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FREEZING POTENTIALS AND CURRENTS IN POTASSIUM 
FL UORIDE SOLUTIO S AT CONSTANT GROWTH RATES 

By T . O 'D. HANLEY * and A. H . W EBER 

(Saint Louis University, Saint Louis, Missouri 63 I03, U.S.A. ) 

ABSTRACT. The W orkman- R eynolds effect was studied in the growth of ice on a monocrystalline seed, 
a t constan t growth ra tes and under steady-state cond itions, from K F solutions a t concentrations from 
2 X 10- 5 to 10 X 10- 5 Normal. Freezing potentials increased with growth ra te to a maximum of 12 V a t 
I 1 .2 J.tm/s. Discharge currents through a 105 Q shunt generally increased wi th freezing ra te un til a m aximum 
of 1.5 J.tA at 11 .2 J.tm/s. The charge transfer decreased with growth ra te to 200 J.tC a t 10.3 J.tm/s a nd then 
reached a maximum of 850 /-LC at 11 .2 J.tm/s. Apparen t diffusion coefficien ts of a bout 2 X 10- 3 mm2/s 
increased slowly with growth ra te until a rapid increase began, a pparen tly associated with interface break­
d own. Distribution coeffi cients of the order of 10- 3, calcula ted from a cri terion for constitutiona l super­
cooling, increased with concentration. Parameters for LeFebre's mod el of the in terface showed a n interface 
thickness of a bou t 6 mm, an interface capacita nce near one-half pF/mm2, and an interface resistance of about 
6 X 104 Q/mm2. Severa l empirical relations between these qua nti ties were disclosed . Compa rison with values 
ob tained for K CI solutions with the same freezing cell shows that the KF solutions yielded higher values of 
freezing poten tial, cha rge transfer , and distribution coeffi cient, a nd lower values of d iffusion coefficient, 
in terface capacitance, a nd interface resistance. 

R ESUME. Potentials et courants de congelation dans solutions de j/uorure de potassium congeLees cl taux constants de 
croissance. L'effet W orkman- R eynolds a e te etudie lors de la croissance de la glace, a des taux constan ts et 
pour des conditions a l'eta t permanen t, sur un germe monocrysta llin obtenu de solu tions d e K F a des con­
centrations variees entre 2 X 10- 5 et 10 X 10- 5 mol/I. D 'une part les potentiels de con gela tion ont augmentes, 
en fonction du taux de croissance, jusqu'a u n maximu m de 12 V a 1 1,2 J.tm/s. D 'au tre par t les coura nts de 
decharge, a travers un circui t derive d 'une resista nce d e IOS Q, on t augmentes jusqu'a u ne va leur de 1,5 J.tA, 
a 11,2 J.tm/s, en fonction du taux de congela tion . En fonction du taux de croissance, le transfert de charge a 
d 'abord diminue jusqu'a 200 J.tC a 10,3 /-Lm/s pour ensui te augmenter j usqu 'a une valeur maximale egale a 
8 50 J.tC a 11 ,2 /-Lm/s. Le coefficien t apparent d e diffusion a ugmente d 'abord lentement en fonction du taux de 
croissance (valeur moyenne de 2 X 10- 3 mm2/s), puis augmente tres rapidement par le suite. Le coefficient 
de distribution, egal a environ 10-3, calcule a l'aide d 'un critere d e surfroidissement, a ugmente avec la 
concentration. Les para metres du modele de LeFebre donnent u ne interface d 'environ 6 mm, une capaci tance 
d 'un d emi-pF/mm2, et une resista nce d 'environ 6 X 104 Q/mm2. Plusieurs relations empiriques relian t ces 
parametres ont ete d eterminees. La compara ison entre les valeu rs obtenues pour des solutions d e K CI et de 
K F, en utilisant la meme cellule d e congela tion, montre que les solu tions, de KF donnent d es valeurs plus 
grandes pour le potentiel de congelation, le transfert d e charge, et le coefficient de distribution, et d es valeurs 
p lus faibles pou r la capacitance et la resistance de I'interface. 

ZUSAMMENFASSUNC. Gefrierspannungen und -striime in Kalillmj/lIorid-Losllngen bei konsLanLen J¥achsLlImsratel'. 
Der W orkma n- R eynolds-Effekt wurde beim Wachstum von E is u m einen monokristall inen K ern bei 
konstan ten Wachstumsraten und in ter stetigen Bed ingu ngen a us K F-Losungen m it K onzentrationen von 
2 X 10- 5 bis 10 X 10-5 Normal un tersucht. D ie Gefrierspannu ng nahm mit der Wachstu msrate bis zu einem 
H ochstwert von 12 V bei 11 ,2 J.tm/s zu. Die En tladungsstrome durch einen IOsQ-Nebenschluss nahmen im 
a llgemeinen mit der Gefrierrate bis zu einem H ochstwer t von 1,5 J.tA bei 11 ,2 J.tm/s zu. D ie LadungsUber­
tragu ng nahm mit der W achstumsrate b is zu 200 J.tC bei 10,3 J.tm js ab und erreich te dann ein Maximu m von 
850 J.tC bei 1 1,2 J.tm j s. D ie scheinbaren Diffusionskoeffizienten von ungefahr 2 X 10- 3 mm2/s stiegen zuerst 
langsam mit der Wachstumsrate an, bis ein sch nelles Ansteigen begann, was anscheinend mit einem 
Zusammenbruch der VerwachsungsAachen zusammenh ing. Die Verteilungskoeffizienten in der Grossen­
ordnu ng 10-3, berech net aus einem Kriterium fur konstitutionelle UnterkUhlung, nahmen mit der Konzen­
tration zu . D ie P arameter des M odells von LeFebre fUr die Verwachsung fU hrten auf eine D icke der Ver­
wachsungszonen von u ngefa hr 6 mm, ein e K apazitat von ein Halb pF/ mm2 u nd einen Widerstand von ca. 
6 X 104 Q/mm'. Mehrere empirische Beziehungen zwischen d iesen Grossen wurden gefunden. Ein Vergleich 
mit Werten, die bei Verwendung von KCI-Losungen in der gleichen K a ltekammer erhalten worden waren, 
zeigt, dass bei d en K F-Losungen fLi r Gefrierspannung, LadungsUbertragung u nd Vertei lungskoeffizient 
grossere, fur den Diffusionskoeffizienten, d ie Verwachsungskapazitat und den Verwachsu ngswiderstand 
hingegen kleinere W er te auftreten . 

I NTR ODUCTION 

The Workman- R eynolds ( I950) effect is the appearance of an electrical poten tial 
difference between the ice and the liquid during the freezing of dilute solutions of ionic 
solu tes . While this effect was being studied , Brazilian scien tists, following Costa Ribeiro 
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(1950), were studying charge separation and electric currents produced during phase changes 
in dielectrics such as carnauba wax and pure water ; this effect was called the Costa Ribeiro 
or thermodielectric effec t. 

For the most part Workman- R eynolds potentials or freezing potentia ls have been studied 
by means of a " freezing cup" placed on a cold heat sink. A thorough review of the results 
obtained by this method has been given by Gross (1968). The rate of freezing with this 
appara tus decreases sharply during the first few minutes of freezing. At approximately 
constant growth rates, freezing poten tials have been studied by Levi and Milma n (1966), 
G ross (1967), and O sterkamp and W eber (1970), and discharge curren ts through an ex ternal 
shunt have been studied by Pinatti and M ascarenhas (1967) during the freezing of pure water. 
In all of these experiments except those ofOsterkamp and W eber, freezing began spontaneously 
a t the m etal base of the cell. 

In the present investiga tion, growth was initiated from a monocrystalline seed oriented 
with its c-axis perpendicular to the direc tion of grow th. Growth was a llowed to proceed until 
a steady state had been reached before freezing potentials were m easured ; the steady sta te is 
an important feature of this study. The concentration at a small region in the liquid was 
monitored frequently while the interface was m oving toward that region. Freezing poten tials, 
discharge currents, and associated parameters were m easured over the most interesting range 
of growth rates, at concen trations from 2 X 10- 5 to 10 X 10- 5 Normal. 

THEORY 

Costa Ribeiro (1950) had enuntiated two laws for the thermodielectric effect, nam ely: 
(a) law of in ten si ties: the discharge current is proportional to the rate of phase change; (b ) law 
of charges : the total charge transfer is proportional to the to tal change of mass in the solid phase. 

For the m ost part the study reported here used the equations already discussed by O ster­
kamp and W eber (1970). For the subsequent discuss ion i t will be useful simply to list the 
equations. They fa ll readily into two groups. 

Solute diffusion and distribution 

Distribution and diffusion of the solute were studied using equations of Tiller and others 
(1953) 

K ' = Cs(0)/C1(0), 

In [C~~) - I] = _ ~ + In 1-:, 
and, as a criterion for constitutional supercooling, 

~ ~ m~o C~K) . 
For potassium fluoride solutions at the low concentra tions used in this work, the slope m of the 
liquidus can be closely approximated by an empirical equation derived from the work of 
K a ragun is and others (1930), 

m = 3.72- 7-435c. 
T he symbols are used as follows: 

initial concentration in the liq uid far from the interface 
concen tra tion in the liquid at distance x from the interface 
concen tration in the solid at distance x from the interface 
solute concentration 

(All concen trations are expressed here in moles/liter or, what is numerically the 
sam e for KF solu tions, normality. ) 
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D apparent coeffi cient of diffusion, in mm2js 
G temperature gradient in the liquid at the interface, in deg/mm 
K apparent coefficien t of solute distribution, dimensionless 
K' coefficient of solute distribu tion at the interface, dimensionless 
m slope of the liquid us for the solvent, in deg l/mol 
R rate of freezing, in mmjs 
x distance from the interface into either the liquid or the solid, in mm. 

Interface model 

The model of the interface developed by LeFebre (1967) and modified for constant 
freezing rates by Osterkamp and W eber (1970) involves the following equations: 

V j = RJg'AR[I-exp ( - tIRiCi )]; 

Vm = RJg'AR = RJm, 

(5) 

(6) 

Ri being thus related to lm, assuming constant current from the charge generator, for the case 
where the interface is shunted by a resistance much smaller than the resistance of the interface 
or of the ice; 

V(q) = Vi exp (-aq), 

Cj = Aw, 

and 

K - - K+ = 19' INc, 

(7) 

(8) 

(9) 

(10) 

this last equation assuming equal densities for the positive and negative ions near the interface. 
The following further symbols have been introduced: 

A 
a 

Cj 

l ' g 

Im 
K + 
K-

E 

area of interface, in mm2 

voltage decay constant, with dimensions of inverse length, mm- I 

interface capacitance, in pF 
parameter of the interface charge generator, in C /mm3 

maximum of the discharge current, in A 
coefficient of cationic distribution, dimensionless 
coefficient of anionic distribution, dimension less 
charge density of cations or anions in the liquid adjacent to the interface, in C jmm3 

charge density of cations or anions in the solid adjacent to the interface, in C jmm3 
distance into the ice from the interface, in mm 
rate of freezing, in mmjs 
interface resistance, in Q 
time, in s 
potential difference across the interface, in V 
maximum potential difference across the interface, in V 
potential difference between the electrodes, in V, when the electrode nearer the 

interface is at distance q from the interface 
dielectric constant of the ice, in pF/mm. The value 8.8 X 10- 7 pF/mm was used, 

following LeFebre (1967). 

To these sym bols should be added qo', the charge layer thickness in the ice, in mm, 
defined as the distance q in which V(q) of Equation (7) decays to one-tenth of its initial value 
Vi. 
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EXPERIMENTAL DETAILS 

For making solutions and for rinsing, water with a conductivity of 10- 4 Q- I m - I or lower 
was prepared by passing distilled water through three ion-exchange beds and a 0.6 fLm 
membrane filter. 

The cell in which crystals were grown and the associated electrical apparatus are shown 
in Figure I. The seed crystal occupied this tube from the bottom to about 60 mm below the 
lower electrodes; the solution filled most of the rest of the tube. A crystal was grown by lower­
ing the cell by a constant-speed motor and gear train into an alcohol bath maintained at 
- 500 C ± I deg by a deep-freeze unit. For each crystal grown, the interface was made to 
advance a distance of about 60 mm before useful measurements began; preliminary experi­
ments had indicated that this achieved a steady state in diffusion, solute distribution, and 
freezing potentials. During growth the temperature in the solution at the lower electrodes 
was measured by the thermistor and a d.c. bridge, and the electrical conductance between the 
wires was measured by a Wayne- Kerr B641 Autobalance Bridge. From these two measure­
ments it was possible to compute the concentration of the solution. 

VACU UM 

CHAR T 

REC ORDE R 

B 

A 

4 7 0 

mm C 

CONDUCTANCE 

BRIDGE 

BRASS BASE 

1---3B mm--l 

Fig. I. Schematic diagram of the cell used for growing crystals and the associated electrical apparatus. The tube arid cap are of 
acrylic plastic ("Lucite" ). A, wires from the thermistor to a resistance bridge. B, wire from the upper electrode to the 
electrometer. C, wires from the lower electrodes to a double-pole double-throw switch. The three electrodes are of platinum 
wire 0.36 mm in diameter; the two lower electrodes are placed parallel, 3 mm apart. 
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When the interface neared and passed the lower electrodes, the conductance rose steadily 
to a maximum and then decreased quickly. When this happened the position of the double­
pole switch was changed so that the potential difference between the upper and lower electrode 
was measured by a K eithley 610R electrometer. Growth was continued until this potential 
difference had decayed by an order of magnitude or more after the interface passed the upper 
electrode. 

Discharge currents were measured by using the 10- 5 A current range of the electrometer, 
which connected a 105 n shunt between the upper and lower electrodes. 

A certa in instability of temperature and conductance during growth were ascribed to 
convection, and attempts to reduce this by precooling with an ice jacket were failures . The 
most stable growth was obtained by using a heating coil surrounding the cell at a fixed position 
about 40 mm above the freezing bath. A gentle warmth in this heater sufficed for slower 
growth rates; at 11.2 fLm fs and faster, a higher temperature gave best results. A disadvantage 
of using the heater was that, soon after the beginning of new growth, a cloud of fine bubbles 
appeared in the ice whenever the heater was employed. Ice grown after the heater was 
removed was clear again. 

Simply evacuating the cell was not sufficient to remove dissolved gases, and pumping on 
the cell during crystal growth produced lower freezing potentials, probably because of distur­
bance caused by bubbles rising through the liquid . In order to remove dissolved gases as 

TABLE I. MEAN VALUES FOR THE MAXIMUM FREEZING POTENTIAL OF T H E LIQUID WITH 

RESPECT TO THE ICE AND FOR THE MAXIMUM CURRENT AND THE TOTAL C HARGE TRANSFER 

T HROUGH A 100 kQ SH UNT, FOR ICE G ROW N FROM KF SO LUTIONS. CHARGE PER UNIT 

VOLU ME IS ALSO G IVEN, FOR A VOLUME OF I 1.24 X 10- 6 m' OF ICE BETWEEN THE LOWER 

AND UPPER ELECTRODES 

No . of Maximum No. of 
Solution Growth vollage freezing Maximum current Charge Charge 

normality rale samples polelllial currellt samples Iransfer density 
/,-m/s V /,-A /,-C Cfm J 

2 X 10- 5 3·3 3.6 
5·5 4 9. 1 0 .14 2 160 14 
6.87 4 R.o 0.18 2 180 16 
8.8 4 7.6 0.19 2 120 II 

11.2 3 12·3 0·49 2 360 32 
14.0 I 1.6 

3 X 10- ' 3·3 3 5·5 0.19 570 5 1 
5·5 3 8·7 0.24 310 28 
8.8 3 8·3 0.26 260 23 
9·9 2 10.0 0.28 2 200 I7 

10·3 2 9·5 0-49 2 280 24 
11.2 2 10.0 0.9 1 3 520 47 
12.2 2 9·3 0.46 2 310 28 
14.0 12·4 0·57 2 360 32 

5 X 10- 5 3·3 2 6.2 0.20 420 37 
4·3 2 6·5 0.2 1 360 32 
5·5 3 7.2 0.23 2 270 24 
6.87 3 8·7 0.23 2 2 10 19 
8.8 3 10.2 0.27 2 190 17 
9·9 2 9·5 0·33 2 220 19 

10·3 2 10 .6 0·35 2 210 18 
11.2 3 12·4 1.1 9 4 680 60 
12.2 2 12.8 0.58 2 360 32 
14.0 2 11.8 1.04 2 610 54 

10 X 10- ' 3·3 2 1.9 0.08 340 30 
5·5 3 5·3 0 .16 3 230 20 
6.87 3 6·5 0.14 2 160 14 
8.8 3 9. 2 0.23 2 190 17 

I 1.2 Cl 10.2 1.25 2 840 75 
14.0 3 8·4 0.96 620 55 
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much as possible from the solutions, the cell was left at the end of an experiment suspended 
in the bath at such a position that the ice would neither grow farther nor melt back. Then 
several hours before the next experiment the cell was raised slowly (to avoid cracking the ice 
if possible) to a position such that the ice would melt back until the interface was 60 mm below 
the lower electrodes. Pure water was added to the solution to compensate for that which 
would be drawn off by pumping, and a forepump was used to reduce the pressure to a few 
millibars for six hours or more while the upper part of the ice was melting. 

RESULTS 

The long time required for each experiment prevented doing a sufficient number of trials 
for a statistical analysis at each concentration and growth rate. To give some idea of the 
reproducibility obtained, bars showing the spread of the data have been drawn for one 
concentration on many of the graphs. 

After a steady state has been produced in the solute distribution, Equation (5) would 
predict a constant voltage across the interface. In practice, after rising to a plateau the voltage 
tended to rise or fall in an unpredictable fashion until, after the interface had passed the upper 
electrode, the voltage settled into a nearly exponential decay. The profile was similar to that 
described by Jindal and Tiller (1972) for NH4I solutions grown on a mercury substrate, yet 
growth and substrate conditions are quite different in the present case. Growth was termi­
nated when the decaying voltage had fallen to one-tenth or less of its value at the beginning of 
the decay. 

16 
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Fig. 2. Plot of maximum freezing potential V m versus growth rate R. Vertical bars on pointsfor 5 X 10- 5 Normal represent the 
spread of the data. 
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Whatever profile the voltage described , its maximum value for each experiment was 
recorded as V m. M ean values of these maximum freezing po tentials for each growth rate and 
each concentration are shown in Table I and Figure 2. 

A more regular pattern appeared when discharge currents through a 105 Q shunt were 
observed. As the in terface began to pass the lower electrodes, the current would rise quickly 
(in 2 to IQ min, depending on the growth rate) to a maximum and then decrease approxi­
mately exponentially until the interface reached the upper electrode. Table I shows m ean 
values obtained for these maxima, and also for the total charge transfer obtained by integra­
ting with respect to time (using the trapezoidal r ule) the current m easured while the interface 
moved from the lower to the upper electrode. An average charge d ensity has also been 
tabulated. 

Values for the apparent coefficients of diffusion and of distribution are listed in Table n, 
and the apparent coefficients of diffusion at slower growth rates are displayed in Figure 3. 

Values for the interface parameters of LeFebre's (1967) model have been calculated from 
Equations (6) , (7) , (8), and (10) and the results are shown in Table Ill. The decay constant a, 
the interface thickness qo', and the interface capacitance Cs are interdependent. They show 
much fluctuation for all concentrations tested; an overall pattern can be seen by computing a 
m ean value for all concentrations at each growth rate. The results for interface thickness are 
shown in Figure 4. 

TABLE H . MEAN VALUES FOR T H E APPA R ENT COEFFIC IENT OF 

DIFFUSION D AND THE APPARENT COEFFICIENT OF DISTRIBUTION K AS 

CALCULATED FROM EQUATION ( 2 ) 

Solution 
normality 

2 X 10- 5 

3 X 10- 5 

5 X 10- 5 

10 X 10- 5 

Growth 
rate 

/-Lm /s 

3·3 
5·5 
6.87 
8.8 

" .2 
14.0 

3·3 
5·5 
8.8 
9·9 

10·3 
1 1.2 
12.2 
14.0 

3·3 
4·3 
5·5 
6.87 
8 .8 
9·9 

10·3 
11.2 
12.2 
14.0 

3·3 
5·5 
6.87 
8.8 

1 1.2 
'4.0 

No. of 
samples 

5 
7 
7 
3 

4 
4 
3 
4 
4 
5 
4 
3 

3 
3 
5 
5 
4 
4 
4 
6 
4 
3 

3 
6 
5 
5 
5 
4 

A/JIJarellt A/JIJarent 
diffusion distribution 
co4}icient co4}icient 

103 D K 
rnm2 /s 

1.8 0.04 
1.4 0.02 
1.8 0.07 
5.0 0.24 

34.6 0·59 
38.6 0.72 

1.5 0.04 
1.7 0.05 
3·3 0. 14 
3·3 0.2 1 
4-4 0.30 
6·3 0 ·54 

16·3 0.62 
86.0 0.83 

1.0 0.02 
1.3 0.04 
1.5 0.05 
1.4 0.08 
2.8 0.11 
2·7 0. 17 
3·4 0 . 19 
8·3 0.60 

11.9 0.64 
172 0·77 

1.1 0.04 
1.7 0.05 
1.7 0.10 
2.6 0.20 

19.2 0.72 
220 0·73 
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Fig. 3. Plot of apparent diffusion coifficient D versus growth rate R , shown onlY for R less than 9 p,m/s. 
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Fig. 4. Plot of interface thickness qo' versus growth rate R. For each growth rate the mean over all concentrations studied ha.! 
also been plotted_ Vertical bars on points for 5 X 10- 5 Normal solutions represent the spread of the data. 
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TABLE Ill. M EAN VALUES FOR THE T H ICK NESS, CA P ACITANCE, AND GENERATOR 

PARAME T E R OF THE INT E RFACE AND F OR T HE I ONIC SE P ARATION PA RAMETER IN THE 

LEF EBRE MODEL FOR T H E WATER- ICE INTERFACE IN KF SOLUTIONS AT CONSTANT 

GROWTH RATES. T H E AREA OF T H E INTERFACE WAS 53 1 mm2 

Inteiface Charge 
Inteiface cajJacitance gellerator Ionic 

Solution Growth No. of thickness Cs per unit parameter separatioll 
normality rate samples qo' area I ' (K- - K +) g 

/-L m /s mm pF/ mm2 Cfm 3 X 103 

2 X 10- 5 5·5 4 5.8 0·39 47 0·4 
6.87 4 2·4 0.85 51 1.0 
8.8 3 2.1 1.06 4 1 6. 1 

11.2 2 3.2 0 .63 82 24.8 

3 X 10- 5 3·3 9. 1 0.22 108 1.2 
5·5 3 7·9 0.28 83 1.3 
8.8 2 5. 2 0 ·43 56 2.6 
9·9 2 4·9 0.42 52 5·3 

10·3 2 5·3 0 .38 90 10.6 
11.2 2 2·4 0.85 172 29.6 
12.2 2 5·7 0.36 72 14.1 
14.0 7·4 0 .27 94 26.2 

5 X 10- 5 3·3 2 12.6 0. 19 11 6 0·7 
4·3 2 8 .2 0.25 91 0·7 
5·5 3 11.5 0. 18 78 0.8 
6.87 3 3.0 0· 74 64 1. 1 
8.8 3 5.0 0.40 57 1.4 
9·9 2 5·7 0.36 63 2·9 

10·3 2 5·3 0.38 64 2.0 
11.2 3 4.8 0.58 230 30 .8 
12.2 2 5.0 0.5 1 90 11.4 
14.0 2 10·4 0 .20 15 1 23 ·4 

10 X 10- 5 5·5 3 11.6 0. 18 56 0 ·4 
6.87 3 6.6 0.3 1 39 0·5 
8.8 2 4·9 0·43 49 0 ·7 

11.2 3 8.6 0.28 21 I 15·7 
14.0 3 9.8 0.2 1 128 9·7 

DISCUSSION 

(a) Voltage, current, and charge 

T he dependence of freezing potential on growth rate is similar to that reported for K CI 
solutions by Osterkamp and W eber (1970), a lthough in the present case voltages were generally 
higher and the highest potential occurred a t a faster freezing rate. The voltages of T able I 
a re also similar to those obtained by Gross (1967) in hi s constan t-rate study ofKF solutions. 

The behaviour of the current, shown in Figure 5, can be interpreted as a rise to a maximum 
near I I fLm /s followed by a sudden drop and a subsequen t new r ise as the freezing rate is 
increased . Such a pattern resembles tha t reported for cesium fluoride solutions by Gross 
(1965), who reported similar resul ts for potassium fluoride solu tions. H e did not measure 
freezing currents a t constan t freezing rates, however. I t appears that the p resen t paper is the 
first to report freezing currents measured during growth from ionic solu tions a t constan t rates 
of freezing. 

Alternatively, Figure 5 allows interpretation as a monotonic increase with growth rate 
excep t for a spike near I I fLm/s. T his la tter view seems more in accord with the behaviour of 
the charge transfer shown in Figure 6. The unusual values at 11.2 fLm /s will receive fur ther 
discussion near the end of this paper. 

Costa Ribeiro's (1950) law of curren ts seems to predict a straigh t line in Figure 5; his law 
of charges seems to predict a horizonta l straight line in Figure 6, since for each experiment 
with our cell the same volume of ice is formed between the lower and upper electrodes. The 
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Fig. 5. Plot of maximum discharge current I m through a 100 k!J. shunt, versus growth rate R. The vertical bars shown (where 
the spread is large enough) for 5 X 10- 5 Normal represent the spread of the data . 

very different results reported here may be due to the different growth conditions or to the 
greater complication in aqueous solutions than in the covalent compounds for which Costa 
Ribeiro's laws were primarily formulated . 

Figure 7 shows a linear relation between the charge transfer Qand the ratio of current to 
freezing rate, Im /R ; the least-squares fitted line drawn in the figure has a slope of 7.2 mm. 
Since Q represents an integration over time of the discharge current, this 7.2 mm must be a 
characteristic distance z such that the product of a mean time interval z/ R with the maximum 
current Im is equal to Q . What is remarkable is the constancy of z over the concentrations 
and growth rates studied. 

(b) Diffusion and distribution of solute 

Using Pohl's (1954) solution of the diffusion equation, which afforded a calculation of th<! 
distribution coefficient from both the slope and the intercept, Gross (1967) obtained values on 
the order of IQ-3 or IQ- 4 from the slopes and IQ-I or 10- 2 from the intercepts. The values for 
K shown in Table II, calculated from intercepts by Equation (2), are comparable to Gross's 
intercept values, but values closer to 10- 4 are to be expected (Gross, 1968). It should be noted 
that after the long time needed to reach the steady state, Pohl's solution for the diffusion 
equa tion becomes equivalent to Equation (2). 

Another means of calculating distribution coefficients is offered by Equation (3) provided 
that the onset of constitutional supercooling can be determined . Constitutional supercooling 
favors a breakdown of the interface to a cellular or a dendritic form, which leads to solute 
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inclusion between the cells. This causes an increase in the apparent coefficients of diffusion 
and distribution. If, following this reasoning, I 1 .'2 fLm/s is chosen as the slowest freezing rate 
at which constitutional supercooling appears, the equality in Equation (3) yields the values 
listed in Table IV. A straigh t line fitted to the points by the method of leas t squares yields the 
relation 

(II ) 

for the distribution coefficient K (dimensionless) and the solute contration C (in mol/I) . It 
should be noted that this equation is based on measurements made only over the concen tra­
tion range from '2 X 10- 5 to 10 X 10- 5 mol /I-

If a linear dependence on growth rate, at least for the higher concentrations, is assumed for 
the apparent coefficient of diffusion at slower growth rates (Fig. 3), extrapolation to zero 
growth rate yields an intercept close to the limiting value Do = 0.80 X 10- 9 m 2/s cited for KF 
solutions by Gross ( 1968). 

(c) Parameters of LeFebre's model 

Values for the interface thickness qo' (Table In) are larger by as much as an order of 
magnitude than the 1.0 mm found by LeFebre (1967) . It should be recalled that his growth 
conditions differ in many ways from ours, notably in that this freezing rate was initially quite 
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Fig. 7. Charge transfer Q versus the ratio of maximum discharge current Im to freezing rate R. 

TABLE IV. THE APPARENT COEFFICIENT OF DISTRIBUTION K FOR KF 
SOLUTIONS AS CALCULATED FROM THE CONDITION FOR CONSTITUTIONAL 

SUPERCOOLING 

Nominal Measured Temperature Distribution 
bulk bulk No. of gradient coefficient 

normality normality samples G lQ3 X K 
Co X 10S deg/mm 

2 X lQ- S 2.02 3 1.22 0 ·9 
3 X lQ- S 3. 17 5 1.34 1.2 
5 X lQ- S 5.01 6 1.27 2.1 

10 X lQ- S 9.90 5 1.08 5.0 

fast and then decreased with time. The values of qo' are computed from the time required 
for the freezing potential to decay to one-tenth of the value it had when the interface pa sed 
the upper electrode. For KF solutions LeFebre measured a time interval of about one minute; 
the corresponding time intervals for our experiments varied from five minutes to one hour, 
depending on the growth rate. The difference in values for the interface thickness was most 
likely due to two factors: (I) the freezing rate, which in our work was typically many times 
slower, and (2) the cell geometry, especially the shape of the electrodes and the distance 
between them. 

The arithmetic mean of the values shown for qo' is 6,5 mm. This is similar to the charac­
teristic distance Z = 7.2 mm which was found from current measurements (Fig. 7). From 
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Figure 8 it can be seen that the ratio Q) qo' is approximately constant but does increase slowly 
with growth rate, except for an anomaly near 11.2 p.m js. Such a correlation suggests that 
there is a connection between the voltage-related distance qo' and the current-related distance 
z. This supports the large values found for the boundary layer in our work. It also suggests 
that qo' has a dependence on electrode separation of the same order as that of Q.. 

Inversely proportional to qo' is the decay parameter a; its small value and the smaller area 
of the interface in our cell account for the lower values of the interface capacitance in Table III 
as compared with LeFebre's value of 2 000 pF. 
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Fig. 8. The ratio cif the charge transfer Q to the interface thickness qo', averaged over all concentrations, versus the freezing 
rate R . 

As might be expected from Equation (6) and Figure 7, the ratio of the mean charge density 
listed in Table I to the charge generator parameter Ig', also a charge density, has a nearly 
constant value of about t, as Figure 9 illustrates. This ratio indicates the fraction of separated 
charge which finds its way through the thickening layer of ice and the external shunt. 

Figure 10 is a study of the relation between the charge generator parameter Ig' and the 
maximum freezing potential ; according to Equation (6) this relation ought to be linear. In 
view of the clustering of the points in Figure 10, the best way of fitting a straight line seems to 
be the method of averages, choosing the line which passes through the origin and the centroid 
of some or all of the experimental points. The straight line drawn in the figure passes through 
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the centroid of all points except the three di stant ones at I 1.2 p..mJs and yields the Equation 

Vm = o.IJ7Ig'. (12) 

The coefficient of I g' in (12) can be equated to RjAR of Equation (6) to yield, after adjustment 
for the uni ts of di stance, area, and volume, the interface resistance 

where the freezing rate R remains expressed in p..m/s. This relation, independent of concentra­
tion in the narrow concentration range studied , passes through the midst of the values obtained 
by the relation Ri = VmJl m and greatly smoothes out these values . 

According to Equation (13), the interface resistance varied from 66.9 MD at 3.3 p..m/s to 
15.8 MD at 14 p..m/s or, after dividing by the interface area of 531 mm2, a resistance per unit 
area from o. 13 M D/mm 2 to 0.03 M D/mm 2 for the same freezing rates. These values are 
reasonably close to those reported for constant freezing rates by Gross (1967). 

Gross (1965, cf. his figure 3) found that the hydrogen ion content in the melted ice showed 
a maximum at some freezing rate, indicating that at that freezing rate the charge separation is 
maximum. It is possible that the peak in the parameter K--K+ is related to the peak in 
Gross's hydrogen-ion curve, but comparison is difficult because of the difference in growth 
conditions. 
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A semi-logarithmic plot of K- - K+ versus Vm is shown in Figure 11. The points for the 
lower concentrations are irregular and represent best values rather than m ean values at the 
slower growth rates. But for al l concentrations there is a sharp !' ise after 8.8 JLm /s. An interest­
ing feature is the nearly exponential relationship for the higher concentrations and slower 
growth rates. The relation might be expre ed in the form 

K--K+ = (K--K+) v~o exp (Vm j V' ), 

where V' is a normalizing voltage found from the slope and (K--Kr) v~o is the intercept. 
For example, for 5 X 10- 5 N solutions, V' ~ 6 V and (K--K+) V~o ~ 5 X 10- 4. It is diffi cult 
to assign physical meanings to these values. 

Between about 9 and 12 JLm/s the increased values of discharge current, charge transfer, 
and the related parameter (K- - K+) indicate increased solu te incorporation . Coincident with 
these greater values it was observed that during freezing at 11.2 JLm js or faster the cloud in the 
ice became coarser, made up of slightly larger gas bubbles, and at the same time interior 
strains were such that the crystal always cracked or even shattered into many pieces while it 
was being slowly drawn out of the freezing bath for remelting. 

These observations support Drost-Hansen 's (1967) hypothesis that freezing potentials are 
to be explained by a selective incorporation of ions to relieve stresses in the ice, and Seiden­
sticker and Longini's (1969) suggestion that the Workman- R eynolds effect may depend on 
"interface states" which exist at the surface of frozen-in bubbles and at grain boundaries in 
the ice. 
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(d) Comparison with steady-state results for KCl solutions 

The comparisons with results of other experimenters which have been made in this article 
are affected by differences in the conditions of growth, and the effects of the differences are not 
properly known. The study of KC I solutions by Osterkamp and Weber (1970), however, was 
done with the same cell as the work reported here and under similar conditions. A detailed 
comparison of the two sets of results is presented in Table V . The effect of concentration is 

TABLE V. COMPARISON BETWEEN THE RES ULTS, UNDER SIMILAR G ROWTH CONDITIONS, FOR KCl SOLUTIONS BY 

OSTERKAMP AND \VEBER (1970) AND FOR KF SOLUTIONS AS PRESENTED IN THIS PAPER 

Concentration used for this comparison, unless otherwise noted (Normality) 
Peak freezing po tential Vm (V ), 

and the growth rate a t which it occurred (J-Lm /s) 
R a te of freezing for the compa ri sons which follow ( J-Lm /s) 
Total charge passed through externa l shunt per unit mass of ice between the elec trodes 

(J-LC/g) 
Concentration at the interface -:-- bulk concentration, Cl (O)/Co 
Apparent coefficient of diffusion D (mm'/s) 
Apparent coefficient of distribution K by Equation (2) 
Apparent coefficient of distribution K by Equation (3) 
Interface capacitance Cl per unit a rea of interface (pF/mm') 
Interface resista nce RI per unit area of interface ( n /mm') 

• Value for a concentration of 2.2 X 10- 4 N obta ined from Equation ( I I ) . 

KCl 
2.2 X 10- 4 

6_0 
5·5 
8.8 
1.4 

21.3 
3.2 X 10- 3 

0.047 
4 X 10- 3 

3-6 
150 X 104 

KF 
I X 10- 4 

10 
11.2 
8.8 

18 

5.0 
2.6 X 10- 3 

0.20 
10 X 10- 3 • 

0·43 
4.7 X 104 
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relatively small in Tables I to Ill , so that the differences in Table V can be attributed mainly 
to the solutes. 

The ratio of the apparent coefficient of diffusion for KF to that for KCI in Table V is 0 .82 . 

close to the ratio 0 .80 of the values a t infinite dilution for these coefficients, cited by Gross 
(1968) . The fact that the fluoride ion is accepted into the ice more readily than the chloride 
ion means that the peak freezing potential, the charge transfer, and the coefficient of distribu­
tion will be greater for KF than for K Cl solutions, as can be seen in the table. 

C ONCLUSION 

This paper has presented the results of a first study of freezing potentials, currents, and the 
parameters of the LeFehre model for KF solutions at constant growth rates under steady-state 
conditions. It has compared the results for KF solutions with those reported for KCI solutions 
under similar conditions of growth. And it has pointed out several empirical relationships 
between the LeFebre parameters and the measurements of charge, relationships which tend 
to confirm LeFebre's theory, a t least in part. 

The authors wish to thank Dr G. W. Gross for helpful comments on a previous version of 
this manuscript. 
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