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THE GROWTH OF THE POSITIVE SOLUTIONS OF Lu=0

NEAR THE BOUNDARY OF AN INNER NTA DOMAIN

KATSUNORI SHIMOMURA

§ 1. Introduction

Let D be a bounded domain in the Euclidean space Rn (n ^ 2) and
L a uniformly elliptic partial differential operator of second order with
αr-Hόlder continuous coefficients (0 < a ^ 1) on D.

According to N. Suzuki [3], D is said to be associated with the cone
of angle θ < τr/2 if there exist positive constants h, dQ and K0 ^ 1 such
that:

(i) For any z e 3D, there exists ez e Rn with \ez\ = 1 such that Γθ{z, ez)

c D, where Γθ(z, ez) is the half cone obtained from {x e Rn Vxl + + xl
< Cjtanfl, 0 < xx < h} by the translation z and the rotation ez.

(ii) Put AD = {y = z + ίe3 e Rn; z e 3D, 0 < ί < /ι/2}. Then for any
x e D with d(x) ^ c?0, there exist yx e A^ and a polygonal line Lx from x
to y, such that d(x) ^ cί(yj and the length of Lx is ^ Kod(Lx, 3D).

In [4] he proved the following result:
If D is associated with a cone, there exist constants m, m! >̂ 1 such

that for any positive solution of Lu = 0 in D,

(1) C~\d(x)r ^ u(x) ^ Cu(d(x))-™'

with some constant Cu ^ 1 depending on w, where c?(x) denotes the dis-
tance between x and 3D, the boundary of D. In this paper, we shall
define inner NTA (non-tangentially accessible) domains and show that for
an inner NTA domain, we can choose two positive constants m, m! ^ 1
satisfying (1) for all positive solutions of Lu = 0 in D. This is a direct
extension of N. Suzuki's result. As applications of our main result, we
shall establish the uniqueness theorem for L-superharmonic functions on
an inner NTA domain and the Harnack inequality for inner NTA domains.
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§ 2. Preliminaries

Let D be a domain in Rn. For three numbers 0 < a ^ 1, λ ^ 1 and
η ^ 0, we denote by &(a,λ,η\D) the set of all uniformly elliptic differ-
ential operators L of the form

= Σ

with

- an(y)\ + Σ\bt(x) - bt(y)\ + \c(x) - c(y)\^ η\x - y\«,
i = l

(x)\ ^η and - η £ c(x) ̂  0

for all x, y e D and ζ e Rn, where \x — y\ is the distance between x and y.
For Le&ia, λ, η; D), a function w of class C2 on D is said to be In-
harmonic in D if Lu — 0 on Zλ We denote by HL(D) the set of all
I-harmonic functions on D and put H£{D) = {ueHL(D); u > 0 on D}.

A lower semi-continuous function w on ϋ is said to be L-superhar-
monic if u satisfies the following conditions:

(i) — oo < u 5g + co, u φ + oo.
(ii) For any open ball B with B c D and any veHL(B) which is

continuous on B, we have

u ^> v on dB = Φ u ^ u in B.

For Λ G F and r > 0, JB(X, r) (resp. B(x, r)) denotes the closed (resp.
open) ball with center x and radius r. For an open or closed ball B, r(B)
denotes the radius of JB.

The following Harnack inequality for L-harmonic functions plays an
essential role in this paper.

PROPOSITION 1 ([1], p. 109). For given λ ^ 1, 0 < a ^ 1 and η^0,
there exists a constant K >̂ 1 depending only on λ, a and η such that for
any xeRn, 0 < r < 1, Le &{a, λ, η\ J3(x, r)\ u e H£(B(x, r)) and any 0 < s
< 1, we have

( 2) K~\l - s)(l + sγ-nu(x) S. u(y) ^ K(l - sJ-\\ + s)u(x)

for all y e B(x, sr).
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For a bounded domain D and xeD, we denote by d(x) = dD(x) the

distance between x and 3D.

DEFINITION 1. Let D be a bounded domain in Rn, M a constant > 1

and AT" a positive integer. An M-Harnack chain of the length N in D is

a finite sequence of closed balls (JB^i contained in D such that S i Π

Bj+1Φ 0 ( j = l , " , i ί - l ) and

where rf(jB;, 3D) denotes the distance between B3 and 3D.

Let x, y e D. We say that 3> can be connected with x by an M-

Harnack chain ( B ^ i of the length JV in D if x is the center of Bί and

y e BN. For x e D, we denote by HMyN(x) the set of the points which can

be connected with x by an M-Harnack chain of the length N in D.

DEFINITION 2. Let M > 1 be a constant, N a positive integer and

0 < v < 1 a constant. A bounded domain D in 2?n is called an (M, JV, y)-

inner NTA domain if there exist a constant r0 > 0 and a mapping Φ(z) —

(Zj(z))j=1 from 3D to sequences in D with d(zx{z)) ^ r0 and l i m ^ z/z) = z

satisfying the following two conditions:

( I ) For any z e 3D,

zj+ι(z) e Hu^zfc)) (j = 1, 2, •)

and

( 3 ) sup sup d(Zj(z))lvj < + oo .
GdD l^j<

(II) For each x e D, we put Rx = U2e3i) {^(2); φ t ) ^ d(z/z))}; Then

sup inf P + Q < + 00 .
tf€Z> HPtQ{x)Γ\RxΦφ

d(x)^ro

A bounded domain D in Rn is simply called an inner NTA domain if

there exist M > 1 , 0 < i ; < l and a positive integer N such that D is an

(M, 2V, v)-inner NTA domain.

Remark 1. NTA domains (cf. [2], p. 93) are inner NTA domains. Here

an NTA domain is a bounded domain in Rn such that there exist M > 1

and r0 > 0 satisfying the following conditions:

( i ) For any zedD and any r < r0, there exists a = αr0ε) e D such

that d(α) Ξ> M"V and M"V ^ \a - z| ^ r.

(ii) The complement of D also satisfies the condition (i).
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(iii) For any e > 0 and any x,yeD such that d(x) >̂ ε, d(y) ^>e and

\x — y\ ^ δ, there exists an M-Harnack chain from x to y whose length

depends only on δ/ε.

We remark that there are inner NTA domains which are not NTA

domains. For example, D = {(r, θ) e R\{0}; r Φ eθ, θ < 0, r < 1} is such

a domain.

Remark 2. Put M = sin 0/(1 - sin0), N = 1 and v = 1 - sin20. Then

the domain being associated with the cone of angle θ is an (M, N, v)-inner

NTA domain.

According to N. Suzuki [4], a bounded domain in Rn is said to be

associated with the ball of radius r > 0 if there exist positive constants

r, dQ and Ko >̂ 1 such that:

(i) For any zedD, there exists ezeD with c?(β2, 2) = r such that

£(*„ r) C D.

(ii) Put A,, - {y - 2 + ί(e, - z)eRn; zedD, 0<t£2}. Then for

any xe D with d(x) <ί d0, there exist yΛ e AD and a polygonal line Lx from

x to yx such that d(x) ^ d(yx) and the length of Lx is ^ Kod(Lx, 3D).

Remark 3. The above domain being associated with a ball is an

(M, 1,1/(M + l))-inner NTA domain for all M > 1.

§ 3. Main result

THEOREM 1. Let M > 1 be a constant, N a positive integer, 0 < v < 1

a constant and D an (M, N, v)-inner NTA domain in Rn. For a fixed xQ

e D, we set Hl(D) = {we H£(D)\ u(x0) = 1}. Put

( 4 ) m = m(M, N, „) = < 2 i V ~ ^ ^ ^ " ' ^
logy

and

( 5 ) ^ =
— logy

where K is the constant in Proposition 1. Then there exist positive constants

C and C such that for any u e Hl(D),

(6) C(d(x)Y ^ u(x) ^ C'(d(x))-m'

on D.
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Remark 4. (1) If a domain is associated with the cone of angle

θ < τr/2, then m = log {iΓ^l - sin0)(l + smθy-n}l(2Λog cosθ) and m' =

— log {if (1 — sinθy~n(l + sin 0)}/(2 log cos 0), which are also obtained by

N. Suzuki [4].

(2) If the domain D is associated with a ball, we can choose m = 1

and m! = n — 1.

(3) In the case 7i = 2 and L = zf, Kuran-Schiff [3] obtained a more

precise estimate for rather specific domains.

Proof of Theorem 1. Put F = {xe D; d(x) JΞ> r0}, then F is compact in

D. From Proposition 1, it follows that there exist two positive constants

Ax and A2 depending only on D and xQ such that for any u e Hl(D) and

any xe F,

A, £ u(x) < A2.

For any z e 3D, we have zx{z) e F, so

( 7 ) A, £ u(zlz)) £ A2.

Let z e 3D. Then for any k, there exists an Af-Harnack chain (Bj)f=1

from zk(z) to ^fc+1(^). We choose b3 e Bj Π B i + 1 (l<Lj^N-ϊ) and rfc the

polygonal line Ufro

16 i6 i + 1, where 60 = ^(2:), 6^ = zte+1(z) and &,&,+! is the

closed segment between 6 j and 6 i+1. Put T = {z} U (U^iΓ*). Then r is a

rectifiable curve from z to ^(z). Put Co = K~\M + l)n~\2M + ΐγ~n and

Co = ίC(M+ l) r a-2(2M+ 1). Proposition 1 shows that for any xeϊk,

C™-'u{zk(z)) £ u(x) £ Cl»-*u(zk(z))

B y (7) , w e h a v e

B y ( 3 ) , t h e r e e x i s t s a p o s i t i v e c o n s t a n t β s u c h t h a t f o r a l l k^l,

d(zk(z)) £ βvk.

Then for any x e ϊk, we have

d(x) £ Cξ-'d{zk(z)) £ Cξ-^βv*,

where C2 = (2M+ I)2. Putting C3 = A^" 1 ^-^) 7 7 1 and C3 - A ^ C ^ ) - ™ ' ,

we have
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( 8 )

for all x e ϊ Π D.

Let x e D\F. By the condition (II) in Definition 2, there exist a

constant P > 1, a positive integer Q and zk(z) e Rx such that x can be

connected to zk{z) by a P-Harnack chain of the length ^ Q. From Pro-

position 1, it also follows that

( 9) Cψu(zk(z)) ^ u(x) £ C*Mzk(z)),

where C4 = K~\P + ΐ)n'2(2P + I) 1 ' 7 1 and C4 = K(P + iy-\2P + 1).

Combining (8) and (9), we have

(10) QCl%d(x)r ^ u(x) ^

for all xeD\F. Put C = C3ClQ and Cr = CsClQ. Then we have

for all x e D, which completes the proof of our theorem.

§ 4. Applications

We apply our main result to the following uniqueness theorem for

L-superharmonic functions.

THEOREM 2. Let D be an (M, N, v)-inner NT A domain, L e £?(a, λ, η; D)

and let m be the constant obtained in (4). If a non-negative L-superharmonic

function u in D satisfies

\iminf u(x)l(d(x))™ = 0
x-*z

for some z e dD, then u is identically equal to 0.

Proof. Let G be the Green function on D with respect to L. Assume

that there exists xQe D such that u(xQ) > 0. We can choose r > 0 such

that B(xQ, r) c D and u(x) > 0 on B(x0, r). There exists a positive measure

μ Φ 0 supported by B(xQ, r/2) such that Gμ(x) is finite continuous on D

and Gμ{x) <̂  u(x) on B(xQ, r), where Gμ(x) = G(x, y)dμ(y). By the maxi-

mum principle, we have Gμ(x) <J u(x) on D. Put D' = D\B(xQ, r) D ; is an

(M, N, ι^)-inner NTA domain and the restriction of Gμ to Df is L-harmonic

in Df. Since Gμ > 0 on Df, Theorem 1 shows that for any x e Π, Gμ(x)

^ C{d'(x))m with some C> 0, where d'(x) = d(x, aDO Hence M(X) ^

x))m for all x e Z)', which contradicts our assumption. Thus Theorem

https://doi.org/10.1017/S0027763000002907 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000002907


POSITIVE SOLUTIONS 135

2 is proved.
The following theorem is a generalization of the Harnack inequality

on a ball.

THEOREM 3. Let D and L be the same as in Theorem 1 and let m

and mf be the constants obtained in (4) and (5). Then there exist positive

constants C and Cf such that for any u e HL(D) and any relatively compact

open subset Ω of D,

^ u(y)lu(x) £ C{dΩym'

for all x j e f l , where dΩ = d(Ω, 3D).

The above theorem immediately follows from Theorem 1.
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