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G,-ACTION OF THE AFFINE PLANE

MASAYOSHI MIYANISHI®

0. Recently, R. Rentschler [4] proved that if £ is a field of characteristic
0, any action of the additive group G, on the affine plane is equivalent to
an action of the form ‘(x,y)= (x,y + tf(x), where teG.(k), (x,y)€k* and
fekl X1

It will be natural to form a conjecture that if £ is a field of positive
characteristic p, any G,-action on the affine plane is equivalent to an action
of the form ‘(x,y) = (x,y + tfol®) + t2f1(x) ++ « - + 2" f, (%)), where t&G4(k),
(x,y)€k? and fo, « -+ -, foEk[X]

The purpose of this article is to prove this conjecture.

1. Let k be an algebraically closed field of positive characteristic p, S =
Spec (k[z,y]) be the affine plane over %k and a:Gansz———)S2 be a non-
trivial action of the additive group G, on S2.. Let A= k[z,y] and let ¢ be
an indeterminate. Then it is well known (cf. [2]) that to give an action ¢
of G, on S? is equivalent to giving a homomorphism of k-algebras
4: A——)A@k[t] which satisfies the following commutative diagrams;

4 : 4
A ——>A§k<)k[t] A—> AQ E[t]
W |4 | 4® idi B N2 |4
AR ] ——> A® K] ® KLt] AQk
% idQu % % %

where g k[t]———)k[t]@k[t] and ¢:k[t]—>k are homomorphisms of k-
algebras defined by g(#)=t®1+1Q® ¢ and &(¢) = 0 respectively. Moreover,
if we define k-linear endomorphisms of A by 4(a) = %LDM)@) ¢t for ac A,
D= {D;};>0 is an iterative infinite higher derivation on A. To give an
action ¢ of G, on S? is equivalent to give an iterative infinite higher deri-

Received June 27, 1969.
* This work was partially supported by “the Sakkokai Foundation™.

97

https://doi.org/10.1017/5S0027763000014094 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014094

98 MASAYOSHI MIYANISHI

vation D = {D,};> on A such that for any acA, D;a)=0 for sufficiently
large j (cf. [2]).
We shall begin with

Lemma 1. (Nagata, Theorem 4.1 of [3]). Let A, be the ring of constants,
te. Av= {acA|D;a)=0 for i >1}. If ac A, then each prime factor of a in A
belongs to A,. In particular, A, is a unique factorization domain.

Lemma 2. (cf. [4]. A, satisfies the following properties.

(i) Ao=k[f], for some irreducible element f in A, —k. More precisely, f— a
is irreducible for any ack.

(i) Ao us algebraically closed in A.

Proof. (i) Since ¢ is non-trivial, 4,2 A. On the other hand, A,k
by virtue of a result in [2]. Let f be an element of A, — % such that the
total degree with respect to # and y is minimal in Ay —%. Then by Lem-
ma 1, f and f — « are irreducible in A, where ack. If A, xk[f], let g be
an element of minimal total degree in A, —k[f]. Then g and g—p are
irreducible in A, where fck. Let P be a point of S? which is not fixed
by the action ¢ and let a= f(P) and = g(P). Then P belongs to the
closed sets V(f —a) and V(g — p) defined by f— e« and g—p in S? respect-
ively. Hence, V(f — a) = O(P) = V(g — ), where O(P) is the k-closure of the
orbit of P. Therefore gk f].

(i) Let 2 be an element of A which satisfies an equation of the form,
ah™ + a;h** + + -« +a, =0, where a, a, -+ -,a,€A4,. Then the equation
X" + a,X*'+ ++» +a,=0 has only a finite number of solutions in A. If
teG,k), then h~—>1t, is a permutation of these solutions. However, G,
is connected. Hence % is fixed by the action of G,, i.e. heA,. q.e.d.

We shall next define a function 2 on A with values in the ring of
integers Z by 2a)=n if 4@)=a®1+a,Q¢t+ -+ +a,R®t* and a, 0.
Then A, consists of elements such that 2(@)=0. Let n, be the minimal
value of i(a) for ac¢ A— A,. Then n,>1. Let g be an element such that
A(g) = n, and that ¢ is of minimal total degree in the set of elements a whose
values of 2 are n,. Then we have the following result.

Lemma 3. d(q) —qgR 1€ 4, @ El¢].
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Proof. Let d(q)=qR1+ q®t+ ¢+ + g,,& t", where ¢, - - -q,,EA.
Since (4@ idyy) - 4(g) = (ids @ p)- 4(q) from the commutative diagram (1), it
is easy to deduce an equality, 4(g ‘) =¢®1+ (1)ge:1 @t + «« « + (()gie; ®
Hd oo+ (um)g,, @07 for 1< i< mn. Therefore by the choice of g,
(1, = = =+ = (ag%)dn, = 0 and ¢,E Ao. q.e.d.

Since ¢ is also of the minimal total degree in A— A4, ¢g— 8 is irredu-
cible for any pek. In particular, ¢ — g is not divisible by any linear factor
f—a, for ack.

Let B=Ek[f,ql. Then the restriction 4 on B sends B to BQ;)k[t] and
commutes the diagrams (1) and (2) where A is replaced by B. Namely 4
induces an action ¢ of G, on X = Spec(B) and the inclusion Bc A implies
that there exists a Spec (k[ f])-morphism ¢ : S? = Spec (4)—> X = Spec (B)
which commutes with the actions ¢ and ¢’ on S? and X respectively.

We now see that ¢ is isomorphic on the fibres over the generic point
of Spec (k¥[f]). In fact, let K be the quotient field of k[f] and Ax= A®K
Then the higher derivation D= {D;};,>, in A can be canonically extended
into Ax and it is easy to see that K is the ring of constant elements in Ag.
Therefore Spec (Ax) is a G,-homogeneous space defined over K. The argu-
ment as in [5] shows that Ay is isomorphic to K[u«], the polynomial ring
of one variable over K. Since iA(#) must be minimal in K[«], we can take
g for u. Therefore B®K A®K In particular, ¢ is birational.

On the other hand we now show that B®A0/(f— a)———)A@AO/(f — a)
is injective for all eck. In fact, suppose that an element a.g" + ag" ™t +

++a, in B%Ao(f— @) = klq] is sent to 0 in A®Ao/(f @) = klz,yl/(f — ).

Then awg™ + a1gv 4 « « + + a,€(f — a)A. Slnce Ic is algebraically closed,
g + e q" M+ v e o, = alg—PBy) - - (g—B,) for By, - - -,B,€k. However
since (f — a)A is prime ideal of A, some factor, say (¢ —B,), belongs to
(f —a)A. Hence, there exists an element % in A such that (g—8)=(f—a)h.
But this is not possible by virtue of the choice of 4.

Since ¢ is not algebraic over k[f] and since k[x,y]/(f — «) is the affine
algebra of an irreducible curve f = a in S?, ¢ restricted to the fibres over

- a closed point f = & of Spec(k[f]) is quasi-finite. Moreover, note that X is
normal.

Now applying Zariski’s Main Theorem (cf. EGA (III, 4.4.9)), ¢ is an
open immersion. LetV = X — ¢(S?). Then itis easy to see that codim (V) > 2,
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noting that the structural morphism S?— Spec (k[f]) is surjective. Hence
Prof, (&%) = 2 because X is normal. Therefore I'X—V,Z%) = I'(X,Z%) by
virtue of EGA, (IV, 5,10, 5). Since ¢(S? is an affine open set, ¢(S?) =
Spec (I'(X—V,%)) = Spec (I'(X,Z%))=X. Thus we have proven that k[f,q]=
klz,y].

Now we shall note that the action ¢ of G, on S? is determined by a
homorphism of group schemes ¥: G, —> Aut (S?/S!), where Aut(S?S?) is the
k[ fl-automorphism group of the affine line S? = Spec (k[f,q]) over S!= Spec

(k[ f)) and is isomorphic to a sub-group scheme G={<g 11’) ack*=k—0, bek[f.l}

of GL(2, k[f]). The action of an element g’ll’) of G on S? is given by

sending <‘11> <a, b) (‘1) (aq + b). Then the correspondence ¢t G, ~—>a(t)

is a multiplicative character of G, hence a(t)=1. Then t =—> ((1): I{) defines
an endomorphism of G,. Then b is a p-polynomial with respect to ¢ with
coefficients in k[f1, &= ao(f)t + « - - +a,(f)t?". Then ‘q=gq+aff)t+ - -
+ a,(f)t*

Thus we have proven

THEOREM. Let k be an algebraically closed field of positive characteristic p.
Then any action of the additive group G, on the affine plane is equivalent to the
action of the form,

W@y Yo (X, + Efo(2) + E2F1(x) + « « « + 7" f ()
where teGyk), (z,y)Ek? and folx), « - -, f(2)Ek[X].
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