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Abstract We introduce an invariant, called the contact number, associated with each Euclidean subman-
ifold. We show that this invariant is, surprisingly, closely related to the notions of isotropic submanifolds
and holomorphic curves. We are able to establish a simple criterion for a submanifold to have any given
contact number. Moreover, we completely classify codimension-2 submanifolds with contact number >3.
We also study surfaces in E® with contact number >4. As an immediate consequence, we obtain the first
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1. The contact number

Throughout this paper, manifolds are assumed to be connected and without boundary
and each Euclidean submanifold is of dimension >2. For a Riemannian manifold M, we
denote by UM the unit tangent bundle of M.

Let M be an n-dimensional submanifold in E™. For a given point p € M and a given
u € Up M, there is a unique unit speed geodesic v, in M through p satisfying v, (0) = p
and 7,,(0) = u. For the same pair (p,u), there is another canonical unit speed curve 3,
associated with (p,u) which is called the normal section (see [7]) defined as follows. Let
E(p,u) be the affine (m —n + 1)-subspace of E™ through p spanned by u and the normal
space TpLM at p. The intersection of M and E(p, u) gives rise to a unit speed curve [3,(s)
with 3,(0) = p and ,,(0) = u defined on an open interval containing 0. This curve (3, is
called the normal section at (p,u).

Normal sections have been studied by many geometers (see, for example, [1,2,7,10—
15,17-21,25,26]). In particular, Sdnchez et al. showed that normal sections play some
important roles in algebraic geometry as well as in differential geometry.
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The geodesic v, and the normal section 8, at (p,u) are said to be in contact of order k
if 77(}) (0) = I(f)(O) for i = 1,...,k, where vq(f) and ﬁff) denote the ith derivatives of -,
and 3, with respect to their arclength functions.

In this paper we introduce the notion of contact number as follows.

Definition 1.1. A submanifold M in a Euclidean space is said to be in contact of
order k if, for each p € M and u € U,M, the geodesic v, and the normal section 3, at
(p,u) are in contact of order k. If the submanifold M is in contact of order k for every
natural number k, the contact number ¢4 (M) of M is defined to be co. Otherwise, the
contact number ¢4 (M) is defined to be the largest natural number k such that M is in
contact of order k£ and but not of order k + 1.

In this paper we show that the contact number is, surprisingly, closely related to
the notions of isotropic submanifolds and holomorphic curves. We prove that the con-
tact number of each submanifold is at least 2; and it is at least 3 (respectively, 4) if
and only if the submanifold is isotropic (respectively, constant isotropic). We also prove
that a surface in a Euclidean space has contact number 3 if and only if it is a non-
planar holomorphic curve in a complex 2-plane C2. Also, we establish a simple criterion
for a submanifold to have any given contact number. Moreover, we completely classify
codimension-2 submanifolds with contact number >3. We also investigate surfaces in
E® with contact number >4. As a consequence, we obtain the first explicit examples of
non-spherical pseudo-umbilical surfaces in Euclidean spaces.

2. Basic notation and formulae

Let M be an n-dimensional submanifold in E™. We choose a local field of orthonormal
frames {ej,...,en} in E™ such that, restricted to M, ey, ..., e, are tangent to M and
€n+1s---,€m are normal to M. We denote by V and V the Levi-Civita connections on M
and E™, respectively. Let D denote the normal connection of M in E™.

In the following, we use the following convention on the range of indices unless men-
tioned otherwise:

1<i4,5,k, < n n+1<rst<m; 1< A B,C<m.
We denote by w?,...,w™ the field of dual frames. The structure equations of E™ are
given by
@eA:ZwEeB, WwE +wh =0, (2.1)
de:wag/\wB, dwg:waé/\wg. (2.2)

Restricting these forms on M, we have w™ = 0,0 = dw” = — Y w! A w®. Thus, by applying
Cartan’s Lemma, we may write

wi =Y _hiwl, hi;=hi, (2.3)

The second fundamental form h of M in E™ is given by h = h;-"jwiwj er.
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For any two vectors x, y tangent to M and any vector £ normal to M we have

Vil = —Aex 4 Dy, (2.5)
where A¢ is the shape operator of M in E™ with respect to . The second fundamental

form and the shape operator are related by (Acz,y) = (h(z,y),).
The covariant derivative VA of h with respect to TM @ T+M is defined by

(Vah)(y, 2) = Dah(y, 2) — M(Vay, 2) — h(y, Va2). (2.6)

Sometimes, we write (V.h)(y, ) as (Vh)(y, z,z). We put V°h = h.
In general, the kth (k > 1) covariant derivative V¥h of h is given by

(?kh)(xhl‘g, .o ,xk+2) = Dmk+2((?k_lh)(l‘1, [P ,.’L‘]H_l))
k+1 -
= (V) (@1, Vi@ kg). (27)
1=1

It is clear that V*h is a normal-bundle-valued tensor field of type (0, % + 2). We simply

denote
q+2 times
(VIR (T D)

by (V2h)(z%+2). From (2.6) and (2.7), we have

Dyh(x,x) = (Vh)(2®) + 2h(x, V), (2.8)
D2h(z,x) = (V2h)(2*) + 5(Vih) (2, Vex) + 20(V ez, Vax) + 2h(z, Vi). (2.9)

The equations of Gauss, Codazzi and Ricci are given, respectively, by

R(z,y,z,w) = (h(z,w), h(y, z)) — (h(z, 2), h(y, w)), (2.10)
(Vah)(y, 2) = (Vyh)(z, 2), (2.11)
RD(xayagvn) - <[A§7A77](x)ay>’ (212)

where R(z,y) = V,V, — V,V, — V|, ) and RP(z,y) = D, Dy — D,D, — Dy, are the
curvature tensors of the tangent and normal bundles.

3. Lemmas and examples

We recall the following definition from [22].

Definition 3.1. A submanifold M in a Riemannian manifold is said to be isotropic
if, for each point p € M, the length A\ = |h(u, u)| of the normal curvature vector h(u,u)
is independent of the choice of uw € U, M. If A\ = |h(u,u)| is also independent of p € M,
then M is said to be constant isotropic.
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We need the following result for later use.

Lemma 3.2 (see [22]). A submanifold M is isotropic if and only if we have
(h(u,u), h(u,v)) =0 (3.1)

for orthonormal vectors u, v tangent to M at each point.
For isotropic submanifolds, we also have

(h(u,w), h(v,v)) + 2(h(u,v), h(u,v)) = |h(u,u)|?, (3.2)
(h(u,u), h(v,w)) + 2(h(u,v), h(u,w)) =0
for orthonormal vectors u, v, w tangent to M at each point.
We also need the following lemma for constant isotropic submanifolds.

Lemma 3.3. An isotropic submanifold M is constant isotropic if and only if we have

<A(@h)(u3)ua U) =0 (34)
for orthonormal vectors u, v tangent to M at each point.

Proof. Assume that M is an isotropic submanifold, so we have |h(u,u)|?> = A?(p) for
each unit vector u € T, M. For any orthonormal vectors u, v in T, M, we extend v and
v to orthonormal vector fields X and Y on some open neighbourhood of p such that
V.X =V, Y =V,X =0 at p. Since M is isotropic, we obtain from (2.6) and (2.11)

that
vA? = v(|h(X, X)?) = 2(D,h(X, X), h(X, X))
= 2((Voh)(u,u), h(u,u)) = 2((Vyh)(u,v), h(u,u))
=2(D,h(X,Y),h(X, X)) = =2(D,h(X, X),h(X,Y))
= —2((V,h)(u,u), h(u,v)) (3.5)
Since dim M is at least two, (3.5) implies the lemma. (]

Similarly, we also have

uX? = 2((Vuh)(u,w), h(u, u)), (3.6)

for any isotropic submanifold.

Lemma 3.4. An isotropic submanifold M is constant isotropic if and only if we have

for any vector u tangent to M at each point.
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Proof. If M is constant isotropic, then (3.6) implies

(A o n) (s u) = 0. (3.8)
Combining Lemma 3.3 and (3.8) gives (3.7). The converse follows from Lemma 3.3. O

A Euclidean submanifold M is said to have geodesic normal sections if every normal
section on M is a geodesic (see [10]). All submanifolds M in E™ with geodesic normal
sections satisfy ¢ (M) = co. A Euclidean submanifold M is called helical if geodesics of
M, considered as curves in E™, have all Frenet curvatures constant and independent of
the chosen geodesic. Helical immersions have been studied extensively (see, for example,
[18,24]).

Chen and Verheyen proved the following results for submanifolds with geodesic normal
sections.

Theorem A (see [10]). Every submanifold in E™ with geodesic normal sections is
constant isotropic.

Theorem B (see [10,26]). A submanifold in E™ has geodesic normal sections if and
only if it is helical.

Example 3.5. Let M be a compact Riemannian manifold. Then M has a unique kernel
of the heat equation: K : M x M X R(‘f — R. Let ¢ denote the distance function on M.
Then M is called a strongly harmonic manifold if there exists a function ¥ : R* xR — R
such that K (z,y,t) = ¥(§(z,y),t) for x,y € M and t € Rj. Compact symmetric spaces
of rank one are known examples of strongly harmonic manifolds [3, p. 158].

Let A; be the kth non-zero eigenvalue of the Laplacian A. Denote by Vj be the
eigenspace of A with eigenvalue Ag. On Vi we define an inner product by ({f,g)) =
Sy fgx 1 for f,g € Vi. Vi together with ((-,-)) is a finite-dimensional Euclidean space.
Let go}w ..., be an orthonormal basis of Vj. Then the mapping

ot M = E™x e oo (@), ..., 00 (z)

defines a helical isometric immersion for some suitable constant ¢;. Such submanifolds
satisfy cu (M) = oo.

In particular, if M = S?(1/3/a) denotes the 2-sphere with constant sectional curvature
3/a?, then ¢§ : S%(v/3/a) — S*(1/a) C E® is given by

1 1 1 1 9 o 1, 4 9 9 )

S=a| —=yz, —xz, —xy, —=(2° —y°), = (z° + y* — 22%) |, 3.9
where 22 4 32 4 22 = 3. This isometric minimal immersion of $?(v/3/a) into S*(1/a) is
called a Veronese surface.

Example 3.6. Let v; : M — E™ (j = 1,...,s) be s isometric immersions with
geodesic normal sections. For any real numbers ci,...,cs with ¢ + -+ 4+ ¢ = 1, the
diagonal immersion,

(011/)1, ey c[lzbs) M — Em1+~~-+m5 p — (017/11 (p)7 .o 7681/}3(1)))7

satisfies ¢ (M) = oo.
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4. Relations between contact number and isotropy
Theorem 4.1. For every submanifold M in a Euclidean space, we have
(1) the contact number ¢y (M) of M is at least 2, i.e. cu(M) > 2;
(2) M is isotropic if and only if ¢ (M) > 3 holds;
(3) M is constant isotropic if and only if ¢ (M) > 4 holds.

Proof. Let M be a submanifold of dimension n > 2 in E™. Then, for any unit speed
curve a = «a(s) in M, we have
o (s
"

(s)
a’(s)
(s)
(s)

0
—
=
[N

S~—"

Ve + (T, T),
V2T + h(T, V+T) — AnryT + Drh(T,T),
VAT = 3AnrvrmT — Vo (AyrrT) — A rnyrmyT

+ (T, V5T) + Dyh(T,V7T) — MT, ApermT) + D3h(T,T), (4.4)

"
S

iv

«
o (S

where T' = o/(s) is the unit vector field tangent to o and VT =V V7T, ..., etc.
Using (2.6), (2.8) and (2.9), Equation (4.4) can be rewritten as

a”¥(s) = V4T = 3Apr,ver)T — Vo(AwrmyT) — Aoy + (V2R)(T?)
+6(VA)(T, T, VT) — h(T, Apir.ryT) + 4h(T, VAT) + 3h(VoT, Vo T). (4.5)

Let v,(s) and (,(s) denote, respectively, the unique geodesic and the unique normal
section associated with a point p € M and a vector u € U, M so that ~,(0) = 8,(0) =p
and +,,(0) = 3,,(0) = u. For the geodesic 7y, we have VT = 0 along ~,, with T,(s) =
~:.(s). Thus we obtain from (4.2) and (4.3) that

Y (0) = h(u, u), (4.6)
Y2 (0) = —Ap(uuyu + (Vuh)(u,u).

On the other hand, for the normal section 3, with 3,(0) = p and (3,(0) = u, we obtain
from (4.2) that

VuTs =0, Tp=B,(s), (4.8)

since 3]/(0) lies in E(p,u), which is spanned by u and the normal space T M.
Comparing (4.6) and (4.9), we find 7/(0) = 3//(0). Hence, M is in contact of order at
least 2. This proves statement (1).
Now, suppose that the contact number of M is at least 3. Then we have v,/ (0) = 5./'(0).
Since 3,(0) lies in E(p,u), we obtain from (4.7) that Ap, . lies in E(p, u). Hence, we
obtain (h(u,u), h(u,v)) = 0 for any orthonormal vectors u,v € T, M. Because this is true
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for any point p and any orthonormal vectors w, v at p, Lemma 3.2 implies that M is
isotropic.
Conversely, if M is isotropic, Lemma 3.2 implies that

Ap(u,u)t = Aou (4.10)
for some number \g. Hence, we obtain from (4.7) that
A0) = —Aou + (Vb)) (u, u). (4.11)
For the normal section (3,, we obtain from (4.3), (4.8) and (4.10) that
B (0) = VoV, T — Mo+ (Vi h) (u, uw). (4.12)
Since (! (o) lies in E(p, u), (4.12) implies
(VuVr,T5,v) =0 (4.13)
for orthonormal w,v € T, M. On the other hand, we find from (4.8) that
2V Vo, T, u) = u(Ts(Ts, Tp)) — 2(V. T, VuTs) = 0. (4.14)
Combining (4.13) and (4.14) yields
VuV1,Ts = 0. (4.15)

Using (4.11), (4.12) and (4.15), we obtain ./ (0) = 3./'(0), which implies that the contact

u
number is at least 3. This proves statement (2).

Now, let us assume that M is an isotropic submanifold. Then we have
Ah(u’u)u = AU, (4.16)

where )¢ is independent of the choice of u € U,M for each p € M.
From (4.5), (4.16) and V1, T, = 0, we know that the geodesic v, satisfies

AV (0) = —(udo)u — A ) ()t + (V2h) (u*) — Moh(u,u). (4.17)

If cx (M) is at least 4, we have ¥ (0) = 3V(0). Since 8 (0) lies in E(p, u), (4.17) implies
that (A(vp)(us)u,v) = 0 for orthonormal vectors u,v € T, M. Hence, Lemma 3.3 implies
that M is constant isotropic.

Conversely, assume that M is constant isotropic. Then, by Lemma 3.3, we have

A(@h)(uS)U, = )\1“ (418)

for any unit vector u tangent to M at each point, where )\ is a function on M.
For (3, we obtain from (4.5), (4.8), (4.10), (4.15) and (4.18) that

ﬁ;v(o) = VUVQTﬁTg — (u)\o)u —\u+ (th)(u‘l) — )\oh(uﬂi) (419)

Since 31Y(0) lies in E(p,u), (4.19) implies that VuV%HTB is parallel to u.
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On the other hand, since s = 0 is a critical point of V7, Tp|? by (4.8), we find
w(VT, T, Tp) = u{T5(Vr,Tp, Tg) — [V, Tp|*} = 0. (4.20)
Using (4.8) and (4.20) we get
(VuV7,Tp,u) = w(V7, T, Tg) — (V7, T3, VuTs) = 0. (4.21)
Hence, we get Vuv%ﬂTﬁ = 0. Combining this with (4.17) and (4.19) yields v2(0) = 32(0).
Thus, ¢4 (M) is at least 4. This proves statement (3). O

5. Classification of codimension-2 submanifolds with cx (M) > 3

Theorem 5.1. Let M be an n-dimensional submanifold of E"*2. Then ¢y (M) > 3
holds if and only if one of the following three cases occurs.

(1) cx(M) =3, n=2, and M is a complex curve lying linearly fully in C?, where C>
denotes E* endowed with some orthogonal complex structure.

(2) cx(M) = oo and M is an open portion of an n-plane.

(3) cx(M) = 0o and M is an open portion of a hypersphere lying in a hyperplane
of Ent2,

Proof. Suppose that cx(M) > 3. Then M is isotropic according to Theorem 4.1.
Thus, we have |h(u,u)| = A(p) for every u € U, M.

Case (a). h(u,v) = 0 for any orthonormal vectors u,v tangent to M. In this case, M
is totally umbilical. So, we have either Case (2) or Case (3) (cf. [6]).

Case (b). h(u,v) # 0 for some orthonormal vectors u, v tangent to M. We put
U={pe M:h(u,v) # 0 for some orthonormal vectors u,v € T,M}.

Clearly, U is a non-empty open subset U which is non-totally umbilical at every point.
On U, let e; = u and e, = v. We extend ey, e, to a local field of orthonormal frames
€1,...,6en. S0, by Lemma 3.2, we may put

h(e1,e1) = Nent1, h(er,en) = penia, Apu>0. (5.1)

If h(e1,ej) = 0 for some j € {2,...,n—1}, then (3.1), (3.2) and the isotropic condition
imply that h(ej,e;) = Aepy1.

If h(ei,e;) # 0 for some j € {2,...,n}, then (3.1) implies that h(e1,e;) is parallel
to en+2; and hence h(e;,e;) is parallel to e,11. Thus, by (3.2) and the isotropy, we get
h(ej,e;) = —Aent1 and h(e1, e;) = £Ae, 0. Without loss of generality, we may assume
that

hei,e2) =---=h(er,eq) =0, hler,ej)==+Nept2, j=L+1,...,n, (5.2)
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for some £ € {2,...,n—1}. If h(e1,e,—1) # 0, then (3.1) and (3.2) imply that
h(en—1,€n-1) = =Xeny1 and h(ep—1,€,) =0

on U. Hence, by (3.3), we find (h(e1, en—1), h(e1,e,)) = 0, which is a contradiction. Thus,
we obtain

h(ei,ea) =---=h(er,en—1) =0, h(e1,en) = Nepnta, (5.3)
h(617 61) == h(en—la 6n—l) = >\6n+17 h(@n, en) = 7>\€n+1- .

Suppose that n > 3. Then (3.2) and (5.3) imply that h(ez, e,) = £Aept2 on U. On the
other hand, by (3.3) and (5.3), we get (h(e1,en), h(e2, e,)) = 0, which is a contradiction.
Therefore, we obtain n = 2.

With respect to the orthonormal frame e, es, the shape operator satisfies

A3:<3 _OA>, A4:<§ 3) (5.4)

on U. Hence, U is a minimal surface. Since each point in the complement M — U of U
is totally umbilical, continuity and (5.4) imply that each point in M — U is a totally
geodesic point. Hence, the whose surface M is a minimal surface.

When cx (M) > 4, M is constant isotropic. So, the equation of Gauss and (5.4) imply
that M has constant Gauss curvature. Thus, by applying a result of [5,23], M is totally
geodesic, which is a contradiction. Hence, we get cx(M) = 3. Moreover, since M is
minimal and non-totally geodesic, A vanishes only at isolated points.

Let V be an oriented 2-plane through the origin in E* and u, v an oriented orthonormal
basis of V. Then uAwv is a decomposable 2-vector of norm one which gives an orientation
on V. Conversely, every decomposable 2-vector of norm one determines a unique 2-plane
in E* through the origin. So, if we denote by G(2,4) the Grassmannian consisting of all
oriented 2-planes through the origin of E4, then G(2,4) can be identified naturally with
the decomposable 2-vectors of norm one in the Euclidean 6-space A?E*. Notice that the
inner product on A2E* is given by

(uANv,wA zy = (u,w)(v, z) — (u, z) (v, w).

Let ¢ : M — E* be an isometric immersion of M in E*. Consider the Gauss map:
v:M — G(2,4); p— e1(p) Aea(p) of ¢ which carries each point p € M to the 2-plane
obtained from T, M via parallel translation. Since ¢ is minimal and non-totally geodesic,
v is a regular map except at some isolated points on which A vanishes. It follows from
(5.4) that the induced metric G on the Gauss image v(M) is given by

G = 2)\?g, (5.5)

where g is the original metric on M. After a direct computation, we see that the second
fundamental form h” of v : (M,G) — A2E* satisfies

RY (vi(er), va(er)) = 20%(e3 Aes — €1 A ea),

(
h” (va(ex), va(ez)) = 0, (5.6)
(

hY (Vi (e2), ve(e2)) = 203 (e3 A ey — €1 A es).
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It follows from (5.5), (5.6) and the equation of Gauss that the Gauss curvature K of
the Gauss image (v(M),G) is 2 at every point. Thus, it follows from Theorem 6.3 of [16]
that M is a complex curve lying fully in C?, where C? denotes E* endowed with some
orthogonal complex structure. The converse is easy to verify. (Il

Corollary 5.2. Let M be a hypersurface of Euclidean (n + 1)-space E"*!. Then one
of the following three cases must occur.

(1) cx(M)=2.

(2) cx(M) = oo and M is an open portion of a hyperplane.

(3) cx(M) = oo and M is an open portion of a hypersphere.

Proof. This follows immediately from Theorem 5.1. (|

The following result is a very simple characterization of complex curves in C2.

Corollary 5.3. A surface M in E* satisfies ¢4 (M) = 3 if and only if it is a non-planar
holomorphic curve with respect to some orthogonal complex structure on E*.

Proof. This follows trivially from Theorem 5.1. (]

A surface M in C? is called Lagrangian if the complex structure .J of C? interchanges
each tangent space of M with its corresponding normal space.

Corollary 5.4. Every non-planar minimal Lagrangian surface M in the complex
Euclidean plane C? satisfies ¢ (M) = 3.

Proof. This follows from Theorem 5.1 and a result of [9] which states that every
minimal Lagrangian surface in C2 = (E%, J) is a complex curve with respect to some
orthogonal complex structure on E%. O

6. A simple criterion for submanifolds to satisfy c¢x (M) = k

Theorem 6.1. A submanifold in a Euclidean space is in contact of order k (k > 3) if
and only if each uw € UM is an eigenvector of A(gip)yi+2) for j =0,...,k — 3.

Proof. When k = 3, this follows from Lemma 3.2 and Theorem 4.1. When k = 4, this
follows from Lemma 3.3, Lemma 3.4 and Theorem 4.1. So, we only need to prove this
theorem for k > 5. In order to do so, let us prove the following.

Lemma 6.2. If M is in contact of order k > 5, then, for each uw € UM, we have
A(@jh)(uj+2)u = )\ju, j = 0, ey k— 3, (61)

for some functions A\; on UM.
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Proof of Lemma 6.2. Let us assume that M is in contact of order k, & > 5. Then
Lemmas 3.2 and 3.4 and Theorem 6.1 imply that

Ah(%u)u = )\()U7 A(@h)(us)u =0 (62)

for each u € UM, where A is constant. It follows from (4.5) and (6.2) that the geodesic
~yu With 7,(0) = p and ~+,,(0) = u satisfies

A (5) = —Aoh(Ty, Ty) + (V2h)(T2). (6.3)
Differentiating (6.3) and applying (2.11) and (6.2) yields
Yo(s) = ATy — A2y Ty = Xo(VR)(TZ) + (VPh)(T3). (6.4)

Since M is in contact of order k > 5, we have v2(0) = 2(0). Because (2(0) is contained
in the linear subspace E(p,u) spanned by u and T (M), (6.4) implies that u is an
eigenvector of A(gzp)(y4)s SaY A(g2p)(u2)t = A2u. So, we obtain Lemma 6.2 for k£ = 5.

In order to prove Lemma 6.2 for any k£ > 5 by induction, let us assume that M is in
contact of order ¢ (¢ > 5) and Lemma 6.2 is true for k¥ < ¢. From our assumption we
have

Ap(uu)t = Ao, Anywsyu =0,
A(@jh)(uﬁz)u = M\ju, forj=2,...,0—4,
7(0) = 8.(0).
By differentiating (6.4) and by applying (2.7), (6.5) and (6.6), we find
T (8) = 6Ty = Argony sy Ty + go.6h(Ty, Ty) = Xo(VER)(TY) + (VIR)(TY),  (6.8)
where
fo==X Xy=Ty(A2), go =5 — Az, (6.9)

and \j(s) = A;(7,,(s)) is the restriction of A; along the unit tangent vector field T, of 7.
Continuing such procedures ¢ — 6 times and applying (6.6), we obtain

Y (s) = (foo1 — Me—a) Ty + goe—1h(T,, Ty) +
+ Gt (VETRY(TED) = A(VEOR)(TL2) + (VE3)(TEY),  (6.10)
where

Je—1 = fe(Xos A2y oo Aess),
Gto—1 = gre—1(Xos A2y oy Aes5¢), t=0,...,0-7,

are functions depending on the A and their derivatives with respect to T,. From (6.5),
(6.6) and (6.10), we find

75(5) = fiT, — A(?lth)(Tﬁ—l)Tv + QO,Zh(TwTv) +e
+ 90-6.0(V ORI = Xo(VE T R) (TS 72) + (VO 2h)(TY),  (6.11)
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where
-7
fo=(fe—1 — )\574)/ + A5 — Z Atgte—1,
t=0
go,e = fr-1 — Ne—a+ 9001, (6.12)

Gto=gt-140-1+Ggip 1, t=1,...,0-T,

9ge—6,0 = ge—7.4—1-

Using (6.11), (6.12) and the fact that 3%(0) lies in E(p,u), we conclude that u is an
eigenvector of A(ge-sp)(ye-1). Thus, we obtain Lemma 6.2 for k£ = £ as well. So, we have
proved Lemma 6.2 by induction. O

Next, let us prove the converse of Lemma 6.2.

Lemma 6.3. Let M be a submanifold in a Euclidean space. If each w € UM is an
eigenvector of A(g;p)it2y for j =0,...,k =3, then M is in contact of order k.

Proof of Lemma 6.3. We already have this lemma for &k = 3,4 according to Lem-
mas 3.2 and 3.4 and Theorem 4.1. Now we shall prove this lemma for & = 5. In order to
do so, let us assume

Ah(%u)u = /\ou, A(@h)(ug)u = O, A(@’zh)(uzx)u = /\Qu, (613)

where )¢ is constant. We only need to show that v3(0) = 35(0).
From (4.5) and (6.13) we have

BiY(s) = V3T — 3Anrver)T — MVrT — Xoh(T,T) + 4h(T, V7T)
+ 30(VrT,VrT) + 6(Vh)(T,T,VrT) + (V2h)(T?), (6.14)

where T' = Tg. Hence, by differentiating (6.14), we find

Bu(s) = VT = X VET + NT = XoT = 3V (Aprv,m)T)
— 6Aon 1 veryT — 445 w2 T — 3Anv vy T + W(T, Vi)
= 30 An@, )T T) = Xoh(T, VrT) + Dr((V2h)(T*)) = Ao Drh(T, T)
+ 6D ((Vh)(T, T,V¢T)) + 4Dph(T,V2T) + 3Drh(V T,V T),
(6.15)

where A;(s) = A;(8,,(s)) is the restriction of \; along ;. Using (2.6) and (2.7), (6.15)
can be restated as

Bi(s) = VT + (X = )T = X(Vrh) (T, T) + (V2h)(T°) + s, (6.16)

¢5 = —2oVFT = 3(VrAnr,v,1)T — 3Anr,vrr) (VoT) + -, (6.17)

where each term of ¢5 is a vector bundle-valued tensor involving at least one of VT,
VAT, VAT,
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On the other hand, from the proof of Theorem 4.1, we have
(i) VuTg =V, Vr1,T5 = 0;
(ii) VUVQTHTB = 0, whenever M is constant isotropic.
Using (6.17), (i) and (ii), we get ¢5(0) = 0. Hence, (6.16) reduces to
Bu(0) = ViV, T 4+ (A5 — A2)u — Ao(VR)(u?) + (V3h) (u?). (6.18)
Since (2(0) lies in the linear subspace E(p,u), (6.18) implies that
(VuV5,Tg,0) =0 (6.19)
for v € T, M perpendicular to u. On the other hand, by (i) and (ii) we also have

(VuVT, T, u) = w(V, Tp, Tp)
= u{Ts(V1,T5,T5) — (V1,T5, Vi, T5)}
= 3u{T5(Tp, Tp) — 3T(V1, T3, V1, Tp)}
= —3(V.V%, T3, VuTs) — 3(V V1, T5, V. Vi, Ts) = 0. (6.20)

Combining this with (6.19) together with (i) and (ii) gives
VoV, Ts =0, £=0,1,2,3. (6.21)

Therefore, we have 72 (0) = 2(0) by applying (6.4), (6.18) and (6.21). Hence, we have
proved Lemma 6.3 for k = 5.

Next, we will prove Lemma 6.3 for general k by induction. In order to do so let us
assume that, for any given ¢ > 5, Lemma 6.3 is true for £ < £ and we also have

A(@jh)(ujurz)u = AJU, j = O, . ,é — 4 (622)

By differentiating (6.16) with respect to T' = T3 and by applying (2.11) and (6.22), we
find

Bul(s) = VIT — (Mg 4+ A3)T + (A5 = M)h(T, T) = Ao (V3R) (T, T) + (V*h)(T) + ¢6, (6.23)

where ¢ is a function such that each term of ¢g is expressed in terms of a vector
bundle-valued tensor involving at least one of VT, VAT, VAT, VLT. Notice that all
of the coefficients of T, (Vrh)(T,T), (V2h)(T,T) and (V4h)(T,T) in Equation (6.23)
are exactly those coefficients in 7Y!(0) given in (6.8).

Repeating such a procedure ¢ — 6 times yields

Bh(s) = VT 4+ (fe — M—3)T + go.th(T, T) + - --
+ 9164 (VITOR)(TT) = XNg(VE2R) (TP 2) + (VI2R)(TY) + ¢, (6.24)
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fort =6,...,¢, where fi, 9o, ---,gi—¢, are defined inductively as in (6.12) and each term
of ¢; involves at least one of VT, .. .,V%‘ZT. Since 3.(0), t = 6,...,4, lie in E(p,u),
(6.24) implies that

(VL VE2T 0y =0, t=5,...,¢, (6.25)
for each v € T, M perpendicular to u.
Next, we claim that (6.25) together with (i) and (ii) implies that
V. VERT =0, t=2,...,L (6.26)

We can prove this claim inductively as follows: conditions (i) and (ii) imply that (6.26)
holds for £ = 2,3, 4. Let us assume that ¢ > 5 and

v“v%_2T = O’ = 2? -, (627)
holds for some integer ¢ € [4,¢ — 1]. From these we find
(V VIT u) = w(VE'T, T) = w(T(VE 2T, T))
= w(TX(VEPT,T)) = - = w(TT YT, T)) = 0. (6.28)
Combining this with (6.25) gives V,, V& 'T = 0. Thus, we obtain (6.26) by induction.
Applying (6.24) and (6.26) we find
Bu(0) = (fe = Ae—a)u + go,ch(u,u) +---
+9e-6,0 (VTR (W) = Xo(VEHR) (uf72) + (VI 2h) (uf). (6.29)

By comparing (6.11) and (6.29) and by applying (6.22), we have v%(0) = 3%(0), which
implies that M is in contact of order £. This proves Lemma 6.3. O

Now, Theorem 6.1 follows immediately from Lemmas 6.2 and 6.3. (]

Theorem 6.1 immediately implies the following.

Corollary 6.4. Every isotropic submanifold with parallel second fundamental form
in a Euclidean space satisfies ¢y (M) = oo.

Remark 6.5. Not every Euclidean submanifold M with parallel second fundamental
form satisfies ¢4 (M) = oo. For instance, a circular cylinder R x S' in E® has parallel
second fundamental form, but its contact number is 2, not co.

We apply Theorem 6.1 to show that the following torus has contact number 4.

Example 6.6. Consider the isometric immersion 7, : E? — ES defined by

- 2 au \[av au sin V3av 1 cos v2au,
raine) = 2 (oo g con L oo Toin Y2 s 2
sin o Cos V3w o au V3

1
7 7 ,sm\—ﬁsm Vol \[

sin v/2 au) (6.30)
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Then 7, induces an isometric embedding 7, : T2 — ES of a flat torus T2 into E® with
contact number 4, which can be seen as follows.
Let e; = 0/0u and e3 = 9/0v. Then we have

g=du? +dv? W =0. (6.31)

‘We put

au 3av au V3av
eq = — | cos — cos ,COS —= sin , —V/2cos V2au,

\/ga ) \fa .
f VoI f VoI ﬁ“”“)

.oau . 3av av . V3av
es = | sin

Simmm ————, — — —.0

NG N COS\/§SID \/5 ,0, (6.32)
\/§ au \[av
oo Gy e oo L0,
o e
au V3av au . V3av 1 )

— COS — CO —cosV2au |.

\/§ S \/i ,—COSESIH \/§ ,\/Q

The connection forms of T2 in ES are given by

a a
0 0 awt ——w! —w? 0
V2 V2
a a
0 0 aw? —w? —uw! 0
V2 V2
—aw? —aw? 0 0 0 0
“ . “ , (6.33)
—w ——w 0 0 0 aw?!
V2 V2
—iwz —iwl 0 0 0 aw?
V2 V2
0 0 0 —aw? —aw? 0
which implies that
h(es, ea) L cos20es + = sin20 (6.34)
eg,e9) = €3 — —= cos 20e4 + — sin 20es, .
V2 V2

where ey = cosfe; + sinfes. Thus, 7, is an isotropic immersion. After applying (2.6),
(2.11), (6.31) and (6.33) we get

2
(Vh)(e}) = _ac\(;s;ﬁe& (V2h)(eg) = aiof;ge(cos ey + sin fes). (6.35)
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It follows from (6.33) and (6.35) that
Ay ezyeo =0, A2ny(esr€o = 1a® cos 30(sin 20ey — cos 20e1 ). (6.36)

Thus, by applying Theorem 6.1, we obtain cx(772) = 4.

Remark 6.7. There exist many Euclidean submanifolds whose contact numbers are
natural numbers greater than 4. Here we provide such an example.

Example 6.8. Consider a map 1 : E2 — E® defined by

%( ( 12+V2)x \/Ty),cos<\%2+\[aa:—\/%2— )
sin( 12+V2)z+4/12 ),sm(\/ 2+\f)x—\/f( \@)ay),
cos<\/% x—f—\/ (2+V2) )cos<\/%(2—\/§)x—\/%(2+\/§)ay)7

sin (\/g V2)a+ /L2 + V2)ay), sin (\/g@ — V2 — /L2 + v2)y)).

(6.37)

It is easy to verify that ¢ is an isometric immersion. Moreover, a direct long compu-
tation shows that its shape operator satisfies

_ 3 . _ _ - _1
Ah(eeﬁe)ee = 3¢, AV}L(eg)ea =0, AV2h(e§)e9 = —3¢0; } (6.38)

A@ah(eg)&g =0, A§4h(eg)69 = %69 - é((COS Tt)ey — (sinTt)es)
for any ey = cosfle; + sinfes. Hence, this surface has contact number 6 according to
Theorem 6.1.

7. Surfaces in E® with cx (M) > 4

A submanifold M is called pseudo-umbilical if its shape operator Ag at the mean cur-
vature vector is proportional to the identity map.

Theorem 7.1. Let M be a surface in E® with constant mean curvature or constant
Gauss curvature. If ¢ (M) > 4, then either cx (M) = oo or cx (M) = 4 holds. Moreover,
we have the following.

(1) If cx (M) = 00, M is one of the following three surfaces.

(a) An open portion of a 2-plane.
(b) An open portion of an ordinary 2-sphere lying in a 3-plane of ES.

(c) An open portion of the Veronese surface S?(\/3/a) contained in S*(1/a) which
lies in a hyperplane of ES.

(2) If cx (M) =4, then M is one of the following two surfaces.
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(a) M is an open portion of a flat torus T? for some a > 0 and its immersion is
congruent to

_ 2 au \[cw \[a 1
o(u,v) = Toa ( \[ \f \f \f cosxfau

V3av i auv . V3av 1
s1n700 3 HT sin —— ol fsm\fau) (7.1)

(b) M is an open portion of S?(\/3/a) immersed linearly fully in E as a pseudo-
umbilical surface with non-parallel mean curvature vector.

Proof. Let M be a surface in E® with constant mean curvature or constant Gauss
curvature. Assume that ¢4 (M) > 4 holds. Then M is constant isotropic by Theorem 4.1.

If M is minimal in ES, then M is totally geodesic (cf. [5,23]). Thus, M is an open
portion of a 2-plane whose contact number is oco.

From now on, let us assume that M is non-minimal in ES.

Case (i). M is flat. Since M is assumed to be non-minimal, locally we may choose
es so that H = aes, a = |H|. Because M is flat, there exists a local coordinate system
{x,y} such that the metric tensor of M is given by g = da? + dy?. If we put e; = 9/0x
and ey = 0/9y, we get w? = 0. Let us choose e4 to be a normal vector field such that
h(e1,e1) = aesz + bey. Since M is constant isotropic, we have (h(e1,ez2),h(er,e1)) =
(h(e1,e2), h(ez,e2)) = 0. Thus, there is a unit vector field es so that h(ey, ez) = des for
some function 6. Because h(eq, e2) = 2H — h(e1,e1) and |h(e1,e1)| = |h(ez, e2)|, we have
h(eq, ea) = aes — bey. Hence, we get

h(e1,e1) = aes + bey, h(ea, e2) = aes — bey, h(ey,e2) = des. (7.2)

Since M is constant isotropic, (7.2) implies § = +b. By using the flatness and the
equation of Gauss, we get a®> = 2b%. Consequently, we may choose an orthonormal frame

€1,...,¢eg so that
h(ei,e1) = aez — i64, h(ea, e) = aes + i64,
V2 V2 (7.3)
h(ey,e2) = a es, wi =0,

V2
where a = |H| is a positive constant due to constant isotropy. From (2.6), (7.2) and (7.3)
we find

(Ve,h)(er,e1) i(wd (¢;) %wl(q))eh (7.4)

r=3
— a 6
(Ve h)(er,e2) \TZ (ej)er, (7.5)
r=3
6

(Ve h)(ea, e2) Z(wd (e5) %wl(q))eh j=12. (7.6)
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Using (7.4)—(7.6) and the equation of Codazzi, we find
wi(er) = :%( 2); W5(€1) \[‘Ug(@) wj(es) = \ng (e2),
wile) =wi(er),  wile2) = V2wsler),  V2wi(er) = wi(er),

which imply that wj = w3 = wi = 0. Moreover, (7.4)—(7.6) and the equation of Codazzi
also imply that

V2u§(e2) —wi(ea) =wller),  V2wi(er) + wiler) = wi(e2). (7.7)
If we put
w§ = pw! 4 pw?, w§ = P! 4+ nw?, wd = pw' + qu?, (7.8)
then (7.7) and (7.8) give
V2p—n=p, Vou+y=q (7.9)

By taking the exterior derivatives of wj, w3, w$, w}, w$, W and applying (7.2), (7.9),

w3 = w) = w] = 0 and structure equations, we find

pn = P, 1q = ¢p, q¥ —pn = a®, (7.10)
99 _op  On_ 0y 94 _ 9. (7.11)
or Oy or Oy dxr Oy

Case (i)(a). n,q,¢ # 0. In this case, the first two equations in (7.10) imply that
w/o =1/n=p/q. So, we get pn—qyp = 0, which contradicts the third equation in (7.10).
So, this case is impossible.

Case (i)(b). ¢ = 0. In this case, (7.9) and (7.10) imply n = —p and un = pg = 0. If
u # 0, we obtain = ¢ = 0, which contradicts the third equation in (7.10). So, we must
have p = 0. So, we obtain from (7.9) that ¢ = ¢. Hence, the third equation in (7.10)
yields p? + ¢® = a?. Moreover, from (7.11), we also have

9 _9op  Oq_ _9p
or Oy’ oy Oz’

Since p? + ¢* = a?, we may put p = acosd(x,y), ¢ = asind(z,y) for some 6. Hence, 0
is constant due to (7.12). Thus, the connection forms of M are given by

(7.12)

a 1 a o

0 0 aw" ——w —w 0
V2 V2
0 0 aw? iuﬂ iwl 0
V2 V2
—aw? —aw? 0 0 0 0
a 1 ) 1 2 (7.13)
—Qw —ﬁw 0 0 0 qw* — pw
—iwz —iwl 0 0 0 pw! + quw?
V2 V2
0 0 0 —quw'+pw? —pwt—quw? 0

for some constants p, q.
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Now, let us consider a new field of orthonormal frame {éj,...,é} by

a a

0 0 aw! ——w' —w? 0
V2 V2
a a

0 0 aw? —w?  —uw! 0
V2 V2

—aw? —aw? 0 0 0 0

(7.14)

wh 0 0 0 aw?

0 0 —aw? —aw? 0

Since the surface T in Example 6.6 and the surface M above are both flat and they
share the same connection forms, we conclude from the uniqueness theorem of submani-
folds that M is congruent to an open portion of 72 in ES. It is known from §6 that the
contact number of 77?2 is 4.

Case (i)(c). n = 0. In this case, (7.10) implies 1o = 0, gp = —a? # 0. Thus, we have
¢ = 0. Thus, this case reduces to Case (i)(b).

Case (i)(d). ¢ = 0. In this case, the last two equations in (7.10) imply ¢p = 0,
pn = a® # 0. Thus, ¢ = 0. So, this reduces to Case (i)(b) as well.

Case (ii). M is non-flat. Since M is constant isotropic, we may choose e1,...,eq as
in Case (i) so that

h(e1,e1) = aes + bey, h(ez,e2) = aes — bey, h(e1,e2) = bes (7.15)

for some functions a, b. It follows from constant isotropy and (7.15) that a? + b? is
constant. Thus, the hypothesis ‘the mean curvature or Gauss curvature is constant’
implies that a, b are constant. So, M has constant mean curvature and constant Gauss
curvature. Also, since M is assumed to be non-minimal, we have a # 0.
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Case (ii)(a). b = 0. In this case, the surface is totally umbilical. Hence, M is an open
portion of an ordinary 2-sphere in E® which has contact number oo.

Case (ii)(b). b # 0. In this case, the first normal space Im h is spanned by es, eq4, e5.
On the other hand, since a, b are constant, (2.6) and (7.15) imply that

(Ve h)(er,e1) = Y (awh(es) + bwj(e;))e, — 20w (e)es, (7.16)
r=3

(Ve,h)(e1,e2) =Y bwh(e;)er + 20wi(e;)ea, (7.17)
r=3

(Ve h)(e2,e2) = > _(awh(e;) — bwj(e;))ey + 2bwi(ej)es, j=1,2. (7.18)
r=3

From (7.16)—(7.18) and the equation of Codazzi, we find

wg(el) = wi’(eg), bwé(el) + 2bw%(el) = aw§(eg), awg(eg) + bwi(eg) = wa%(eg),
wieg) =wi(er),  bwg(en) +2bwi(ea) = awz(er),  awj(er) + 2bwi(er) = bwy(er),
which imply
ws =wi =0, wh = 2wl (7.19)

Moreover, from (7.16)—(7.18) and the equation of Codazzi, we also have
aw§(ea) + bwl(ez) = bws(ey), (7.20)

awl(e1) — bwl(er) = bws (ez). (7.21)

Case (ii)(b)(1). DH = 0. In this case, M is immersed as a minimal surface in a
hypersphere of ES, because M is pseudo-umbilical with parallel mean curvature vector
(see [6]). Since M is non-flat, the Gauss curvature of M is positive (cf. [4]). So, M is
immersed as a Veronese surface lying in a hypersphere of a hyperplane in E® according
to Theorem 1.6 of [4]. The Veronese surface has contact number oo.

Case (ii)(b)(2). DH # 0. In this case, we have w§ # 0. So, by differentiating wj = 0
and applying (7.15) and (7.19), we get w$ A w§ = 0, which implies that

ws§ = Yuw$ (7.22)

for some function 1. Similarly, by differentiating wj = 0 and applying (7.15) and (7.19),
we get w§ A w¢ = 0. Thus, we also have

wg = ¢w$ (7.23)
for some function ¢. On the other hand, by differentiating w} = 2w?, we find

Wi Awd =2(a® - 3b%)w AW (7.24)
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Combining (7.22), (7.23) and (7.24), we obtain a? = 3b%, which implies that M has
constant Gauss curvature K = a?/3.
Replacing ey4, e5 by —ey4, —es if necessary, we have

a a a
h(ei,e1) = aes + —=ey, h(es,es) = aez3 — ——ey, h(e1,es) = —es. 7.25
(e1,€1) 3 \/34 (e2,¢€2) 3 \/54 (e1,€2) \/35 (7.25)
If we put w? = pw' + quw?, wW§ = w' + pw?, we obtain from (7.19), (7.22) and (7.23)
that
w% = pwl + qw2, wg = o.)g = O7 wg = )\O.)l + uwQ, (7 26)
wi’ = 2pw! 4 2qw?, wff = P! + Yuw?, wg = P ! + puw?. ’
Using (7.20), (7.21) and (7.26) we find
V3p+pu=¢X,  VBA—pA=dp, (7.27)
which implies that
V3(A2 — 2 2v/3\
¢:%, ¢ =8 (7.28)
A2+ A+
From (7.16)—(7.18) and (7.26), we find
_ _ A
(Vh)(e1,er,e1) = aX (1 + w)ee, (Vh)(e1,e1,e2) = %667
V3 V3 (7.29)
= adp - Y > '
Vh)(e1,es,e0) = ——eg, Vh)(ea,ea,e0) =au| 1 — —= |eg.
(T er ea,e0) = ey (T ex,ez) = an(1- 2 )eo
Using (2.7), (7.26) and (7.28), we obtain
hiinn = —(V3 4+ ¢9)N2Es + {(V3 + ¥)er A + Aert) — 3pAg} Es,
hiior = =N By + {dei) + herd — 2pgp + (V3 +4)pA} Es,
hi221 = —¢AuEs + {derp + perd + 2ppA — (V3 — 1)pp} Ee,
hasa1 = (¥ — V3)AuEs + {(V3 — ¥)erp — pert) + 3pud} Es, (7.30)

hitiz = —(V3 + ¥)AuEs + {(V3 + ¥)ea) + Aeat) — 3¢\ } Ee,
hi122 = —¢AuEs + {pea) + Neagp — 2qdp + (V3 + 1) g\ } Ee,
hnzss = — g’ Es + {dezp + pead + 2q0\ — (V3 — $)qu} Es,
hasss = (¥ = V3)u* By + {(V3 — ¥)eap — peaty + 3qug} Es,

where

FEs = (63 + ey + ¢65), FEg = —eg and hijk( = (@Qh)(ei, €5, €k, 6@).

-
Sie
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Thus

Armyener = — 222 (VB + ) (V3 + p)er + ¢€2>’} (7.31)

Agzpyenye2 = 30217 (1 — V3) (V3 + ¥)er + de).
If cy (M) > 5, (7.31) and Theorem 6.1 imply ¢ = +/3. When ¢ = /3 holds, (7.28)
yields 1 = ¢ = 0. Similarly, if 1) = —v/3 holds, we obtain A = ¢ = 0.
Suppose that ¢ = /3 and p = ¢ = 0 hold. Then (7.30) becomes
hi111 = —2V3A\2Es + 2v/3(e1 \) Eg,
hi121 = 2\/§p)\E67
hi221 = haa21 = hi222 = hazge = 0, (7.32)
hi112 = 2v/3(e2)) Eg,
hi122 = 2V3q\FEs.

Hence, we may obtain from (7.25) and (7.32) that

A(@zh)(eg)eg = —4a%)\? cos® feq, eg = cosfe; + sin fe,y.

Thus, by Theorem 6.1, we get A = 0, which is a contradiction. Similarly, we also obtain
a contradiction (given by p = 0) if ¢ = —/3 holds. Consequently, we have cy (M) = 4
when M has non-parallel mean curvature vector. It is obvious that every surface given

in (2)(b) lies fully in [ES. O

8. Classification of surfaces of Case (2)(b) in Theorem 7.1

The following result classifies surfaces of Case (2)(b) in Theorem 7.1.

Theorem 8.1. Let a > 0 and let {\(u,v),u(u,v)} be non-trivial solutions of the
system of partial differential equations

= (e(2)

au 2a au a au
A? +cos(>/\ 2—sin(>/\ 2 =20 \pp = sin<>)\3 8.2
Ho /3 ulh /3 /3 o v /3 /3 (8.2)
defined on a simply connected open set V! . Let UY  be the open subset of S%(v/3/a)
with metric g = du® + cos?(au/+/3) dv? defined on VY .- Then, up to rigid motions, there
exists a unique pseudo-umbilical isometric immersion Y5 , : UY | — ES with contact num-
ber 4, constant mean curvature a, and whose mean curvature vector satisfies

DyjouH = aXe,  DyjonH = ap cos(au>§, (8.3)
V3
where ¢ Is a unit normal vector field orthogonal to the first normal bundle of 1§ u
Conversely, every surface in E® with contact number 4, constant mean curvature, and
non-parallel mean curvature vector is given by a pseudo-umbilical immersion of an open
portion of S%(\/3/a) which is congruent to a Y3, obtained in the way described above.
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Proof. Let S?(v/3/a) be the 2-sphere with constant curvature 3/a2. We choose a local
coordinate system {u,v} on S?(v/3/a) such that the metric tensor is given by

g = du® + cos? <j/%> do?. (8.4)

Assume that {\, u} are non-trivial solutions of system (8.1), (8.2) defined on a simply
connected open set Vi . Let E be a four-dimensional Riemannian vector bundle over
Ug . and h be an E-valued symmetric (0,2)-tensor on Uy , defined by

h(@ 8> = ges + ——e, h<3 8) _ cos(au)%
ou’ Ou V3 ou’ v V3 V3]
h(a 0) _ acosz‘(““)e?, _ acosz(au>e4

v’ Ov V3 V3 V3

where e3, e4, e5, eg are orthonormal cross-sections of E. We define a linear connection

(8.5)

D on E by
Dgy/pue3 = Aes,
au
Dy/ope3 = ppcos| — |eg,
9/0v€3 = [ (\6) 6
\/g)\ /\2_ 2
Dyjoues = M%,
2a¢ . {au V3u(\2 — p?) <au>
Dy/gpes = ———=sin| — |es + —————~—=cos [ — | es,
e <\/§> BEPSE: v3)™"
2\/§A2u
Dy oues = me&
2a . [ au 2v/3\u? (au)
Dyrgves = —=sin| — |eq + ———— cos| — | eg,
D eg = —Aes — \/g)\()\2_u2)e — 2\/3/\2'ue
a/Bu 6 — 3 )\2+,LL2 4 )\2+‘LL2 55
Dajaes = —poos( 22 Jeu — LI o (A1), - 2N (21
6/6v 6 — /'[/ \/g 3 >\2+‘LL2 \/g 4 /\2+u2 \/g 59

(8.6)
For each cross-section n of E, we define A, by g(4,X,Y) = (h(X,Y),n), where (-,-) is
the fibre metric. A direct long computation shows that (Uf\L,M, g9, E,D,h, A) satisfies the
equations of Gauss, Codazzi and Ricci. Hence, by the existence theorem of submanifolds,
there exists an isometric immersion ¢ , from (Uf\‘ T g) into E® whose normal bundle,
second fundamental form, shape operator and normal connection are given, respectively,
by E, h, A and D (see [6]).
It follows from (8.5) and (8.6) that ¢§ , is a pseudo-umbilical immersion with constant
mean curvature a and whose mean curvature vector satisfies (8.3) with £ = eg. Clearly, &
is perpendicular to the first normal space at each point. Also, we know that the contact
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number of ¢ , is 4 by applying an argument similar to the one given in the proof of
Theorem 7.1.

Conversely, let z : M — ES® be a surface with constant mean curvature, contact
number 4, and non-parallel mean curvature vector. Then z is constant isotropic and,
moreover, according to Theorem 7.1, it is an open portion of S?(v/3/a), a > 0, immersed
fully in E® as a pseudo-umbilical surface with a as its mean curvature. Thus, there exist
orthonormal normal vector fields es, ..., eg such that

a 0 b 0 c k
(s a0 (i h) aee e

for some functions b, k with respect to e; = 8/0u, ez = sec(au/v/3)0/0v. Because M is
constant isotropic, we get ¢ = 0 and b = +k. Hence, (8.7) reduces to

a 0 b 0 0 b
N (A (R

after replacing e5 by —es if necessary. Since M has constant Gauss curvature 3/a?, we
obtain from (8.8) that b = a/v/3. Therefore, we get

h(e1,e1) = aes + i64, h(es, es) = aegz — h(e1,e2) = —es.  (8.9)

V3
By applying (2.6) and (8.9), we find

a
L
Nel

V. ° T a r 2a 2
(Ve;h)(er,er) = Z(aws(ej) + \/§W4(€j)) = U (ej)es,

a
ws (ej)er + %W%(ej)%, (8.10)

- - a 2a .
(Teshezen) = 3 (awfen) = ewien) oo + matleslen, i =12
We obtain from (8.10) that

wi = wi =0, wh = 2w?, wi= %tan(%). (8.11)

Moreover, using (8.10) and the equation of Codazzi, we have

V3wi(ea) + wh(e2)
V3w(er) — wh(er)

we(er), (8.12)
wS(ea).

) (8.13)

Since the mean curvature vector is non-parallel, we get w§ # 0. Thus, by differentiating
w3 = 0 and applying (8.9) and (8.11), we discover that w§ A w§ = 0. So, we have

w§ = Yul (8.14)
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for some function . Similarly, by differentiating wj = 0 and applying (8.9) and (8.11),
we get w§ A wf = 0. So, we also have

wf = gw$ (8.15)

for some function ¢. If we put w§ = Aw! + pw?, then (8.12), (8.14) and (8.15) give

2a ay
4 5 5 2
ws; =ws; =0, wy; = ———=tan| — |w?,
g RV <\/§) (8.16)
w§ = Mt + pw?, Wl =PIt + Yuw?, wd = pAw' + duw?,
Using (8.12), (8.13) and (8.16) we find
V3 + Yp = ¢, V3A — A = op. (8.17)
Now, by differentiating the last three equations in (8.16), we obtain
a au
e —epp=——ptan| — |, 8.18
SRV (\/??) (519
2a au
Aeg) — perp = ——=Aptan| — |, 8.19
2a au
Aeop — uerp = —=\ptan| — |. 8.20
Since A2 + pu? # 0, (8.17) gives
V3(AZ — 2 2v/3\
p= X @)y 2V (3.21)

)‘2+/1’2 _)\2+M2'

Substituting (8.21) into (8.19) and (8.20) yields

aX? au
Ap{p(perd — Aead) — Mperp — Aeap)} = \)}; (A% + p1?) tan(\/§>, (8.22)
(A2 — ) {p(perh — Aea ) — Aperpt — Aeap)} = il/—%()\‘1 —u*) tan(j%). (8.23)
Since A2 + p? # 0, (8.18), (8.22) and (8.23) imply that
Ay = <,u cos(\/g) >u, (8.24)
3N% 1, + <3 cos <j/%> Ay — 2V/3asin <j/%> )\> 1?2 — 6\, = V3asin <j/%> A3, (8.25)
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Combining (8.9), (8.16), (8.21), (8.24) and (8.25), we see that the connection forms of
z: M — ES are given by

0

—qw?

—aw!
—a
V3
—a

V3
0

are given by (8.21).

quw?

0

aw

aw

0

—2qw?

! — pw? =Yl —Yuw?  —prw! — duw?

0
Awt + pw?
PIw! + Pppuw?
P ! + puw?

0

(8.26)
where ¢ = —(a/+/3) tan(au/+/3), A, p are non-trivial solutions of (8.24), (8.25), and ¢, ¢

By comparing connection forms (8.26) of 2 with that of +§ , obtained from (8.4)-
(8.9), we conclude that 1 is congruent to ¥ . by applying the uniqueness theorem of
submanifolds.

9. Some explicit solutions of system (8.1), (8.2)

]

The partial differential system (8.1), (8.2) admits infinitely many non-trivial solutions.
Here we provide some explicit solutions of this system.

Example 9.1. Suppose that A = A(u). Then (8.1) gives

[ = sec <%> k(v)

for some function k = k(v). Substituting this into (8.2) gives

V3N (u)K (v) + {\/ﬁA’(u) - 2atan<au>/\(u)}k2(v) = Lasin

V3

Differentiating (9.2) with respect to v gives

%‘)AS(U).

VA2 (w)k" (v) + 2{\/§A’(u) - 2atan(au> )\(u)}k(v)k’(v) =0,

which implies

k// (v)

V3

_ 2atan(au/V3)A(w) — V3N (u)

2k (u)k(u)

V3X2 (u)
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for some constant c. Thus we have
K" (v) = 2ck(v)k (v), (9.5)

2atan<\/§))\(u) — V3N (1) = V3eA?(u). (9.6)

If ¢=0, (9.5) and (9.6) imply

Au) = c1 sec? (%) k(v) = cav + c3, (9.7)

for some constants c1, co, c3.
If ¢ # 0, we get from (9.6) and (9.7) that

B asec(au/v/3)
Alw) = acy cos(au/v/3) + v/3esin(au/v/3) (9:8)

and

1
k(v) = P~ or cotan(ceav + ¢3) or — g tanh(ceav + ¢3). (9.9)

So, after applying a suitable translation in v, we have either
(i) ¢e=0and

au

AMu) = ¢ sec? (\@) k(v) = cav, (9.10)

for some constant cy; or
(ii) ¢ # 0 and

_ asec(au/v/3)
Aw) = acy cos(au/v/3) + v/3esin(au/v/3) (9-11)

1
k(v) = — or catan(ccav) or — cg tanh(ecov) (9.12)
cv

for some constant cs.

If (9.10) occurs, then (9.2) and (9.10) give ¢; = ¢o = 0. Thus, we have

A=0, pu= bsec(j/%) (9.13)

for some constant b = cs.

If (9.11) and & = 1/(cv) hold, then we obtain from (9.2) that ¢ = 0, which is a
contradiction. If (9.11) and k& = —cytanh(ccav) hold, then (9.2) implies that a = 0,
which is also impossible.
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If (9.11) and k = ¢y tan(ccov) hold, then (9.2) implies ¢; = 0 and ¢ = a/+/3c. So, we
obtain

A= 20 CSC(M) =2 sec(au> tan(av) (9.14)
Ve \va) T vaT VB s |
Consequently, if A = A(u), then, up to a suitable translation in v, the solutions of sys-
tem (8.1), (8.2) are given by

A=0, u:bsec<f/1§>, (9.15)

A= % csc<2\‘/‘g>, o= % sec(%) tan(%), (9.16)

for some non-zero constants b and c.

10. Explicit examples of non-spherical pseudo-umbilical surfaces

Consider the solution of system (8.1), (8.2) given by

au

A=0, p= bsec(\ﬁ). (10.1)

From (8.6) we have

w ——atan<au)w2
R v3)
ws = wi =ws =0,
6 _ U 2
Wy = bsec(\/g)w , (10.2)
wh = —2atan(au>w2
R v3)
W = —ﬁbsec(i‘/%)wz.

Thus, (8.9) and (10.2) imply that the immersion ¢ of S%(v/3/a) into E° satisfies

’(/}uu = ae3 + %647
P Z—Gtan<au>x —i—acOS(w)% 1
W N\ T B \E) (103)

(U —aSin(m)x +a0052<au> (ef —1e>
w =573 75 )" )\ @ 75
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Oes
u
Odes
v
864
u
864
v

a
_%:ﬂu’
\f

Oes a

— = —% sec

a
—ﬁ cos

= —ATy,

= —ax, + beg,

- Ty (g Jer Ve
=)
(

au)x —&—2asin<au>e

(10.4)

ou
(965
v
866
u
866
v

:0,

= —bes + \/§b€4.

By taking the derivative of the first equation in (10.3) with respect to v and v, respec-
tively, and by applying (10.4), we obtain

Yuun + 30" u =0, (10.5)
Vuuo + 0%y = —5d’ Sm( % )‘35’ (10.6)
V3
i “si V3ez — 3ea), (10.7
wuvv'i' 3'(/Ju— 6 Sln(f)( 63— ey ] )
Yoo + (162<5 + 3COS( ))1% =a blﬂ( 1;) cos? (\a/%>65 + 2ab cos? (j/ug)eg.
(10.8)

Also, by differentiating (10.6) with respect to u, we have

Mo — 6V3a0us — 4v/30° (tan(\/g> + ot(\/%)>wv —0. (10.9)

On the other hand, solving (10.5) gives

b = Ay (v) sin<2\;§> + As(v )cos(ijg) + As(v) (10.10)

for some functions A;, Az, As. Substituting (10.10) into (10.9) gives A,(v) = A5(v).
Thus, we obtain Az(v) = Asz(v) + ¢ for some constant vector ¢. We may assume that
¢ = 0 by applying a suitable translation if necessary. Hence, (10.10) yields

¥ = A (v )sm<2\j§) +2cos (%)Ag(v). (10.11)
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From (10.3) we find

_1 2 2w _ au
e3 = 6@{3wuu+3sec (ﬁ)‘”w ﬁatan(\/g)wu}. (10.12)
Solving (10.3) and (10.8) for e4, e5, e and using (10.4) yields
es = isec(i%) (\/§¢uv + atan(i%)zbv), (10.14)
I ey 2 2au 2 au
€6 = 5, Sec (\/§) {4(1 (4 + 3cos( \/:;))1/11, + 18 cos <\/§>wuw + 121/)1,“,}.
(10.15)

Also, differentiating (10.6) with respect to v and applying (10.4) and (10.11) gives
3AY (v) + a?A;(v) = 0. Hence, we have A;(v) = ¢; cos(av/v/3) + ¢z sin(av/v/3) for some
constant vectors ¢, co. Therefore, (10.11) yields

Y(u,v) =1 sin<2\;§> cos <iz/%> +eco Siﬂ(Z\(/mg) sin <?/v§> +2 cos? (%) Az (v). (10.16)
Differentiating (10.8) with respect to v and applying (10.4) and (10.16) gives
3AY (v) + 4(a® + 6¢%) Ay (v) + 8a> 2 Ay (v) = 0.
Thus, we have
Ay = 1(cs cos(\/B + 0v)+cy sin(v/B + 6v)+c5 cos(y/B — 0v)+cg sin(y/B — 6v)) (10.17)

for some constant vectors cs, ¢4, c5, cg, where

B=2(a®+6¢%), §=2vat+6a2 + 36¢1. (10.18)
Therefore, (10.16) becomes
(u,0) = &1 sin(2au> cos<m’> + e sin(m) sin (‘“’)
V3 V3 V3 V3
+ cos? (%) (c3 cos(r/FF3v) + casin(y/F+ 3v)
+ ¢5 cos(v/B — 6v) + cgsin(y/B — 6v)).  (10.19)
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So, after choosing some suitable initial conditions, we obtain from (10.19) that

o (25) (B2 (25 (25 ()

(36 + 383 — 4a?) sin(y/B — dv) n (38 — 33 + 4a?) sin(v/B + dv)
66/ — 0 66/ + 0 ’
V2acsin(v/B—6v)  V2acsin(y/B + ov)
INGED) a sB-0
(2a% — 33 — 35) cos(v/B —dv)  (2a% — 38 + 36) cos(v/B + dv)
4ad 4ad ’
(2a2 4+ 38 + 35) cos(v/B — dv)  (2a® + 38 — 39) cos(\/mv))

4v/3a6 4v/3aé
(10.20)

For any a,c > 0, it is easy to verify that 1 is a constant isotropic pseudo-umbilical
immersion of an open subset of S?(v/3/a) into ES. Such immersions have con-
stant mean curvature a and non-parallel mean curvature vector. Moreover, because
(1, %) = 3cos?(au/v/3)/a?, such immersions are non-spherical.

Remark 10.1. The above examples illustrate that the class of surfaces of Case (2)(b)
in Theorem 7.1 is large.

Remark 10.2. The surfaces given by (10.20) are the first explicit examples of pseudo-
umbilical surfaces in Euclidean spaces which are neither minimal nor minimal in any
hypersphere.

Remark 10.3. For further examples of surfaces in Euclidean spaces with contact
number >5 and their characterization, see [8].
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