ON THE MONODROMY GROUPS OF LIFTED
EULER EQUATIONS
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In [13], Poincaré asked the following question: Which abstract groups can appear as
monodromy groups [14] of second order, linear, homogeneous differential equations with
meromorphic coefficients (which might depend on one or more parameters) on C? In the
present paper, we initiate a classification of monodromy groups of differential equations
on compact Riemann surfaces of genus 1. We proceed as follows: Let

y"+§y'+%y=0 with o, BeC (1)

be the general Euler equation [1] which has two regular singular points at 0 and « in the
extended complex plane C. Further, let y,(z) (v=1,2) be an arbitrary but fixed pair of
linearly independent solutions to (1) valid in a neighborhood of some ordinary point.
Analytic continuation of each solution along a closed loop A in €—{0, 9}, starting and
ending at some fixed base point, produces a new solution y,, (v=1,2) which can be
expressed as

Yoal2)=a,1y1(2) + a,,y:(2)

where the constants a,, (v, . =1,2) in C depend on the homotopy class [A] of A.
Clearly, y, A(2)/y24(z)=To(y,(z)/y,(z)) where the Maobius transformation T:w—
(ayw+ap)f(ayw+ay,) depends on [A]. The set of all Mdbius transformations T
belonging to every possible closed loop A in €—-{0,} forms a group G, called the
monodromy group of the Euler equation (1). G is generated by the Mdbius transformation
belonging to a simple, closed loop A, encircling 0. Hence, G is cyclic.

We will show that substitution of various meromorphic functions z = g(w) into (1)

results in equations (henceforth referred to as untransformed lifted Euler equations) which
can be transformed to eliminate their first derivative terms to give equations (called

transformed lifted Euler equations) having coeflicients doubly periodic with respect to an
arbitrary lattice [12] L =(nw,+ mw,, n,meZxZ, Im(w,/w,)>0). Consequently, the
transforms can be viewed as equations on an arbitrary complex torus C/L. Thus, each
transformed lifted Euler equation has a monodromy group G*. G* is also the mono-
dromy group of the untransformed equation because both lifted equations have the same
ratio of linearly independent solutions.

The generators for G* are obtained by the analytic continuation of y,(g(w))/y,(g(w))
along simple, closed loops about the singularities of the transformed equation as well as
along any two generating loops for the homotopy group [10] of C/L, where all loops avoid
singularities. Equivalently, we find [7] these generators by analytically continuing
yi(z)/y,(z) along the images of the above mentioned loops under g(w) in €. Our selected
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substitutions g will not necessarily be doubly periodic so that these images of loops can be
either open arcs or closed loops. These observations will ultimately permit us to determine
G* explicitly.

We now proceed with a detailed description of our findings.

THEOREM 1. The substitutions z =t*(w), A eC*, with t(w) of the form [11]

‘/(g’(w) —e)+ \/(g’(w) —e) . — o[ ¥i .
t(w)= ea—ey) with ¢ —9’(2), i=1,2 (2)
or N
H o™ (w—a;) X .
t(W)=$__ecw with k,1>0; m;, n‘.eZ+; Z m; — Z n=0 3)
[To"(w-b) i=1 i=1

into any Euler equation (1) (with difference of indicial roots r =r,—r,) on C produce lifted
Euler equations which can be transformed respectively into

y"+% [1 _(2”\)2 (P(w)—es)—3 (W —w—lgﬂ)]y =0 where e,= @(&;0—2> (4)
or y”+% [1—_—(2M—)2 (é} m,-{(w—a,-)—lé:1 nj.g(w—bj.)+c>2+ ozt(w)]y =0, (5)

where P, o, ¢ are the Weierstrass functions [12] for an arbitrary lattice L and 0, is the
Schwarzian derivative operator [4]. Equations (4) and (5) have coefficients doubly periodic
for L, can be treated as equations on C/L and determine monodromy groups on C/L.

REMARK 1. It has been shown [11] that the mapping (2) represents a specific
non-affine, branched projective structure (4] on an arbitrary unpunctured torus and is
associated with a Schwarzian differential equation with non-affine monodromy group.
Here we use the mapping (2) to construct differential equations on punctured tori as well
as to determine the monodromy groups of these equations. Similarly, the mappings of
type (3) represent classically known affine structures on unpunctured tori [3] and are used
here to construct differential equations on tori with arbitrarily many punctures as well as
to find the monodromy groups of these equations.

Proof. The Euler equation (1) with difference of indicial roots r=+v((a~1)>—4p)
(see p. 174-177 of [1] for all relevant facts concerning Euler’s equation) can be lifted by
the map z =t*(w) to C by a two step process as follows: Let z = fot(w) with f(t)=t".
First, lift (1) by z=£(t) to a new Euler equation

" a, ! B,
YO+ y(0+5 y() =0 ©)

with @’ =Aa~A+1 and B’'=BA? and with difference of indicial roots

r'=v((a'-1)2~4B") = Ar. )
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Second, lift (6) to C by the meromorphic substitution ¢ =t(w) to obtain
Y'(w)+P(w)Y'(w) +Q(w)Y(w)=0 (8

where P(w) = (—t"/t")+a’'(t'/t) and Q(w)= B'(f'/t)>. Note that P and ¢ in (2) and (3) can
belong to an arbitrary lattice L.
Since t =t(w) is a meromorphic function on C, the transformation [6]

Y(W) — e—1/25‘" P(s) dsy (W)

can be used to transform (8) into

y'(w)+J(w)y(w)=0 9)
where s ) N ) )
RO ST St
(g

Elementary calculations using (7) produce (1—(Ar)?)/4= '+ (a'/2)—((«’)?/4) so that

- ]

Equations (8) and (9) have the same ratio of linearly independent solutions.
When (2) is used for t(w), we obtain [11]

t"\? 3 +
(—) =P(w)—e; and Ot(w)= ——@(w—u).
t 2 2
Hence, (9) assumes the form (4) which clearly has doubly periodic coefficients.
Alternatively, when (3) is used for t(w), we obtain [12]
i

' k
{ Z msZ(w—a;)— z ni{w—b)+c
=1

t i=1

. k
Hence, (9) assumes the form (5). We observe that t'/t is doubly periodic since Z m; —
i=1

]
Z n; =0. Also, 6,t(w) is doubly periodic since t(w) can be viewed as a multiplicative
i=1
multi-valued function on C/L for some character [3].
From the double periodicity of the coefficients of (4) and (5), we can conclude that

these equations live on C/L and have monodromy groups there.

REMARK 2. The proof of this theorem implies that if the substitutions z = t*(w) and
z=t(w), t{w) fixed and of form (2) or (3), are made respectively into any two Euler
equations with respective differences of indicial roots r and r'=rA, then the same
transformed lifted Euler equation results.
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We are now in a position to state

THeEOREM 2. Equation (4) has monodromy group G* given by
(@) D,, ifrA=kin, neZ*, ke{xl,£3,...} and (k|,n)=1
(b) D, if r\=k/n, ne Z*, ke{x2,+4,...} and (k|,n)=1
() Co+C, if A e(C—-Q)U{0}

ReEMARK 3. G* is the Klein 4-group if n=1 and ke{+1,£3,...} while G* is G, if
n=1and ke{£2,+4,...}.

Proof. Remark 1 implies that there exists an equation (1) which lifts by map (2) to an
equation which transforms into (4). Therefore, A =1 can be assumed with no loss of
generality. Let u(z) be some ratio of linearly independent solutions to (1) and h(w)=
u o t(w) the corresponding ratio of linearly independent solutions to (4). When viewed as
an equation on C/L, (4) has singularities only at the natural projections of 0 and

(w1 +wy)/2 to C/L. Let Ay and A{, ..,,» be simple loops starting at some fixed point and
enclosing the respective natural projections of 0 and (w;+wy)/2. Let A, and A, be

non-contractable loops (based at the same fixed point as above) which together generate
the homotopy group of C/L. Here, all loops avoid singularities of (4). Lift [10] AJ,
Al +wprz and Al , A, to C to unique loops Ag, Ay, +wy2 and unique arcs A, A,,, all
having the same initial point. We can assume that the terminal points of A, (i=1, 2) are
translates of the common initial point by w; (i =1,2). G* is generated by the monodromy
elements corresponding to the above loops and arcs (on C).

Since t(0) = and t{(w,+®,)/2) = (V(es—e,)+V(es—ex))/V(e,—e))=K#0 [11], we
can find [7] the generators for G* associated with Ay and A, +.,2 by continuing

r

z if reC*®
u(z)_{lnz if r=0 (10)

along the loops I'..=t(Ag) and I'x = t(A¢, +wy) Where T, is homotopic in €-{0,} to a
simple loop enclosing o while 'y is homotopically trivial in this space. Thus, the generator
Ty corresponding to A, +a,y2 OF 'k is the identity. Furthermore, the generator T,
corresponding to A, or I, is

e 2™y if reC*

z=2mi if r=0.

T(z) ={

Note that t(w+w,)=1/t{w) and t(w+ w,) =—1/t(w) [11]. Hence, we determine the
generators T,, (i =1, 2) for G* arising from A,, (i =1, 2) by continuing (10) along the arcs
I, =t(A,,) as follows:

21 vir

e L}
T, (z2)=4 z
2hwi—z if r=0

if reC*
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and
e(2|2+|)-rrir

T, (2)= z
QL+ Dmi—z if r=0

where ;e Z (i=1,2) are fixed and depend respectively on A, and A,,,.
Replace T,,, T,, and T. by the new generators [9] for G* given as

if reC*

1
—_ f EC*
A(Z)zTL';C’TmI(Z): z 1 r
-z if r=0
and
¢ if reC*

B(z)=Ti°T,(z)=4 2
—z+mi if r=0

observing that T, is not needed as a generator since T.,=(A o B)>.
At this point, the proof splits naturally into three cases depending on the value of r.

Case 1. r=kin,neZ*, ke{xl,%3,.. . }and (k|,n)=1:Let C;=A and C,=B- A
with A(z) as above and C,(z)=e™*"z Clearly, Ci=id and C,C,C,=C;"'. Also,
C3"=id where elementary calculations using the oddness of k show that no lower positive
power of C, is the identity. Therefore, G* = D,,. Hence, (a) has been verified.

Case 2. r=kin, neZ*, ke{x£2,+4,...} and (|k|, n)=1: Let C, and C, be defined
as in Case 1. As above, C?=id and C,C,C,=C5'. However, C3 =id where elementary
calculations using the evenness of k show that no lower positive power of C, is the
identity. Therefore, G*= D,. Hence, (b) has been verified.

Case 3. re(C—Q)U{0}: A and B satisfy A?= B?=id. Consequently, all elements of
G™ other than A, B and the identity can be realized as (BeA)" and (B> A)" < B for

ne Z—-{0}. None of these elements is the identity for the given r values Therefore,
G*=(A; A% =(B; B?. Hence, (c) has been verified.

COROLLARY. The monodromy group G* of equation (4) is Kleinian iff rre
(C-Re)UQ.

Proof. As in the proof of Theorem 2, we can assume that A =1 so that G* is
generated by

1
—_ f *
Az)=1z if reC
-z if r=0
and
ei'rrr
if reC*®
B(z)={ z if r

-z+mi if r=0.
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Case 1. re Q—{0}: By Theorem 2, G*=D,, for some ne Z". Since G* is finite, it is
Kleinian.

Case 2. r=0: G* is generated by (B> A) (z)=z+mi and A(z) =~z and therefore
has fundamental domain [3]

FD={z:Rez>0 and 0<Imz<m}

Hence, G* is Kleinian.

Case 3. reC—Re: Now, r=a+ib, a,bcRe, b#£0 and G™* is generated by A(z)=
1/z and B(z) = e'™/z = "™ ™/z. Therefore, a € (0, 2] and b>0 can be assumed with no
loss of generality.

We will show that

D={z:e ™ <|z|<1, 0<Arg z<d}

(with ¢ determined below) is an open subset of a fundamental domain for G* by
examining the action of the nontrivial elements of G* on D. As in Case 3 in the proof of
Theorem 2, we can list all elements of G* as follows:

(i) id

(i) A

(iii) B

(iv) (BAY', n==+1,+2,. ..

(v) (BAY'B, n=+1,+2,£3, ... .
Here, (BA)'(z) =e™" ™z and (BA)"'B(z) = e!™ ™)/

If Te G* assumes forms (ii), (iv) or (v), then

T(D)={z :1<|z|<e™, —¢ < Arg z <0}
T(D)={z:e ™" V<|z]|<e™" man <Arg z<¢+man,ne{xl, £2, ... }}
T(D)={z:e ™" V<|z|<e ™ —¢p+ma(l+n)<Arg z<ma(l+n),ne{+1,+£2, +3,...}}

respectively. Thus, in each instance T(D)N D = J independently of the selection of ¢ > 0.
If Te G* assumes form (iii) and if ¢ = ma/2, then

D:{z : e‘"b<|z\<1,0<Argz<%a}

and

T(D)= {z e " <z| <, 11-2—6—{<Arg z <7ra}.

T(DYND = since ac(0,2]. Therefore, T(D)ND# 3 only if T assumes form (i).
Hence, D is an open subset of a fundamental domain for G* and G™ is Kleinian.

Case 4. re Re—Q: G* contains (B°A) (z)=e"z which is an elliptic element of
infinite order since r is irrational. Thus, G* is not Kleinian [8].

THeEOREM 3. Each equation of form (5) has monodromy group G* of one of the

ing t :
following types C, C.xC, CoXCoXC, where leZ*U{+o}.
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All of these groups (for all e Z" U{+}) are realized as rh €C and t(w) of form (3) both
vary.

Proof. Equation (5) has singularities at a; (i=1,...,k), b; (j=1,...,1) and ¢,
(p=1,...,1), the poles of B,t(w), as well as at all translates of these points by elements of
the lattice L. Therefore, G* is generated by the elements corresponding to simple loops
Ay (i=1,...,k), Ay (j=1,...,D, A, (p=1,...,1) about the points a;, b, ¢, respec-
tively as well as arcs A,, (i=1,2) defined as in the proof of Theorem 2. Since t(g;) =0,
t(b;) = and t(c,) = C,#0, %, the monodromy elements T,, T,, T, associated with the
loops mentioned can be found [7] by continuing u(z) in (10) along the closed loops
To=t(Ay) (i=1,..., k), T=t(A,) (j=1,...,1) and re=tA.) (p=1,...,1), 0,€Z,
where I, is homotopic in € —{0, o} to a simple loop enclosing 0 and T, is defined similarly
while I', is homotopically trivial in € {0, o}. Thus, the generators T, corresponding to
A, or ngn must all be the identity. Furthermore, the generators T, corresponding to A,
or I'f* and the generators T;, corresponding to A, or I’y are respectively given by

e>mmiz if reC*
T,(z)= . . .
z+2mim; if r=0 i=1,...,k)
and
e 2™y if reC*
Tb,.(z) = { L. .
z=2min; if r=0 G=1,...,D.

We now show that the subgroup of G* generated by T, and T, can be generated by
precisely one transformation T,. We let d; and e; be integers satisfying

k ! i=1,...,k
Y dm— Y ej”i:ng(mis "i;% )
= = j=1,...,1

Define
eZ-rrir ged(m,, "i)z lf re C*

z+2miged(m, n;)  if r=0.

K !
To(z)= H Tgio H Tf,'i(z) ‘{
i=1 i=1

Since there exist integers M; = my/ged(m;, n;) and N; =ny/ged(m;, n;), we conclude that
(TOM =T, (i=1,...,k) and (T)V =T, (j=1,...,1). Therefore, T, generates this
subgroup of G* as claimed.

We can view any map z =t(w) of form (3) as a multi-valued function on C/L
belonging to a multiplicative character [3] generated by constants A; eC* (i =1, 2) which
are associated with the natural projections of the arcs A, (i=1,2) in C to closed,
non-contractable loops on C/L. Equivalently, we note that t(w) is a single-valued function
on C with transformation laws t(w+w;)=A;t{(w) for all weC (i=1,2). Hence, the
generators T, (i =1,2) corresponding to A, (i=1,2) are found by continuing u(z) in
(10) along the arcs ', =t(A,,), where T, is closed iff A; =1. We obtain

Ale?mikiz if reC*

i [N e
' z+In A, +2mik;, if r=0 (i=1,2)
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where A] or In A; are arbitrary but fixed branches and where k; € Z depend on both A,,
and these branches.

G* is generated by T,, T, (i=1,2) and is a group of affine mappings consisting
entirely of multiplications if reC* or of translations if r=0. Hence, G* is Abelian and a
direct product of at most three cyclic groups [5].

We now show that G* has at most one generator of finite order. If r =0, then clearly
G* has no generators or nontrivial elements of finite order. If reC*, then assume that

C\(z) = *™ KMz Cy(z) = ?>™ Nz, K, LLM,NecZ*
are generators of G* having finite order. Define

D(z) = ¢@mi/MN) ged(KN. LM)

Number theory shows that the subgroups of G* generated by C; (i=1,2) and D are the
same. We conclude that G* has at most one generator of finite order. Therefore, G* is

one of the types claimed.
We now show that all of these types are realized as follows:

(A) C.XC,oxC,: Let r=0 and

t(w) = (o(w—w——-’\/%;—wz> / g(w)> NGRS

where m; =(w/f2) (i=1,2). Then, A,=e, Ar=e"? and ged(m,, n)=1. Thus, G* is
generated by

To(z)=z+2mi
T, (2)=z2 + 1+ 2mik,
T.(2)=z+V2+2mik,, keZ (i=1,2)
where the cyclic subgroups generated by Ty, T, and T, are disjoint. Hence, G*=

C.XC.%C.. -
(B) C.XC.XC, for all e Z": Let

1 In3—-w,1 .
r== and t(w)= ((r<w—————wl n3 22 L 2)/0(w)> - glmiIn 3=my InD/mw
l 2ri
Here, A, =2, A,=3 and gcd (m;, n;) = 1. Thus, G* is generated by
TO(Z) — e2m‘/lz
T, (z) = 2"k, 5
T, (2)=3"e® %z eZ (i=1,2) and 2" 3" eRe".

The disjoint cyclic subgroups generated by T, and T, are of infinite order and are both
disjoint from the cyclic subgroup of order ! generated by T,. Hence, G*=C,,XC,XC,
where [ e Z" is arbitrary. Note that when [ =1, we obtain G*C,.=C.,,.
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(C) CoxC, forall leZ*: Let
1 1 .
r== and t(w)= (O'(W—wl n‘3>/0(w)> . e InImw
27
Here, A, =1, A,=3 and ged(m;, n;) = 1. Thus, G* is generated by
TO(Z) = e2-rri/lz
T, (z) = €200,
T, (z)=3"e*®M;  kezZ (i=1,2) and 3"'eRe".

T, =To, O(Ty)=1 and O(T, )= imply that G*=C,x C. Note that when =1, we
obtain G*=C,
(D) G, for all e Z": Let

)

Here, A;=1 (i=1,2) and ged(m;, n;) = 1. Thus, G* is generated by
Ty(z) =e*™'z
{T (z)=e>m Dz keZ (i=1,2).
Since T,, = (Ty)" and O(T,) =, we conclude that G* = C;. Note that when [ =1, G*=id.

RemMARK 4. If t(w) of form (3) is doubly periodic (or equivalently if A;=1 for
i=1,2), then the arcs A, (i=1,2) as well as all loops A, and A, project under t to
closed loops about 0 (or ) in C—{0, «}. Thus, G* is a (cychc) subgroup of the group G of
(1) when A =1 and t is as above.

In fact, we can prove

THEOREM 4. The group G* of the equation (5) obtained by lifting an arbitrary equation
(1) by any non-constant doubly periodic function t(w) (A =1) is a proper. subgroup of the
monodromy group G of (1) if
=1,.
=1,.

i=1,...
'l_l’ ’;(>=M2 when O(G) =

D 1#gcd<O(G), m, n ?) M, when O(G) is finite or

1+ gcd(ml, n;

and if

(I) there exists a doubly periodic root function t'*=(w).
In fact, if (1) and (II) are satisfied, then [G : G¥]1=M, or M, depending respectively on
O(G)eZ" or O(G)=o»,

REMARK 5. For a given monodromy group G, mappings t can be constructed for
which [G : G*] in Z™ is arbitrary. Thus, every subgroup of G is the monodromy group of
an equation lifted from (1) by some map .
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Proof. The existence of a doubly periodic root function t'*2(w) implies that t(A,,) =
Ty, k;e Z (i =1, 2), where [, is homotopic in C —{0, =} to a simple, closed loop about 0
[7]. Therefore, the generators T,, (i=1,2) are given by

e21ﬁ'M2kiZ it r € C*
T, (2)= {

z+2miMLk;, if r=0 (i=1,2).
Since T,, =(T,)* where T, is defined as in Theorem 3 by
Zwierz lf re C*

z+2wiM, if r=0,

e

To(z) = {

it follows that G* is generated by T, alone.
Furthermore, G is generated by

e?™z if reC*

z+2mi if r=0.

Dy(z) ={

We now determine the relationship between G* and G by consideration of the
following two cases.

Case 1. If re(C—Q)U{0}, then G =(D,) is free and G*=(T,)=(D") is a free
proper subgroup of index M, in G. We note that both G* and G are purely parabolic,
elliptic or loxodromic.

Case 2. If re Q—{0}, then O(G)e Z* and r=1l/O(G) where l€ Z—-{0} and gcd(|l],
O(G))=1. Note that O(G) # 1. Otherwise, hypothesis I would be contradicted. There-
fore, ré Z~{0} and G =(D,; DY@ =1) is not trivial. Also, as in Case 1, G* is generated
by T,= D)-.

We now determine [G : G*] and show that G* is a proper subgroup of G. Observe
that G*=(D}:; D9® =1). Since M, =gcd(O(G), M,), there exist k,, k,e Z such that
k,O(G)+ k,M, = M,. Thus, DY = DO +:M = DkaMa s an element of G* which must
generate -G* since M, | M,. Hence, G*=(D}"; D§‘®>=1). Suppose that there exists
LeZ—-{0} such that |[L|<M, with D§eG* Since D§' generates G*, there exists
kye Z—-{0} with D§=D§:. It follows that L =ks;M, mod O(G) and there exists k,e Z
with L =k;M,+k,0(G). This statement is contradicted by the fact that M=
ged(O(G), M,). Therefore, if D§e G*, then M, | L. This result together with the facts that
G*=(D{"; D@ =1) and M, | O(G) imply, by group theory, that O(G*)= O(G)/M,.
Hence, [G : G*]=M,. Since M;>1, G* is a proper subgroup of G.
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