg [11]

Let @ be the homomorphism P/P(I + J) — Q/Q(I + J) induced by
a and B that induced by . We claim that f can be chosen so that
B = @. Since |Coker B| prime to |G|, f induces an isomorphism mod-
ulo |G| and then, because |G| € I +J, B is an isomorphism. We may lift
the automorphism aﬁ"l of P/P(I + J) to an endomorphism p of
P/(PI+|G|P), since this module is projective over ZG/(|G|ZG+1I). Thus p
maps to a unit in End,,(P/P(I+J)) and so, because End,;(P/(PI+|G|P))
is Artinian, we can find a unit ¢ in End,;(P/(PI+|G|P)) having the same
image as p (e.g. [1, page 87]). Because P/PI is projective over ZG/I, we
may lift ¢ to an endomorphism y of P/PI and y has finite cokernel of
order prime to |G| since y induces the automorphism o . It follows that
|Coker yf| is prime to |G| and 78 = @. So we may now replace § by y8
and we shall call this new map £.

Now @ = B implies by (1) that the two homomorphisms

P—P/PJ] - Q/QJ - Q/Q(I+J),
P — P/PI — Q/QI — Q/QU + J)

are the same, whence the fibre product property yields a homomorphism
6:P— Q. As 0 induces a and f, both of which are injective, so x86 =0
implies x € PJ N PI =0, showing @ is injective. But a is also surjective,
whence Q = PO + QJ and the cokernel of g is Q/(PO + QI) = Q/PO
because QI = (P60 + QJ) = P6I. We know g has finite cokernel of
order prime to |G| ; consequently [Q/P@] exists and belongs to g, , Where
R = Q/QI. Clearly Cor = QG/Q! and QG/QI = QJ. Now (2.5)(iii)
completes the proof of the lemma.

Theorem 2.1 is an immediate consequence of (2.6) if we recall that [Q/P6]
=[Q]-[P]. If (P,C), (@, D) are minimal projective resolutions of A4,
then by Schanuel’s lemma,

Cn+1 63ereapn—l & = Dn+1®Pn®Qn—l®“'
and so by (2.6),
[PneaQn—le'“]_[Qn$Pn—l€B”']€CQC"H’
as required.
If (P, C) is a minimal projective resolution of 4, we now know that

&,[P] determines an element of K(ZG)/S,,,(4), independent of the choice
of P,. We shall write

0,(A)=¢,[P1+S,,,(4)

and call this the nth Swan invariant of A.
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Suppose A is non-periodic. Then for all sufficiently large n, QG is
a direct summand of QC, , (cf. the proof of (3.5) in [3], which implies
S,..,(4) = K(ZG) . Hence g,(A) is ultimately zero and we have established

n+1

(2.7) PropoSITION. If A is a non-periodic ZG-lattice, there exists an in-
teger N >0 such that ,(A) =0 forall n> N.

The behaviour of the Swan invariant sequence for a periodic lattice will
be discussed in Section 4.

3. Stably free resolutions

Our first result connects the Swan invariants with the two partial Euler
characteristics.

(3.1) THEOREM. If A is a ZG-lattice, then for all n > 0, o,(4) =0 if
and only if €,(4) = €,(Ag) -

We begin the proof with an elementary extension of Swan’s inequality
dg(4) < dG(A(G)) +1.

(3.2) PROPOSITION,
(i) If the free resolution (E, K) of A realises ¢,(A), then (E, K) is
minimal in dimension n.
ii) If the free resolution (E, K) of A is minimal in dimension n then
(i1)
¢,(E) equals £,(4g) or e,(45) +1 according as K, is a Swan module
and K, is core-equal or K, is not a Swan module and prK,  =1.
(iii) en(A)(G) <eg,(4) < sn(A(G)) +1.

ProoF. (i) If we continue the segment [#n — 1, 0] of E, with a minimal
free presentation of K, we obtain a new free segment [rn, 0] and hence

e,(E)>2dy(K,)—di(E,_,)+- 2¢,(A).
By hypothesis ¢,(E) = ¢,(4) whence (i) follows.
(ii) Take a projective excision
(E,K)~(P,C)®(Q, D),
where (P, C) is a minimal projective resolution of 4 and (Q, D) is a

projective resolution of 0. Then X, , ~C, ., ® D, ,, whence

e (E) =¢,(Pg) +prK,, , =¢,(4g)+DrK, .
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Since E, — K, is minimal free, prk, +1 18 0or 1 according as K, is, or is
not, a Swan module [3, (2.2)].

(iii) The first inequality is immediate from the meaning of ¢, and the
second follows from parts (1) and (ii).

Assume (P, C) is a projective resolution of A that is stably free at some
dimension k > 0. We define an adjustment of (P, C) at dimension k to
be a new projective resolution (P’, C') which coincides with (P, C) on
[k—-2,0] and (o0, k+1], while P, =P, &F and P,_, =P,_, ®F, where
F is ZG-free and is chosen so as to make P, free. Thus (P', C') is

—bhy — pHeF — PB_®F — P _,—

N / N\ / N /
Cet GoF Cey

It is important to note that an adjustment at & does not affect &,(Pg)
or ¢,[P] forany n>k.

(3.3) LEMMA. Let (E, K) be a stably free partial resolution of A to di-
mension n— 1 with E; free. If a,(A) =0 then (E, K) can be extended to
dimension n by a stably free and minimal projective presentation E, — K, to
give en(E(G)) =¢,(4) = ¢,(4). The presentation E, — K, can be chosen
to be minimal free if K, is a Swan module.

Proor. Extend (E, K) to dimension n by a minimal projective presen-
tation 0 - L, ,, — R, — K, — 0 and call the extension (R, L). If

(R, Ly~ (P, C)® (Q, D)

is a projective excision, then L, being core-equal implies D, , = 0 and so
¢,[Q0] = 0. Hence ¢,[R] = ¢, [P] whence ¢,[R] € S, (4) since g,(4) =0
(Theorem 2.1). But

&,[R1=[R,]-[E,_|]+ - =[R,]

and so [R,] € S, ,(4). We may now apply Lemma 4.2 in [5] to obtain a
minimal projective presentation 0 — K, |, — E, — K, — 0 with [E ] =0.
If (E, K) denotes the original (E, K) extended by this stably free term,
then

sn(E(G)) = an(R(G))
£,(Pg) (since D, = 0)

sn(A(G)).
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Now adjust E, at all positive dimensions to obtain a free partial resolution
E,. Then ¢,(E,) = ¢,(E’) and, of course, ¢,(E’) > ¢,(4) , whence ¢,(4) =
8"(E(G)) , as required. Finally, note that if K, is a Swan module we may
choose R, to be free.

ProOOF OF THEOREM 3.1. Lemma 3.3 establishes the “only if” half. So
now assume ¢,(4) = €,(A4.) and choose a free resolution (E, K) realising
¢,(4). Then E, — K, is a minimal free presentation and K, , is core-equal
(Proposition (3.2)). Hence if (P, C) is a minimal projective summand of
(E, K) in a projective excision, ¢,[E] = ¢,[P] and the left hand side is 0,
whence o,(A4) = 0. This completes the proof of Theorem 3.1.

For any ZG-lattice A we define
I{A) ={neZ]o,(4) =0}.

(3.4) THEOREM. Given a ZG-lattice A, there exists a projective resolution
(E, K) of A with the following properties:
(i) E,— A is a minimal free presentation;
(i) if ne I(4), E, — K, is minimal projective and stably free;
(iii) if n ¢ I(A), E, — K, is minimal free and not minimal projective;
(iv) an(E(G)) =¢,(A) forall n>0.

REMARKS.

(1) Conditions (ii) and (iii) for n = 0 do not conflict with (i) because
0 € I(A) if and only if 4 is a Swan module, in which case E, — 4 can
be chosen minimal free and minimal projective. Moreover, for any n, if
n € I(A) and K, is a Swan module, then E, can be taken free and minimal
projective at n (Lemma 3.3).

(2) If ZG allows cancellation, then stably free means free and hence E, is
a minimal free resolution which, by (iv), realises &(A4). Then every minimal
free resolution realises ¢(A4) because any two such have the same rank se-
quences [3, (2.5)]. We can see this without using Swan invariants as follows.
Suppose (E, K) and and (E', K') are free and minimal at dimension n
and that (E, K) realises ¢, (4). We must show that (E’, K') also realises
¢,(4). Now K, @ free ~ K, @ free, whence K, is a Swan module if and
only if K,'l is one [3, (2.3)]. Hence ¢,(E) = sn(E') by (3.2)(i1).

(3) Two resolutions with the properties of (3.4) must have the same rank
sequences and so they belong to the same genus.

(4) If we adjust E, at all integers in [n, 1]N I(4), we obtain a partial
free resolution to dimension n that realises ¢,(A4).
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PRrROOF OF (3.4). Assume (E£, K) has been constructed up to dimension
n—1. If n € I(4), then (3.3) gives what we want. Suppose n ¢ I(A4).
Choose a minimal free presentation E, — K, and adjust (E, K) at all di-
mensions in [n—1, 1]NI(A), so producing a partial free resolution ,_, (E’)0
with an_,(E') = an_l(E(G)) . Now 8n(E(G)) = dG(En)—sn_l(E') and by (3.2),
K, is not a Swan module: otherwise ¢,(E, — E:,-x — ) = sn(E(G)) =
an(A(G)). Hence ¢,(Eg) = en(A(G)) +1=¢,(4) and E, — K, is not
minimal projective. This completes the proof.

(3.5) CoROLLARY. Let A be a periodic ZG-lattice. If s is a multiple of
the projective period of A, then o,_ (A) = 0 is a necessary and sufficient
condition for the existence of a partial free resolution

O—)B—)}'}_l—>-~-—>F0—»A—>O

where B is in the genus of A and admits a projective excision of the form
B=Boz¢™.

PROOF. Suppose o, _,(4) = 0. The resolution (E, K) of A given by
(3.4) has K core-equal and so K_ is in the genus of an A4-core. Suppose
B = KSGBZG('") is in the genus of 4. Adding ZG"™ to E,_, and adjusting
(E, K) atall integers in [s — 1, 1]NnI(A4) produces a partial free resolution
as required.

Conversely, taking a projective excision of the given partial resolution
shows

e, [F]=¢,_,[P]+12G™],

where P, is the minimal projective summand of the excision. Hence £,_,[P]

*

=0 and so g,_,(4) =0.

REMARKS.

(1) If the genus of A4 in (3.5) consists of only one isomorphism class then
a,_,(A) = 0 is a necessary and sufficient condition for the existence of a free
resolution of period s. An example of this situation is, of course, 4 = Z.
This is Swan’s old resulit.

(2) There are weaker conditions that still guarantee in (3.5) a free resolu-
tion of period s. Here is an example.

If, for every B in the genus of A, there exists a projective module P so
that A©® P~ B® P and ZG allows cancellation, then o,_ (A) =0 implies
A has a periodic free resolution of period s .

Concerning the hypothesis on the genus of 4, note that in general, 4 and
B belong to the same genus if and only if there exist projectives P and Q
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in the same genus so that 4® P~ B® @ : for we may embed B in A with
finite cokernel M of order prime to |G|, 0 = B — A4 — M — 0, and then
take a projective presentationof M, 0—-P - Q0 —+ M — 0.

The italicized assertion above is a consequence of Corollary (3.5) and the
following result.

(3.6) LemMma. Let 0 — B — ZG'"™ L L -0 bea free presentation and
assume B®ZG® ~ A 2G® . Then there always exists a free presentation

05 A0ZG —2G"" - L - 0;
while if ZG allows cancellation or m > 2, there is a free presentation

0-4-2G™ 5 L—0.

PROOF. Since B ® ZG® satisfies the Eichler condition, we obtain
Bo2G? ~ A 2G? by cancelling zG%? (assuming k > 2) and hence
a short exact sequence

0-A402G% % 26" L -o0.

Let Po® ZG(2>¢ = ZG"™*? . Then Po® ZG¢ is free since m > 1 so that
ZG"™Y allows cancellation, while if ZG allows cancellation or m > 2,
P itself is free. Now ¢ induces an injection 4 — P whose cokernel is
isomorphic to L.

4. Periodic stably free resolutions

We begin with some remarks on Poincaré series. Let ¢ and y be Z-
valued functions defined on Z . If there exists N such that ¢(n) = y(n)
for all » > N we shall say that ¢ and y are ultimately equal. The func-
tion y:Z,,— Z is called PORC modulo ¢ (polynomial on residue classes
modulo g) if there exist polynomials f,(z), ..., jjl_,(t) in Q[¢] so that for
n=rq+i, 0<i<gq,wehave y(n)= f(r). A function is called ultimately
PORC if it ultimately equals a PORC function.

The Poincaré series associated with ¢ is the formal power series

P($) =S é(m1",
n>0

and it is a well-known fact that ¢ is ultimately PORC modulo ¢ if and only
if P(¢) is a rational function of the form

P@) = 2
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where g(t) € Z[t] and m is a positive integer. Note that if ¢ is periodic
with period s (meaning that ¢(n +s) = ¢(n) for all n > 0) then
s—1
pp) = 2O+ ¢(1)11; _tj- s -Hr
As was noted in the introduction to this paper, for every ZG-lattice 4,
the function s(A(G)) is ultimately PORC. We now claim the same of the
function &(4).

(4.1) THEOREM. If A is a ZG-lattice, then &(A) is ultimately PORC.

When A is non-periodic we already effectively know the result: by (2.7)
and (3.1), &(A) is ultimately equal to s(A(G)) , whence &(A4) is ultimately
PORC because &(4 ) is. There remains the periodic case and this is a
consequence of the following result.

(4.2) ProrosITION. If the ZG-lattice A is periodic with projective period
g, then €(A) is periodic with period a multiple of 2q .

PrROOF. We may work with twice the projective period and so shall assume
without loss of generality that ¢ is even. Let 4 = 4' @ Q be a projective
excision and (P', C) a periodic minimal projective resolution of 4'. If
(P, C) is the projective resolution of 4 which coincides with (P’, C) at all
positive dimensions but has F, = P(;GBQ , then (P, C) is a minimal projective
resolution of A. Forany 0 < i < q and k£ > 0 we have Pryri =P and
qu=Pq=P(;. Hence if 0<i<gq and k>0,

ErguilP1= [P = [P_ ]+ + (~1)'[P)]
+ (=D R(P,_ 1=+ (DB + (=) Q)

and (—l)”q = (—l)i because ¢ is even. Let ¢ be the exponent of K(ZG)
(recall that the projective class group is finite). Then for all m > 0,

[P1=[P]-[P_ ]+ +(-1) '[P+ (-1)[P® Q]

= ¢g,[P).
Now S, . (4) = S;(4) for all j > 0 and k > 0 and therefore ¢,[P] €
S;,1(4) ifand only if ¢, . [P1€S,,,.;.,(4). Thus i € I(4) if and only
if meq +i € I(4) forall m>0 and 0<i<gq. Since &(4) is periodic
of period ¢, it now follows (by (3.1)) that &(A4) is periodic of period eq.

8meq+i

ExAMPLE. Let G be cyclic of prime order and chosen so that K(ZG) #
0. We may therefore find a non-free projective ideal Q in ZG. Then
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&Qg) =(1,-1,1,-1,...) and &(Q) = (2,0,2,0,...), whence I(Q)
is empty. The usual minimal free resolution of Z of period 2 is also minimal
projective and so &(Z) = s(Z(G)) (1,0,1,0,...) and I(Z) = Z,- The
kernels in this resolution are Z and g, the augmentatlon ideal. Now SO(Z)
Co =0 and S,(Z) = Cos = K(ZG). Letting 4 = Z @ @, we see from
the calculation in the proof of (4.2) that o,(4) € S;,,(A4) if and only if
[Q] € S,,,(4). Thus I(4) = 2Z;, and &(4;) = (2,-1,2,-1,...),
while e(4) =(2,0,2,0,...).

(4.3) TuEeOREM. If A is a periodic ZG-lattice, then there exists a stably
Sree resolution (E, K) of A which is ultimately periodic of period a multiple
of the projective period of A and has all the properties of the resolution in
Theorem 3.4.

PrOOF. Let (E, K) be the stably free resolution of (3.4). By (4.2), &(A)
is periodic of some period r, an even muitiple of the projective period of
A . Since s(A(G)) also has period r,

(1) mel(d)y e m+rel(d).

Let (P, C) be a minimal projective resolution of 4 occurring in a projective
excision of (E, K). If me€ I(4), then K, , =C,  , whileif m ¢ I(4),
then K, isinthegenusof C,  ,®ZG. Thelattices C,, C,,, ... all belong
to a single genus and therefore, using also (1), the lattlces K KZ, , ... belong
to a single genus. By the Jordan-Zassenhaus theorem we can find m < n so
that K, ~ K, . Replace (E, K),, by repeats of the segment [nr—1, mr)
and call the resulting resolution E, .
Now

O—'Knr_'Enr—l_'”'—'Emr_'Kmr_)O

is exact and so, because (n — m)r is even,

e €, ,+--—e, =0,

nr—1 " ©n

where e, = prE;. Hence if 0<i<(n—-m)r and k>0,

/ /
Epriivkin-myr(EG)) = Emryi(EG))-

But
8mr+i(E(,G)) =8mr+i(E((;)) (by construction)
=8mr+i(A) (by (34))
8nr+l+k {n— m)r(A) (by (42))
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Thus E. is a stably free resolution with the four properties of (3.4) and it is
periodic beyond mr with period (n — m)r.

Appendix 1

PROPOSITION. Given a positive integer N, there exist a group G and a
ZG-lattice A having projective period N .

PRrOOF. In the arithmetic sequence 1+ kN choose an odd prime p. Find
1 <r < p such that » hasorder N modp. Let 4 = (a) be cyclic of order
p, B = (b) be cyclic of order N andlet B acton 4 by b 'ab=d". If
G denotes the split extension of 4 by B, then the trivial ZG-module Z
has projective period 2N (e.g. [6]). This proves the proposition for all even
integers.

Henceforth assume N is odd and take a periodic minimal projective res-
olution (P, C) of Z. Then

0-CyoCy—Py_ 18Py = = FoP -Z6(Cy—0
isexactand C,, = Z. Hence Z®C), is periodic with N a period. We claim
the exact (projective) period is N . Suppose not and that the projective period
is / < N. Then [/ divides N (otherwise the greatest common divisor of /
and N is a period and is strictly smaller than /) and so / is also odd. Now
Exty,(Z, )@ Extyo(Cy, )= Exton(Z, )@ Extya(Cy, ),

whence
(1) HI(G’ )GBHHN(G, )2Hi+[(G, )@HHHN(G, )

We know that H' (G, Z) = 0 for all odd i. So with i even in formula
(1),
(2) H'(G,z)~H™MG, 7).

The projective period of Z is the smallest k such that H i(G , Z) is cyclic
of order |G| [4, Lemma 4.2]. Taking i = N —/ in (2) gives

HY (G, 2)~ HY(G,2) ~ B%G,Z) (Tate cohomology)

and therefore N —/ is the projective period of Z. This is a contradiction,
whence / = N and the Proposition is proved.

Appendix 2

The decomposition theorem of [2] is the following result.
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THEOREM. Suppose (P, C) is a minimal projective resolution of the ZG-
lattice A. Then C,, decomposes as

Copy =D @ @D,
with all D; # 0 if and only if there exists a decomposition
4026" =L o oL,

Jor some t >0, with all L, non-projective, and satisfying
(A0 2GY) = £, (L) + -+ + 2,(Ly).

The difference between the above statement and (7.1) of [2] is that in (7.1),
A is restricted to a special class of lattices. We claim that this restriction is
unnecessary.

The sufficiency part of the theorem as given in [2, Theorem (5.1)]} is valid
for all lattices. There remains the necessity. The following argument is due
to Serge Aloneftis. We shall write A = Z(G)G .

LemMA. Let (E, K) be a A-projective resolution of the A-lattice V and
assume
K,,,=M®& -eM
with all M, # 0. Then there exists t > 0 such that
veAY=Neo- 0N,
and projective resolutions (,E, ,K) of N; (1 <i<k) satisfying

X(E) = 2, E) + -+ + 2, E),
where E, = E, forall i >0 and E,= E;© A".

ProoF. Foragiven A-lattice W we denote its Z g,~dual HomZ(G)(W, Z(G))

by W*. Foreach i=1, ..., k, choose a projective resolution (,F,;B) of
M,." . The direct sum of these gives a projective resolution of

MI*GB"'@M;zK;H

and hence Schanuel’s Lemma, applied to this resolution and the dual of
(E, K), both truncated at dimension 7, yields

Ve A(t) = an+l @ an+l ®A(J)

for suitable ¢, s in Zzo-
The dual of | (,F, ;B), is

(1) O—»Mi—»iFO—-»----—»F-—»B — 0.

iPny1
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When i < k, we view (1) as the nth truncation of a projective resolution
(;E, ;K); while (LE,  K) is to be a projective resolution whose nth trunca-
tion is (1) but with AY added to ,F, and B, . If weset N, = B, for
i<k and N, =B, , oA"Y | then G}f.;l(iE , ;K) is a projective resolution
of N®---@N, =~ VaA”, with (n+ 1)st kenel M, ®---® M, . Since

(E , K) is also a projective resolution of V & A , Schanuel’s Lemma yields
K, oA >Mo oM oA

n
for suitable e, f in Zsy - Semi-local cancellation gives e = f, which is

exactly the required equality
Xn(E) = 2, E) + - + X, E).

w+1 decomposes. The minimality
of (P, C) ensures that C, +1 18 core-equal, whence so is each summand D, .
Apply the lemma with V = A(G) , (E,K)= (P, C)(G) and M, = (D[)(G).
Because E is a minimal projective resolution of V @ A® ,

2,(E) = 1,(V @ AV) = 1,(4 9 2G?).

Let A®ZG"Y = L, @---® L, be a decomposition with (L) =~ N, forall i.
Since M, is core-equal, a projective excision of ,E shows x,(,E) = x,(N,)
and so x,(,E) = x,(L;). The conclusion of the lemma is now the required

equality for yx, in the theorem.

We return to the theorem and assume C

Linnell’s theorem (6.1) in [2] is thus not needed for the decomposition
theorem. Of course, it comes in crucially when we search for conditions
under which 4 ®2zG" decomposes non-projectively. If .Z° (as in [2]) is the
class of all ZG-lattices that occur as direct summands of kernels (including
the Oth kernel) in projective resolutions of Z® ZG" for all ¢ > 0, then for
every A in Z, A® free decomposes non-projectively if and only if n(A) is
a disjoint union of closed subsets of n(G).

Are there similar graphical criteria for general 4? Moreover, do there
exist sensible combinatorial conditions on G that ensure the additivity of
X, On a non-projective decomposition?
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