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1. Introduction

For a positive integer N let §n be the field of meromorphic modular functions of
level N (defined on H = {7 € C |Im(7) > 0}) whose Fourier coefficients belong to
the Nth cyclotomic field. As is well known, §y is a Galois extension of §; whose
Galois group is isomorphic to GLo(Z/NZ)/{xI2} (see [11, §6.1-6.2]). Now, let
N > 2 and consider a set

Vy = {v € Q* | N is the smallest positive integer for which Nv € Z?}

as the index set. We call a family {f,(7)}vev, of functions in Fn a Fricke family
of level N if each f,(7) depends only on +v (mod Z?) and satisfies

fo(T)* = faro(T) (€ GLao(Z/NZ)/{+15}),
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where aT means the transpose of a. For example, Siegel functions of one variable

form such a Fricke family of level N [8, ch. 2, proposition 1.3] (see also [4] or [6]).

Let K be an imaginary quadratic field with the ring of integers Ok, and let | be
a proper non-trivial ideal of Ox. We denote by CI(f) and Kj the ray class group
modulo f and its corresponding ray class field modulo f, respectively. If {fy,(7)}, is
a Fricke family of level N in which every f,(7) is holomorphic on H, then we can
assign to each ray class C € CI(f) an algebraic number f;(C) as a special value of
a function in {f,(7)},. Furthermore, we attain by Shimura’s reciprocity law that
f5(C) belongs to K and satisfies

£ ™) = f(CD) (D € CI(f)),

where oy is the Artin reciprocity map for § (see [8, ch. 11, theorem 1.1]).

In this paper we shall define a Siegel family {hn;(Z)}as of level N consisting of
meromorphic Siegel modular functions of (higher) genus g and level N, which is a
generalization of a Fricke family of level N in the case when g = 1 (definition 3.1).
It turns out that every Siegel family of level N is induced from a meromorphic
Siegel modular function for the congruence subgroup I'*(NN) with rational Fourier
coefficients (theorem 3.5).

Let K be a CM-field and let f = NOg. Given a Siegel family {hp(Z)}ar of
level N, we shall introduce a number h;(C) as a special value of a function in
{hn(Z)}nr for each ray class C € CI(f) (definition 5.4). Under certain assumptions
on K (assumption 5.1) we shall prove that if hs(C) is finite, then it lies in the
ray class field K; whose Galois conjugates are of the same form (theorem 7.2 and
corollary 7.3). To this end, we assign a principally polarized abelian variety to each
non-trivial ideal of Ok, and apply Shimura’s reciprocity law to hs(C).

On the other hand, we note that there is a remarkable paper by Grant [2] in which
he generalized a classical formula of Eisenstein and obtained classes of S-units by
evaluating abelian functions at the intersections of divisors on the Jacobian of the
curve y? = ° +i. We hope that our invariant h(C) obtained from a Siegel family in
theorem 4.3 will contribute further towards finding a higher-dimensional analogue
of an elliptic unit.

2. Actions on Siegel modular functions

First, we shall describe the Galois group between fields of meromorphic Siegel mod-
ular functions in a concrete way.
Let g be a positive integer and let

For every commutative ring R with unity we define
GSpy,(R) = {a € GLgy(R) | aTnga =v(a)n, with v(a) € R*},
Spag(R) = {a € GSpyy(R) | v(a) = 1}.

Let
G = GSpQg(Q)
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and let G, be the adelization of G, let Gg be its non-Archimedean part and let
G be its Archimedean part. One can extend the multiplier map v: G — QX
continuously to the map v: G4 — Q and set

Gy ={a€Gu|v(a) >0},  Gup =GoGoos, Gi=GNGauy.

Furthermore, let
_ Ig OQ X
A_{ [Og SIJ SGHZP ’
P

Ur = [ GSpay(Zp) X Goor,
p

Unv ={x €U | xp = Iy (mod N - Myy(Z,)) for all rational primes p}
for every positive integer N. Then we have
UN S] U1 < GA+ and GA+ = UNAG+

(see [13, lemma 8.3(1)]).
Note that the group G+ acts on the Siegel upper half-space

H, ={Z € M,(C) | Z* = Z, Im(Z) is positive definite}
by
a(Z)=(AZ+B)(CZ+ D)™ (a€ Gy, Z € Hy),
where A, B, C', D are g X g block matrices of a. Let Fx be the field of meromorphic
Siegel modular functions of genus g for the congruence subgroup

I'(N) = {7 € Spoy(Z) | v = I2g (mod N - Myy(Z))}

of the symplectic group Spgg(Z) whose Fourier coefficients belong to the Nth cyclo-
tomic field Q((x) with ( = e2™/N. That is, if f € Fy, then

_ 2pclh)e(tr(hZ)/N)

2n d(h)e(tr(hZ)/N)
where the denominator and numerator of f are Siegel modular forms of the same
weight, h runs over all g x g positive semi-definite symmetric matrices over half inte-
gers with integral diagonal entries, and e(w) = €™ for w € C [5, §4, theorem 1].
Let

f(2) for some c¢(h),d(h) € Q({n),

o

N=1

PROPOSITION 2.1. There exists a homomorphism 7: Gay — Aut(F) satisfying the
following properties. Let

_ 2pc(h)e(tr(hZ)/N)
IO = S, dmetnnz)/m) <7
(i) Ifae Gy ={a e G|v(a) >0}, then
7@ = foa.
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(ii) If
I (0]
p=|0 %) <2

and t is a positive integer such that t = s, (mod NZ,) for all rational primes
p, then
£ — >nc(h)e(tr(hZ)/N)

- X d(h)e(te(hZ)/N)’
where o is the automorphism of Q(Cn) given by ¢§ = (Y.

(iil) For every positive integer N we have

Fy={feF|f@ =f foralzecUy}.
(iv) We have ker(1) = Q* Goot -
Proof. See [13, theorem 8.10]. O
Since

Ui/ +Goy fN=1,

Un(QGoot )/ Q" Goor 2 Un /(Un N Q" Goot) = {UN/G L N>

we see by proposition 2.1(iii) and (iv) that Fu is a Galois extension of F; with
Gal(Fn/F1) ~ Ui/ £ Un. (2.1)
PROPOSITION 2.2. We have
Gal(Fn /F1) ~ GSpy,(Z/NZ) [{* 124}

Proof. Let a € U;. Take a matrix A in My, (Z) for which A = o, (mod N-Ma,(Zy))
for all rational primes p. Define a matrix ¢(a) € Myy(Z/NZ) by the image of A
under the natural reduction Magy(Z) — Moy(Z/NZ). Then, by the Chinese remain-
der theorem, ¥ () is well defined and independent of the choice of A. Furthermore,
let ¢ be an integer relatively prime to N such that ¢ = v(a,) (mod NZ,) for all
rational primes p. We then derive that

tng = v(ap)ng = a;fng% = ATngA=y(a) ngp(e) (mod N - May(Zy))
for all rational primes p, and hence (o) € GSpy,(Z/NZ). Thus, we obtain a group
homomorphism
Y: Up — GSpy,(Z/NZ).
Let 3 € GSpy,(Z/NZ) and take a preimage B of 3 under the natural reduction
May(Z) = May(Z/NZ). Since v(B) € (Z/NZ)* and
BTnyB = "8 =v(8)n, (mod N - May(Z)),

B belongs to GSpy,(Z,) for every rational prime p dividing N. Let a = (o), be
the element of [[, GSp,,(Z,) given by

B if p|N,
« =
P Iy4 otherwise.

We then see that @ € Uy and ¢(a)) = 8. Thus, v is surjective.
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Clearly, Uy is contained in ker(y). Let v € ker(s). Since vy, = Iy, (mod N -
Ms4(Z,)) for all rational primes p, we get v € Un, and hence ker(¢) = Un. There-
fore, ¢ induces an isomorphism Uy /Un =~ GSp,,(Z/NZ), from which we achieve,
by (2.1),

Gal(Fy/F1) = Ur/ + U = GSpy, (Z/NZ) /{15, }.

REMARK 2.3. We have the decomposition

Gal(Fn/F1) = GSpey(Z/NZ) [{£124} =~ GN - Spy, (Z/NZ)/{* 124},

Gy = { [égg VOIj Ve (Z/NZ)X}.

By proposition 2.1 one can describe the action of GSp,,(Z/NZ)/{+I2,} on Fx as
follows.
Let

where

(i) An element

of Gy acts on f by

5 Suelh)e(tr(h2)/N)
(k)7 e(tr(hZ)/N)

where o is the automorphism of Q({x) satisfying ¢§ = (%

f

(ii) An element 7 of Spy,(Z/NZ)/{£1I24} acts on f by
fr=1fo,
where v/ is any preimage of v under the natural reduction

SPog(Z) = Spoy(Z/NZ)[{+ 12y}

3. Siegel families of level IV

By making use of the description of Gal(Fy/F1) in §2 we shall introduce a gener-
alization of a Fricke family in higher dimensional cases.

Let N > 2. For a € My,4(Z) we denote by & its reduction modulo N. Define a set

AT

v = { /) |5

Let o, 3 be elements of My,(Z) satisfying o, 3 € GSpy,(Z/NZ). If M is an element

of Vv induced from c, then it is straightforward that STM is also an element of
VN given by the product af.

[A B
o =

C D} € M,4(Z) such that & € GSpQQ(Z/NZ)}.
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DEFINITION 3.1. We call a family {hp(Z)}amevy & Siegel family of level N if it
satisfies the following:

(S1) each hps(Z) belongs to Fi;

(S2) hp(Z) depends only on £M (mod Magx4(Z));

(83) har(2)7 = hyrp(Z) for all o € GSpy,(Z/NZ) [{F1ag} ~ Gal(Fn/F1).
By Sy we mean the set of such Siegel families of level N.

REMARK 3.2. Let {hy(Z)}nr € Sn.

(i) The property (S3) yields a right action of the group GSpy,(Z/NZ)/{+12,}

(ii) We let

and so there is a matrix

o= [é g} € May(2)

such that & € GSp,,(Z/NZ). Considering & as an element of GSp,,(Z/NZ)/
{%12,} we obtain

h(l/N)[éqg] (2)* = h(l/N)aT[éﬂ (Z2) = hu(Z).

Thus, the action of GSpy,(Z/NZ)/{£I2,} on {ha(Z)}a is transitive.
Let

) = {resm,@| =7 %] moan - any@) .

and let F}(Q) be the field of meromorphic Siegel modular functions for I''(N)
with rational Fourier coefficients.

LeMMA 3.3. If {hyp(Z2)} i € S, then

h[(l/N)Ig] (2) € Fx(Q).

Oq4
Proof. For any
= [C D} e I'"(N)

we deduce by (S2) and (S3) that

h{u/z\mﬂ (v(2)) = h[(l/é\f)lg] (Z)7 = h’YT{(l/N)Ig} (2)

OQ 9 g9

- h(1/N)[gi] (2) = h[(l/N)Ig} (2)

Og
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because
A=, B=0, (mod N -M4(Z)).
Thus, h[(l/N)Ig] (Z) is modular for I''(N).
e

For every v € (Z/NZ)* we see by (52) and (S3) that

Iy Oy

h[(l/N)Ig} (Z)[OQ ”Ig] = h[ 1, 0, } [(1/N)Ig} (Z) = h[(l/N)Ig] (2),

g Og vig

g9 g9

which implies that h{(l /N) Ig} (Z) has rational Fourier coefficients. This proves the

lemma. g O

One can consider Sy as a field under the binary operations

e () }ar + ke (Z2) s = {(hat + kae)(Z) f s
{ha(Z)}ar - Lk (2) s = {(haakar)(Z) f -

By lemma 3.3 we get the ring homomorphism

¢N: SN — .7'-11\/(@)
{hn(2)} i = h[(l/N)Ig](Z)'

9

LEMMA 3.4. If M € Vy, then there exists

= o bl M@

such that 5 € Spy,(Z/NZ) and

M= (1/N) ||
Proof. Let
o= [fo ]5] € May(Z)

In My(Z/NZ), decompose & as

(1, 0,1 A B L y
a—[Og I/Ig:| [z/lU IJIV:| with v =v(&) € (Z/NZ)

A B
vIU vV

so that
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belongs to Sp,,(Z/NZ). Since the reduction Spy,(Z) — Sp,,(Z/NZ) is surjective
(see [10]), we can take v € My, (Z) satisfying

[ A B
Tl vy

THEOREM 3.5. Sy and Fx(Q) are isomorphic via ¢ .

Proof. Since Sy and Fi(Q) are fields, it suffices to show that ¢y is surjective.
Let h(Z) € F5(Q). For each M € Vy, take any

A B
= |:C D:| € MQQ(Z)
such that 4 € Spy,(Z/NZ) and
AT
M= /)| 1]

by using lemma 3.4. We set
ha(Z) = h(Z)7.

We claim that hys(Z) is independent of the choice of v. Indeed, if

,_[A B

C/ D/:| € MZg (Z)

such that 5/ € Spo,(Z/NZ), then we attain in Moy (Z/NZ) that

~. 1 A B DT _BT I, Oy
YYo= T T | =
' D||-C A I,

by the fact 4, qNI' € Spyy(Z/NZ). Let 6 be an element of Sp, (Z) such that 6= ';/'Ny’l.
We then achieve

1

WZ) = (W(zZ) ) = h((2)) = h(Z)

because h(Z) is modular for I''(N) and § € I''(N).
Now, for any

” E fs%] € GSpy, (Z/NZ) /{125

with v = v(o) we derive that

I, O, AP+BR AQ+BS
v~ Y(CP+DR) v (CQ+DS)
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AP+BR AQ+BS
= h(Z) L*l(CPJrDR) v~ 1(CQ+DS)

since h(Z) has rational Fourier coefficients

= h[(AP-i—BR)T] (2)
(AQ+BS)T

e

— hO.TM(Z)
This shows that the family {ha;(Z)}ar belongs to Sy. Furthermore, since

1, O,
on({hm(Z2) ) = h[u/zv)zg} (2) = h(Z)[Og Ts ] = h(Z),

g

¢ is surjective as desired. d

REMARK 3.6. (i) By proposition 2.2 and remark 2.3 we obtain
I, O
Gal(Fn/Fy(Q) = G - {7 € Spyy(Z/NZ)/{£1zg} ‘ O Lg Ig} }
9

(ii) Let F1 n(Q) be the field of meromorphic Siegel modular functions for

R ={ves0,@ [v= |5 7] tmoan (2}

with rational Fourier coefficients. If we set

Y [(1/\/N)Ig 0, ]
O, VNI, |’

then we know that w € Sp,,(R) and

w [é g} wl= [J\flC (1/g)3} for all [é g} € Spy, (R).

This implies
wl''(N)w™ = I (N),

and so F1 v (Q) and FX(Q) are isomorphic via
Fin(Q) = Fy(Q)
hMZ)w— (how)(Z) =h((1/N)Z).
4. An example of a Siegel family

In this section, we shall give a concrete example of a Siegel family by means of
theta constants.
Let g be a positive integer. For

<[

Uy
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with v, vy € Q9, the theta constant 0,(Z) is given by

0,(2) = Z e(3(n+v,)"Z(n+v,) + (n+wv,) ) (Z€H,).
nezI

It was shown by Igusa (see [3, theorem 2]) that 6,,(Z) is identically zero if and only
if every entry of the vector v is in (1/2)Z and e(2v vy) = —1. Let

S_ = {a = {Zﬂ € {0,1/2}%

Now, let v € Q29 with exact denominator N > 2. We define

Haes, ea_v (Z)4N(2-‘7 +1)
[lpes, Oo(2)*N =1

e(2ata;) = —1} and Sy ={0,1/2}29\ S_.

Ou(Z) = 2N e(—29N (29 — 1)(29 + 1)v)vy)

(Z € Hy)

(see [7, definition 4.2]).

PROPOSITION 4.1. The function Oy (Z) depends only on +v (mod Z2?9). Moreover,
it belongs to Fn and satisfies that

Oy(2)7 = Opr4(Z)
for every o € GSpy (Z/NZ)/{+124} =~ Gal(Fn/F1).
Proof. See [7, lemma 4.4]. O

REMARK 4.2. One can readily verify that if g > 2, then ©,(Z) is identically zero
if and only if N = 2.

THEOREM 4.3. If r € Q9 with exact denominator N > 3, then {Or(nv) }mevy 15
a Siegel family of level N.

Proof. For any v € I''(N) we derive by proposition 4.1 that

O1p1(7(2)) = Op7)(2) = 6 x| ](Z):@[é"gg][S](z):@[

5 5 5 5](2)-

This shows that © r (Z) is modular for I'' (N). Furthermore, for any v € (Z/NZ)*,
by proposition 4.1 we see that

6,17
g vlg| — = r .
1% Ol o i = 1@
Thus, @[r](Z) has rational Fourier coefficients, and hence @[r](Z) belongs to
1 0 0
Fn(Q).
For each M € Vy, we can take an element
A B
™ =10 p
of May(Z) such that Jas € Spey(Z/NZ) and
AT
M= (/)| ]
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by lemma 3.4. Then, by the proof of theorem 3.5, the family {© r (Z)™ Y prevy
turns out to be a Siegel family of level V. Lastly, we obtain by proposition 4.1 that

e T P M P

This completes the proof. O

5. Special values associated with a Siegel family

As an application of a Siegel family of level N we shall construct a number associ-
ated with each ray class modulo N of a CM-field.

Let n be a positive integer, K be a CM-field with [K: Q] = 2n and {¢1,...,¢n}
be a set of embeddings of K into C such that (K, {¢;}" ;) is a CM-type. We fix a
finite Galois extension L of Q containing K, and set

S ={o € Gal(L/Q) | o|x = ¢; for some i € {1,2,...,n}},
S*={oc"'|oeS},
H* = {y € Gal(L/Q) | 75" = 5°}.
Let K* be the subfield of L corresponding to the subgroup H* of Gal(L/Q), and

let {t¢1,...,%4} be the set of all embeddings of K* into C arising from the elements
of §*. Then we know that (K*,{¢;}{_,) is a primitive CM-type and

K* :Q(ia‘/’i aeK)
i=1

(see [12, §8.3, proposition 28]). We call this CM-type (K*,{t;}7_,) the reflex of
(K, {pi}1). Using this CM-type we define an embedding

U. K*— (Y
ar

a +—» :
a¥s

For each purely imaginary element ¢ of K* we associate an R-bilinear form

E.:CI%xCY >R

g (751 U1
(u,v) — chf (ujv; — ujv;) u=|:|,v=
=t Ug Vg
Then, one can readily check that
E.(¥(a),¥(b)) = Tri«g(cab) for all a,b € K* (5.1)

by using the fact a¥i = a%i for all a € K* (1<j<g9).
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AssuMPTION 5.1. In what follows we assume the following conditions.
(i) () = K.

(ii) There is a purely imaginary element { of K* and a Z-basis {a1,...,as,} of
the lattice ¥(Og-+) in C9 for which

o, -1
[Eg(aiaaj)hgi,jgg - |:I: Ogg} .

In this case, we say that the complex torus (C9/¥(Og-), E¢) is a principally
polarized abelian variety with a symplectic basis {@1, ..., as4}. See [12, §6.2].
(ili) f= NOgk for an integer N > 2.

REMARK 5.2. The assumption 5.1(i) is equivalent to saying that (K, {@;}7 ;) is a
primitive CM-type, namely, the abelian varieties of this CM-type are simple [12,
§8.2, proposition 26].

By assumption 5.1(i) one can define a group homomorphism

g: KX — (K*)*
d []a#,
=1
X

and extend it continuously to the homomorphism g: K — (K*); of idele groups.
Tt is also known that for each fractional ideal a of K there is a fractional ideal G(a)
of K* such that [12, §8.3]

n

G(a)0L = [J(a0L)?".

i=1

Let C be a given ray class in CI(f). Take any integral ideal ¢ in C, and let
N(c) = Niksale) = |0k /¢l.
LEMMA 5.3. (C9/®(G(c)™1), Eenr(e)) is also a principally polarized abelian variety.
Proof. 1t follows from (5.1) that
Een(oy(F(G() ™), (G()™1)) = Trge- s (EN (6)G(c) 71 G () 1)

= Trge o (€0k-)

= E¢(¥(Ok-),¥(Ok-))

CZ
because E¢ is a Riemann form on C9/W(Ok-~). Thus, E¢pr() defines a Riemann
form on C9/¥(G(c)™1).

Now, let {b1,..., by, } be a symplectic basis of the abelian variety (C9/¥(G(c)™1),
Eepr(ey) so that

0 6}

29
W(g(c)fl) — ZZbJ and [Egj\/(c)(bi, bj)]lgi,jﬁQg = |:59 Og
j=1
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where
€1 0
e |-
0 Eg
is a g x g diagonal matrix for some positive integers €1, ..., e, satisfying e1]- - |e

&g-
Furthermore, let by, ..., bs, be elements of G(c)~! such that b; = ¥(b;) (1 < j <
2g). Since O+ C G(c)~!, we have

[al (129] = [bl bgg] a for some oo € Myy(Z) N GLoy(Q),  (5.2)
and hence
’a’fl .. ag’gl' -bzlm . b;/’;_
Pg P P W
ay? .- % B bye .. ()275 .
a’fl .. a% bfl/Jl .. bfj’; ‘
e I O]

Taking determinant and squaring gives rise to the identity

AK*/Q(al, ey agg) = AK*/Q(bla ceey bgg) det(a)z.
It then follows that
[Ak-jolar, -5 az9)]  dicjo(Ok-)
|[Akjo(b1, ... bag)|  die-jo(G(c)1)
= N+ 0(G
= N+ /g(G(c)G(¢))
=N ()%, (5.3)

det(a)? =

where dg- /g stands for the discriminant of a fractional ideal of K™ [9, ch. III,
proposition 13]. Furthermore, we deduce by (5.2) that

o, -1
N(o) [Ig og] = N(0)E¢(ai, a))]1<ij<2q
g g
[EE./\/(C)(alva’])]lgz,]<2g
=« [EEN(C)( bj)]l <i,j<29¢

_rfos €
=« |:S Og Q.

By taking the determinant we get N(c)? = det(a)?(ey...&,4)?, which, by (5.3),

yields that e; = -+ = ¢, = 1, and so £ = I,. Therefore, (C//¥(G(c)™"), Eenr(c))
becomes a principally polarized abelian variety. O
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As in the proof of lemma 5.3 we take a symplectic basis {by,...,boe} of the
principally polarized abelian variety (C9/¥(G(c)™1), Een(ey), and let by, ..., bay be
elements of G(c)~! such that b; = ¥(b;) (1 < j < 2g). We then have

B
c D} € M2y (Z)NGSp,, (Q).
(5.4)
Since v(a) = N (c) is relatively prime to N, the reduction & of & modulo N belongs
to GSpy,(Z/NZ). Let ZF be the CM-point associated with the symplectic basis

{b1,...,boy}, namely

(a1 -+ ay]=[b1 - byl forsomea—{

* ~1
Zr = [bg+1 ng] [b1 bg],
which belongs to Hy [1, proposition 8.1.1].
DEFINITION 5.4. Let {hp(Z)}am € Sn. For a given ray class C € CI(f) we define

REMARK 5.5. Here, the index matrix

am ]

is obtained using the fact that
0, ~1,] \ _[B" DT
1, O, T |-AT —CT”
6. Well-definedness of h¢(C)

In this section we shall show that the value h(C) given in definition 5.4 depends
only on the ray class C, and hence it is independent of the choice of a symplectic
basis and an integral ideal in C.

PROPOSITION 6.1. The value h;(C) does not depend on the choice of a symplectic
basis {b1,...,bag} of (CI/W(G(c)™1), Benr())-

Proof. Let {/51,...,3257} be another symplectic basis of (C9/¥(G(¢)™"), Eenr(c))-
Thus,

[51 529i|:|:b1 bgg]ﬁ forsomeﬁ:[g Cg

} € GLag(Z).  (6.1)

We then derive

Og _Ig _ T 7
[Ig OJ B [EgN(‘)(bi’bj)Lgi,jgzg

T
=B [EiN(c)(biv bj)] 1<4,5<2g p

O, -1
L

g9
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which shows that 3 € Sp,,(Z). Since

[al . U’QQ] — [bl . b2_q] o= |:/l;1 . 825] ﬁ_loé

by (5.4) and (6.1), the special value obtained by {by, ... ,ng} is

Z0),

haynys-1[8](Ze

where Zf is the CM-point corresponding to {31, e ,Egg}.
On the other hand, we attain that

Zi=[byer o bay| [B - B
=([br -+ byl Q@+ [bgr1 - bag]S)7!
x([br -+ by P+ [bgy1 -+ by R) by (6.1)
=P [by - bg]T + R [byyy - ng}T)
x(QT[by - by + ST [byir -+ boy] )7, since (27)T = 2
= (P"([bgy1 - boy]  [br -+ b])T+RT)
X (QT([bg+1 bgg]71 [bl bg])T 45Ty

= (PY(Z)" + RHQT (2" + 5T~

=(PT"Z: + RHQ"Z: + S™)™! because (Z)' = 7

= B1(27). (6.2)
Thus, we deduce that
h(1/N)ﬁ—1[g](Zc*) = h(1/N)g—1[g](5T(Zf)) by (6.2)

- (h(l/N)ﬂ—l[g](Z))ﬁ |z=z;
= h’(l/N)(BT)Tﬁ—l[g](Z:) by the property (S3) of {hn(Z)}m

= by 5] (20

This proves that the value hs(C) is independent of the choice of a symplectic basis
of (C2/¥(G(e)™1), Benr(e))- B

REMARK 6.2. One can analogously readily show that hs(C) does not depend on the
choice of a symplectic basis {aq,...,as,} of (C9/¥(Ok), E¢).

PROPOSITION 6.3. hs(C) does not depend on the choice of an integral ideal ¢ in C.
Proof. Let ¢’ be another integral ideal in the class C, and hence

/

del = (14+a)Ok for some a € fa= (6.3)
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where a is an integral ideal of K relatively prime to f. Since 1 € ¢! and (1 +a) €
dc! C ¢!, we get a € ¢! Thus, we derive that

aac C fcNa by the facts that a € fa™! and a € ¢!

Cfna
= fa because f and a are relatively prime,

from which it follows that a € fc=!. Using the fact that f = NOf yields

g(1+a) = ﬁ(ua)% eK*mH (1+N(c'OL)#) C K* N (1+ NG(c)1Oy)

i=1 i=1
=1+ NG(c)™". (6.4)
Let

W, =g(l+a)"'b; and b =) (1<j<2g). (6.5)

We know that {b/,...,b5,} is a Z-basis of the lattice ¥(G(¢')~") in CY and

ta e o
b, = Tb; with T = : : . (6.6)
0 (@t
Furthermore, we get that
[EéN(c/)(bm b])} 1<4,5<2g
= [T o N @WE)] - by(5.)

[TrK*/@ EN(Ng(1 +a) big(1 + a)~ b, )]1<Z’j<2g by (6.5)
= [Trge/q(EN (¢ )NK/@(l +a) " bib;)]
[TrK/@ (EN(c) )]1<i,j<2g
by (6.3) and the fact that N g(1 +a) > 0

_ 104 —1I

g O]
Thus, {b,...,b5,} is a symplectic basis of (C9/¥(G(¢')"), Eepr(er)), and its asso-
ciated CM-point Z}, is given by

1<i,j<2g

G (bl e BT B ]
— [Tbyiy -~ Thyy| ' [Thy --- Tb,] by (6.6)
=7 (6.7)

Let o = [ai;], &' = [aj;] € May(Z) such that

[ar - ag]=[br - byla=[b] - byl (6.8)
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For each 1 < i < 2g we obtain that

29
Z g(l1+a Zaﬂb; by (6.5)
j=1

=a;g(1+ a) by (6.8)
€ ai(1+NG(c)™") by (6.4)
Ca;+ NG(c)™' because a; € Ok

—Zaﬂb +NZZb by (6.8).

This yields @ = o/ (mod N - Ms,(Z)), and hence
(1/N)a = (1/N)a!  (mod Myy(Z)). (6.9)
Now, the result follows from (6.7), (6.9) and the property (S2) of {har(Z)}pr. O

7. Galois actions on h;(C)

Finally, we shall show that if hs(C) is finite, then it lies in the ray class field K; and
satisfies the natural transformation formula under the Artin reciprocity map for f.

Let 7: K* — M54(Q) be the regular representation with respect to the ordered
basis {a1,...,as4} of K* over Q given by

ay a1
al| | =r)]| : (a € K™). (7.1)
A2g azg

Then it can be extended to the map r: (K*)s — May(Qa) of adele rings.

LEMMA 7.1 (Shimura’s reciprocity law). Let f be an element of F that is finite
at Z;.

(i) The special value f(ZF) lies in K,p.
(ii) For every s € K we have r(g(s)) € Gay and
F(z5) K] = ff(r(g(S)*l))(Zc*)_
Proof. See [13, lemma 9.5 and theorem 9.6]. O
THEOREM 7.2. If hy(C) is finite, then it belongs to K. Furthermore, it satisfies
hi(C)71P) = he(CD)  for every D € CI(}),
where o} is the Artin reciprocity map for f.

Proof. Since h;(C) belongs to K, by lemma 7.1(i), there is a sufficiently large
positive integer M so that N|M and hs(C) € Ky, with m = M Og. Take an integral
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ideal 0 in D relatively prime to m by using the surjectivity of the natural map
Cl(m) — CI(f). Let {ds,...,dz,} be a symplectic basis of the principally polarized
abelian variety (C9/¥(G(cd)™"), Eear(co)), and let dy, .. ., dag be elements of G(cd) ™!
such that d; = ¥(d;) (1 < j < 2g). Since G(¢)~* C G(cd) ™!, we get

[br -+ by =[d1 -+ dpy|d for some § € Myy(Z) N GLyy(Q).  (7.2)
We then have that

0, -1
{I; Oﬂ - [EéN(c)(bi’bi)]lgi,j@g

= 5T [E&/\[(c)(dz,d])] 1<i,j<295 by (72)
=0T [N (N (c0) " Eeprery(dindj)],_, .o 6

1<4,j<2g9
o, -I
NaléT{ g 9}5.
(0) I, o,

This claims that
§ € May(Z) N Gy with v(6) = N (D). (7.3)

Furthermore, if we let Z7%, be the CM-point associated with {d1,...,dsg}, then we
obtain

Ziy = (071)"(Z) (7.4)

in a similar way to the argument in the proof of proposition 6.1.
Let s = (sp)p be an idele of K such that

=1 if p|M,
Sp : Pl (75)
sp(Ok)p =0, if pfM.
If we set D to be the ray class in Cl(m) containing 9, then by (7.5) we attain
[vaHKm _Um(~ ’ (76)
a(s), ' (Ok+)p = G(0), " for all rational primes p. (7.7)

It then follows from (7.1)—(7.7) that for every rational prime p, the entries of each

of the vectors
b1 b1

r(g(s)_l)p and (6°H7T
ng b2g

form a basis of G(d),' = G(c)7'G(d), . So, there exists a matrix u = (up), €
[1, GL2gy(Zp) satisfying
r(g(s)™) = u(@™H)". (7.8)

Since 6T and
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can be viewed as elements of GSp,,(Z/MZ) by (7.3), there exists a matrix v €
Spa,(Z) such that

5T = {égg N%) Ig] 5 (mod M - May(Z)) (7.9)

owing to the surjectivity of the reduction Spy,(Z) — Spy,(Z/MZ). Since
r(g(s)™1), = I, for all p|M

by (7.5), we get u, = 6" for all p|M by (7.8). Hence, we deduce using (7.9) that

uy = {Ig Oy ] (mod M - May(Z,)) for all rational primes p. (7.10)

Oy N(9)I
On the other hand, we have by (5.4) and (7.2) that
[a1 an] = [b1 ng]a
—([br -+ by] 07 (00)
=[di - dy] (6a). (7.11)
Letting
_|A B
““le b

we induce the following:

hi(€)7®) = hy(C) K] by (7.6)

= h(1/N)[[B)}(Z:)[S’K] by definition 5.4

- h(1/N)[g](Z)T(T(Q(S)AWZ:Z; by lemma 7.1(ii)

- h(l/N)[g}(Z)T(u(éil)T”Z:z; by (7.8)

= h(l/N)[g] (Z)T(u'fl)r(w)v((éfl)T)|Z:Z:

~amlg, fos%zghg](zy(wwI)T)|Z—Z: by (7.10) and (S3)

(Z)T((é—l)T) lz=z: by (S3)

TN 5z by (7.9) and (S2)
(67HT(Z7)) due to the fact that 6 € G and by (A1)
= hj(CD) by (7.4), (7.11) and definition 5.4.

In particular, suppose that @ = dOk for some d € Ok such that d =1 (mod f).
Then D is the identity class of CI(f), and so the above observation implies that
om (D) leaves hg(C) fixed. Therefore, we conclude that hs(C) lies in Kj. O
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COROLLARY 7.3. Let H be a subgroup of Cl(f) defined by

H = (D € CI(f) | D contains an integral ideal ® of K for which G(0) = g(d)Ok-
for some d € Ok such that g(d) =1 (mod NOg~)),

and let KfH be the fized field of H. If h¢(C) is finite, then it belongs to KfH.

Proof. Let Cy be the identity class of CI(f). Since h{(Cy) € K; by theorem 7.2,
K (hi(Cp)) is a Galois extension of K as a subfield of K. Furthermore, since

hy(Co)*1© = hy(CoC) = Iy (C)

by theorem 7.2, K(h;(Cy)) contains hs(C). Thus, it suffices to show that hs(Co)
belongs to KfH

To this end, let D be an element of CI(f) containing an integral ideal ? of K for
which

G(0) = g(d)Ok~ for some d € O such that g(d) =1 (mod NOk~).
Now that

(CI/W(G(0) ), Eenoy) = (C/¥(a(d) " Ok+), Een(don)):

we obtain
hi(Co)”1 ™) = hy(D) = hy([dOK]),

where [a] is the ray class containing a for a fractional ideal a of K. Moreover, since
g(d) =1 (mod NOk-+), we obtain

hi([dOK]) = hi([Ok]) = hs(Co)

analogously to the proof of proposition 6.3. This proves that h¢(Cy) belongs to KfH.
O
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