NOTE ON A PAIR OF DUAL TRIGONOMETRIC SERIES
by J. C. COOKE
(Received 5 January, 1967)

1. Introduction. It is the purpose of this note to discuss the solution of the pair of series

S (—$)asin(r—px = Fx) (0 <x <o), (1)

ia,, sin(n—%)x = G(x) (c <x <m), 2

where F(x) and G(x) are given and the coefficients a, are to be determined.

A pair into which these two can be transformed was originally solved by Tranter [2, 3].
One of the difficulties in his solution is the need to find a certain constant by summing a series.
This may be troublesome. Tranter [4] later gave a greatly simplified solution, but there is
still the need to find a constant by the same technique.

Srivastav [1] gave an alternative solution which avoided this difficulty, but this was partly
in error. This solution is reproduced in Sneddon’s recent book [5] and in view of the wider
circulation which will now be given to the work of Srivastav it would seem to be desirable to
point out the error and to see how it can be circumvented.

2. Srivastav’s solution. The solution is divided into two parts, in the first of which
[problem (a)] G(x) is put equal to zero, and in the second [problem (b)] F(x) is put equal to
zero. Then the complete solution is the sum of the two thus obtained.

According to Srivastav [1], problem (@) has the solution

1 c
a, = jijohl(t){l—Pl(cos 1} dt, (3)
\/2 J ) () {P,_y(cost)—P,(cost)}dt  (n=2,3,..), )
where
J2-y:d 1—cosix
() = J J (cos X —COS t)j Fluydu— o dt), \/ (cos x—cost) dx )
and

” =£hl(u) du. ©)

The solution of problem (b) given by Srivastav is

a, = V%J:hz(t){1+P1(COS 1)} dt, @)
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- %f () {Py(cos )= Pygcos D} di (n=2,3,..), ®
where
G(x)dx

ha() = ;tdt \/(cost cosx)’ ©)

This is part of the solution which is in error in general. h,(¢) was found by solving the
equation

T hy(d)dt .

xm = COSeC X {\/2 .ya2S81n %x— G(x)}, (10)

where
=J" h,(u) du. (11)

However, h,(t) as found by (9) is not in general the solution of (10). Suppose for instance that
G(x) =sin x. Then (9) gives

hy(H) = — —\;/t—z-sin 3t

Substituting this in (10) we find that
2cosic

1=
ncostx

b

which is manifestly untrue.

It is the right-hand side of equation (10) which causes the trouble. It will be noticed that
in general this right-hand side tends to infinity as x tends to =. This cannot be permitted, and
we must arrange matters so that the term in brackets on the right-hand side tends to zero as x
tends to x.

A line of approach which suggests itself, using generalised function theory, is to write
(10) as

T hy(t)dt

M = cosec x {sin }xG(m) — G(x)} +cosecx {\/2. y, — G(m)} sin}x.

The first part of the right-hand side is of the required form and the solution of this part can be
written down as in (9). The other part may be written, on assuming that 4,(t) = 0 for ¢ > =,

®  hy()H(t—x)dt
f_ wA/(cOs X—cos 1)

and a solution of this part, as may be directly verified, is

hy(t) = {J’2 \/2 }5(”“ 1).

Here H is Heaviside’s unit function and § is Dirac’s delta function. However no further

= cosecx {4/2. y, — G(m)} sin 3xH(n —x)
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progress seems possible on these lines. We therefore complete the solution by adding an extra
term to each series in the manner now to be described.

3. The corrected solution. We write (1) and (2) in the forms

(/2. y3+ay)sinix + Z(n Da,sin(n—3)x = \/1 y3sindx+ F(x), (12)

(V2. y3+ay)sindx+ Za,, sin(n—4)x = /2. y3sin$x+G(x), (13)
2

where y, is an unknown constant to be determined.
The value of 4,(¢) for problem (a) can be written down as equation (5). For problem (b)
equation (10) now becomes

j \/(coszgct) dctos n cosecx {4/2. y, sindx—G(x)—/2. y3sin$x}. (14)

All that we now need to do is to choose y; so that the expression in brackets on the
right-hand side tends to zero as x tends to . Hence we must have

V2.9,=G(m)—/2.y; =0. (15)

The solution of (14) is now given correctly by (9). In addition we have three equations,
namely (6), (11) and (15) connecting y,,y, and y; and so they may be determined and the
solution completed.

4. An example. Tranter [2] solved equations which can be transformed into (1) and (2),
with F(x) = 0 and G(x) = 1. His solution when transformed is
2 P,_4(cosc)
a, =
" 2n—1 K(sinic)’
where K is the complete elliptic integral of the first kind. We shall use this as a check on the

present solution.
Equation (5) now gives by (A2) (see Appendix)

(16)

) = 23— ) & KGsin 30, 17
whilst by (6)
y1=2 (=) (K—4n), (19)
where we write
K = K(sin %c¢).

We shall also write for brevity
K(Gindt) = K,;, K(cosit) =K;, K(cosic)=K'".
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The solution of problem (b), provided that (15) holds, is, by (9) and (A1),

_ 24K
ho() == (19)
and (11) gives
2
T ) (20)
Y1, ¥, and y; are found from (15), (18) and (20), and have values
2.K'(3n—-K 2 , 2.X’'
yo=Y2KC=K) 2k, yy= V2K @y
nK ) n
Hence we find that
_ J2K'dK,
hx——'?n IR (22)
2dK;
hy = V22K 2
2= (23)

and the coefficients a, will be the sum of the right-hand sides of (4) and (8).
This gives the result (16) but the analysis is tedious. It will be found in the appendix.

5. Conclusion. The aim here has been to correct the solution of Srivastav as quoted by
Sneddon [5]. As to which method is used in any given case, it depends considerably on the
problem. One can only say that it is convenient to have three methods at one’s disposal.
One can then choose the particular one of these which gives the easiest analysis.

APPENDIX
We quote first a few results which will be of use in the sequel:
= dx
= /2. K} Al
_[, /(cos t—cos x) V2. Ki, (AD)
! dx
—_——=/2.K,. A2
_[o J(cos x —cos 1) V2K, (A2)
We also have, with k = sindc, k' = cos ic,
K, = inP_,(cos?), (A3)

by the equation following 3.14 (5) in Erdélyi [6]. Standard relations in the usual notation for

elliptic integrals are
Bk* = E—k'*K, B'k*=E'—k*K’, (A4)

KE'+K'E—KK' = in. (AS5)
In addition, by (A3) and Erdélyi [6, equation 13.8 (27)], we have

[+

https://doi.org/10.1017/50017089500000264 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000264

34 J. C. COOKE
d 2 dK B

WP—*(COS = 7 d(cos ¢) T T 2nk® (A)
We also have
Paes(=3) = (17 By s () (a7
P~ Pia(3) = 2= DP, (3, (A89)
1— 2
[Pospiirae =TT PP 9

The last equation comes from Erdélyi [6, equations 3.12 (3) and 3.6.1 (6)]. Consider the
integral

I= j aK, {P,(cost)—P,_,(cost)} dt.
o dt

We have, integrating by parts, and then using (AS8),

I = K{P,(cosc)—P,_,(cosc)} +(2n—1)J,
where

J = j K,P,_(cost)sintdt= —‘}nj. P_,(x)P,_(x)dx
by (A3). Hence
4sin’c ( B d
= (2'1—_1)-5{2,(,2 P,_,(cosc)— Kd(cos 3 P,_,(cos c)},
by (A9) and (A6). Similarly

K ’
I'= J.' %{P,,(cos t)—P,_,(cost)} dt = — K'{P,(cosc)—P,_,(cosc)} —(2n—1)J’,

where

J = —in(—l)"‘lj P_(X)P,_y(x)dx

-1
and so J' is the same as J with k', K and B replaced by k, K’ and B’ and d/d(cos c) changed to
d|d(—cos c), whilst P,_ ,(cosc) is not changed.
Now, in the problem under consideration, for #n = 2 the coefficient a, is the sum of the
right-hand sides of (4) and (8) with &, and A, given by (22) and (23). We find that
sin?¢ K'B KB

a,= m Pn_l(COS C) {'k—z‘l'F}.

The other terms cancel. Hence finally, using (A4) and (AS5), we have

2 P,_y(cosc)
I =1 K(sin c) (n22).
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A separate and simpler computation for the modified @, using (3) and (7) gives

1| 2=
2. ==|—=-2K'|,
V2.ysta, n[K ]
and so, by (21),

a, =
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