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1. Introduction

We let X be an arbitrary non-empty set throughout. Many papers have been
written describing the automorphisms of various transformation semigroups
defined on X : total (Lyapin (1955), Magill (1967), Malcev (1952), Schreier (1936)),
partial (Gluskin (1959), Magill (1967)), partial and 1-1 (Liber (1953)), partial
and shifting at most a finite number of elements (Subov (1961a)). In all these cases
the automoprhisms are shown to be ‘‘inner’’, and using the fact this authors
deduce that the automorphism group of the given transformation semigroup is
isomorphic to the group ¥y of all permutations defined on X.

In theorems 1 and 2 below we provide a simple generalization of this work,
and in §3 indicate the way in which they may be used to obtain each of the above-
mentioned results, together with new ones of some independent interest.

The work for this paper formed part of Sullivan (1969) written under the
supervision of Professor G. B. Preston; we here gratefully acknowledge his
assistance and encouragement.

2. Semigroups covering X.

Our notation will be that of Clifford and Preston (1961, 1967) and Scott
(1964) unless otherwise specified. As in Magill (1967) we let A, denote the element
of #x with domain A and range x and call it a constant based on x, and as in
Scott (1964) a 2-cycle in ¥y will be denoted by (x, y). A subsemigroup S of %y
is said to cover X if for every x € X, there exists some constant idempotent in S
‘based on x and S is said to be ¥y-normal if for allae S, ge %y, g~ 'ageS.

LemMMa 1. If S is a Fx-normal subsemigroup of &y containing a constant
based on some point of X, then S covers X .

ProOOF. Suppose 4,€ S with z¢ A4, and let a € A. We then obtain (z U 4\a),
= (z,a)- A, (z,a)eS, and so ((zU A\a), = (zU A\a),* A, €S and is a con-
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stant idempotent based on z. Suppose D = z U 4\a and let x€ X, x # z. Then
the mapping o« = (x,z) - D, (x,2) is a constant in S based on x and «? = a.
The converse of the above lemma is not true:

ExampLE 1. Let N be the set of positive integers and for each m, neN,
put B, = {1,---,m} and «,, = B, X n, the constant mapping based at n with
domain B,,. Then S = {a,,,: m, ne N}U [Jisin fact a subsemigroup of 2 in
which a,,,x,, # (1 if and only if ne B,, and in this case 0,0, = &, Clearly
S covers N. But S is not ¥y-normal since for example (2,3)a,, (2,3) = {1,3}53¢S.

Since the semigroup constructed above provides the basis for further
counter-examples (see below) we now assume the notation introduced above
without further mention. We also let Aut(S) denote the set of all automorphisms
of the subsemigroup S of #y and K(S) the set of all constant mappings in S with
{1 adjoined. Then under composition Aut(S) is a group and K(S) is a semigroup
Note that in general the set of all constant idempotents in S will not form a sub-
semigroup of S, even if [J is adjoined: both a5, and as, are idempotent, but
03, 0sq = O34 is not. Finally, if ae Iy and 4 € X, 4 # [, we let « I A denote
the restriction of « to A. We now have

LemMA 2. If S is a subsemigroup of Px covering X and if ¢eAut(S),
then ¢ | K(S)e Aut(K(S)).

Proor. We first show that ¢ maps any constant idempotent of S to another.
To this end let xe X, A, € K(S), xc A, and A,¢ = a. Then «*> = a and there
exists z € Xa such that za = z. Since S covers X, we may choose B, € K(S) with
zeB. Letting A¢ = B,, we then have A? = A and (14,)¢ = B,a = B, = i¢.
Hence A = C, for some C = X with xeC, and so o = 4,¢ = (4,C,)¢ = «B,.
Hence « = D, for some D € X and ze D, and our assertion holds.

Now since ¢ eAut(S), we will have [(0¢ = (JeK(S), and if A, e K(S)
with x ¢ A, then there exists B, e K(S) with xe B, and from above B,¢ = C,
for some C = X with ze C. Hence letting A,¢ = «, we obtain a? = ] and
o= A.¢p = (A,B)p = aC,; that is, « = D, for some D & X with z¢ D

We have therefore shown that ¢ maps K(S) into K(S). Since ¢~*! e Aut(S),
¢! will do the same and hence ¢ | K(S) is surjective, and the result follows.

The converse of the above lemma is clearly not true, since for example
if T= {o,,: n# 1}U [J, then Tis a subsemigroup of #y which does not cover
N, but for which K(T) = T.

It is quite difficult to determine a simple criterion in order that a subsemi-
group S of %y should have the property: ¢ | K(S) e Aut(K(S)) for all ¢ e Aut(S)
(see Sullivan (to appear)). Itisnot true for example that the above Lemma can
be extended to subsemigroup of #y.

ExampLE 2. Put B, = B, X {n,n+1} for each m,neN, and Ilet
S = {otyy: MmneN} U {Bp,: myne N} U[]. Then S is a subsemigroup of %y
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in which for example B, - §,, # [ if and only if n€ B,, and in this case B, * f,,
= P, Clearly S covers N. But we assert that the mapping ¢: S — S defined
by setting %, = Buns Bmn® = %mn»> and [J¢ = [, is an automorphism of S
for which ¢|K(S)¢Aut(K(S)). For, if n < p, we have

(O %pg)® = (Umg)® = Brng = Brun"Bpg = mn® " %pg®
Omn Bpa)® = (Brg)® = Omg = Brn™ %pg = Cmn® " Bpg
(Bn* %p0)® = (tmg)® = Brng = Oun” Bpg = B " tpyP
Bon" Bod® = (Bng)® = Omg = Uy Upg = Brn® " Bpyb
and if p<n<n+ 1, we have ‘
" ¥pg)® = [0 = Brun* Bpg = Umn® " 20
Omn* Bp)® = [ = Boun%pg = U Bpyh
Brn” %P = 0 = Oa* Bpg = B~ %y ®
Bun Bod® = 0 = " 0pg = B * By

Moreover, if a,,¢$ = o,¢, then B, = B, and {n,n+ 1} = {g,q9 + 1} together
imply that m = p and n = g, and so ¢ is injective. Since ¢ is clearly surjective
we conclude that ¢ e Aut(T), and the assertion follows.

If S is a subsemigroup of %y and ¢ € Aut(S), then ¢ is inner if there exists
ge 9y such that agp = g~ 'ag for all xeS; all other automorphisms of S will
be called outer. It is readily seen that the automorphism constructed in Example
2 is outer: in that case the semigroup used covered X but was not a transformation
semigroup; we shall prove below that the automorphisms of the subsemigroup
of #, covering X are always inner. To this end, we next prove:

LemMA 3. If S is a subsemigroup of %y covering X, then every auto-
morphism of K(S) is inner.

PrROOF. Let ¢ e Aut(K(S)) and xeX. Since S covers X, we may choose
A, e K(S) with xe A. Define g e %y by

xg = y if and only if 4,¢ = B,

We assert that ge@y. For suppose A.¢ = B,. If there exists C, e K(S) with
xeC and C,¢ = D,, then B, = (A,C = B,:D,, and hence y = z; that is,
g is a well-defined mapping from X to X. In addition, if xg = y = zg, then
AP = B, and C,¢ =D, where xed and zeC, and so yeD and
B, =B, D, = (4,C,))$. Hence 4, = A,-C, and so x = z; that is g is injective.
Finally, since ¢ is surjective, there exists D, e K(S) such that D, = A,. But
then zeD since xe A, and so zg = x; that is, g is surjective.
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Now, if A,¢ = B, and a € A, then there exists C, € K(S) with ae C and we
have C,¢ = D,,. Hence C,¢ = (C,-4,)¢ = DB, and we obtain Ag < B.
That B = Ag is shown in like manner, and hence A, ¢ = g~t-A4,.-g for all
A, € K(S), and the result follows.

We do not know whether in the above Lemma it would suffice to simply
assume the existence of constants based at each x € X ; we note however that our
example 2 shows that it cannot in general be improved: to say something about
the automorphisms of S for example. But upon restricting our attention to trans-
formation semigroups, we obtain a result with far-reaching implications: for its
proof, we use an idea taken from Magill (1967); we shall use doma to denote
the domain of «.

THEOREM 1. If S is a subsemigroup of Py covering X, then every auto-
morphism of S is inner.

ProoF. Suppose ¢ e Aut(S). By Lemmas 2 and 3, there exists g € %y such
that A,¢ = g='-A,-g for all A,eK(S).

Now if e S and x edom(ad), there exists ye X and A4,, B, in K(S) with
x€A, yeB such that Bjp = g~'-B, g = A,. We therefore have

A, ap =B,prap =B,,0 =g 'B,g=9g 'Bg-glag=A, g g

Hence dom(x¢) = dom(g~1ag). If now x edom(g~!ag), then there exists ye X
such that xg~!-a = yg~' and since S covers X, there also exists A,,-1 € K(S)
with xg~! e A. Since S is a semigroup, we then have A,,-. = A ,-.'aeS, and
so under the automorphism ¢ we obtain

Ayg“d’ = (Axg'l'a)(ﬁ = Axg"¢'a¢ = g_leg‘l'g°a¢ = g_le'd(,b.

Hence dom(g~!ag) < dom(ag), and we deduce from the first equation displayed
above that agp = g~ ag for all xe S.

Before proceeding, we note that there are quite trivial subsemigroups of
By all of whose automorphisms are inner, but which do not cover X .

ExaMpLE 3. Fix a,be X, and put 6 = 1(,,, and S = {1,:x # a,b} U {6, b,}
U [. Then S is a subsemigroup of 2, which does not cover X . If ¢ e Aut(S),
then (b, ¢)?> = [] implies that b,¢ = b,. Suppose 1,¢ = J for x # a,b. Then
b, =b,"6 = (b,"1,)¢, and so a = x, a contradiction. Hence 1,¢ =1, for
some y # a,b; since this is also true of ¢! e Aut(S) we obtain d¢ = 5. Now
define g: X — X by setting xg = y if and only if x # a,b and 1,¢ = 1,, and put
ag =a,bg = b. Thenclearlyge%yanf1,¢ =1,=g"''1,:9,0p =0=g"1dg,
and b,¢p = b, =97 'b,g.

The above result will not in general suffice to describe the group Aut(S).
On the other hand, for example, we know from Theorem 1 that every automor-
phism of 2, is inner and from Sutov (1961) that Aut(#y) = 9. In the other
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‘extreme however, we now show that iy is the only automorphism of the sub-
semigroup S of 2y defined in Example 1.

For, if ¢ €eAut(S) and «,,¢ = a,,, then ¢ < p. Suppose ¢ = a,,. Then
Ugg = Ogp" %py = (%) ¢ and hence s < n and a,,¢ = a,,. We therefore have
OUgp = Ogg” %gp = (% %,5) §, and so n < r. Hence s < r; that is, both «,, and Ugp
are idempotent, and so p = g, and we have «,,¢ = a,,. Now suppose 1 £ k < n
and a,¢ = a,,. Then

q

fxqq = (ank : ann) ¢ = Oy 'aqq ’

and so v £ g = u. We can therefore define a mapping 6: B, —» B, by setting
k6 = v if and only if o, p= a,,. Since ¢ is injective, 0 is also, and hence n < q.
In like manner, using ¢~ € Aut(S), we can obtain g < n, and so for all ne N,
Oy = o,,. Hence if a,be N and o,¢ = a,,, then

Oyy

that is, «,, = a,, and so x = a and y = b. Therefore, every automorphism of S
is inner, and in fact Aut(S) = {y}.

We have already noted (see Example 2 above) that Theorem 1 cannot
readily be extended to subsemigroups of #y: it can however be improved under
the assumption of %y-normality. Of course, when this condition is present, we
can, by Lemma 1, simply assume that our transformation semigroup contains
at least one constant mapping.

= (aa '“ab)¢ = %ga¥xy and Uxy = (aab' abb)¢ = Uyy  Opps

THEOREM 2. If S is a %y-normal subsemigroup of Py containing a con-
stant, then Aut(S) = %y.

PROOF. To obtain an isomorphism between Aut(S) and %y, define 6,:S — S
for g € ¥y by setting afl, = g~'ag for all xe S, and define ®:Aut(S) - ¥y by
putting 6,0 = g for all ge¥y. It is then readily checked that (af)f, = a8, 0,
and that 6, is injective. Moreover, (gag~')0, = a and gag=' = (g~ ")~ lag~'e S
implies that @, is surjective. Hence 6, €Aut (S) and from Theorem 1 we know
that every automorphism of S is of this form. Hence ® is well-defined, and it
is easily verified that @ is an isomorphism.

3. Applications

The next result is useful in proving the %,-normality of certain subsemi-
group of Py: its validity for .7y was noted in Mal’cev (1952); the generalisation
we give was used by Sutov (1961).

LemMA 4. If a,fe Py, then rank(af) < min(ranka, rank f).

It has been shown in Lyapin (1955), Magill (1967), Schreier (1936) that
Aut(J y) = ¥4. However Mal’cev (1952) extended this result by first showing
that the ideals of Jx were of the form T, = {a€J x: rank « <&} where
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1< &< |X|: for an alternative account see Clifford and Preston (1967) and
Sullivan (to appear; a). Since each T: is a subsemigroup of %y, contains
K(7x) = {X,: ae X}, and by Lemma 4, is ¥y-normal, we can apply Theorems
1 and 2 to show that every automorphism of T is inner and that Aut(Ty) = %y:
a result first proved by Malcev (1952).

It was shown in Magill (1967) that Aut(#?y) =~ 9. However Sutov (1961)
extended both this result and Malcev’s work to 2y, proving that every ideal
of Py is of the form P, = {aePy: tank a <&}, 1 £ ¢ |X|' (see Sullivan
(to appear; a) for an alternative account) and that when £ > 1, every automor-
phism of P, is inner and Aut(P;) = %y; this can now be deduced from Theorems
1 and 2 in a fashion analogous to that of J y above. )

Liber (1953) showed that the ideals of #x were of the form I, = Sy NP,
1Z2¢< |X I'; see Sullivan (to appear; a) for an alternative account. Now
each I, is a subsemigroup of 2y and contains K(#x) = Jxy NK(Px). If ge Gy
and ael,, then clearly g~ 'age £x and so by Lemma 4, g~'agel,. Hence
Theorems 1 and 2 can again be applied to deduce that every automorphism
of I, is inner and that Aut(l;) = 9y, a result first proved by Liber (1953).

If x e Py, let defa= ]X \ Xo | , and call this the defect of « (see Howie (1966)).
Put Ay = 7 x N\ Fx and suppose IX | = p = q 2 N,. Clifford and Preston (1961,
1967) called M, = {ae .#x:defa = q} a Baer-Levi semigroup of type (p, b) and
clearly indicated the importance of the case p = g in the general theory of right
simple, right cancellative semigroups without idempotents. Now if «,f € £ and de
defo = deff = q, then Xoaf = X implies that deff < def(«f). In addition,
X\Xaf = X\XB U XB\Xap, and since fis a 1-1 partial transformation, IX B\ Xofp |
< defa. Hence def(af) < g; that is, {ae Fy; defa = g} is a subsemigroup
of £y, which we call a partial Baer-Levi semigroup of type (p,q).

THEOREM 3. If]XI = p = X, and if S is the partial Baer-Levi semigroup
of type (p, p), then every automorphism of S is inner and Aut(S) = %,.

PrOOF. If 1, denotes the 1-1 partial transformation {(a,a)}, a€ X, then
def(r,) = IX\a | = |X [ , and so S is a subsemigroup of #y covering X. If ge ¥4
and a €S, then

| X\Xg~tag| = | X\Xag| = |(X\Xo)g | = | X\Xa| = |X|

and so S is ¥y-normal. The result now follows from theorems 1 and 2.

Howie (1966) characterised the elements of the subsemigroup &y of Iy
generated by all the idempotents of J . We now let 1 <& < IX |’ and let E,
denote the set of all e &y such that ranka < & (cf. Sullivan (to appear; a));
by Lemma 4, this is a subsemigroup of &y.

THEOREM 4. Every automorphism of E;, 1<{¢ = |X|’, is inner and
Aut(E;) = %y.
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Proor. We have already noted that E, is a subsemigroup of %y and since
K(Jy) < E, for {>1, it in fact covers X.

Ifge9yanda =96,---6,€E;, 6> =6;,i=1,---,r,theng=lag = g~14,9-
---g~148,9, and for each i = 1,---,r, g~'8,9€&x. In addition, by Lemma 4,
rank(g~'ag) < £. The result now follows from Theorems 1 and 2.

Before continuing we note that a similar result (with an identical proof)
can be given for the subsemigroup of 2 generated by all the idempotents of 2y:
the elements of this semigroup, X finite, were characterised by Sullivan (1969) and
in the general case by Evseev and Podran (1970).

If e Py, we put S(a) = {xedoma: xa # x} and s(x) = IS(oc)| and call
this the shift of « (see Howie (1966)). Note that since S([T) = [], we can meaning-
fully define s([7) to be zero. For each cardinal ¢, we now put W(X, &) = {ae Py:
s(a) < &}. If X is finite, W(X, &) need not be a semigroup.

EXAMPLE 4. Let X = {1,:--,n} and suppose 2 < ¢ =r+1 < n. Define
a, fe Py by setting

wo (2307 ALY g ({12} 34er a1
“Barer *PT U 2 45041 1

Then s(x) = s(f) = r, but

g —(L23 =1 r+1)
W =\245.r+1 1 2

has shift r+1.
However, the following well-known result shows. that if ¢ = N,, then

W(X, &) is a subsemigroup of Zy.
LEMMA 5. If a,Be Py, then S(af) < S(&) U S(P).

Sutov described the ideals and automorphisms of W(X,N;). We extend
his results to W(X,&): for a characterisation of the ideals of W(X,¢&) see

Sullivan (to appear; a).

THEOREM 5. If £ = Ny, then every automorphism of W(X, &) is inner and
Aut(W(X, &) = 9.

ProoF. Clearly K(W(X,$)) = {A, e Px:|A| < &}. Hence W(X, &) is a sub-
semigroup of Py covering X and so Theorem 1 gives the first part of the result.
If ge9y and aeW(X,¢) and xeS(g~'ag), then xg~'ag#x and so
xg 1o # xg~!; that is, xg~'eS(x). Hence S(g~'ag) = S(a)g and we have
g lage W(X, &) and W(X, &) is ¥x-normal; an application of Theorem 2 now
completes the proof.

Since 2y = W(X, ) when X is finite and ¢ = Ny, and when X is infinite

and ¢ = lX [’, the above result generalises Sutov’s work outlined in the third
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paragraph of this section. Finally, we note that a result similar to that of Theo-
rem 5 holds for (W, &) = SFxN W(X, &), and that this fact can be regarded as
an extension of the work of Scott (1964) on determining the automorphism groups
of the normal subgroups of ¥y.
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