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ON PERIODIC SOLUTIONS OF A SEMILINEAR
HYPERBOLIC PARABOLIC EQUATION

MITSUHIRO NAKAO AND HisAKO KATO

Uniqueness and regularity of periodic solutions to the semilinear dissipative wave
equation with small parameter ¢ > 0,

eug — Du+ u + g(u) = f(z,t) on QxR and ulea=0, QCcR",

are investigated when g(u) has a certain ‘critical’ nonlinearity.

1. INTRODUCTION

Let © be a bounded domain in the N-dimensional Euclidean space RV with
smooth boundary 8§ and let us consider the periodicity problem for the semilinear
wave equation with a dissipation:

(1.1) uy — Au+vug + g(u) = f(2,t) on xR, v>0,
‘ u(z, t+w)=u(z,t) for (z,t)€eNxR and ulsp=0 forte R,

where f(z, t) is an w-periodic function in ¢t and g() is a nonlinear function satisfying
(1.2) g(0)=0 and 0<g'(u) < ko(1 + [u]¥)

for some a > 0. We assume v = 1 without loss of generality.

Concerning the existence of a ‘weak’ solution of the problem (1.1) it is well known
that if f € L?(w; L%(R)) and 0 < a < 2/(N -2) (0K a<ooif N =1,2), then the
problem admits a solution u in the class

(1.3) C(w;ffﬂﬂ)) N C*(w; L3(Q))
(see Clements [1], Nakao [4], et cetera), where we denote by C(w; X), X : Banach space,

the space of w-periodic continuous X-valued functions on R = (—oo, +00). Similar
notations will be used freely.
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Concerning the uniqueness and regularity, however, there remain some important
open problems. First of all the uniqueness of weak solutions in the class (1.3) is not
known. Moreover, it is not known whether the solution is classical or not for the case
a = 2/(N —2) (N > 3), which is different from the case of initial-boundary value
problems (see Sather [7], Wahl [9], et cetera). Of course, if 0 < a < 2/(N —2) the
regularity problem becomes easier and has been solved (see Kato and Nakao [2]).

Our purpose in this paper is to discuss the uniqueness of the weak solution for
the case 0 < a < 2/(N — 2) as well as the regularity of it for the ‘critical’ case a =
2/(N — 2) in some restricted situations.

The problem we consider is in fact:

(1.4) {su“+Au+ut+g(u)=f(:c,t) on xR, € >0,

u(z, t+w)=ul(z,t) and D*ulspe=0, 0K |pj<xm—1,

where A is a symmetric uniformly elliptic operator of order 2m:

Au= 3" (-1)*'D(aap(=)Du)
0galgm
ogiBlgm

with smooth coefficients aag(z) (aag € C*™ is sufficient), and hence
o
C ||u||j°{ < (Au, uw) < C' ||u||i01 for u € Hpp N Hypm

with some positive constants C and C'. Observe that if ¢ = 0, the problem (1.4) is of
parabolic type and for this equation the uniqueness is trivial and the regularity is easier.
Motivated by these observations we shall investigate the uniqueness and the regularity
problems for (1.4) under a smallness assumption on € > 0. Moreover we shall derive
relations between the solutions u, of (1.4) and the solution ug of the reduced parabolic

problem:
(1.5) up + Au + g(u) = f(=z, t) on xR

with the periodicity and the boundary conditions.

When we treat the problem (1.4) with small parameter ¢ the equation is sometimes
called the ‘hyperbolic parabolic’ type. Such an equation has been considered by several
authors; in particular our problem is closely related to that in Section 3, Chapter 4,
in the book by Vejvoda [8]. In [8], however, the nonlinear term g(u) of the equation
is replaced by pg(u) with a small parameter p and essentially only small amplitude
solutions are considered. There a Fourier expansion method is employed, while here we
use an energy method.
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Recently, Milani [3] treated a similar problem for the quasilinear wave equation.
But, in [3], it is assumed that the forcing term f is small and the solutions treated
are ‘small’, while we would emphasise again that we make no smallness assumption on
f and hence our solution may be ‘large’. For other related works see Rabinowitz {6],
Wahl [10] and the references cited in the book [8].

2. STATEMENTS OF THE RESULTS

The function spaces we use are all familiar and the definition of them will be
omitted. But, we note that ||-|| denotes L?-norm on 2. We also assume 0 < £ < 1
without loss of generality. Our first result reads as follows.

THEOREM 1. Suppose that f € L?(w;L*(Q)) and set

(2.1) a= ([ 1ror dt)m-

Concerning the nonlinear term we assume that g belongs to C'(R) and satisfies
(2.2) g(0)=0 and 0 < g'(u) < ko(1 + |u|®)

forsome 0 L a<2m/(N-2m) (0 a <o if1 <N < 2m).
Then, there exists a constant Cy independent of f and g such that if

(2.3) Me, do) = CokZ(1+ d3%)e < 1,
the problem (1.4) has a unique solution u in the class
(2.4) C (w; Hm()) N C (w; L*(92)).

As a special case of Theorem 1 we have:

COROLLARY 1. If g(u) is at most of linear growth, that is, (2.2) is satisfied with
a = 0, there exists a constant C, independent of g and f such that if

(2.5) 0<e<C/kE,

the solution of (1.4) is unique in the class (2.4).

The solution u = u, of the problem (1.4) converges to the solution ug of the
parabolic problem (1.5) as € — 0 in the following sense:
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THEOREM 2. Under the assumption (2.3) we let u, and uo be the solutions of
(1.4) and (1.5), respectively, and set w,(t) = u.(t)—uo(t). Then, there exists a constant
C, = Cy(dy) such that

(2.6) / lw (A% dt < Cae.
] Hm
If we assume, in addition, f € W?(w; L*(Q)) and set

(2.7) a=(] ”nft(t)n’dt)m,

the solution u.(t) belongs to
W32 (w; L*(Q)) N W3 (w; ﬁm) N L*(w; Ham)

and the estimate:

28) /0“{

holds, where Cj is a constant depending on dy and d, .

2

awe(t)

‘ 7]

O uwe(mﬁ,,m} it < Csé?

Next, we shall state our result concerning the regularity of the solution of (1.4).
THEOREM 3. Let 2m < N < 4m. Suppose that f belongs to

W32 (w; L*(02)) N C(w; Hm) N C(w; Ham)

(LGl

sup [ Def()]| and Ma = sup {If()ls,,, + 15Ol } -

and set

1/2
(2.9) d; dt) (=0,1,23),

(2.10)
M,

Concerning g(u), suppose that g belongs to C?*™*!(R) and satisfies, in addition
to (1.2},

(2.11)

dO@)| ko (14T, i=1,2,

with a = 2m/(N — 2m).

Then, under the assumption (2.3), the solution u of Theorem 1 belongs in fact to

(2.12) ct (w; Lz(Q)) h ci (w; IOI,,, N H4m_5m)

j=0
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and the following estimate holds:
w P )4

— t

[ ()«
(2.13) )
a\* AW

+sx:p (E) u(t) (—&) u(t)

where C4 is a constant depending on d; (0 < i < 3) and M; (i = 1, 2), but independent
of €.

2

2 4 2

+2

=0

}SC.;(OO

H4m—jm

REMARK 1. By the Sobolev’s imbedding theorem: H,,, C C(ﬁ) , We see u €
C(w;C*™(Q)) N C*(w; C™(£2)) N C?(w; C(QY)), that is, our solution is classical.

REMARK 2. The assumption N < 4m is made for simplicity. We could treat the case
N 2 4m by carrying out a more careful analysis.

COROLLARY 2. Under the assumptions on f and g in Theorem 3 the parabolic
problem (1.5) has a unique solution g in the class

2 0 o)

(&) w8 o

THEOREM 4. Let u.(t) and uo(t) be the solutions of the problem (1.4) and
(1.5), respectively, and set w = u, — ug. Then, under the assumptions of Theorem 3

and the estimate

(2.14) /0 i

holds.

2
£Ci< o0

2 3
dt+)
j=o

H{m—]m

the following estimates hold:

(215) sup {e )" + (o)} < Oldo, ),

(2.16) /ow{llwu(t)ll2 + lw(®)l,,, Yot + sup{e lwee (I + llwe(),. }

< C(do, dy, d3)e?,
(2.17) /ow { ’(gz)aw(t)

2

+ lwe(t) I3, } dt
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+sup {e (%)SWU)

2
e } < Cldo, du, da, ds)e?,

(2.18) / hwa(®)%,  dt < C(do, di, da, ds)e?,
0
(2.19) sgp{llw(t)ni,,m + lwe(t)lleg,,. } < C(do, dy, da, ds, My, M3)e?,
and
(220) S‘:P “wtt"HZm < C(dOs dl) d2) d3)\/E'

REMARK 3. When 1 < N < 2m, the assertions of Theorem 3 and Theorem 4 are valid
without the smallness condition (2.3) on €.

3. PROOF OF THEOREM 1
First we shall prepare the following a prior: estimates, which are in fact sufficient
for the proof of the existence of a weak solution. In what follows we denote by C
general constants independent of ¢ which may be different from line to line. To clarify

the dependence on some quantity g we use the notation C(q) et cetera.

PrROPOSITION 3.1. Let u(t) be a solution of (1.4) in the class (2.4). Then we

have
(31) | / lud)|? dt < 2,
and
2 2
(3.2) sup {e ul” + | 470 } < o

where ”Al/zu” is defined by

1/2

(3.3) HA‘%”: / Y eapD*uDPudz
T ogjalgm
0<IBi<m

which is equivalent to ”u”;{ .

PRrOOF: The proof is given by a standard energy method and we sketch it briefly.
Multiplying the equation (1.4) by u; by u, and integrating over [0, w] X  we have

ea) [ hora= [ [ urasas ([ e dt)m ([ o dt)m
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which implies (3.1) immediately. Next, multiplying the equation (1.4) by » and inte-
grating we get

/(;w{“Ailzu(t)Hz+/ng(u)udz} dt=e/ow ||u,(t)||2dt+/0”/nfudzdt

and hence

(3.5) /0 ) {“Al/zu(t)Hz + /n o(w)u d:c} dt < C&.
From (3.1) and (3.5) we see

/ow {e ()| + HA”zu(t)”z + /ﬂg(u)u da:} dt < O
and hence, there exists £* € (0, w) such that

(3:6) ellue(t)]* + | 42u(e")

: + /ng(u(t*))u(t*)dz < Cdi.

Thus, using the equation (1.4), we see

sup {% ( eI + HAI/Zu(t)Hz) [ * gain dz}
2) + /n /0 u(t‘)g(n)dnd:B

+/ /|fu,|dzdt<0d§,
0 0

(3.7) < %(e lea(t)|2 + ||A1/2u(t*)

which completes the proof of (3.2) 0
Theorem 1 is an immediate consequence of the following proposition.

PROPOSITION 3.2. Letting u and v be two solutions of the problem (1.4) in
the class (2.4), we have the estimate for w = u — v:

(3.8) /ow ”A‘/"’w(t)“2 dt < A(e, dy) /ow “A‘/”w(t)“z dt

where A(e, dy) is the constant given by (2.3).

PROOF: w = u — v satisfies the equation

(3.9) ewy + Aw +w; + g(u) + g(v) =0
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together with the periodicity and the boundary conditions. Multiplying the equation
(3.9) by w and integrating we have

(3.10) / ) “Al/zw(t)nzdt <e / “ o) &,
0 0

where the monotonicity of g(u) is used essentially. Next, multiplying the equation by
w,; and integrating we have

(3.11)
[ st ae == [ [ (ot - sto)widea

w 1/2 w 1/2
<to{ [ [+ ul+ o)y o doar} " ([ d®ar)
0 Q 0
w 20 2 1/2 w 1/2
< Cko {/ (1+HA1/211,”+”AI/21;) 4| dt} (/ ”wt||2dt> ,
0 0

where we have used the Sobolev inequality:
ellgarsy < C ”Al/zuH for weHpm i 0<a<2m/(N—2m),

(0<a<oo if 1<N<2m).

It follows from (3.10), (3.11) and (3.7) that

/ ) HA’/zw(t)Hz dt < Ceky(1+d3°) / i “Al/zwuzdt. '
0 0

4. PROOF OF THEOREM 2
For w. = 4. — ug we have the equation:
(4.1) cun+ Aw +we +g(u) —glug) =0 (2 =u,, w =w,).

Multiplying the equation (4.1) by w and using the monotonicity of g(u) and the
periodicity of © and w we see

(4.2) / ”Al/zw(t)“ dt < —e/ /u“w dzdt
o o 0
= 6/ /utwt dzdt
[1] 0
w 1/2 w 1/2
< ( / ||u,(t)||2dt) ( / ||w,(t)||2dt)
0 0

<cdo [ ool a) " by )
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Moreover, we see easily

([ oo dt)m < ([ o dt)m + ([ o .u)”
£C

do

2

and hence, by (4.2)

/w HAI/“’w(t)”2 dt < Cdze,
0

which is the first assertion of Theorem 2.
Next, for the proof of second part, we assume f € W'/2(w; L2(2)).

Then, we shall use the equation:
(4.3) Euge + Aug +un + g'(u)ue = fi

to derive further a priori estimates. In fact, the following proposition assures us that

the solution u = u. belongs to
C*(w; L)) N C* (w; Er,,.) nc (w; Hym N fI,,,).

PROPOSITION 4.1. Under the assumption (2.3), we have the estimates

(4.9) / lee(?)]|® dt < C{d? + k2(1 + d2*)dod: },
0
and
2
(4.5) supfe [ua(t)I” +[|4/7u(0)] } < O,

PROOF: Multiplying the equation (4.3) by u¢ and integrating we see easily
| et ae < @42 [ [ 10 fud Ul dnat
< d? + 2k /ow/n (1 + [%|*) [we] |wee| dzdt
<&+ CR? /0 ) (1 + “Al/zu(t)”h) ||Al/2u,(t)||2 dt

1 w
tg [ Tl a
0
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and hence, with the aid of (3.2),
w w 2
(4.6) / lfwee(2)]? dt < 2d2 + CRZ(1 + d2%) / “ Al/zut(t)“ dt.
] 0
On the other hand, multiplying the equation (4.3) by u; and integrating we see
W 2 w w
(4.7) / |42 e < e / lwee(®)|? dt + / / frusdudt
0 0 o Jn
¢ 2 L %N 412 2 2
<e / llwee(®)|? dt + = / (P u,(t)“ dt + Cd2.
) 2 Jo
It follows from (4.6) and (4.7) that

[ husteyi? a
0

(4.8) °
1]

Thus, under the assumption CkZ(1+ d3*)e < 1/2, which is equivalent to (2.3) by
changing C; if necessary, we have the estimate (4.4).

Moreover, (4.5) follows immediately from (4.4) and (4.7). Finally we note that
these estimates give

(4.9) /0 ) {e eI + | Al/zu,(t)”"} d<CE (0<e<l),

which implies, as in the proof of (3.2), the estimate (4.5). 0

Now, we shall prove the second part of Theorem 2.
Multiplying the equation (4.1) by w(t) = v, — u¢ and integrating over { x [0, w]
as is usual, we have

/w “A1/21D(t)“2 dt < —¢ /w/ wgew dzdt
° o Ja
@ 1/2 w 2 1/2
< Ce (/ luee ()] dt) (/ “Al/zw(t)” dt)
0 0

(4.9)

and hence, by (4.4)

(4.10) /0 ) |72 dt < o(do, dn)e.

https://doi.org/10.1017/50004972700011874 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011874

[11] Semilinear wave equation 255

Further, multiplying the equation (4.1) by w; we see

/ llwe(t)]|? dt < —¢ / / ugw; dedt
0 0 Q

+ Cho / / (1 + ul® + [uo|®) w] [we] dodt
0 Y]
w 1/2 w 2 1/2
<G(do,d1){e< / ||uu(t)||2dt) + ( / | 472wt dt) }
o [}
w 1/2
< ([ heon? a)
[}

and we conclude from (2.6) and (4.4) that
/ i@ dt < C(do, di)e?.
)

Similarly, multiplying the equation (4.1) by Aw and integrating, we can prove

/ 1 4w()[? dt < C(do, dy)e?.
0
The proof of Theorem 2 is now complete. a

5. PROOFS OF THEOREM 3 AND THEOREM 4

By standard arguments it suffices for the proof of Theorem 3 to derive the a priori

estimate (2.13) for an assumed solution u in the class (2.12). For this we observe:

ProPOSITION 5.1. Let u(t) be the solution of (1.4) in the sense of Theorem

1 and let U(t) be a solution in the class C*(w; L*(R)) N C(w; §m> of the problem

(51) { €U+ AU + Ui + ¢'(u)U = F(z,t) on§ xR,

U(z,t-{-w):U(z,t) and U |pn=0

with F € L*(w; L*(Q)).

Then, under the assumption (2.3), the estimates

(5.2) | ool @< o+ 0+ 8y [C1F@IR a,
0 0
2 w
and sup {ellUt(t)Mz-i— |42u )| } <C / IF )| dt
t 1}
hold.
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PROOF: The proof is essentially the same as that of (4.5) in Proposition 4.1 and
is omitted. 0

Using Proposition 5.1 and Proposition 4.1 we shall show:

PROPOSITION 5.2. Under the assumption (2.3) the solution u(t) in the class
(2.12) satisfies

(5.3) [ e} dt < Coldo, s, ) < o0
[1]
2
(5.4) sup{e w1 + || 47 2uu(t)]| < Caldo, dr, da) < oo,
and
(5.5) sup [|Aue(2)]] € Ci(do, di, d2) < 0

for some constants Cs, Cg, C7 depending on the quantities indicated but independent
of €.

PROOF: Setting U = uy, U satisfies the equation
(5.6) €U+ AU + U, + ¢'(u)U = —g"(w)(ue)® + fue

with the periodicity and the boundary conditions. Here,

/n lg”(u)l2 lu.tl4 dz < kg/n (1 + |ul"—1)2 Iutl4 dz

< Ck? (1 n ”Al/zu“h—z) “Al/zu‘l"i

< Ck3(1+d5*7%)d;  (by (3.2) and (4.5)).

Thus, applying Proposition 5.1 we obtain the estimates (5.3) and (5.4). Moreover,
returning to the equation (4.3) we see easily

1/2
lAu, ()| € C {s lleeee() + lluee()]l + ( A lg' (Yo dz) + Ilf:(t)ll}

<€ Cr(do, dy, d3, M1} <

for some constant Cy. 1]

PROPOSITION 5.3. Under the assumption (2.3), the solution u(t) in the class
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(2.12) satisfies

(5.7) [ (%)4«»(0 2
(%)%)

dt < Cs(do, di, d2, d3) < o0,

2
2
(58) sup {E -+ ”Allz’u“g(t)“ } S Cg(do, dl, dz, ds) < 00,
t

and
(5.9) sup || Aue(t)]| € Ciro(do, di, da, ds) < oo.
t
PROOF: Setting U = u4y, it satisfies the equation
(5.10) U + AU + U, + g'(u)U = —3g"(u)u¢uu - ym(u)(ut)3 + fiue

with the periodicity and the boundary conditions. Here,

n
/ |y (u)usue
2

2 2 .
dz < k2 / (1 + |u|a_2) |'u,¢|2 |11.u|2 dz
0

2

2a-4 2
S e e

< C(do, di, d3) < 00 (by (3.2), (4.5) and (5.4)).

Thus, applying Proposition 5.1 to (5.10), we get (5.7) and (5.8). Furthermore, returning
to the equation (5.6) and using the estimates in hand we see easily
+ ||fu||}

lua(o)] < { (5) o
(Note that sup | fee(t)| < C(d2 + ds).) O

"
+ [lwe(®)]} + o' (w)ueel| + ||g (u)u

< C(dO) dla d2) dS) < o0.

It remains to derive estimates for |[u(t)||y, = and |[u:(t)ll 4, -

PROPOSITION 5.4. Under the assumption (2.3) the solution u(t) in the class
(2.12) satisfies further

(5.11) le)lg,,, < C(do, di, d2, ds, M2) < 00
and
(5.12) lue() g, < Cldo, di, dz, d3, M2) < oo.
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ProoF: To prove (5.11) we use the equation (1.4):
Au = —euy —uy — g(u) + f(2).
Here, we see by (5.5) and (5.9)
(5.13) |-evee — ue + fllp,,, < Cldo, dr, d2) + Ms.

To estimate ||g(u)||p,, , we denote by D* any partial differentiations in
z = (&1, 22, ...zN) of order k. The estimation is standard and we sketch it briefly.
First, notice that

(5.14) D*™g(u(t)) = Zg(k)(u) Z (Du)™? (D2 )a2 . (Dzm'u.)az"'

UESk

where we set

o1tor+...+oem=k
(515) Sk = {05(017 02y «cvy ¢"2m) Esz ! 2 am ’ }

o1+ 203 +...+2moy, = 2m
We know that by the estimate (4.5) and (3.2)

(5.16) lAw(€)|| < € lluse(®)ll + lueN + llgCe)ll + I F()]] < C(do, d1) < o0
and hence, by the assumption N < 4m,

el < CllAu(®)]| < C(do, d1) < o0.

Thus,
(5.17)
| D*™g(u)|| < C(do, dl)zz [(Dwy (D). () m
k=1 Si
C(dD, dl)zzllpu” P10} |D2 ”Pzaz o ”Dzmu”::n";zm
=1 S}

C(do, dl)z lullf, < Cldo, di) < o0,

where we should choose p; (7 =1, 2, ..., 2m) in such a way that

2m 1 1
2<pj < o0, 273
=1 Pi
< 2N/oj(N — 4m +2j) i N >4m —2j,
and piy < o0 if N =4m — 25,
= o0 if N < 4m —2j.
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Such a choice of {p;} is possible, since

’z"‘: oj(N —4m +2j) 1
2N 2

if T = 0.
=1

The estimate (5.11) follows from (5.13), (5.17) and the equation (1.4).
Next, using the equation (4.3):
Auy = —€Uge — Ugs — g'(u)u, + fi
we can derive (5.12) by a similar argument, the details being omitted (see [5]). 1

Now, all the estimates required for the proof of Theorem 3 have been derived and
the proof is complete.

6. PROOF OF THEOREM 4

Setting w = u, — ug, we have
1
(518) ewy + Aw + w + / g'(0u, + (1 - 0)1!0)(1011) = —EUptt-
0

Notice that the result of Proposition 5.1 is valid even if g'(u) in (5.1) is replaced by
01 g'(Bu. + (1 — 8)uo)df. Thus, we obtain (2.15) immediately.
(Note that [, [luos|” dt < C(d1).)
Differentiating the equation (5.18) with respect to t we get

1
eweet + Awy + we + / g'(Bu. + (1 — 8)uo)dd w,
(5.19) 0

1
= - / g (0’1[., + (1 - 0)‘!1.0)(0’““ + (1 - G)um)dﬂw — EUpttt-
]

Applying a variant of Proposition 5.1 to (5.19) we have (2.16). (See the proof of
Proposition 5.2.) Moreover, differentiating the equation (5.19) once more we get

a\* !
E(E) w + Awu + Wyt + / g'(ﬂu, + (1 — 0)uo)d0 wWet
0

1
- / 9" (Bue + (1 = 8)uo)(Bucs + (1 — B)ugs)?dbw
0

(5.20) - /1 g"(o‘u,, + (1 — 0)uo)(Oueee + (1 — O)uoe)dbw

1
-2 / g (Pu. + (1 — 8)uo)(Buee + (1 — B)uos)db w,
0

. £ 8\*
—E(E) Uug.
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Applying a variant of Proposition 5.1 to (5.20) once more, and repeating similar
estimations as in the proof of Proposition 5.3, we can prove (2.17) and (2.18). The
estimate (2.19) follows from similar arguments as in the proof of Proposition 5.4, the
details being omitted.

Finally, using the equation (5.20) we get

(2)" 0

1
+sup / 19 (Bue + (1 — B)uo)| d8 [[wee(2)]]
0

+ ”wm(t)”}

sup [Awe(t)|| < Sltlp{

1 1"
+sup / ’g (Bue + (1 — B)uo)(Gues + (1 — O)uos)?| 6 w(®)]
0

+ sup/0 lg"(ﬂu, + (1 — 0)uo)(Buges + (1 — O)uge)| dO |[w(t)]|

+20up [ [0 (Gue + (1~ 0)ua) Buss-+ (1~ )| 48 ()]
< C(do, d1, d2, ds)vVe  (by (5.8)),
which proves (2.20). The proof is complete. 1]
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