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ABSTRACT. A simple stead y-sla te ene rgy and mass-ba lan ce mod el of th e 
Antarctic icc shee t is d e, ·eloped. Bas ically it is a se t of t,\·o equations with two 
unknowns of steady-sta te heig ht h a nd po tenti a l basal temperature 11, . 11) determines 
whether, a nd to what extent , th ere is liqu id water a t the base of th e ice which in turn 
affects th e "alues o r h a nd Tb . Simultaneous cha nges of sea-level temperature a nd 
prec i pita ti on (cha nges rcl a ted to each other as migh t be expected from global climate 
mod els) indicate a maximum in the fi eld of possib le stead y-sta te ice "olumes which 
may not be far lrom th e presently obse rv ed conditi ons. Th e possibi lit y of cyclical 
" a riat ion in g round heat Du x assoc iated with convec tion of Il"<lter and heat in th e 
continent a l crust is discussed . The mechanism mi g ht be capab le of genera tin g cycles of 
ice-sheet vo lum e with re lat ive ly short periods similar to th ose ofNIil ankovitch forcing . 

INTRODUCTION 

Theorctical treatments of con tinenta l ice shee ts conce n­

trate on the dynamics of th e prob lem a nd are primaril y 

conce rn ed with exp la ining the climatic "ariations of ice 

vo lum e and eX lent (e .g. \\'ee rtm a n, 1964, 1976; Birch ­
fi e ld , 1977; W atts a nd H ayder, 1983 ) . Th e more complex 
of th em a re rull y fl edged three-dim ensio na l num erica l 
m odels which ta ke into acco ulH both the d yna mi cs a nd 

thermodynamics of the medium , a nd lo some ex tent a lso 

such lhings as bedrock d ep ression a nd th e detail of th e 

ice-ed ge in te rac ti on \V i lh th e surrounding ocean (e.g . 
Birchlield a nd o th ers, 198 1; Polla rd , 1982; Buclel a nd 
J ensse n . 1989; H u ybrec h ts, 1990 ). P erh aps their maj or 
success has bee n simula lion of th e ice-, 'o lum e cha nges 

which , at leas t during the Quaternary, contain cycl ica l 

components on time-scales of 20, 40 a nd lOO ka. They 

prO\'id e a n expla natio n of th ese cycles in terms of 
"ariations of so la r input induced by orbita l cha nges of 
the Ea rth , i.e. in te rms o r ~lil ankO\ 'itch forcing. 

In the prese nt paper, a simple and semi-qu a litati" e 

steadY-Slate mass a nd energy-bal a n ce mod el of th e 

Antarctic ice shee l is used to d eri, 'e order-of-magnitude 

sens iti"iti es to such things as g ro und heat Dux . It is used 
a lso as a "ehicle to illustrate the possible importa nce of 
cha nges in ground heat Du x induced b y cO I1\ "("c ti on of 
\,'a ter in the und erl ying c ru st. 

THE STEADY -ST ATE MODEL 

Im agine an id eali zed ice shee t \\'hi ch complete ly cove rs its 
und erl ying continent. The contin en t is surround ed by 

d eep ocean. and has a h orizonta l radius R a nd a bedrock 

surface roughness of vertical scale L. The ra te a of 
acc umula ti o n (p recip ita tion minus e" a po rati on ) is con­
sta nt across its su rl~lce a nd is ba la nced by ablati on 
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(ca lving or n'lelting) a t th e ice-shee t edge w hen th e sys tem 
is in stead y sta te . M ass continuity requires th at 

27f l' a(T')T'dT' = 27fT' V(T) . Z(r) (1) 

where vCr) is th e ,"Crtically a "e raged d efo rm atio n "elocity 
a t radius T, and Z(T) is the height of th e ice a l th a t radius. 
Glen's la w re la t ing strain ra te to st ress gives a n expression 

for d eform a tio n veloe i ty as a fun c tion of heigh t a nd of the 

gradient of height, namel y 

(2) 

w here k is a consta nt rela ted to the lluidity of th e 

medium. Under th e ass umption that a(r) is constant 

acr oss th e surface, Equ a ti on ( I ) can be integ ra ted to yield 
a n exp ression for the central h eight I-f as 

(3) 

Th e th eore ti cal sh ape of such a stead y-sta te ice shee t is 
pa ra bolic . Tt has a n average height h which is no t mu ch 
less than th e centra l height H. For simplicit y, in th e 
foll owing we ass um e a ll a t-to pped ice shee t of h eight h, 
with much th e same fun c tion a l re la tion of height l O 

acc umu la tion ra te as in Equa tion (3) , namely 

1/8 h = Ao . [a(h)] (4) 

where Aa is a consta nt which does no t cha nge provided 

th at the lluidit y k of th e ice c10es no t cha nge. Its 

numeri cal value (chosen here to m a tch presen t-d ay 
" alues ofheighl and acc umulation ra te) is 1.73 X 10 1 in 
units of m /( kg m- 2 s- t )1/8 . Th e acc umu la tion ra te is 
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specifica ll y writt en as a fun c ti o n o f' heig ht in Equation 

(4 ) , na m ely as a(h) , Th e function is quoted in th e ca ption 

to F ig ure I , and is such that a(h) is a co nstant ao (o r th e 

first kil ome ter (ao is eq ui\'a len t to 60 c m yea r I) a nd 

decreases ex po ne ntially \I'ith h e ig ht abO\'e I km , At 
3,5 km fo r insta nce, the ra te is equi\ 'a lent to 15 c m yea r I , 

Th e eITecti\ 'e va lu e of k \\'i ll change if the basa l 

tempera ture 11) exceed s the pressure-m elting temperature 

To and th ere is water at th e botto m of th e ice, F o r th e 

purpose of' the present pape r, im agine th a t Tb is a 
"po tential" basal tem pera ture, i,e, th e basal tem pera ture 
that \I'o uld perta in if' by so m e mea ns the ice were no t 

a llowed to melt. Thus 11) is th e ac tu a l basa l tempera ture if 

11) < To (\I'hen there is no wa ter at the base a nd \\'he n 

Eq ua ti o n (4 ) applies ) bu t is a th eore ti ca l te m pe ra ture 
grea te r than T o when there is \\'a te r at th e base , I magine 
furth er that it is possib le for th e \\'ater a t the base of th e 
ice to ha\'e sig nifi cant d ep th D a \)o\'e th e d ee pest po inrs o r 
th e bedrock a nd that D is a n increasing fun ction of 

11, - To , Fo r instance, if th e g ro und hea t nu x is eno ug h lo 

sta rt m elting ice, th e n the g rea te r is th e heat flux , th e 

grea te r is 11, - To , the g rea te r is th e \ 'o lume o f' \\'a ter at 
th e base, a nd th e {aster slid es th e ice , This na i\'C picture is 
used as a "cons lruc t" on w hi c h lo dn'e lop a fun ct ional 

relation between h a nd 11, (a nd ultima te ly between hand 

gro und hea t nux ) for th e case when th e re is \-\'ater a l the 

base of the ice, 

Thus it is ass um ed that \\'hen basa l \I'a re r is present the 
average heig ht h of' th e ice is reduced be lo\l' th e \ 'a lu e 
g i\ 'C n b y Equ a ti o n (4 ) in proportio n to th e wate r \ 'o lu me, 
If' o nc im agin es " la kes" 0 (' water beneath tb e ice ill th e 

\ 'a ll eys bet\~een th e roughness elements of th e hedroc k, 

a nd im agin es furth er that th ere is no connection a llowing 

water to flow between th e la kes or be ll\Te n th e lakes a nd 
the surro unding ocea n, then o ne is led to a modifi ca ti o n o r 
Equation (4 ) as [ollo,,'s : 

h = Ao(1- D/ L )[a(h)]1 /8 (5) 

where D ( th e "depth" of the la kes ) a nd L (th e height of 
the roughness elements) a re m eas ured \I'ith re fere nce to 
the lowest points of th e bedrock surhlCe, and \I'here It is 
nO\l' th e ice-shee t heig ht a bove the surface of' th e \I 'a te r. 

This ra th er arbitrary linear m odifi ca ti o n of Equ a ti o n (4 ) 

ass um es th a t when th e re is suffici ent water to cO\'C r th e 

ro ughness elements o f the bedroc k surface (i, e , \\ 'hen 
D = L ) the o\'era l1 ice shee t will no\\' o r slid e sufllci ently 
fas t to red uce the s tead y-sta te he ig h t to ze ro, 

The primary objec tion to this ph ysical picture is th e 

ass umptio n th a t the \I 'ate r be n ea th th e ice is not 

conn ec ted to the ocean and ca n th ere fo re build up into 

la kes of sig nificant depth , Th e o bjectio n is ce rtainh' \'a lid . 
but o n th e o th er ha nd th e re is e\'id ence fo r th e ex iste nce o f 
suc h lakes , and some of them (the rece nt'" di sco\ 'C red 
L a ke Vosto k, fo r insta nce ) a re , 'ery ex tensi\ 'e , In a m ' 

e\ 'ent , th e pi c ture is simply a means of' sugges tin g a 

fun c tion go\ 'e rning the redu ctio n in steach '-sta te height 
with inc reas ing water \ 'o lu me, recogniz ing th a t th e \I 'ater 
\'o lum e in turn will be d ete rmin ed by 1'1, (see Equation 
(6 ) below ) , The pi c ture itself is not g rea tl y important to 

the argument o th er th a n that it emphasizes th e prob lem s 

of Cjuantitati\'C analysis at thi s le\'e l of simplicity, 

At a similar le,'e l o f approx ima ti o n , th e ac tual \'a lue o f 

stead y-sta tt' \I ',ltcr d ep th D is ass um ed to be so m e fraction 

o f h d e te rmin ed b y th e difl'erence between potential basa l 

tempe ra ture and th e press ure-melting temperature, That 

IS, 

D = h ' (71) - To) /( TJ, - T I ) (6) 

\I 'here T1 is th e a , 'e rage temperature at the lOp of the ice , 

In summ ary o ('thi s po int. Equation r+) determ ines the 

ice-shee t heig ht \I' hel111, < T o a nd there is no water at the 
base. a nd Equa ti o ns (5 ) a nd 16 ) determine ice-slll'e t 
height \I'hen 71) > 11) and the base is \lTt. 

In ord e r lo es ta bli sh a seco nc\ re lat ion bet\\'ee ll hand 

11" co nside r the owra ll ene rgy ba la nce o f th e steach-stat e 

ice sheet a s a whole, The inputs ofe ll e rgy are ground hea t 
flu x q, th e ra te of' input 0(' potential ene rg\ ' a(h)g/7 
co rresp o ndin g to th e accLlmulation or m ass a t th e top o r 
the ice shee t (g is th e acce lerat ion due to g ra\'it y) , a nd the 
ra te of in put of hea t into th e ice a(h)cpTI assoc ia ted wit h 

th e acc umul at io n oC m L1Ss at temperature T I , cl' is the hea t 

ca pac ity o rice , T1 is th e bounda l'l' temperature a t the LO p 
of' th e ice sheet, maintained b y , 'a ri ous ice /air energy 
exchange p rocesses a t that heig ht a nd gO\'CrIlcc\ h\' sca­
In 'el temp('Talure 'T,I \ 'ia the at m osp heric la pse rate A . 
That is, TI = 'T"I - Ah, Th e po te nti a l energy assoc ia ted 

with mass acc umul a ti o n is cO Il\ 'C l'l ed to heat \I'ithin th e 

ice sh ee t , ·ia the basa l friction o r defo rm at io n of' th e 

nO\\'ing ice, :-\n a pprox im a te energy-ba la nce equati o n 
wit h th e inputs on the le fih and side is as fo ll o \\'s: 

q + a(h)gh + a(h)cpTI = 
b(11, - T1)/ h + a(h)cp [(l1, + TI )/2], (7) 

Th ere a re t\l'O output te rms o n th e ri g hth a nd sid e, I t is 
ass um ed \\'ith rega rd to them, again simply for th e sa ke of' 
cOIl \'e ni e nce rat he r than rea lit y, th at the \ 'e rti ca l profile o[ 

temperature in the ice is lin ear. By thi s m ea ns the 

po tenti a l basa l tempera ture 11, ca n be in co rpo rat ed eas il y 

in th e eq ua ti on "ia ho th of th e e nergy out put tcrms, Th e 

first such term is tile rate of' up\\'a rd condu c ti on o f' hea t to 
th e ice-shee t suriaee through ice o f' th e rm a l co nduCli\' it y 
b, The sccond is th e rate or hea t loss o f' the s\ 'stem 
assoc ia ted \\ 'ith the a bl at ion a t the ice-sheet eclgt:' , The 

ablatio n is ass um ed to occur at a temperat ure equa l to thc 

a\'e rage o f th e top and basal tem peratu res, 

Th e co nducti on term might be rega rd ed as a proX\' {(1r 
th e ne t heat exc ha nge a\\'ay {i'om the uppe r SUrfi llT of' the 
ice \ 'ia radiation a nd turbulen ce , If' there were no upward 
h ea t con du ct io n , the net radiati, 'e and turbulent 

exchange \\'ou ld bc zero , If th e re is a \ 'e rti ca l temper­

ature g rad ient in the ice 1 a nclth e prese nt picture assumes 
a lin ea r gradi ent f'rom th e bottom to the top of the ice , 
th en th e re must be a ne t flu x 0[' heat o ut of th e lOp \\' hich 
is "carried a\l 'ay" by th e ne t rad ia ti\ 'C a nd turbulen t 

tra nsfer. I n such a case, th e net balance at the S Urf~lcC 

inc ludes the up\\'a rd conduc ti on of' hea t, butll1ust st ill be 

ze ro O\'era 11 , ,\11 o r \I 'hi ch ig nores th e d epos iti o n o f' hear 

associated \\'ith the mass acc umul at ion al temperature TI 
( the third input t(Tm on the k1'th and sid e of' Equatioll 
(7)) , Th at depositi o n is se parated o ut from the abO\'l' 

di sc ussio n of' the net nux at the top of th e ice because it 

d oes not afIc.'ct the m a intenancc of th e boundary 

tem pera tu re Tt, In all\' e, 'e n t. there is a co rrespo nd i ng 
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bea t-loss te rm (assoc ia ted witb tb e loss of m ass a t th e 
ed ges of th e ice sheet; a nd in stead y stat e the mass is los t a t 
the sa me ra te as th e ac'cumul a tion ) on th e righth a nd side. 
The mass is los t a t some tempera ture be tween TJ a nd th e 
basa l tempera ture 11), and fo r th e sake of a rg ument th a t 

tempera ture is simply ta ken as th e ave rage of Tl a nd 11). 
fr sea-Ie\'el tempera ture, a tm osph eri c la pse ra te a nd 

th e ground hea t Du x are specifi ed as bound a ry conditions, 
a nd if th e acc umu la ti on ra te a(h) is specifi ed as a fun cti o n 
of h eight (as in th e ca ption to Fig ure I for exa mple), 
Equa ti ons (5) a nd (7) can be solved for th e potenti al 

basa l tempera ture 11, a nd th e ave rage height h. The 

reb 'ant equ a ti ons a re Equ a tio ns (4 ) a nd (7) for th e case 
where 11, < To a nd th ere is no wa ter a t the base of th e ice . 
"i'ote th a t th e equa ti ons as formul a ted cann ot be a ppli ed 
\I'hen th e ice-shee t height is less th a n th e ve rti ca l scale of 
th e ro ughness elements of tb e bedrock. 

STEADY-STATE BEHAVIOUR 

Fig ure I gives hand TL as a fi.ln c ti on of basa l hea t (lux q 
{o r th e se t of "sta nd a rd " bounda ry conditio ns mentio ned 

in th e caption . It ma kes the point th a t when th e base is 

dry (Tb is less th an To) th e ice-sh eet height and volume 
a re ind epend ent of q, since h is d etermined onl y by 
Equa tion (4 ) . \"hen there is wa ter a t the base, in creasing 
q increases th e \'olum e of th e wa ter a nd d ec reases th e 

stead y-state height. At th e \'alu e of q la bell ed as ''s tan­

d ard " in Fig ure I (0.063 \\' 111 2 is th e norma ll y quoted 
fi gure for th e average gro und h ea t flu x of continents in 
ge nera l, a l th o ugh Drewry (1979 ) reports a sli gh tl y hig her 
valu e ri'om specifi c meas urements in Anta rc ti ca ) th e input 
of potenti a l energy from th e fa lling snow is a lmos t exac tly 
equ a l to q. Tt is worth no ting th e somewha t counter­

in tui tive res ult tha t 11) d ec reases as h increases . T his is 
beca use bo th th e prec ipita ti o n (a nd hence th e po tenti a l 
energy input ) a nd th e upper- bo und a ry tempera ture 
d ec rease wi th heig ht. It seems th a t th e basa l tempera ture 
of an ice shee t will a lways be within a few d egrees of th e 

pressure-m elting tempera ture, a nd wa ter is more likely to 

be found uncl er thinn er ra th er th a n thi cker ice sheets. 
The sensiti\'ity of h a nd 11, to cha nge in th e bo und a ry 
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Fig . 1. Sleady-state ice-sheet height h (solid lines) and 
jJo /eII/lal basal /el7l/;eratllre Th (dashed lines) as afillzc/ioll 
oJ ground heat flu .\ q Jar various vallles oJ sea-level 
temperature T"j . T he bO llndm]1 colldilions are the relevant 
"slandard" values as in l/ze second row oJ T able 1. T /ze 

verliral /nqfile qf accumulation rale is a collstan l aoJor Ihe 
.firsl 1000 m. and decreases above 1000 m according to 
o, (h ) = o,ocxP/ - 0.693( h - 1000) j . 

conditi o ns d epends on th e position of th e ice shee t in th e 

" space" of th ose conditi ons. T a b le I gives sensit ivities (i. e. 
p a rti a l d e ri va ti ves ) ca lcul a ted a t a position d efin ed by th e 
" sta nd a rd " \'a lu es in row 2 of th e ta ble. The mod el is least 
se nsiti ve to the scale of th e surface ro ughness o f th e 
und erl ying continent. It is hig hly sensitive to sea-Ie\ 'e l 
tempera ture T"l , which is something of a probl em sin ce 

this pa ra meter is perh aps th e mos t a rbitra ry of th e va ri o us 
selec tions o f bo und a ry conditi on. Tsl is intend ed to 
represent th e sea-level tempera ture that wo uld ex ist at 
the surface of th e cont inent if the ice shee t were rem oved , 
a nd as a first a pproxim a tion was chosen here to be mu ch 

th e same as th e o bse rved mean a nnual tempera ture of th e 

JVort/z Pole, wh ose eleva ti on is close to zero. 
V a rio us mod els sugges t that a likel y scen a ri o of 

T able 1. Partial derivatives qf ice-sheet steadj'-slale h and 11) with resjJect 10 each oJ Ihe exlanal /Jaramelers x al 
Ihe "slalldmer' values of l/ze jJaramelers as shown in the secolld row . Values were ({Ileula led numerically simp[)I b)1 
making small alleralions 10 l/ze paramelers one al a lime. Ulli ls oJ h in meters, oJl1) in °C. T he rows of parlial 
derivalives l71ulfljJlieri by Ihe standard /Jarameler value are an attemjJl lo /J lIllhe changes on a comparableJooting, i.e. 
oJ doubling the absolute values oJ l/i e jJarall1elers . " Doublillg" lemjJerature means velY Little in this coll lexl, and the 
relevanl m lries ([re labelled "il ia" 

x q ao A T ;] L 

Standa rd 0.063 17.6x l0 G 6.0 x 10 3 20.0 499 
\ \' m - 2 kg m- 2 S- I °C m I °C x m 

oh/ox - 1.9 x IO'J. 6.3 X 107 3.9 X 105 - 11 6 0. 36 
(oh/ox) . x - 1200 11 20 2340 n /a 180 

ol1,/ox 4 1 7. 9 x 10+ - 600 0. 22 0.004 
(oT],/fJx) . x 2.6 - 1.4 -3 .6 nla 0. 2 
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Fig, 2, ' -arialioll of slea~l'-slale heighl h l('ilh oim­
u/lalleolls l'(lI"ialioll 0/ sea-lad lemjJeralllre and acmlll"/­
atioll rale as illdiwled on the .1' (l\ij , 

clim a te c h a nge a rI Sing fr o m e nh a n ced gree nh o use 

Il'arming \\'o uld be a n inc rease oC sea-ln'e l te mpera ture 

toget her \\'ith a n inc rease or prec ipita ti on . Fig ure 2 is a 
g ra ph of h as a ('un ction ofsimlllla ll eous~1' I'a ry ing T~I and CL 

as indi ca ted by the d ua l x -ax is sca les in th e fi g ure , Th e 

sca les ass ume th a t acc umul a ti on ra te increa .'es a bo ut 5°1c) 
fo r el 'CrI ' d egree of inc reased sea-Ie, 'C ltempera ture. There 

is a broad m ax imu m in th e cun'e , At lo\\'er tempera tures 

a nd acc u m ul a ti on ra tes _ h increases \\'ith a acco rding to 

Equa tion (4 ) sin ce th e re is no basal wa ter. At hi g her 
tempera tures and acc umul a ti o n ra tes, th e e fl ec t o r T,I 
d om ina tes I'ia its co n tro l o r basal tem pe ra ture a nd basa l 

wate r , a nd h d ec reases as T,I increases , rc one accep ts th e 

\ 'a ri ous a pproxim a ti ons a nd ass u m pti ons o f th e mod e l. 
th e p resent " positi on" oC th e Anta rc ti c ice shee t m ay no t 
be roo fa r [i-o m th e maximum of th e CUITe, Put a no th e r 
\\'a\', if th e Ea rth 's cl imate \\T re to cha nge acco rdin g to a 

typica l enh a nced-g reenh o use sce na ri o, one wo uld no t 

(acco rding to thi s mod e l) ex pect a la rge ch a nge in th e 

\'o lum e o f th e An tarc tic ice. The conclusio n assu m es 
a m ong o th er thin gs th a t th e d yn a mi c res po nse to a n y 
imposed cha nge o r bound a ry conditi on is a reasonab ly 
smoo th m o\'C to\\'a rd s th e ne\\' s tead y sta te: th at th e 

intermed ia te cha nges on th e lI'ay to the ne \\' steady sta te 

a re no t g rea te r th a n th e difTc rence betwee n initi a l a nd 

fin a l steadl' sta tes, 

GROUND HEAT FLUX AND DYNAMICAL 
BEHAVIOUR 

It is kn oll' n th a t th e \'e rti ca l hea t flu x thro ug h th e Ea rth 's 

crust ca n cha nge on th e time-sca le of m illions or yea rs, I t 
is beli C\'Cd th a t in cen a in circulllsta nces it can change b)' 
a lmos t a n o rd er of m agn itud e on sho rte r tim e-sca les 

because o f' cOl1\'ec ti on of wa ter a nd conseq uen tly o f heal 

I\' ithin th e uppermos t fel\' kil ometers of crust. T he co ncep t 

of crusta l \I'a ter cOI1l 'Cct ion has been built in to mod els or th e 
deep ocea n fl oo r (Ca thl es. 1990: R ose nberg a nd o th e rs_ 
1993 ) a nd in to models of the behal' io ur o f' therma ll y ac ti l'e 
regions of' th e co ntinents (Dona ldso n. 1962 . 

H one accep ts th a t th e Anta rcti c ice shee t has (or has had 

in the pas t) \I'a ter a t its base, it is not too m uch of a n 

Paftridge alld ;:werk: Clilllale . . 111larclic ice slzefl alld grolllld lzealj7111 

ex tension to ass um e tha t th e und erl ying con ti nent a l crust is 
e fTcc ti l'Cly \I'a ter-sa turated. One m ight a rgue th a t th e 

process o f sa tura ti o n 1I'0 uld be a id ed by frac tu r ing 

assoc ia ted \\ith ice-shee t loading. ) H a \'ing go ne th a t fa r , it 

is of int erest to exa min e th e possible co nseq uences o f' c h a nge~ 

in ground hea t flu x assoc ia ted with ",a ter cOlll'ecrion, 
I m agin e th e unde rl yin g crust has a 10lVer-bo und a ry 

tempe ra ture of 1300 c: a t a d ep th of abo ut 35 km . 

Cp,\'ard heat tra nsfe r is by condu c ti on . and if th e 

condu c ti \' ity is co nsta nt and th e sys tem is in steae,," sta te 
th ere \I' ill be a lin ea r tempera ture g radi e nt clT/clz 
throughout th e entire de pth , Tmag in e th ere is a \I'a te r­
sa tu ra ted laye r in th e u p pe r mos t 3 km w h ere th e 

tem pera ture is less th a n abo ut 350 -(:. (At hi g her 

temperat ures the crust is suffic ientl y " fluid " to close o fT 

th e pores a nd cha nne ls \\' hi ch a ll o\l' the cO I1\'Cc ti on o C 
lI'a ter. ) Fo r the \\'a ter to cO I1\ 'ec t , th e R ayle ig h number 
RII (R II is a n increas ing run cti on of th e I'e rti ca l tem ­
pe ra tu re g rad ient ) must exceed a ce rta in critica l I'alue 

R ill. O nce cOIll'Cct ion takes pl ace, th e clTec ti l'C co nd uc­

ti\ 'it y o f th e la \'e r inc reases . There is a co rresp onding 

in c rease in q, \\ 'hi ch in tu rn d ra ins hea t Crom th e u pper 
laye r a nd 10ll'e rs its tem pe ra ture g radi ent. G ltim a teh' th e 
g rad ien t beco m es 10\1' eno ugh to red uce RII be lo \\' a 
criti ca l I'a lue RII2 (no t necessa ril y eq ua l to R ill beca use of 

h ~ 's t eresi s ) . a nd th e laye r conduct il 'ity returns to its no n­

cO Ill'Cc til 'e \ 'a lue. There is th e re fo re a possible C),C/ica/ 
\ 'a ri a ti on of' q, lI' ith a c\'c le time d e te rmin ed by th e hea t 

ca pac it y or th e u pper laye r <1 nclth e c1ifTe rence bet \\'een th e 
tem pera ture g radi ents \I-hi ch d etermine th e onset a nd 
o nse t o f cO I1l 'Cc ti on, Th e cO I1\'ec til '(' hea t flu x m ay be a n 

o rder o f' m agnitude g rea te r th a n th at of' conduc tion , 

Fig ure 3 g i\'es th e time-de pend ent va ri a ti o n oC hand q 

Fig, 3, T ill/e l'anatioll o/grolllu/ Iieal.f/III q (oo/id C/IJ'l'e) 
ji'olll a I 1I11 e-de/JeI/{/ell I Illllllerica/ olle-dimemioll([/ Nusla/ 
1II0de! ~[ 100 Ir~)'er.\ each 350/11 Ihick ( see 1nl) , The crusl 
hm a s/Jeci[ic heal oJ 800] kg I QC 1 alld a cOllriuclil'i(J' of 
/.3 11-111 1 C I , The m ,itch 10 all e.J./eclil'e (ollducliviO' len 
limeo this mlue for Ihe u/JPeI' len lc~I 'ers O(Cl/J'j when the 
(fl'erage telll/Jerature gradient 0/ 1/lOse /a)'er.1 nreedo 
0,030 C /11 I . and re/llms 10 lIie lower value when Ihe 
gradieJ/t is leos Ihall O,026 'CIII I. The ill1lial (olldilioll i.l 
a !il/ear lemjJerature gradienl from Ihe 10/) ( al 0 C) 10 Ihe 
bollom (al /300 C) , The lime JlejJ is /OO)'ears . The 
Olll/JIII q ij wed 10 dril'e all ite-.\/teel "lIIodel" which 
(Olllilllla/(J' re/(l\e.1 loward Ihe /JOlenlial sle(u(l'-olale ra/lie 
0/ h (orm/lvlldillg 10 Ihe il/slalllal/eollj value 0/ q. T he 
rela.l({lioll lime (olls lmli is 20 ka . T he dashed (l/I'l'f is Ihe 
ca!culaled l'arialioll (if h , 
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obtained by combining th e ice-shee t equations abO\ 'e with 
a numeri ca l so lution of the tim e-d epend ent heat-condu c­
ti on equation applied to a continenta l crust beha" ing in 
the mann er just described. T he detail s oC the calc ulations 
are gi" en in th e caption. The stead y-srare ice-sheer 
equations were cOlwerted to a n effec tive time-d ependent 
model by rh e simple expedi ent of assum ing thal, when q 
cha nges a l any time step , th e ice sheet wi ll exponen ti a ll y 
relax towa rd s th e new steady state correspond ing to th e 
new q with a rim e-co nsta nt (in thi s example ) o f 
20000 years . 

The fi g ure is a qua li tative illus tration of a poss ibl e 
conseq ue nce of wha t might be one m echanism (o r 

introd uci ng cyclical beha viou r o n climGl ti c tim e-sca les 
into exte nsi"e contin enta l ice sh ee ts. I n this illustra ti on 
the pa ra me ters of th e crust, a nd in part ic ul a r the 
effect ive \"a lues of criti ca l temperature g radi en t, have 
been d eli berately a nd a rbitraril y chosen to yie ld a 

cycl e tim e of a bout 100000 yea rs, \\'hi ch is a dom in a nt 
cycle assoc ia ted wi th pola r ice sh ee ts o\"er th e 
Qua te rn a r y. 
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