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De MORGAN ALGEBRAS

PETER R, FowLER

This thesis considers De Morgan algebras, an associated generalization

of three- valued Fukasiewicz algebras, and finally Ockham algebras.

We first consider the variety of De Morgan algebras - bounded

distributive lattices with a unary operation ~ which satisfies

XT=~n~Z ~Mr AY)=~xVy , ~xTVy)=~c A~y and ~0 =1 .

y

There is a duality between this variety and the category of compact order-
disconnected ordered topological spaces endowed -with an involution which is

both a dual order-isomorphism and a homeomorphism.

The second chapter contains results for the subvariety of De Morgan
algebras which is determined by the identity (2 A~x) A (y V~y) =2 A ~x;
this is the variety of Kleene algebras. The nucleus is introduced as the
ideal generated by the set of elements of the form X A ~x . Using this
ideal, characterizations are obtained for the smallest congruences on a De
Morgan algebra such that the gquotient algebras are Kleene or Boolean. 1In
this context a Boolean algebra is a De Morgan algebra in which ~ is
complementation. The characterization for Kleene algebras is used to
obtain the dual spaces of the quotient algebras mentioned above which, in

turn, gives a method of constructing coproducts of Kleene algebras.

At the start of Chapter 3, we describe the free De Morgan extension of
a bounded distributive lattice. The remainder is devoted to De Morgan
algebras which are endowed with a second unary operation V , such that
~VVr =1 and  A~x =~ A Vr , These algebras form a generalization

of three-valued Yukasiewicz algebras. We consider five related categories
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and characterize their duals. These five categories of algebras form some
of the vertices of a commuting diagram of reflections. This diagram
consists of eight vertices and ten reflections. Of these reflections, four
take an object to a maximal homomorphic image in a subcategory and the
remaining six take an object to an essential extension. The duals of an
object and one of these essential extensions are isomorphic and
homeomorphic spaces. However, the order on each of the spaces is different
if the extension is a proper one. The chapter is concluded with a few
results which describe epimorphic extensions and the free objects, on a

finite number of generators, for each of the categories.

The final chapter contains a short study on Ockham algebras, see
Urquhart [3]. Ockham algebras may be considered as a generalization of De
Morgan algebras, as they possess one unary operation -~ which behaves as a

dual lattice homomorphism.

It is first shown that any equation is equivalent to a set of
inequalities, each of which is such that every variable occurs exactly
twice, and the two occurrences of a variable are on the same side of the
inequality sign if and only if the powers of ~ are of different parities.
Consequently, every subvariety of Ockham algebras can be expressed as the
intersection of varieties each of which is determined by one inequality of

the type mentioned above.

The above result is then used to obtain the general format of
coproducts in any subvariety of Ockham algebras. The technique used is
essentially the same as in Chapter 2, where we were looking at the Kleene

algebras as a subvariety of De Morgan algebras.
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