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Abstract

For an integer m > 1, we denote by P(m) the largest prime divisor of m. We improve a result of Stewart
[‘On the greatest and least prime factors of n! + 1, II’, Publ. Math. Debrecen 65(3—4) (2004), 461-480] by
showing that lim sup,,_,, P(n! + 1)/n > 1 + 91log 2. More generally, for any nonzero polynomial f(X) with
integer coefficients, we show that limsup,_,, P(n! + f(n))/n > 1 + 9log 2. This improves a result of Luca
and Shparlinski [‘Prime divisors of shifted factorials’, Bull. Lond. Math. Soc. 37(6) (2005), 809-817].
These improvements stem from an additional combinatorial idea that builds upon the works mentioned
above.

2020 Mathematics subject classification: primary 11A41; secondary 11D75, 11J25.
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1. Introduction

Let n be a positive integer. We are interested in the prime divisors of n! + 1. A folklore
conjecture predicts that there exist infinitely many positive integers n such that n! + 1
is a prime number. This conjecture remains wildly open, so we turn our attention to
finding lower bounds for the largest prime divisor of n! + 1.

We denote by P(m) the largest prime divisor of an integer m > 1. Clearly,
P(n! + 1) > n. If p is a prime divisor of n! + 1 for an odd integer n > 3, then Wilson’s
theorem implies that p also divides (p — 1 — n)! + 1. From this, one can easily show
that limsup,,_,,, P(n! + 1)/n > 2.

As far as the author knows, the first nontrivial result was obtained by Erdés and
Stewart [1] in 1976. They showed that limsup,_,., P(n! + 1)/n > 2. This problem
seemed to be forgotten until this century. In 2003, Luca and Shparlinski [3] proved that
limsup,_, ., P(n! + f(n))/n > 5/2 for any polynomial f(X) € Z[X] \ {0}. Later, Stewart
[9] showed that lim sup,,_, , P(n! + 1)/n > 11/2. Moreover, Stewart showed that the set
of positive integers n for which P(n! + 1) > (11/2 — &)n has positive lower asymptotic
density for any £ > 0. Recall that for a set A of positive integers, the lower asymptotic
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2 L. Lai 2]

density of A is defined by liminf, . #(A N{1,2,...,m})/m, where we use #S to
denote the cardinality of a set S.

However, in 2002, Murty and Wong [6] showed that if the abc conjecture is true,
then P(n! + 1) > (1 + o(1))nlogn as n — oo. Unconditionally, Luca and Shparlinski
[3] showed that P(n! + 1) > n + (1/4 + o(1))logn as n — oo, which sharpens a result
from [1].

In this paper, we simultaneously improve the constants 5/2 and 11/2 from [3, 9].
Our result is as follows.

THEOREM L.1. Let f(X) € Z[X] \ {0}. Then,
. P(n! + f(n))
lim sup —

n—oo

>1+9log2 ~ 7.238.

Moreover, for any € > 0, the set of positive integers n for which n! + f(n) > 1 and
P(n! + f(n)) > (1 + 9log2 — &)n has positive lower asymptotic density.

We follow most of the arguments from Luca and Shparlinski [3] and Stewart [9].
The new ingredient in this paper is Lemma 2.7. Roughly speaking, for a prime number
p and distinct positive integers nj, ny,...,Hn; < p, we can bound

i !
logp ) min ford,(m! +£(n)))
CcIStst
from above, where ¢ ~ 1/2 is a constant and ord,(m) is the p-adic order of an integer
m. This upper bound gains a multiplicative constant compared with bounding

(log p) - min {ord,(n! +/ (i)}

individually for each ¢, as done in [3, 9].
Our new ingredient can be applied to some other related problems. For example, in
[9], Stewart proved that

. . .pn'+1) VI145-1
lim inf <

n—0c0 n 8
nodd

s

where p(m) denotes the least prime divisor of an integer m > 1. By incorporating our
new ingredient, the constant (V145 — 1)/8 = 1.380 can be improved to

V8I(log2)Z + 16 — 9log 2 + 4
4

~ 1.293.

(Note that, unlike Theorem 1.1, our methods cannot prove that the lower asymptotic
density of the set {n : p(n! + 1) < (c — &)n} is positive.) In [4], Luca and Shparlinski
showed that

. P(n!'+2"-1) _2n*+3
lim sup > )
n—co n 18
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The constant (27> + 3)/18 ~ 1.263 can be improved to
212 - 15

3
1+ ——log = ~ 1.320.
+ ; og2 320

This paper is organised as follows. In Section 2, we prove several lemmas. Only
Lemma 2.7 is new, while the other lemmas are slight modifications of those in [3, 9].
In Section 3, we prove Theorem 1.1.

2. Preliminary lemmas and notation

We need the following two lemmas from Luca and Shparlinski [3].

LEMMA 2.1. Let f(X) € Z[X] \ {O}. Then, there exists a positive integer ny > 2, which
depends only on f, such that the equation

k
o[ o+ -fo+r=0
i=1

does not have any integer solution (n,k) with n > ny and k > 1. Moreover, for any
integer n > ng, we have n! + f(n) > 1 and f(n) # 0.

PROOF. If we delete the last sentence, this corresponds to [3, Lemma 3]. However,
adding the last sentence is trivial. ]

LEMMA 2.2 [3, Lemma 4] Let f(X) € Z[X] \ {0O}. Then, there exists a positive constant
Coy, which depends only on f, such that for any prime number p and any interval
J C [1, p) with length ]| > 1,

#ineZ.onJ| pdivides n! + f(n)} < ColJ*>.

From now on, we fix a polynomial f(X) € Z[X] \ {0} and let ny be the constant as
stated in Lemma 2.1. We also fix an gy € (0, 1/100).

We use the Vinogradov symbol < as well as the Landau symbols O and o.
Throughout this paper, all the constants implied by < or O depend at most on f
and g (in particular, these implicit constants do not depend on x, a parameter we
introduce later). For convenience, we specify some constants; one of them is C;. We
fix a nonnegative integer C; such that

lf(n)] < n< for any integer n > 2. 2.1)
Let 4:=1+9log?2 — 100gy. To prove Theorem 1.1, we will show that the set
B(A) :=1{n € Zs,, | P(n! + f(n)) > An}

has lower asymptotic density > &. In fact, we will show that for any sufficiently large
integer x,

[B(A) N{1,2,...,x}] > &ox.
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We argue by contradiction. In the following, we fix a sufficiently large integer x and
suppose that [B(1) N {1,2,...,x}| < gyx. Define

X

z:= ] o'+ sy 2.2)
n=[gox]

n¢B(A)

(We assume x is large enough so that ggx > ng. For n > gox, we have n! + f(n) > 1 and
f(n) # 0.) By Stirling’s formula, log(n! + f(n)) = nlogn + O(n), so that

logZ > ( Z (nlogn + O(n))) — gox(xlog x + O(x)).
n=[gyx]
Therefore, under the assumption that x is sufficiently large,
logZ > (4 - 2e0)x* log x. (2.3)

We denote by |/| the length of an interval /. The following notation will be frequently
used in this paper.

DEFINITION 2.3. Let nj,ny,...,n, be distinct positive integers (¢ > 2). We define
I(ny,ny,...,n) to be the following set of intervals. If o is the unique permutation
on the index set {1,2, ..., ¢} such that n,y < nyo) < --- < ny), then

I(ny,ng,...,n) =l |1 = (ngg),nea+n] forsomei € {1,2,...,r=1}}.

We also define
IgOOd(n17n27 L 9nt) = {I € I(n17n2’ L) 7nl‘) | |I| < x099/t
or [ contains at least 2C; + 1 prime numbers}.
Note that 7 (ny,n,,...,n,) is determined solely by the set {n, n,,...,n,}. However,
Zg00d(n1, 12, . ..,n;) depends also on ¢, x and the constant C; from (2.1). Clearly,
#I(ny,ny,...,n;) =t —1andtheintervalsin 7 (n;,ny, ..., n,) are disjoint. It is straight-

forward to check from the definition that
#(I(n]an2a'~ -’nt) \I(n]an2a'- .,n[,])) < 2

for any integer ¢ > 3 and any ¢ distinct positive integers n,...,n,. This fact will be
used later in Lemma 2.7.
The following lemma is a variation of an observation in [9].

LEMMA 2.4. Suppose that x is larger than some constant depending at most on

fand gy. Let t and t' be integers such that 2 <t <t Let p be a prime number
and ny,ny,...,n, be distinct positive integers in the interval [gyx, min{p — 1, x}].
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Then, for any two distinct intervals 11,1, € I(ny,ny, ..., np) N L good(n1, N2, . . ., 1) With
2| > |11,

4099
)+ (|12| —lhl+—+ 0(1)) log x.

2.4)

. ex
(log p) - min {ord,(ni! +f(nx))} < |I1]log (—
1<k<t’ |11

PROOF. There exist indices i, ji,i2,j» <t such that I} = (n;,,n;,] and I, = (n;,, nj, 1.
We denote

D= pminlsksﬂ{Ordp(’lk!"'f(”k))l.

From D | (n; ! +f(n;,)) and D | (n;,! +f(n;,)), we obtain
}’ljl —nil

D (s [T on+ 0= sm) 2.5)
k=1

Since nj, > n;, > gox > ng, by Lemma 2.1,
jy ~hiy

Fou)y [ o+ k) = fOm) # 0.
k=1

Hence, we deduce from (2.5) and (2.1) that
jy ~hiy

D < |f(n) 1_[ (i, + k) = f(n;)| < 2xC1+101,
k=1

If [I;] < x°%°/¢, then log D < (x*%°/t + O(1)) log x and (2.4) is true. Similarly,
Ilj'z—l‘l,'2
D ‘ (1) [ o+ 0 = f) # 0. 2.6)
k=1
If |Io| < x%%9/¢, then (2.4) is true.
It remains to consider the case that both |/;| and |I,| are greater than x*°/¢. Then,
by the definition of 7 g0q(n21, 12, . . . , 1), there exist distinct primes g1, g2, . . ., g2¢, +1 in

the interval /;, and there exist distinct primes ¢}, 45, ..., ¢5¢, ,; in the interval /. By
(2.5) and (2.6),

D|(raups [T +0-soson) [Tow+w) @9
k=1 k=1
We claim that
Fou)f) [ o+ 8= fou)fm) [ o +K) %0 2.8)
k=1 k=1

In fact, since 11 = (n;,,n;] and I, = (n;,, n;,] are disjoint, there are only two cases.
The first case is that n; < n; <n;, <nj,. If (2.8) does not hold, then we deduce that
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('I; q,2 e q,2C1+l | f(nil)f(njz)- Since n, nj,, nj,, N, = E0X > ng, we have f(nil)f(njz) # 0.
Thus, qiq) " Ghe,,y < Lf (i) f(n)] < x*. However, qiqh - ghe,,; > (800>,
which leads to a contradiction because x is large. The second case is that n;, < n;, <
n;, <mnj. If (2.8) does not hold in this case, we will arrive at a similar contradiction
from q1q> - - - q2c,+1 | f(ni,) f(n;,). Hence, the claim (2.8) holds.

Since || = nj, — n;, = |I1| = nj, — n;,, the factorial (n;, —n;)! is a divisor of the
right-hand side of (2.7). Since D is a power of the prime p and n;,n; ,n;,,n;, < p,
the factorial (n;, — n;,)! is coprime to D. Thus,

I .
1 7 1 72 ] ,
D | ————(rmfe) [ o+ 0= fafon) [ o +80) @9
(nj, = m;,)! k=1 k=1
Noting that m! > (m/e)™ for any positive integer m and
jy iy Mjp ~Tiy
\f(nh)f(n,-z) [] i+ 0= i) fm) [ i, + 00| < 2026010,
k=1 k=1
we deduce from (2.9) and (2.8) that
D < 2x/BHhi2C, (ﬁ)lm,
71
which completes the proof of (2.4). ]
We require the intervals in Zgo04(n21, 72, ...,7,) to contain at least 2C; + 1 prime
numbers solely to ensure that the left-hand side of (2.8) is nonzero. The following
result of Heath-Brown will help us demonstrate that most intervals in I (n, n, ..., n;)
are ‘good’ (when ¢ < Cox?/?). This is the only nonelementary result that we need in

this paper.

LEMMA 2.5 (Heath-Brown, [2, Theorem 1]) Let 2 =p; < p, <--- denote the
sequence of prime numbers. For any € > 0, there exists a constant c, depending
only on g, such that for any y > 2,

D (Pt = P < ey,
Py

The exponent 23/18 in Lemma 2.5 is less than 4/3, which is sufficient for us to
demonstrate that most intervals in I(ny,ns,...,n,) are ‘good’ when t < Cox*/3, as
stated below in Corollary 2.6. The exponent 23/18 in Lemma 2.5 has been improved
to 5/4 by Peck [7] (see also Maynard [5]) and to 123/100 by Stadlmann [8]. However,
these improvements to Lemma 2.5 do not yield any enhancement to Theorem 1.1.

COROLLARY 2.6. Suppose that x is larger than some constant depending at most on
fand ey. Let t be an integer such that 2 < t < Cox*3, where Cy is the constant in
Lemma 2.2. Let ny, ny, ..., n; be any distinct integers in the interval [gyx, x]. Then,

#Igood(nl’ Ny, ...,N0) =1— 2109,
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PROOF. Since x is large, we have t < Cox*? < x*3*99 < x. By Lemma 2.5, there
exists an absolute constant C such that

D (Pt = po? < CYPYEON forany y > 2. (2.10)
PkSY
(Recall that we denote by 2 = p; < p, < --- the sequence of prime numbers.)
For any interval I € I(ny, na, ..., n) \ Zgood(1, M2, . . ., 1,), we have |I] > x* /t and
I contains at most 2C; prime numbers. There are indices i,j such that I = (n;, n;].
Let piyq be the least prime number such that py,; > n;. Then, we have p;y <n; <x
and py.1 > n; > gox. Note that k > 2C) since x is large (x > pac,+1/&o). Given that /
contains at most 2C; prime numbers, we must have py_»c, < 1y, 50 I C (Pr_ac,» Pi+1)-
Let

m = #(I(”l,”2, .o 7nt) \ Igood(nl’ na,... ’nt))'

For any index & such that £ > 2C; and p; < x, we denote by m;, the number of intervals

inZ(ny,ny,...,0) \ Lgooa(n1,na, ..., n,) that are contained in (pr_ac,, pr+1)- Then,
Z my =z m
PkSX
k>2C)
and
R ) 2099 5198 5198
S e -’ Y omi() 2 Y mem S5 @
DkSX DisX DisSX
k>2Cy k>2Cy k>2Cy

However, by (2.10) and the Cauchy—Schwarz inequality,
Z (st — Pr2c,)’

PkSX
k>2Cy

<G+ 1) Z (Pr1 = Pi)* + (P = pra)” + -+ + (Pr2cy+1 = Pr2cy)”)

<QC+ 1’ Y (Pt = po)

Prsx
(2C; + 1)? - C - x?3/1BH0001  (23/18+0.01  (hecayse x is large). (2.12)
Combining (2.11) and (2.12), we obtain
1 t
m < < < 09

x13/18-0.03 x1/18-0.04

(We have used 7 < x2/3*091 and r < x.) Therefore,
#Igood(nl,ng, o) =t—1-m>1-2.
The proof of Corollary 2.6 is complete. ]

The following lemma is the key step of this paper.
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LEMMA 2.7. Suppose that x is larger than some constant depending at most on f and
&o. Let p be a prime number. Let t be an integer such that

10 100
(—) <t < C0x2/3,
€0

where Cy is the constant in Lemma 2.2. Let J be an interval such that
J C [gox, min{p — 1, x}].
Ifny,ny, ..., n, are distinct integers in the interval J, then

t
J I
logp Y. minford,(n!+f(n)} < Wogr + 198X Lo, 13
v Lgj<r 2 098

PROOF. Let t; = #1 go0d(n11, 12, ..., n;). Obviously, #; <t — 1. By Corollary 2.6,
t>t-21%. (2.14)
We list the lengths of all intervals in 1 4504(n21, 12, . . . , ;) in ascending order:
YISY2 < S Yy (2.15)

Since ny,ny, ..., n, € J and the intervals in 7 go04(n1, 12, . . ., 1;) are disjoint,

1
vl
k=1

Let
=t -3 (2.16)
From (t; — 1, + 1)y;, < Zi,‘:tz vy < |J|, and using (2.14) and (2.16), we deduce that

W

For any ' <t, from the definition of I (nj,n,,...,ny) (see Definition 2.3), we
immediately see that

#IT(ny,na,...,n)\ I(ny,na,...,np_1)) < 2.
Let k be an integer in the range
0<k<t; wherets=[1¢-5"")-1L (2.18)
Then,
# Ty, no,. .. ,n-) N L oooa(ny, na, ..., np)) 2t — 2k. (2.19)
In particular, for any k in the range (2.18), we have (recall (2.14))

H (I (ni,na, ..., ni) N Tgooa(ni, na, ..., np)) > 3%
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Let 10,10 ® be the shortest [*?°]+ 1 intervals in I(n,ny,...

1 °%2 » ) f1099]+l
J g00d(n1, 12, . .., ny) such that

(k) (k) (k)
|Il | < |12 | <z |I”099]+1|
Then, by (2.19) and (2.15),
U< yopei fori=1,2,..., 17+ 1.
In particular, taking (2.18) and (2.17) into consideration,

®) |/

< < —
|Ir,o.99]+1| SYe S 099"

Let k be in the range (2.18). By Lemma 2.4, for any i € {1,2,...,[t**]},

(log p) - 12,-1<i£k{0rd”(nj! +f(n))}

0
< 11og () + (110 = 19 + Z— " o)) logx.
1) f
1

9

s nl‘—]() N

(2.20)

(2.21)

(2.22)

Taking the average of (2.22) over i € {1,2,...,[1°*°1} and noticing that the function

y — ylog(ex/y) is increasing on y € (0, x), we deduce that
. mi 1 .
(log p) - min {ord, (! +(1,)
e 0.99
ex [10997+1 X
<8, 10 g(|1"‘> |)+( ;09; e 0(1))logx.

[1099]

Then, bounding |Ir 099]| by (2.20) and bounding o by (2.21), we obtain

[0997+1

(log p)- 1gl<i£k{0rdl’(”j! +f ()}

ex |71
< Yoraooo1 log (72k+rto.99] ) + (tl 9% + + 0(1)) log x.

Summing (2.23) over k in the range (2.18),

13
1 .| .
log p kZ; min {ord, (! +£(3)

13
- ex /]
< ( E Y 2k+[10997 log( )) + (1‘0—98 + )C + 0([)) IOgX
k=0

Y 2k+[1099
<(i“ log( ex ))+X1°gx+0()
S Y2k+119-99 X),
o HE V24410997 1098

where in the last inequality, we have used |J| < x and 1 < Cox*/>.
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Finally, since the function y — ylog(ex/y) is concave and increasing on y € (0, x),
and since

13
/|
; Voua[099] S Z()’zk+rt0991 + 72k+rt0991+1) <z 3 Z Vi S 3,

k=1

we have (by Jensen’s inequality and monotonicity)

V1/2 ex
272k+ﬁ"991 log( ) <@+D- 3+ 1 1Og((IJ|/2)/(13 + 1))

<mlo(em)—ml +U1 (ex)
g\gz) =2t g
V]

< > logt + x, (2.25)

Y 2k+[10997

where the last inequality holds because |J|/2 < x and the function y — ylog(ex/y) is
increasing on y € (0, x).

By (2.24), (2.25) and the fact that t — 13 < [((1 + £9)t/2)] (because ¢ > (10/&()'*°
and 3 = [(t — 5t°9%)/2] - 1), we complete the proof of (2.13). O

3. Proof of Theorem 1.1

By the definitions of B(1) and Z (see (2.2)), we have P(Z) < Ax. For any prime
number p, we define the set

N, ={n€eZnlewx,x] |n¢ B(A)and p | (n! + f(n))}.
Then,
(log p)ord,(Z) = logp Y ord,(n! + f(n)). 3.1)

nen,

If n>p and p| !+ f(n)), then f(n) =0 (modp). Let a #0 be the leading
coefficient of f(X). If p > |al, then f(X) (mod p) has degree deg f. Hence, for any two
real numbers y, > y; > p, we have #(N, N [y, y2]) < (2 —y1)/p + 1)deg f. That s,

Y2—n

#N, N [y1,y2]) <27 0y for any y; > y; > p. (3.2)

If p < lal, then #(N, N [y, y2D) < y2 —yi1 + 1 < lal(y2 —y1)/p + 1, so (3.2) still holds.

Recall that [f(n)] <n' for all n>2. Since f(n)#0 for n>ny, we have
ord,(f(n)) < Cilogn/log p. We can take a large constant C, depending only on
C; and ng (so C, depends only on f) such that

C2 - C] log C2/10g2 > Cl +1,
C, > Cy/log2,
C2 > ny.
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(For example, C, = 100(C; + 1)*> + ng is sufficient.) Then, for any prime p and any
integer n > C,p, we have n/p—1 > Cylogn/logp. Since ord,(n!) >n/p -1, we
deduce that ord,(n! + f(n)) = ord,(f(n)) = O(logn/log p) for any prime p and any
n > Cyp. Since {n € N, | n > Cyp} C [Cyp,x], it follows that #{n € N, | n > Cop} <
(x/p + 1) by (3.2). Therefore, for any prime p,

log p Z ord,(n! + f(n)) < (% + 1) -logx <« xlog x. 3.3)

nenN,
n=Cyp

By (3.2), IN, N [p, Cop)l = O(1). Since log(n! + f(n)) = O(xlogx) forng < n < x,

logp Z ord,(n! + f(n)) < 1-xlogx < xlogx. 3.4

nen,
p<n<Cpp

For any n € N, N [1, p), by the definition of B(1), we have p < An. Consider the
interval

Jp := [max{p/A, gox}, min{p — 1, x}].
Then,
N,N[l,p)cJp.
We claim that
log p Z ord,(n! + f(n)) <

nen,
n<p

! 2
mup“% x + O(xlog x). (3.5)

If N, N[1,p) =0, then there is nothing to prove. In the following, we assume that
T :=#N,N[l,p) > 1and N, N[1, p) = {n1,na, ..., nr}. Relabelling if necessary, we
may assume that

ord,(ni! +f(n1)) = ord,(n2! +f(n2)) > - - - > ord,(nr! +f(nr)). 3.6)

If |J,] > 1, then Lemma 2.2 implies that T < ColJ,|*® < Cox*3. If |J,| < 1, then
T < 1 < Cox?/3. Therefore, we always have

T < Cox?/3. (3.7

Let k* be the least nonnegative integer such that
T <[—] .
2 &0

1 k
T, = (%) T fork=0.1,....k".

We denote
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Note that

logT
" log2/(1 + £0))
For 0 < k < k*, by Lemma 2.7 (with t = [T} | and J = J,,) and (3.6),

*

+ O(1).

LTk]
logp Z ord,(m;! +f(n;)) < | l og Ty +

i=[Trs1]+1

xlogx

W + O(X)

Since log(n! + f(n)) = O(xlogx) for ng < n < x and Ty = O(1),

[T+ ]
logp )" ordy(n;! +/(n;)) = OCxlogx).

i=1

Summing (3.9) over k = 0, 1,...,k* — 1 and adding (3.10),

T
log p Z ordy(n;! +f(n;))

Wyl ANl
< Zlong+xlong ous + Owlog) + 0(k').

[12]

(3.8)

(3.9

(3.10)

(3.11)

(If k* = 0, the empty sum Zi;ﬁl is zero.) We estimate each term on the right-hand side

of (3.11) as follows. Since

k-1 .
2 k" = Dk*
log Ty = (logT—klog(—))zk* logT - log(
kZ:(; Z 1+ &0 2
_ 1
~ 21og2/(1 + &)

2
< 91og(2/(1 + &p))

log?> T + O(log T)  (by (3.8))
log? x + O(logx) (by (3.7)),

we have

—_

S
2 k=0

1
log Ty € ———— 17, [log®x + O(xlog x).
02Tk < G1oa/(1 7 oy Pr110g ¥ + Olxlog)

Since T} decreases exponentially with respect to k,

e !
< < L
; LT l098 [ Tieog 08
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By (3.8) and (3.7),
k*x = O(xlog x).

By substituting these estimates into (3.11), we deduce that

1
1 d,(n;! +f(n;)) < ———=—————1J,[log” x + O(xlog x),
ogp;or Pt 1) < o pllog x + Oxlog.)
which is exactly the statement in (3.5) that we claimed.
Combining (3.1), (3.3), (3.4) and (3.5),

(log p) ord,(Z) < M llog? x + O(x log x), (3.12)

1
91og(2/(1 + &p))

which holds for any prime number p. Since P(Z) < Ax and |J,| < min{p, x} — p/A4,
summing (3.12) over primes p < Ax, we obtain

1

2
logZ < m(Z(l—l/ﬂ)p+ > - p//l))log X+ 00,

xX<p<AX

where for the error term, we have used m(Ax) < x/log x. Now, we note that because
#(y) = (1 + o(1))y/log y and
y?

Zp ( +0(1)) gy asy — +oo,
p<y
we can deduce that
log Z ( ! A-1 +0(1))x2 logx asx— +co.  (3.13)
9log(2/(1 + &9)) 2

By comparing (2.3) with (3.13),
1 A-1 1
> 280,
9log(2/(1 + &y)) 2

2
which implies that

2
1> 1 +9(1—4so)10g(] - )
&0

However, this contradicts the assumptions 4 = 1 + 91log2 — 100gy and & € (0, 1/100).
Therefore, the lower asymptotic density of B(A4) must be greater than or equal to &.
The proof of Theorem 1.1 is complete.
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