
ON THE MT*- AND x-CONJUGATES OF S* SPACES 

H. W. ELLIS 

1. Introduction. Marston Morse and William Transue (9, 10), motivated 
by their theory of bilinear functions, introduced and studied vector function 
spaces called ikfJ^-spaces for which each element of the dual is represented 
by an integral with respect to a suitable (C) measure. In this paper the 
definition of real Mjf-spaces is generalized to give spaces, called MT*-spaces, 
for which part but not all of the dual is of integral type and this part is 
called the MT*-conjugate of the space. In the theory of 8X spaces (6) a con­
jugate space is also defined. It will be called the X-conjugate below. An £x 

space is an ikf7"*-space if and only if it contains $, the space of all continuous 
functions with compact support. The purpose of this paper is to compare the 
MT*- and X-conjugates of ?x spaces that are TI4T*-spaces . 

When E is countable at infinity the MT*-conjugates and X-conjugates 
coincide. Conditions ensuring that the MT*-conjugate contains the X-con-
jugate are given in Theorem 3.1, that the X-conjugate includes the MT*-
conjugate in Theorems 4.1 and 4.2. Examples are given of £x spaces, including 
the space 81 (4, p. 13), for each of which the X-conjugate strictly contains 
the MT*-conjugate. Theorem 4.2 shows that, for a class of spaces E more 
general than the spaces E that are countable at infinity, the X-conjugate 
always contains the MT*-conjugate. Whether or not this is true for all E is 
not known. This paper makes essential use of many of the results of references 
(3, 4) and (8). The author wishes to express his thanks to Professor Morse 
for making available pre-publication copies of (8) and (10). 

2. MT*' and 8x-spaces and their conjugates. Let E be an arbitrary 
locally compact space and let R^ denote the space of real valued functions 
on E. 

Definition 2.1. We call A a (real) iliT*-space if: (i) A is a vector subspace 
of R^, (ii) A contains $ , (iii) A contains \x\ if it contains x and (iv) there is a 
non-trivial, monotone semi-norm 9flA defined on A. 

We note that a real Mr*-space satisfies condition (i) in the definition of 
real ikf2"-spaces apart from the requirement that $ be dense in A (9, p. 168). 
If A' denotes the topological dual of A then, as in (9, Corollary 10.1), for 
every $ Ç A', the restriction of 3> to $ defines a Radon measure 0 on E 
such that for every / Ç $, 

(2.1) $(/) = J W 
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The set of elements $ in A' for which (2.1) holds for every / G A will be 
called the ikfr*-conjugate of A and denoted by A*. The mapping $ —> <f> 
of A' into the vector space of all Radon measures on E is an isomorphism 
defining the il4T*-measure conjugate SI* of A (cf. 9, p .169). If 4> G SI*, every 
/ G A is integrable (0) and to $(/) ,<£ G ^4*. The definition 

ll^llgj* = sup X !, 
x G ̂ ,9ïA(x) > 0 ?tA(*) 

for all 0 6 «*, gives | |<%* = | | $ | | A , . 

A real ik/T-space is an ikfr*-space for which A' = A*. Conversely, if A is 
an ikfr*-space for which A' = ^4*, it is a real Mr-space. Condition (ii) for 
ik/T-spaces is then satisfied by hypothesis. If $ is assumed to be non-dense 
in A then (1, Lemme, p. 57) implies the existence of $ G A', not the zero 
element, vanishing in $ . The corresponding <£ is then the zero measure so 
that for some / G A, 0 = Jjftf0 ^ $( / ) contradicting the fact that A' = A*. 
Examples 3.1 and 3.2 of (10) show that there are iliT*-spaces in which $ 
is dense that are not real MT-spaces. 

Definition 2.2 (11, p. 53). Let 9K, W be families of subsets of E closed under 
the formation of countable unions and complements where 9K' is a proper sub­
family of Wl and has the additional property that M G 9W, A G E, A C 2ft 
imply that A G SD?'. For an ^-measurable real valued function f(P) on E, let 
||/||oo> the ess sup of | / ( P ) | , be the infimum of the set of numbers a such that 
Ea = (P:\f(P)\ < a) is in 9K', if this set is non-void. Otherwise let H/IU- Let 
8co = 8ooCE> $)?> SKO denote the subspace of RE /o r w/wVA 11/IL w defined and 
finite. 

The space 8œ is an iliT*-space with semi-norm 11 • | \m if every continuous 
function with compact support is 2)î-measurable and in particular if SDÎ con­
tains all the relatively compact Borel sets on E. The elements of A1 to which 
correspond finitely additive measures that are not countably additive are not 
in A*. If E = (0, 1), if 3W denotes the Borel sets on E and 5DÎ' the Borel sets 
of the first category on E> 2œ is an MjT*-space for which A* reduces to the zero 
element of A' (2, Corollary 1, p. 186). 

If A is an i4T*-space, 9ÎA the semi-norm on A, SflA will be called reflexive if 

(2.2) mA(x) = sup M J xd4>\ ; Ikllg* < 1, * 6 a*j . 

The left side of (2.2) is never less than the right side. When <jflA is reflexive 
and the supremum in (2.2) can be replaced by sup/ |x |d |$ | , for all <t> G 31* 
with ||0||g{* < 1, 3lA has a natural extension to all of R^. If A is an iliT-space 
%lA is always reflexive and has such an extension (9, § 11). For the example 
above with A* = 0, 3lA is not reflexive. 

Length functions and the corresponding function spaces were introduced 
in terms of non topological spaces E and general measures in (6). In this 
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paper we suppose given a positive Radon measure /x on an arbitrary locally 
compact space E. If \(f) is defined and 0 < \{f) < » for every /x-measurable 
function f(P) with 0 < f(P) < °° almost everywhere, X is called a length 
function if: 

(L 1) X(/) = 0 whenever / is /x-negligible, 
(L2) X(f) < X(g) whenever f(P) < g{P) for all P G £ , 
(L3) X ( / + g ) <X(f) + X(g), 
(L4) \(kf) = k\(f) for all k > 0, 
(L 5) / i (P) <f2(P)< ... for all P implies that X(sup/„) = supX(/„). 

A length function X will be called continuous at infinity if, for every / , 

(L6) X(/) =sup*X(/x*) , 

for all compact sets K £ E, where XK denotes the characteristic function of 
K. If | / (P) | is /x-measurable, X(/) will mean X( | / | ) . A function/ (set 5) will 
be called X-negligible if X(/) = 0 (\(XB) = 0). 8X = Sx(£, /x) will denote the 
vector subspace of R^ consisting of all /x-measurable/ £ R^ with X(/) < °°. 
8X will be an ikfP*-space if and only if it contains $. Lx = LX(E, /x) will 
denote the normed space associated with 2X. Every space Lx is a Banach space 
(6, Theorem 3.1). 

For every length function X a X-conjugate length function X* is defined by 

(2.3) X*(g) = sup ff(P)g(P)dv < oo, 

the supremum being taken for all / Ç 8X with X(/) < 1. The space ?x* will 
be called the X-conjugate of 8X and Lx. A length function is reflexive if 
^ (/) = ^** (/) f° r every non-negative /x-measurable / . Necessary and sufficient 
conditions for the reflexivity of X are given in (7, (4.1)) (for a general measure 
space). It can be shown that when X is reflexive and Sx is an ikfP*-space 
for which the ikfP*-conjugate contains the X-conjugate then X is also reflexive 
as a semi-norm on £ \ |0| Ç 21* if 0 6 $* and 

X(/) = sup (J | / | rf |0 | ; ||0||g* < 1, 0 € 21*) 

permitting a natural extension of X to all of R+E. 
Let /x denote a positive Radon measure on E. For 1 < p < oo, 3lp(J) = 

(jfpdfi)1/p is defined and non-negative for every /x-measurable / that is defined 
and non-negative almost everywhere. 9tp then defines a length function. (L 1) 
follows from (3, Théorème 1, p. 119), (L 2) from (3, Proposition 10, p. 109) 
and (L 5) from (3, Théorème 3, p. 110) all applied t o / p , and (L 3) and (L 4) 
from (3, Proposition 2, p. 127). The /x-negligible and -ftp-negligible sets coin­
cide. If E is countable at infinity X will be continuous at infinity. If E is 
arbitrary the length function %lp will not be continuous at infinity if E con­
tains a locally negligible set that is not /x-negligible. By (3, Théorème 5, 
p. 194) the spaces 2P and 8X with X = ytp coincide. 
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For every /z-measurable f(P), with 0 < / ( P ) < °° almost everywhere, 
write 

%{f) =supK%(fXK), 

where K runs through the compact subsets of E. It is easily verified that 5ftp 

is a length function that is continuous at infinity and that the ^-negligible 
sets are the locally negligible sets of E. We write 2P and IP for the spaces 
S\ Lx with X = %. From (4, Proposition 7, p. 13) it follows that 21 is the 
space of essentially integrable functions for JJL. 

LEMMA 2.1. / / / £ g", the set E(J) = (P:/(P) ^ 0) is /Ae union of a count­
able sequence of compact sets and a locally negligible set E0. 

THEOREM 2.1. If every locally null (/x) subset of E is fi-negligible, in particular 
if E is countable at infinity, Sp and %v, 1 < p < oo coincide. If E contains a 
locally null subset that is not ^-negligible, 2P strictly contains 2P, Lp and Lv, 
1 < p < °°, are equivalent. 

Lemma 2.1 is the analogue of (3, Lemme 2, p. 194). It is implied by (4, 
Corollaire, p .13) for p — 1. Theorem 2.1 for p = 1 is a consequence of 
results in (4, § 2). In both cases the extension to all p, 1 < p < <» is not 
difficult. 

When p = co and 9DÎ denotes the /x-measurable subsets of E, two length 
functions are obtained from Definition 2.2 by taking: (1) X = 9 ^ = || . ||œ 

with mf the ^-negligible subsets_of £ ; and (2) X = 5L = || . ||œ with W the 
locally negligible subsets of E. 9îœ is continuous at infinity, 3lœ is not if E 
contains a locally negligible set that is not ^-negligible. The 8X spaces 
2œ(E, 93Î, SDÎ') corresponding to (1) and (2) respectively will be denoted below 
by S00 and £°°. These spaces are Jk/T*-spaces. Since 5ftœ(/) < 9tœ(f\ £°° is 
always contained in 8°°. In contrast to the case with p < oo, Lœ and L°° need 
not coincide. For example, if E contains a locally negligible set D with 
fjL*(D) = oo, fa(P) — axD is in £œ for every finite a and the equivalence 
classes fa in Lœ are different for different positive values of a. Each fa is in 
8°° but all belong to the equivalence class of g{P) = 0. We note that the 
dual of 21 is 8œ. 

3. The X-conjugate of A =? ?x. In the sequel E will denote an arbitrary 
locally compact space, /x a positive Radon measure on E, K, Kt compact 
subsets of E, and X will be an arbitrary length function for which 8X contains 
$ . \(B) will be an abbreviation for \(XB)- A function g is locally integrable 
if it is Ai-measurable and if gxK is integrable (/x) for every K. (Since E is 
locally compact this is equivalent to the definition in (8)). 

When 2X is an MT*-space it contains the characteristic function of every 
relatively compact fi-measurable subset of E. 8X contains $ and since, given K, 
there exists a continuous function / Ç $ coinciding with XK in K, IÎ B C K 
is /x-measurable \(B) < X(K) < \(f) < oo and xz? 6 £x- It then follows from 
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(2.3) that every g G 8X* is locally integrable. Thus g defines a Radon measure 
g . \x (8, § 1) with values 

(3.1) jfd(g . M) = Jfgdu = g(f), g <= (Lx)', 

for a l l / G X. If for every g G 8X*, (3.1) extends to a l l / € 8 \ the X-conjugate 
of £x is contained in the MT*-conjugate. Since the right side of (3.1) is finite 
for all / G 8X if g G 8X*, (8, Theorem 1.1) shows that it is sufficient to show 
that the left side is also always finite. There is no loss of generality in assuming 
that g is positive (that is non-negative) so that g . /x is a positive Radon 
measure on E. 

LEMMA 3.1. If f G R+^ is measurable (/x) and g > 0 is locally integrable and 
if X = yJi°Ki, then 

(3.2) fated» = j*fxxd(g . n)< œ, 

and both are finite if f G ?x and g G £x*. 

Proof. The equality (3.2) is a corollary of (8, Lemma 5.1). When / G 8X 

and g Ç P , j*fgxxdn < Jfg du < « . 

LEMMA 3.2. i / / G ?x is a positive lower semi-continuous function and g G 8X* 
//^w (3.1) holds. 

Proof. There is no loss of generality in supposing that g is non-negative. 
Then, using (3.1), 

\fd(g.p)= sup \hd(g.n) = sup \hgdp< \fgdfx < » . 
J h G * J H T J 

TVtfte. Lemmas 3.1 and 3.2 are also a consequence of (4, (Propositions 2 
and 3, p. 9, and Theorem 1, p. 43)). See also (8, Note, p. 478). 

LEMMA 3.3. If g G R+^ is locally integrable every n-negligible set is g. p-
negligible. 

Proof. Suppose that B is ju-null. If g G R+*, jgXB d\x = 0 by (3, Théorème 1, 
p. 119). Given e > 0, there exists an open set U Z) B with n(U) < Je and a 
l.s.c. function h > XBg with n(h) < Je. Then env. sup. (xu, h) is l.s.c, > xug 
and 

Xug d/j. < J hdfx + \ xudfj. < e. 

If g is locally integrable, the measure g . M is defined > 0 and, by (3, Corol­
laire 4, p .158), and Lemma 3.1, 
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(g . n)*(B) < (g . „)*(U) = supg . M(X) = sup fxKd(g . n) 
KCU KCUt/ 

= sup XKg dp < Xug du < e. 
KCU v «/ 

Since e is arbitrary i? is g . /x-null. 

THEOREM 3.1. Let g Ç 8X*. Tltew (i) g w iw /Ae \-conjugate 8X* awd w iw 
/&e MT*-conjugate if and only if jf d(g . M) = 0 /or «œr̂ y / Ç 8X /or wAicA /g 
vanishes in E and (ii) i/ /Ae MT*-conjugate does not contain the \-conjugate, E 
contains a locally negligible set B with X (B) < co y with X ( U) = °o for every 
open set UD B and 8X* contains g with g%B = 0 and with (g . n)*(B) = °°. 

Proof, (i) Suppose that g € ?x* is positive. If / Ç 8 \ J/g du < & and, for 
fixed / , the set where /g ^ 0 is the union of X, the union of a sequence of 
compact sets, and a ^-negligible set E'. If E0 = (P'fg(P) = 0 ) ,E = E<\JE'UX 
and E0 is measurable (/*). Suppose t h a t / is non-negative. Using Lemma 3.1, 

J fg dix = J /gXx^M = J /xxd(g . /x) < J fd(g.ix) 

and, using Lemma 3.3, we have 

j*fd(g • M) < J*f XE'd{g . M) + J * / x*0d(g • /x) + J * / Xx (̂g . M) 

= J f XE,d{g.lx) + jfgdfJL. 

Equality then holds if 

s 
* 
/ XEQd(g . n) = 0. 

Conversely, if g (E £x* and if g is in the iliT*-conjugate, then, whenever 
/ G 8X and fg vanishes in E, Jf d(g . /*) = g(/) = ffgdjj, = 0. When one or 
both of / , g is not positive the extension is trivial. 

(ii) Suppose that Sx* contains g with g not in the MT*-conjugate A*. 
Since g+ and g~, the positive and negative parts of g are also in £x* and g+ 

and g~ in A* would imply that g was in A*, there is no loss of generality in 
assuming that g is positive. There then exists a positive/ £ ?x with fg{P) = 0 
in E but with J*f d(g . JJL) > 0 and, since Jfg dfx = 0 (8, Lemma 2.1) implies 
that f*fd(g.n) = oo, 

Let En = (P:f(P) > 1/n). The /x-measurability of / implies that En is 
^-measurable. Since XEU < nf(P), X(En) < wX(/) for each «. Furthermore 

J Xz?ng dfi <n Jfgdfi = 0, n = 1, 2, . . . , 

SUp XEnr)Kd(g . M) = SUp XEnnKgdlJL = 0, 
K C £ «/ KCE «/ 

so that each En is locally negligible. 
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Let / n (P) = min. (n,f(P)). Then/W increases t o / a n d by (3, Théorème 3, 
p. 110), 

J* f* 
fnXEnd(g •lJL)=J fd(g • M) = °°-

Thus, for all sufficiently large n, 

fnXEnd(g . /*) > 0, 

J* _i p * 

Xsnd{g -v)>n J fnXEnd(g . /*) > 0, 
and (8, Lemma 2.1) implies that 

J* 
XEnd{g.n) = oo. 

Finally, for all « for which (3.3) holds, X(£7) = oo for every open set £/ 
containing £w since otherwise Lemma 3.2 implies that 

J*XHnd(g . /*) < Jxurf te • M) = JxizgdM < X(C7)X*(g) < », 

giving a contradiction. 
As a corollary we list some of the conditions that imply that the MT*-

conjugate A* of A = 8X contains the X-conjugate £x*: 
(1) E is countable at infinity. 
(2) For every g Ç 8X*, g . /x is bounded. 
(3) For every g Ç £x* and every /x-measurable B, (g . fi)*(B) = oo implies 

that X (5) = oo. 

(4) For every locally integrable g, (g . n)*(B) = oo, X(B) < œ, imply that 
X*(g) = » . 

(5) If B is /x-measurable and if \(U) = oo for every open set U containing 
B thenX(£) = oo. 

(6) \(E) < oo or \(K) is bounded for all K in E. 

If ,4 = 2P, 1 < £ < oo, and B is /x-measurable then 9fcp(B) = ti*1/p(B) 
which implies (5). To prove (6) suppose that X(E) = M < oo or that 
X(i£) < M < oo for every K <Z E. The existence of £ with (g . /x)*(2?) = oo 
implies that (g./x)*(£) = oo and (3, Corollaire 4, p. 158) implies that E 
contains compact subsets with arbitrarily large (g . /x)-measure. Then 

X*(g) > sup* J XKgdn/\(K) > sup^g . n(K)/M = oo, 

so that (4) applies. The spaces £°°, 8°° satisfy (6). 

THEOREM 3.2. There exist MT*-spaces £ \ with X reflexive and continuous at 
infinity, for which the X-conjugate strictly contains the MT*-conjugate. In 
particular the spaces ?p, 1 < p < oo, are of this type for suitable /x, E. 
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Proof. Let E, D, Tn(y) and /x be defined as in the example of a locally 
compact space E that is not countable at infinity given in (3, Exercice 4, 
p. 116) and let g = Xj-n- Then 9Ug) = 1 and g G L°° = 8**, X = 3h. As in 
(8, Exercice 4) XD G 81 but is not integrable (g . /*) so that g does not belong 
to the TliT*-con jugate of g1 

To give an example for 1 < p < oo let E, D be as before but for ô fixed, 
0 < ô < 1, PWi the point (1 — n,i/n2), define P(Pni) = n~2~8 and define 
/3(P) = 0 for the points (0, 3>) in E. Let / / denote the measure determined 
by the masses /3(P). Define g(P) = n*~l for P = Pni (i = 0, 1, . . . , n2; 
n = 1 , 2 , . . . ;), g(P) = 0 elsewhere in E. Actual computation shows that 
every compact subset of E has finite ju'-measure and that, for X = 3£p, 
X*(g) = 9tfl(g) < °° so that £ G Sx*. Suppose that 5 is a subset of (0, y) 
dense (in the usual topology on R) on some interval (a, 6), — 1 < a < b < 1 
and let UB,n = ^ ^ ( y ) for all i > w, y £ B. Computation shows that 
(g • v)*(UB,n) = °° for every n. As in the Bourbaki example every open set 
containing D contains some set UB,n and therefore (g . //)*(D) — oo although 
D is locally negligible (g . / / ) . Since the dual of %p coincides with the X-con-
jugate, 1 < p < oo , the X-conjugate strictly contains the MP*-conjugate. The 
length functions ytp are continuous at infinity and reflexive. 

Remark. The right side of (2.1) is 911(/, </>). Replacing %li by 9h in the defini­
tion of the MT*-conjugate gives a conjugate which always contains the 
X-conjugate when A = 8 \ 

4. The MT*-conjugate of A = 8 \ In this section <i> denotes an arbitrary 
element of the MT*-conjugate of A = 8 \ <£ the Radon measure corresponding 
to <ï> determined by the restriction of $ to i£. 

LEMMA 4.1. If $ 6 A* and A = SX(M) there exists a locally n-integrable 
function g for which the measure g . M coincides with </>. 

Proof. There is no loss of generality in assuming $ > 0. By hypothesis 
every / G A is integrable (<£) with 

(4.1) *(/) = jfdd>. 

For each compact set K every /x-measurable subset e is in A and $(xe) = 
Jxed<t> = *(«) . If M W = 0, 

\4>(e)\ = | * ( e ) | < \mA(xe) = |*|X(e). 

Since X(e) = 0 whenever n(e) = 0, every set that is locally /z-negligible is 
locally ^-negligible. The Lebesgue-Nikodym theorem (4, Théorème 2, p. 47) 
then implies that <f> is a measure of base n, that is, that there exists a locally 
integrable point function g with </> = g. \x (4, p. 42). 

THEOREM 4.1. Let $ £ A* and let g in R^ be locally integrable with g . /x = <f>. 
Then (i) g G Sx* #* and only if /x (gxs) = 0 for every ^-negligible set B that is 
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the union of a sequence {Bt} with each function xst- in 8X, and (ii). If g $ 8X*, 
E contains a set D, negligible (g . /x) and locally negligible (M) with X(Z>) < oo 
awd /x*(Z)) = oo. 

Proof, (i) There is no loss of generality in considering only positive / and 
3> in the proof of (i) and (ii). If / G 8 \ $ 6 -4*, t h e n / G g 1 ^) and E = E0 

U Ef \J X, where E0 = (P:/(P) = 0), E' is 0-negligible and X is the union 
of a countable sequence of compact sets. Since E, Eo and X are measurable 
(/x) so is Ef. Since JfXxd(g . n) < Jf d(g . /x) = J f d<t> < oo , (3.2) holds finitely. 
Since 

vanishes, 

x fgXEodv = 0. 

Thus 

(4.4) J/d0 = J/d(g . M) = J/gxtffc < J \ ** 

fgXE*d\x + J fgXE'd\x + J /gXx^M = J fgXE'dv + Jfd<j>. 

If £ / = (P Ç £ ' : / ( P ) > 1A), £ ' = W r E / , each £ / is /x-measurable and 
X(E/) < iX(/) < oo so that each x#/ € 8X- If the hypothesis of (i) is satis­
fied, J XE'gd/j, = 0 which implies that jxE'fg dfx = 0. Then Jf g dfi = Jfdcj) = <£(/) 
for every / G 8X and g G 8X*. Conversely, if g G 8X*, Jfg dfi < oo for every 
/ G Sx and, by (8, Theorem 1.1), 

(4.5) jfgdfi = Jfd(g.fi) = *(/) 

for all / G £x. If Bt is 0-negligible with xs» £ 2X (4.4) and (4.5) imply that 

gXBi dfi = 0 
/ . 

whence Jgxs M̂ = 0 if B = KJfBi. 
(ii) If g $£x* (i) implies that there exists a 0-negligible set B = \J\°BU 

where X(£t) < oo , % = 1 , 2 , . . . , and such that /x*(gXi?) > 0. Then (8, Lemma 
2.1) implies that /x*(gxs) = °°. Writing B(n) = ^JinBu since B(n) î 5 , 
M*(̂ Xi5)n>) is positive and therefore infinite for all sufficiently large n, say 
w > n0. We show that for a fixed n > n0, D = (P £ B(n) : g(P) > 0) satis­
fies all the conditions (ii). We note that \(D) < \(B(n)) < oo and that 
M*(gXz>) = M*(gXJ9(n)) = » . Consider gro(P) = min (m, g(P)). It is locally 
integrable and defines a Radon measure gm . fi with 0 < gm . fi < g . fi and 
fo . /i(D) < g . ,*(£>) < g . M (S) = 0. Now 

J* r* 
gXi>d]x = supm J gmXDdn, 
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and (8, Lemma 2.1) implies that M*(gmXz>) = 0 or oo for each m and therefore 
is infinite for all sufficiently large m so that 

XDdix > m~l J gmXDdix = oo. 

Finally, if Dt = (P Ç Z> : g(P) > 1/i), Z> = Ui°°i91 and, for an arbitrary 
compact set K, 

J XDOKdfl = SUpi J XDi(\Kdn < Slip* i J gXz>iM^M 

< sup*i J xod(g.n) = 0. 

Thus Z) is locally ju-negligible. 
A variety of conditions, sufficient to ensure that the X-conjugate contains 

the iliT*-conjugate, follow from Theorem 4.1. We mention only: (i) E is 
countable at infinity, (ii) ix is bounded and (iii) /x*(5) = oo implies that 
\{B) = oo. Condition (iii) shows that if 4̂ = 2P, 1 < £ < œ, the X-con jugate 
always contains the MT*-conjugate so that these conjugates then coincide. 
Actually, each of (i)-(iii) implies that every locally integrable g Ç R^ is in 
£x* whereas £x* will contain ^4* if to each <i> £ ^4* corresponds one g G 8X* 
with g . n == cf>. If g is locally integrable with g . JJL E= $, every g' that is locally 
equivalent to g is also locally integrable and g' . fx = <£. Consider (8, Example 
5.2) where g = Xir> / = XE and the length functions X = 9^, 1 < p < oo. 
Then g $ 8X* but g is locally equivalent to the zero element of 8X*. More 
generally, let E, D, and \x be defined as in Theorem 3.2 and let X denote an 
arbitrary length function. Then D is locally negligible with n*(D) = oo but 
every locally negligible subset of E — D is /x-negligible. Replacing g by gxD 
gives a gf locally equivalent to g with §*g'xB dfx = J^gXBODdfx = 0 for every 
locally negligible set B with X(B) < oo. Since 

(g'.M)*(B)< JVxud/i 

by (4.4) this contradicts Theorem 4.1 (ii) if g' is not in 8X*. 
Edwards (5, p. 143) defines the /x-measure of a /x-measurable set B to be 

/x(J3) = supKjxBf\Kd/JL, where K runs through the compact subsets of E. 

THEOREM 4.2. If E contains E* with ix*(A) < oo for every locally negligible 
set contained in E — E* and if E* is the union of a countable collection of sets 
of finite fx-measure, then for every MT*-space 8X on E, the \-conjugate contains 
the MT*-conjugate. 

Proof. First suppose that n(E*) < °° • By the argument of (5, Theorem 7 
(4) ), E* = Qi U Q2 where Qi is the union of a countable collection of com­
pact sets and Q2 is locally null. If A C E* with p(A) = 0, »*(A) = oo, 
M(Ç1 r\ A) = 0. Set g' = gXx, where X = CE* U &. If K C CE or X C QI, 
g(P) = g'(P) for P f £ Suppose that A* (X H CE*) > 0 and fx (i£ H E*) > 0. 
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Then K = N \J\°Kn where N is /^-negligible and each Kn is compact and con­
tained in one of £*, CE* (3, pp. 181-2). Since ii(Kn C\ Q2) = 0, n = 1 , 2 , . . . , 
g = g' almost everywhere in each K and g' is locally equivalent to g. For 
each such 4 C ^ * , 

M*(£'XA) = M*(gXQiiu) = 0 

contradicting Theorem 4.2 (ii) if g' £ 8X*. If £* = Ui°°E„ with n(En) < » , 
w = 1, 2, . . . , each En = Qin W Q2n as above and the preceding argument 
holds when applied to U„(?in, Un(22W in place of Qi and Q2 respectively. 

REFERENCES 

1. S. Banach, Théorie des opérations linéaires (Warsaw, 1932). 
2. G. Birkhoff, Lattice Theory, Am. Math. Soc. Colloquium Publications, vol. XXV (New-

York, 1948). 
3. N. Bourbaki, Eléments de Mathématique, Livre VI, Integration, chaps. I-IV (Paris, 1952). 
4. , Eléments de Mathématique, Livre VI, Integration, chap. V (Paris, 1956). 
5. R. E. Edwards, A theory of Radon measures on locally compact spaces, Acta. Math., 89 

(1953), 133-164. 
6. H. W. Ellis and I. Halperin, Function spaces determined by a levelling length function, Can. 

J. Math., 5 (1953), 576-592. 
7. I. Halperin and W. A. J. Luxemburg, Reflexivity of the length function, Proc. Amer. Math. 

Soc , 8 (1957), 496-9. 
8. M. Morse and W. Transue, Products of a C-measure and a locally integrable mapping, Can. 

J. Math., 9 (1957), 475-486. 
9. , Semi-normed vector spaces with duals of integral type, J. d'Analyse Math., 4(1954-5), 

149-186. 
10. , Vector subspaces A of CE with duals of integral type, J. Math, pures et appl., to 

appear. 
11. K. Yosida and E. Hewitt, Finitely additive measures, Tçans. Amer. Math. Soc , 72 (1952), 

46-66. 

Queen's University 
Kingston 

Downloaded from https://www.cambridge.org/core. 30 Oct 2025 at 18:02:35, subject to the Cambridge Core terms of use.

https://www.cambridge.org/core

