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Metrization and Manifolds

ABDUL ADHEEM MOWATT MOHAMMAD AL-SOODINAY
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This thesis is devoted to the study of metrizability of generalized metric spaces and
manifolds.

The thesis is divided into two parts: the first part presents the theory of generalized
metric spaces and metrization theory. The second part is devoted to the topology and
algebraic structure of manifolds.

Diagonal properties are studied. We show that they play a central role as factors of
metrizability. We use the technique of g—maps to develop the theory of generalized metric
spaces. The concept of quasi-Gj-diagonal is introduced and its inter-relationships with
generalized metric properties are investigated. We prove that all generalizations of Nagata
(respectively ) spaces considered in this thesis are equivalent to Nagata (respectively
<) spaces if they have a quasi-Gj-diagonal. We give a full positive answer for two old
questions in developability of Fletcher and Lindgren [1] and an old question of Martin
in metrizability [3]. Arhangel’skil’s idea of cleavability is investigated in the context of
manifolds in which “perfectness” type properties play a key role. Some mapping theorems
are established and questions of Gittings are answered negatively [2].

The theory of non-metrizability of manifolds is studied. It is shown how ‘normal’
in two well known results, ‘(MA(w,)) normal, perfect manifolds are metrizable’ [6] and
[7] and ‘normal Moore manifolds are metrizable’ [5], can be weakened to ‘weakly nor-
mal’, a very weak separation axiom clearly possessed by spaces cleavable over separable
metrizable spaces. We construct two manifolds which answer two of Nyikos’s problems
(4] in the theory of non—metrizable manifolds. We prove that there is a quasi—developable
manifold with a Gs—diagonal, which is not developable; and a consistent example of a
quasi-developable, countably metacompact manifold, which has a Gs—diagonal but is not
perfect. The two manifolds are highly geometric, unlike most pathological manifolds. In
addition, the topology of these two manifolds can be defined “all in one go”. We consider
the class of p-adic analytic manifolds. The wide variety of non—metrizable p—adic analytic
manifolds is contrasted with the scarcity of metrizable p-adic analytic manifolds. The
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topology of p—adic analytic manifolds is compared with that of real (analytic) manifolds.
We present the homeomorphism groups of manifolds, explaining why non-metrizable
manifolds are better behaved, with regard to their homeomorphism groups, than metriz-
able manifolds. A proof that the natural topology on the homeomorphism group for a
one dimensional metrizable manifold is the minimum group topology but the homeomor-
phism group does not admit a minimum group topology for a metrizable manifold of
dimensional greater than one is given. We also remark that the usual (compact-open)
topology on the homeomorphism group of the Cantor set is the minimum group topology,
but that the usual topology on H(I*) is not minimal (this answers a question of Stoyanov
{8]). Likewise, examples demonstrating how badly behaved the homeomorphism groups
of continua are, in comparison with homeomorphism groups of manifolds, are also given.
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