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Let (L, ^ ) be a distributive lattice with first element 0 and last element 1. If a, b in L have
complements, then these must be unique, and the De Morgan laws provide complements for
a v b and a A b. We show that the converse statement holds under weaker conditions.

THEOREM 1. If(L,^)isa modular lattice with 0 and 1 and if a, b in L are such that avb
andaAb have (not necessarily unique) complements, then a andb have complements.

Proof. We indicate by = * the steps at which the modular condition is used. Choosing
any complements (a v b)' and (a A b)' of a v b and a A b respectively, let

Then
a v x = a v (a A b) v (a v ft)' v [(a A b)' A b~\

= *av{av b)' v {[(a A b) v (a A ft)'] A b} = a v (a v ft)' v ft = 1,
and

a A x = a A (a v ft) A {(a v ft)' v [(a A ft)' A ft]}
= *aA{Ov[(aAft)'Aft]} = aA(aAft)'Aft = O,

so x is a complement of a. Similarly y — (a v ft)' v [(a A ft)' A a] is a complement of ft.
This provides an extension of the De Morgan laws to modular lattices.

THEOREM 2. If(L, ^)isa modular lattice with 0 and 1, if a, ft in L have unique complements
a', ft' respectively, and ifavb and aAb have complements, then a' v b' is a complement of aAb
and a' A ft' is a complement of avb.

Proof. Form x and y as in the above proof. By dualization, 3c = (a A ft)' A [(a v ft)' v ft]
and y = (a A ft)' A [(a v ft)' v a] are also complements of a and ft respectively. Then since a'
and ft' are unique, a' = x =x and ft' = J =.y. Now

a' v ft' v (a A ft) = x vy v (a A ft)
= (a v ft)' v [(a A ft)' A ft] v [(a A ft)' A a] v (a A ft)
= >vft)'v{ftA[(flAft)'v(aAft)]}v{aA[(aAft)'v(aAft)]}
= (avft)'vavft = 1,

and

(a' v ft') A (a A ft) = (3c v y) A (a A ft)
= {[{a A ft)' A [(a v ft)' v ft]] v [(a A ft)' A [(a v ft)' v a]]} A (a A ft)
= *(flAft)'A{(avft)'vftv[(aAft)'A[(avft)'va]]}A(aAft) = O,

so a' v ft' is a complement of aAb. Dually a' A ft' is a complement of avb.
Figure 1 shows a modular lattice of order seven which contains uniquely complemented

elements a and ft such that avb has no complement. Contrary to Exercise 4, p. 153 of [1],
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there are no lattices of order six or less, modular or otherwise, in which the complemented
elements fail to form a sublattice.

If (L, ^ ) is a complemented modular lattice, then, by a theorem of J. von Neumann
[1, p. 124], the uniquely complemented elements constitute the center of the lattice, which in
any lattice with 0 and 1 is a sublattice [1, p. 27]. But [1, p. 120] in a complemented modular

FIG. 2.

lattice every central element is neutral, and hence [1, p. 28] distributes with every pair of
elements of the lattice. Thus in a complemented modular lattice those elements which have
unique complements form a Boolean algebra, and hence satisfy the De Morgan laws. Some
questions in this direction remain unanswered. For example, if (L, ^ ) is modular, if a and b
have unique complements in L, and if a v b and a A b have complements, are these complements
necessarily unique?

Finally, Dilworth [2] has shown, without giving an example, the existence of non-distribu-
tive lattices in which each element has a unique complement. Such lattices are non-modular
by what we have said above. It seems doubtful that the De Morgan laws would hold in all
such lattices. Figure 2 shows a complemented, though not uniquely complemented, non-
modular lattice containing elements a and b such that a,b,avb and a A b have unique com-
plements, but both De Morgan laws fail.
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