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Rings with orthogonality relations

G. Davis

The rings of this paper are assumed to have relations of
orthogonality defined on them. Such relations are uniquely
determined by complete boolean algebras of ideals. Using the
Stone space of these boolean algebras, and following J. Dauns
and K.H. Hofmann, a sheaf-theoretic representation is obtained
for rings with orthogonality relations, and the rings of global
sections of these sheaves are characterized. Baer rings,
f-rings and commutative semi-prime rings have natural
orthogonality relations and among these the Baer rings are
isomorphic to their associated rings of global sections. A
special type of ideal is singled out in commutative semi-prime
rings and following G. Spirason and E. Strzelecki, in an
unpublished note, a characterization of a class of such rings is

obtained.

1. Orthogonality relations

DEFINITION 1.1. A relation % on a ring R is said to be an
orthogonality relation if

(1) =z#y implies yax ;

(2) Oax for all x € R ;

(3) x#x implies x = 0 ;

(b) zyay, xp4y implies (xy-x3)%y ;

(5) x4y dimplies (ax)sy , (xa)sy for all a € R ;

(6) if 1 1is a multiplicative identity for R then «#1 implies
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x=0.
Examples of rings with orthogonality relations are
(1) commutative semi-prime rings with xzsy if xy = 0 ;
(2) f-rings with xay if |x| A |y] =0 .

DEFINITION 1.2. For x € R, ACR put z*={y € R ; zxy} ,

A* = N a* , A** = (4*)* ., If A = {x} is a singleton set then
ach

A* = {x}* will be written simply as «* , and similarly for x** . A
subset of R of the form A* , AC R is said to be a polar subset of
R . The class of all polar subsets of R 1is denoted by B(R) .

The following properties of polar subsets are easily established:
(1) every polar subset of R is a two-sided ideal;

(2) o*=r, R*=(0);

4
* = e
(3) 2 A} [2 Au} for any class {Aa} of subsets A SR ;

(4) A* n A** = (0) for any ACR .

The orthogonality relation * is said to be regular if

x*t ny**t = (0) implies xay .

Unless a statement to the contrary is made it will be assumed that all

orthogonality relations discussed are regular.
1.3. B(R) , ordered by inclusion, is a complete boolean algebra.

Proof. Using Frink's axioms [2] for a boolean algebra it is enough to
see that B(R) is a complete lower semi-lattice such that for any
A* € B(R) there is an (A4')* ¢ B(R) satisfying (4')* n B* = (0) if and
only if A* n B* = B* , 1In fact A' = A* suffices: if A* n B* = B*
then A#* n B* = A** n (A* n B*) = (A** n A*) nB* = (0) n B* = (0) . Im
general B* D (4 u B)* = A* n B* . Suppose that A** n B* = (0) and take
x € B, If x ¢ A* then for some aq € A , x#*a 1is false. Then
x** n g** # (0) since + is regular, but x** C B* , g** c 4** and

B* n A** = (0) . Thus x € A* so that B* = A* n B* .

A boolean structure B for aring R is a class of (two-sided)

ideals of R such that:
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(1) B , ordered by inclusion, is a complete boolean algebra;
(2) the zero of B is (0) and the unit of B is R .

Thus, if s is an orthogonality relation on R then the class B(R) of
polar subsets of R 1is a boolean structure. On the other hand if B is
a boolean structure for R define x°°=N{B € B : x € B} and

[«]

x° = complement of x°° in B, for x € R . The relation # defined by

x#y 1if x € y° is then an orthogonality relation on R with B(R) = B .

2. Representations

In this section a representation theorem for rings with orthogonality
relation is described. This representation is in terms of rings of global
sections of sheaves and since this method of representation has been given
at length elsewhere (Dauns and Hofmann [1], Kist (4], Pierce [5]) only the

pertinent definitions and proofs of the final results will be given here.

DEFINITION 2.1, 1If R, R' are rings with orthogonality relations
denoted indifferently by + then amap % : R * R' is a #*-isomorphism
if

(1) » 1is a ring isomorphism into R' ,

(2) x4y 4if and only if h(x)sh(y) .

DEFINITION 2.2. A triple (4, b, C) 1is a sheaf of rings if

(1) A, ¢ are topological spaces;

(2) b : A+ C is a local homeomorphism (that is for each o € 4
there is an open set containing o such that b restricted to

this open set is a homeomorphism onto an open subset of C);

(3) for each Yy € C , b—l(y) is a ring in 4 ;
(4) the maps ((11, ay) + a; - az ((11, ay) + aja; from the set

Av 4= {(ay, ap) € A x4 : bla;) = blay)} into 4 are

continuous.

If C¢' € C 1is an open set then a continuous map o : ' + 4 is said
to be a section over ¢' if bog : C' + ¢' 1is the identity map on ('
If ¢' = (¢ then a section over (' 1is said to be a global section. The

set of all global sections is denoted by TI(4) and is a ring for the
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pointwise operations: [o+t](a) = o(a) + 1{a) , o-1{a) = o(a)-1(a) .

If R 1is a ring with an orthogonality relation 4 write g for the
Stone space of the boolean algebra B(R) of polar subsets of & . Thus,

@ 1is a Hausdorff extremally-disconnected topological space.

DEFINITION 2.3. For ¢ € Q define R, = {x € R : x** € ¢t} .

LEMMA 2.4. BEvery Rt s t€Q, is a (two-gided) ideal of R ,
N R, =(0) . Bvery R, is aprime ideal if and only if z+y is
teq
equtvalent to xy = 0 .

Proof. It is straightforward to check that each Rt is an ideal and

N R, = (0) . Suppose that x4y 1is equivalent to xy = 0 . Thus

xy = 0 implies x4y which in turn implies xz** n y** = (0) so that for

each ¢t € @ either x** € £ or y#** € t . That is for each Rt either

x € Rt or y € Rt so that each Rt is prime. C(Conversely, suppose that

each Rt is prime. If xy = 0 then x € Rt P

t € Q sothat x** ny** € N t= (0) and thus x4y . In general if
teq

x4y then xy = 0 , for in this case (xy)** < x** n y** = (0) . //

or y € R for each

DEFINITION 2.5. For ¢t € @ write R/Rt for the set of ordered

pairs (x+Rt, t) , £ € R . Then R/Rt is a ring for the operations

(“’""Rt’ t) + (y+Rt’ t) (x+y+Rt’ t) >

(e+r,, t) [y*R,, t) = (ay+R,, t)

Put R= U R/R
teq

For each x € R define amap £: @ >R by Z(¢)

and define p: R+ @ by p(r)=¢t if r ¢ R/Rt .

t

(w+R,, t) . Put
R=1{&:z¢R}.

LEMMA 2.6. For each x € R, p-% 1is the identity map on @ and

the set R is a ring for the pointwise operations.

A base for the open sets for the hull-kernel topology on & consists

https://doi.org/10.1017/50004972700046426 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046426

Rings with orthogonality relations 167

of sets of the form @, = {t € @ : A* X t} . The sets
%(QA) = {2(¢t) : ¢t € QA} for x € R, ACR , then form a base for the
open sets for a topology on R .

PROPOSITION 2.7. With the hull-kernel topology on Q , and the
topology described above on R , the triple (R, p, Q) is a sheaf of

rings.
Proof. Similar to Proposition 2.13 of Dauns and Hofmann [1].

The ring T(R) of global sections of (R, p, ¢) has an
orthogonality relation s+ given by 0Ost 1if for each t € @ either
og(t) =0 or 1(t) =0 in R/Rt .

Let R be a ring with an orthogonality relation s+ and an identity

For Q' <@ themap I(Q'): @ > R is defined by

1(¢t) if t € @'

@ )(¢) =
0 if ¢t § g’

I(Q') is called the indicator function of @' € @ , and I(Q') € T(R) if

and only if @' € @ is closed-open.
THEOREM 2.8. The map x+w % is a s-igsomorphism of R into T(R) .

For each o € T(R) there is a finite closed-open partition (QA.} of @,
7
and x, € R, such that o = ; I[QAi]xi

Proof. For x,y €R, t€Q,
x/:\?(t) = (x—yth, t) = L”+Rt’ t) - (y+Rt’ t) = 2(e) - §()

and similarly é@ =24 . If 1 is an identity in R then for ¢ € T'(R)
and t €Q, 0-1(¢) =0(£)-1(¢) = 0(t) so 1 is an identity in T(R)

If %(t) =0 for each ¢t € § then x** ¢ N ¢t = (0) so that = =0 .
ted

If x4y then x** ny** = (0) € N t so for each t € @ either
teQ
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Z(t) = 0 or #(t) =0, whilst if for each t € @ either Z(t) =0 or
7(t) =0 then x** ny** ¢ N t=(0); since * is regular this means
teq
that x4y .
Take O € T(R) . For each t € @ there is an z, € R such that
o(t) = Qt(t) . Then there is a closed-open neighbourhood QA of t such

t

that o(t') = £,(t') for all t'€ @, . Then 4@, : t € @) 1is an open
t At At

cover for & so there is a finite subcover {QA s sees QA } . Put
t t

n

Q. =@, , @, =4¢& \' U @ for ¢ > 1 . Then {Q,...,Q}
1 74 A A 1sja At 4 4,
2 d
is a finite closed-open partition of ¢ . Put T, =X, and consider the
7

global section EI(QAL'].@; : if t ¢ QAi then

) I[QA ]i‘i(t) =8,(t) =8 (t) =o(t) . Thus, o= ZI[QA ]ﬁ . //
i i i z

: Z
Z

DEFINITION 2.9. A ring R with an orthogonality relation # is

said to be completely-projectable if for each AC R , A*@® A** =R .

PROPOSITION 2.10. If R 18 a ring with an orthogonality relation
then the ring T(R) of global sections of the sheaf (R, p, @) 1is
complete ly-projectable.

Proof. For @' <@, x € R, define I(Q'; x) : @+ R by

2(t) for t €@ ,
I(Q'; xz)(¢) =
0 for t 8@ .

Then I(Q'; z) € I'(R) if and only if @' is closed-open. As before,

if o € T{R) then o = ZI[QA 5 xi] where {QA } is a finite closed-open
1 i 7

partition of @ . Now take {oa} cT(R) and 0 = z I{QA s :r:i] € T(R) .
i 7

Put S=UTt€Q:0aTt)¢0} and S' =@\ S . Then S and S' are
a
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closed-open since & 1is extremally-disconnected. Thus

o=ZI(Q rﬁ;x.]+§I(Q nS’;:c.]. Put o, = I(Q nS;:c.] s
i Ai 1 i Ai A 1 % Ai (A

G, = g I[QAinS'; xi] . Then oy € {oa}& , for if Uu(t) 40 for some
@, t then % €5 sothat 0p(t) =0 . If t€ {o}*, then o (¢) #0

for some o, t implies T(¢) =0 . That is, T =0 on

Uu{teq: o (t) # 0} , and since T is continuous, T =0 on S . Then

a

0p =0 on S' so that 0341 . That is, o) € {oa}** which means that
* A% =

{Ou} ® {Ua} T(R) . //

3. Baer rings

Let R be a ring. For a subset A C R the right annihilator of 4
is the set A° = {x € R : ax = 0 for all a € A} . The left annihilator
°4 is defined similarly. If A4 = {x} is a singleton subset of R then

o

A°, °4 are denoted respectively by x°, °z .

DEFINITION 3.1. Let R be a ring with identity 1 . R is said to
be a complete Baer ring if for each A C R there is an idempotent
e?2 = ¢ € R such that 4° = eR . R is said to be a Baer ring if for each

x € R there is an idempotent e with x° = eR .

Thus in a complete Baer ring right annihilators of subsets are
idempotently generated and similarly in a Baer ring right annihilators of
elements are idempotently generated. A result of Kaplansky [3] shows that
the assumption of an identity for the ring implies the same thing for left

annihilators.

DEFINITION 3.2. A complete Baer ring is said to be of type C if
right annihilators of subsets are generated by central idempotents. A

similar definition holds for Baer rings.

In a (complete) Baer ring R the idempotent generator of a subset

A € R will be denoted by id(4) .

The set B(R) of all central idempotents of R is a complete boolean

algebra for the operations
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evfif=ef, eAf=e+f-ef, e =1-¢e.

Assume for the rest of this section that Baer ring means complete
Baer ring.

PROPOSITION 3.3. If R 1is a Baer ring then the relation + on R
given by «x#y <f id(x) v id{y) = 1 <& a regular orthogonality relation.
Furthermore e» e** <is a complete isomorphism from B(R) onto B(R) .

Proof. If x#xr then id(x) =1 so that x° =R and thus = = 0
since 1 € R . To see that x)#y, xo4y implies (x,-z;)sy notice firstly
that (x}-z3)° D xf n«x8 . That is, id(z))R n id(x,)R < id(x~x2)R so
that 1id(z;) A id(xz,) € id(x;-z,)R and thus
id(xy) A id(xp) = id(xl—xz)[id(xl) A id(xz)_] which means that
id(x-x2) = id{x;) A id{xy) . Then

1 =z id(zy-x,) v id(y) = [id(xy) A ialxy)] v idly) =
fia(z;) v ia(y)] A [1a(z,) v ialy)] =1 .

If x4 and z € R then (x2)° Dx° so that id(xz) = id(x) , and
thus 1 = id(xz) v id(y) = id(x) v id{y) = 1 so that xz4y . The

remaining orthogonality properties of % follow easily.

To see that # 1is regular firstly notice that for A C R ,
A* = (1-1d(4))* : if &2 = ¢ 1is an idempotent then id(e) =1 - e .
Take & € A* , so that id(x) v id(a) = 1 for each a € A and thus

id(z) v id(l—id(l—id(/l)]] = id(x) v id(4) =

id{z) v /\ id(a) = /\ id(z) v id(a) = 1 .

acd a€ld
Thus, 1 - id(4) € 4%* ., If y € (1-id(4)}* then for a € 4 ,
id(a) v id(y) = id(4) v id(y) = id(1-id(4)) v ia(y) = 1
so that y € A* . Thus, A* = (1-id(4))* .

Take x, ¥y € R . Then &x** = (1—id(x))“ s Yy*rt = (1—id(y))“ so
that [1-id(x)]-[1-id(y)] € x** ny** . If =z § y* then
id(x) v id(y) # 1 so that [1-id(x)]-[1-id(y)] # 0 . That is, = is

regular.

The map e = e* from B(R) into B(R) is surjective since
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= (1-ia(4))* . If d* = f* then, since 1 -e €e*t, 1-Ff € f* , it
follows that f - ef =e - fe so that e =f . That is e +» e* is
injective. For a set {e } ¢ B(R)

[\/ ea]* z € R :idla) v m[\/ ] - 1}

x € R ¢ id(x) v [1 -

R
1]
—t——

I
——
\—4
1
Ny

x € R : id(x) v /A\ (l - e,

n
[

]
———

€R: /A\ id(x) v (1 - ea)

o]

[}
—
N’

I
8

1]
Q D
©
Q*

Also (l-e)* = g** | for if x € (1l-e)* , y € e* then

id(x) v id(y) = [id(z) v id(y)] A [e v (1-e)]
= [id(z) v e] A [ia(z) v (1-e)] A [id(y) v e] A [id(y) v (1-e)]
[fa(z) v (1-e)] A [ia(y) ve]l 2 (1-e) ve=1,

while on the other hand 1 - ¢ € ¢* . Thus e » e** is a complete

isomorphism onto B(R) , as asserted. //

PROPOSITION 3.4. If R <8 a ring with identity 1 and an
orthogonality relation s then the ring T(R) of global sections of the
sheaf (R, p, @) 1is a complete Baer ring of type C such that
id(o) v 1a(t) = 1 <if and only if for each t € @ either o(t) = 0 or
(¢t) =

Proof. If o € I'(R) then 0 = Z I[QA ]xi , where {QA } is a finite
7 i 7

closed-open partition of @ . For a subset {oa} of T(R) put

s{o,) = {t €@ : 0 (t) # 0} for ell a . Then S(o) =U Q. nQ, andis
1 1 1

therefore closed-open so that I(S(c)) € T(R) . If {o } < T(R) then the

closure U Sicaf of U S(OQ) is closed-open, since @ is extremally
a

disconnected, so that I[U Sloul] €eT(R) . If T € T(R) and 0, T=0
a
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for all o then {t €Q : ILL’J S‘oai](t)”t(t) # O} =U Sica’ N S(1) which
a

is void so that I[U S]oai]-‘r = 0 . The converse is easily established,
o

. o _ ~ o~ ry

so that {Oa} = [l—I[g SIGQIH-I‘(R) and 1 - I[l(;l Slcul] is a central
idempotent in TI'(R) . 1If [i—I(S(o))] v [i—I(S(T))] =1 then
I(5(0)):I(S(1)) = 0 so that for each ¢ € @ either o(t) = 0 or
7(t) = 0 . This argument reverses to show that if 0-T = O then
ia(o) v ia(t) = 1. //

PROPOSITION 3.5. Let R be a complete Baer ring of type C. For
the orthogonality relation % on R given by xz+xy <if id(z) v id(y) =1
the ring R 18 as-igomorphic, ¢ : R+ [(R) , to the Baer ring of global
sections of the sheaf (R, p, @) and ¢{ida(4)) = ia(¢(4)) for each
subset ACR.

Proof. The sections o € T(R) can be written ZI[QA*]ﬁi , where
i 7

x, € R and {QA*} is a finite closed-open partition of @ , so that
1

R = T(R) as a ring will follow once it is known that for each ACS R ,

P ~ ~
id(4) = id(4) , where id(4) 1is the unique central idempotent in T(R)
satisfying (4)° = id(4)'T(R) . For ¢t €@,

) ir t€ U 58,
N N ach
1a(d)(¢) = [1-1(—u S(a)”(t) -
a€h R
i(t) ir t & U 8(%) ,
acA

whilst 1d(4)(#) = (ia(4)+R,, t} , for t €Q .

Teke ¢ € U 5(&) . Then ¢t = lim (¢ ) , where (t ) is a net in
aeld a

U S(a) . Then for each o there is an a, € A such that aa(ta] £0 .
ach
Since id(4) € (1-id(4))* = A* then R D A* v id(4)* 2 A* v 4** =R

-/\ Y
which means that A** n id(4)** = (0) . Then, id(4)(¢) =0 since
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A** % t, for each o . Thus

ia(a)(e) = ig(\A) [lim (ta)] = lim (id(A)(ta)] =0 .

¢} a

That is, if 1d(4)(£) = 0 then i@(t) =0 .

N A ~
If id(4A)(¢t) # 0 then id(4)(t) = 1(t) since
ia(4)** n (1-1(4))** < 4% n A** = (0) end thus (1-id(4))** € t since
t is prime. In this case id(ﬁ)(t) = 1(t) also: A** = (1—id(A))** €t

so that ¢t & U S(&) eand thus ia(4)(t) = 1(¢) . Thus the map
acl

¢ : R>T(R) given by ¢(x) =2 is a ring isomorphism onto T(R) .

Furthermore ¢{id(4)) = i@) = id(4) = ia(¢(4)) . The map ¢ is a

s—isomorphism since # 1is regular. //
4. f-rings
An f-ring is a lattice ordered ring R for which |x| A |y| =0
implies |ax| A |y| = 0 = |xa| A |y| for each a € R .
Thus, if # is the relation on R given by sy if |xz| A |y| =0

then # 1is an orthogonality relation. PFurthermore s is regular since

a** nyrto= ([z] A |y])er .
The main result in §2 gives the

PROPOSITION 4.1. Let R be an f-ring with a unit. Then every
ideal R, , t €Q, is aprime lattice-ideal, (R, p, @) 1is a sheaf of

totally ordered rings, and T(R) can be lattice ordered so that T(R) <is
an f-ring and x » 2 from R into T(R) <8 a lattice isomorphiem into

r'(R) .
Proof. 1If < |®] , x € R, then y** < x** g0 that € R, .

Thus Rt is a lattice-ideal for t € @ .

If |x| A |y] = 0 then =z** n y** = (0) so that, for t € Q ,

either x** € ¢t or y** ¢t . That is, x € R, or Yy ¢ Rt , so that

t

Rt , t €@ , is a prime lattice-ideal.
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The factor spaces R/Rt = {(xﬂ?t, 1;) : X € R} can now be ordered by

(:c+Rt, t)zo if there is a y € R, such that x +y =20 in R . Then

t
each factor space is a lattice-ordered ring and in fact, since each Rt

is a prime lattice ideal, the factor spaces are totally ordered. The ring
['(R) of global sections of the sheaf (R, p, @) can now be ordered
pointwise: that is 0 = T if for each ¢t € @ , o(¢) = 1(t) in R/Rt .

For x € R put Pos(x) = {¢t € @ : £(¢) > 0} . Take to € Pos(x) so that

2(t)) >0 in R/R, . By the definition of the order on R/R,  there is
[¢] [o]

a y €R, suchthat = +y >0 . Then &f:>y(to) = 8(¢,) so that

t
o)

x/~0-\y(t) = 2(¢t) for all ¢t € QA where QA is a neighbourhood of to .
ir 1/4-\y assumes the value O in all neighbourhoods of to then

= 0 contrary to the choice of y . Thus, there is a
neighbourhood @p of t_  such that m(t) >0 for all t €@y .

Then Z£(t) = f/:\y(t) >0 for all t €@, n@ . That is,
QA n QB C Pos(x) so that Pos(x) is open. On the other hand Pos(x) is

contained in the closed set {t ¢ @ : £(t) = 0} , yet if £(¢) = 0 then
there is a neighbourhood @, of ¢ such that £(¢') =0 for all

t! € Q, and thus Pos(x) n 2y is void. Thus the closure Pos(x) of

Pos(x) is contained in {t € @ : £(¢) =2 0}\{t ¢ @ : #(¢) = 0} = Pos{x)
so that Pos(z) = mx_)- is closed-open. Now for « ¢ R the function
Z£2vO0:@->R givenby £ v 0(t) = max{#(¢), 0} in R/Rt is Just
I(Pos(x))2 € I(R) . Thus, if o =] I[QA.JEi € T(R) then for t € @q, ,

1 1 1
o v 0(t) = max{o(z), 0} = ma.x{fi(t), 0} , so that with @

QB. = QA. n Pos(:ci) , OVO= Z [QB.]'%i € T'(R) . That is, T(R) is
Z z z 7

lattice ordered. TI(R) is an f-ring for if |o| A |t| = 0 then for each

t € @ , min{|o|(¢), |t|(£)} = 0 so that for v € I'(R) ,
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min{|ov|(t), |t|(£)} = 0 and thus |ou| A |t] =0 .

5. Commutative semi-prime rings

In this section R will denote a commutative semi-prime ring. There
is a regular orthogonality relation 1 on R given by xsy if xy =0 .
The aim of this section is to prove the analogue for rings of a result of

Spirason and Strzelecki [6] on vector lattices.

As before, ¢ will denote the Stone space of the boolean algebra of
polar subsets of R , (R, p, @) the sheaf of rings obtained from # ,
and T[(R) the ring of global sections of (R, p, Q) .

From §2 it is known that for t € @ the ideal R, R is prime.
The next result gives a characterization of the ideals Rt in the class
of prime ideals of R :

PROPOSITION 5.1. A4n ideal I of R 1isg of the form I = R, , for
some t € Q@ , 1f and only if -

(1) I is a prime ideal;

(@) xys vees x, € I implies VoVt

(3) = €I implies x* # (0) .

Proof. If =z s €R

PERERR ” "

y*Proarv o vttt et (since ¢ 1is an ideal in B(R)} so that

and y € xi* V... v m;* then

€R, . If x € R, then x** # R since x** € ¢t and ¢ is a proper
Y= t

ideal in B(R) . On the other hand let I be an ideal in G having the
properties (1) - (3). Write t, for the ideal in B(R) generated by

the set {x** vy* : x € I, y X I} . That is,

= A . op% * % EE * . * .oz, . .
to={ar s arcatrv vt vty vt x €, y; 81}

= A = Ak . %% * . *
If to B(R) then R = (0) T}V o VAt vyt vy for some

., €I,y § I . Then

yPro ongits (yivaovgd)t s (g v e vt o (@30 v Ll vatd)
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A4 * 4 A% A4 ; A% 4
so that yir o e nypt it v v z? c I . BSince each y* is an
ideal and I is prime then y; € I for some % , which is a contradiction
so that R § t, - Thus ¢  is contained in & maximal ideal ¢ . If

x € I then x**etogt so that z € R If y § I then y* €t ct

.
so that y** ¥ ¢ (since y** vy* =R & t) and thus y § R, . That is,

I=Rt'

DEFINITION 5.2. A subset I of R is said to be a #-subset if

Z; ...,xmeI implies xi*v... vxr’n**EI. An element x € R for

which x#* = (0) is said to be a si-unit of R .

Thus the ideals Rt , t €@ are just the #*-prime ideals not

containing s-units.

PROPOSITION 5.3. If M c R is a minimal prime ideal then M = R,

for some t € @Q .
Proof. Take xl, ceny xm € M and suppose that for some
yéxi*v...vx’;*, y* &M . Then (0) = y* n y** so that y*cM .

Thus %} N ... Nnx2 Cy* cM , so that xigM for some <

Since z, €M , M is prime and R 1is semiprime, then there is an

a ¥ M such that xa =0 . Thus g € £* but a & M , vhich is a

contradiction. Hence xi‘* V oo V x;’* cM. If x €M then for some
ald M, xa=0 and thus x* # (0)

The following result gives an internal description of those

commutative semiprime rings for which the class {Rt : t €@, Rt # R} is
precisely the class of minimal prime ideals of R :

DEFINITION 5.4. A commutative semiprime ring R is said to be of
locally compact type if for all =z, y € R there exist y, € z* ,
Yy, € x** such that y € (y,+y,)** .

PROPOSITION 5.5. 4 ring R is of locally compact type if and only

if each R, #R is minimal prime.
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Proof. Assume that R is of locally compact type and Rt CR is

not minimal prime. Then for some x € R x*c R, . Now take y € R .

t? t
Then there exist y) € &* , y, € 2** with y € (y,+y,)** . Since y,4y,

then y € [yl+y2)** = yi* v yé* C R, since y,,y, € R, . Thus R, =R .

t t t

On the other hand if R is not of locally compact type then there
exist «, ¥y € R such that y & (x+a)** for all a € x* . Put
S = {(x+a)** v y* : @ € *} . Then for a € x* ,
[(z+a)** v y*] n y** = (x+a)** n y** # y** since y** & (x+a)** . Thus
(z+a) v y* # R for each a € x* so the ideal t, S B(R) generated by
is a proper ideal and is therefore contained in a maximal ideal

t € B(R) . Consider R, :y €y** ¥t since y* € ¢ . Thus y & R,

which means that Rt # R . Now suppose that a** nx** = (0) . Then
a*x since + is regular so that a** C x** v a** v y* = (x+q)** v y* € ¢

and thus a € R, . That is, x € R, and x* C R, so that Bt is not

minimal prime. //
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