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Abstract

We study the generalized Ramsey—Turan function RT (n, K, K;, 0(n)), which is the maximum possible number of
copies of K in an n-vertex K;-free graph with independence number o(n). The case when s = 2 was settled by
Erdés, Sés, Bollobds, Hajnal, and Szemerédi in the 1980s. We combinatorially resolve the general case for all s > 3,
showing that the (asymptotic) extremal graphs for this problem have simple (bounded) structures. In particular, it
implies that the extremal structures follow a periodic pattern when ¢ is much larger than s. Our results disprove a
conjecture of Balogh, Liu, and Sharifzadeh and show that a relaxed version does hold.
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1. Introduction

Ramsey theory, initially explored by Ramsey [32] in 1930, stands as a pivotal branch of combinatorics.
It seeks to tackle a fundamental question: what is the minimum size required to guarantee the existence

© The Author(s), 2025. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2025.29 Published online by Cambridge University Press


doi:10.1017/fms.2025.29
https://orcid.org/0000-0002-4229-4508
https://orcid.org/0000-0002-6512-2848
https://orcid.org/0000-0002-5735-7321
https://orcid.org/0009-0004-8763-431X
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2025.29&domain=pdf
https://doi.org/10.1017/fms.2025.29

2 J. Gao et al.

of a well-defined substructure within a larger, often chaotic, set or system? One of the most renowned
results in Ramsey theory is Ramsey’s theorem, which asserts that if n is large enough in terms of &, then
no matter how one colors the edges of a complete graph of order n using two colors, there will always
exist a monochromatic complete subgraph K.

In 1941, Turdn [37] proposed and solved the following problem: what is the maximum number of
edges that a graph G of order n can have without containing a complete graph K ? He also proved that
the value is attained only by the balanced complete (k — 1)-partite graph, now known as the Turdn graph
Ty-1(n). Subsequently, a new branch of extremal combinatorics named after him emerged: Turan-type
problems. Formally, we define the generalized Turan function ex(n, H;, Hz) as the maximum possible
number of copies of H; in an n-vertex H,-free graph. There has been extensive research on this function.
When H; = K, Erdds, Stone, and Simonovits (see [14, 15]) gave an asymptotically satisfactory solution
for all graphs H;, and Erdds [13] additionally determined ex(n, Ky, K;) for allz > s > 3. More recently,
Alon and Shikhelman [1] systematically studied ex(n, H;, H») for other graphs H}, and there have been
a number of results in this direction (see e.g., [9, 19, 20, 30, 31]).

In this paper, we study the following extremal quantity which mixes Ramsey theory with Turan-type
problems. Define the generalized Ramsey—Turdn number RT(n, Hy, H,, £) to be the maximum number
of copies of H; in an n-vertex H,-free graph G with independence number @ (G) < €. We remark that
the existence of such a graph G is controlled by the Ramsey number R(H>, K¢), which is defined to
be the least N such that every graph G on N vertices contains either a subgraph isomorphic to H; or
an independent set of size £. This quantity is also inherently related to the generalized Turdn function;
indeed, we have ex(n, Hy, Hy) = RT(n,H{, Hy,n+ 1).

This beautiful way of combining Ramsey theory with Turdn-type problems was first proposed in
the late 1960s by Sés [34], who investigated RT(n, K, H, ). The most studied case is when the
independence number is sublinear: £ = o(n). To eliminate minor fluctuations caused by small values
of n, one usually considers the asymptotic behavior via the Ramsey—Turdn density function,

0(K)) = yg%) nlﬂ}go RT(n, Iif;) K,,(Sn).
It is not hard to see that the above limits exist. Then define RT(n, K, K, 0(n)) = 05(K;) (7) +o(n*). We
say an n-vertex K,-free graph G with a(G) = o(n) is an (asymptotic) extremal graph if its K -density
attains o (Ky).
When s = 2, the Ramsey—Turdn density has now been completely determined. It was, however,
a bumpy road. In 1969, ErdGs and Sé6s [17] showed that 02 (Kzg+1) = kk;l The even cliques case
became significantly more challenging. As a first application of the celebrated regularity lemma,
Szemerédi [35] in 1972 proved that 0, (K4) < }T, and in 1976 Bollobas and Erdds [ 10] obtained a match-
ing lower bound 0, (K4) > i via an astonishing geometric construction (now called the Bollobds—Erd&s
graph). Eventually, in 1983, Erdds, Hajnal, S6s and Szemerédi [ 16] completed the picture, showing that
02(Kpi) = % for all k£ > 2. In fact, they proved a much stronger result showing that extremal graphs
for 0, (K;) exhibit the following periodic behavior:

(%) Lett =2p +r > 4, where r € {0, 1}. There is an extremal graph G for 0,(K;) whose vertex set
r+l

can be partitioned into V; U - - - UV, satisfying (i) G[V1, V2] has edge density =5~ — o(1); (ii) every
other G[V;, V;] has edge density 1 — o(1); and (iii) each G[V;] has edge density o(1).

In other words, the extremal structure depends on the parity r of # and evolves as follows: the density
of G[Vy, V,] increases as the parity r increases; and whenever ¢ increases by 2, a new part is added and
joined almost completely to all previous parts (depicted in the first row of Table 1). For more recent
developments of the s = 2 case and related variations, we refer the interested reader to [2, 3, 4, 5, 6, 8,
11, 18, 21, 22, 23, 24, 25, 26, 27, 28, 29].

Balogh, Liu, and Sharifzadeh [6] recently initiated the study of the general case s > 3, which turns
out to be much more difficult and delicate than the s = 2 case. Note that o, (K1) = O: in any n-vertex
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Table 1. Conjectured periodic extremal structure. Black edges have density 1 and red edges have density 1/2.

oo o0 B R BB D D
e R R BB B oy
4 R B B R o
s B BB

K1-free graph with independence number o(n), each copy of K, lies in o(n) copies of K. Balogh,
Liu, and Sharifzadeh [6] determined the first non-trivial cases 03(K;) and o5(Ks2), and made a
conjecture predicting the general case. We find it more convenient to work with the following definition,
which helps reformulate their conjecture.

Definition 1.1. Given integers b > a > 1, a graph G admits a (b, a)-partition if its vertex set has a
partition V = V| U - - - UV, satisfying the following for by, ..., b, € {I'Z'I, ng} with % | b; = b:

(1) For every distinct i, j € [a], G[V;, V;] has edge density 1 — o(1); and
(2) For every i € [a], V; admits an equipartition Vl.1 U---u Vl.b" such that G[Vl.] ] has density o(1) for
all j € [b;] and G[Vl.],Vl.k] has density % —o(1) for all distinct j, k € [b;].

For instance, if @ = b = p then each b; = 1, so an n-vertex graph admits a (p, p)-partition if and
only if it has edit-distance o(n?) to the Turdn graph T,(n).

Conjecture 1.2 [0]. Given integerst —2 > s > 3, there is an extremal graph for os(K;) which admits

(1) an (s,t — 1 —s)-partitionif s+2 <t <2s -1, or
(i) a (L5]).t = 1= |5])-partition if t > 2s.

The preceding conjecture can be better understood, using the language of Definition 1.1, as follows.
For every t = 2p +r > 4 with r € {0, 1}, the periodic behavior of ¢;(K}) in (%) can be rephrased as
‘an extremal graph for 0,(K;) admits a (p, p — 1 + r)-partition’, which is precisely the statement of
Conjecture 1.2(ii) when s = 2. Thus, Conjecture 1.2 speculates that similar periodic behavior occurs at
the threshold ¢ > 2s for all s > 3 (see Table 1). Further supporting this prediction, it was proved in [6]
that Conjecture 1.2 holds for s = 3.

We present infinitely many counterexamples showing that Conjecture 1.2 is false in general. The
smallest counterexamples we observe are s = 5 and ¢ € {10, 11} (see Figure 2). On the positive side,
we prove that the predicted periodic behavior does eventually occur when ¢ > s for all s > 3.

Theorem 1.3. Conjecture 1.2 is false when 2s < t < 2.08s for sufficiently large s. Givent —2 > s > 3,
Conjecture 1.2 is true if t > s2(s — 1)/2+s,t=s+2 0ors=3,4

Furthermore, our main result shows that a modified version of Conjecture 1.2 is true (which was the
motivation for Definition 1.1). It reads as follows.
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Theorem 1.4. For all integerst —2 > s > 3, there is a family of extremal graphs for os(K;) admitting
a (b, a)-partition for some parameters 1 < a < b satisfyinga+b =1t — 1.

Theorem 1.4 provides a detailed description of the extremal graphs for the generalized Ramsey—
Turdn problem for cliques, showing that they have simple and bounded structures. We remark that
Theorem 1.4 resolves combinatorially the problem of determining the Ramsey—Turan density o (K;).
Indeed, given s and ¢, there is a bounded number of choices for a (because a < r — 1). Once a is fixed,
the structure of a graph admitting a (b, a)-partition is determined, so its K-density may be computed in
terms of the fractions of vertices allocated to each part. Thus, Theorem 1.4 reduces determining o (K;)
to a bounded optimization problem (overa + b =t — 1).

Organization. The rest of the paper is structured as follows. The proof of Theorem 1.4 consists of
two parts. We first reduce it to a more tractable problem about clique densities in weighted graphs
(see Theorem 2.4) in Section 2. Understanding this weighted problem is the bulk of the proof (see
Theorem 3.1); we study it in Section 3. In Section 4, we give the proof of Theorem 1.3. Concluding
remarks are given in Section 5.

Notation. We use [n] to denote the finite set {1,2,...,n}. Foravectoru = (uy,...,u;) € R¥, we write

||| = 1/2;‘:1 ulz for its {-norm. Let G = (V(G), E(G)) be a graph. For every U,V C V(G), denote
by G[U, V] the induced bipartite subgraph of G on partite sets U and V, and by G[U] the induced
subgraph of G on set U. For convenience, we let G — U = G[V(G) \ U].

2. Reduction to Weighted Graphs

The first step of the proof of Theorem 1.4 reduces understanding Ramsey—Turdn density to a problem
about clique density in weighted graphs. The aim of this section will be to prove Theorem 2.4, which
demonstrates the equivalence between these two problems. However, before we can state Theorem 2.4,
we need to define our notion of weighted graphs.

Definition 2.1. A weighted graph R = (V,w) consists of a finite vertex set V together with a weight
function w : V U V? — [0, 1] satisfying the following two properties. The vertex weights must sum
to one (i.e., ), ey w(v) = 1). Additionally, the edge weights must satisfy w(v,v’) = w(v’,v) and
w(v,v) =0 forany v,v’ € V. For a € [0, 1], denote by R, the spanning subgraph of R with all edges
of weight larger than «.

Intuitively, a weighted graph may be thought of as a type of graph limit with a more discrete structure
than a graphon. An r-vertex weighted graph can also be considered to represent a large r-partite graph
G whose ith part V; contains a w(i)-fraction of the vertex set, such that each induced bipartite subgraph
G[V;,V;] is arandom graph of density w(i, j).

With this perspective in mind, we define subgraph densities in a weighted graph.

Definition 2.2. Let H be a graph with vertex set [s]. The H-density of a weighted graph R is defined as

dy(R)=Buoon | [ wonwp= 3 (ﬁw(a(i))) [ wew.cin)

ijeE(H) o:[s]=V (R) \i=1 ijeE(H)
where vertices vy, ...,vs € V(R) are chosen independently at random according to the vertex weights
of R.

We shall show that the Ramsey—Turdn density os(K;) is determined by the maximum possible
K-density in a weighted graph avoiding the following forbidden configuration.

Definition 2.3. Let R be a weighted graph and ¢ € N. The weighted t-clique family IC; consists of all
pairs of subsets (S1,S2) with S, € S; € V(R), s1 = |S1], 52 = |S2] = 1 and 51 + 52 = ¢ such that S
induces a K, in R-o and S; induces a K, in R 1 .We say R is KC;—free if R contains no such pair (S, S,).
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We can then define the K-Turdn density of X, as
s (KCt) = sup{dk,(R) : Ris aK,-free weighted graph}.

At this point, we may state the main result of this section.
Theorem 2.4. For s,t e Nwith2 < s <t — 1, we have o5(K;) = m3(Ky).

The upper and lower bounds of Theorem 2.4 will be proven in the next two subsections.

2.1. Upper bound

Our proof of the upper bound on Theorem 2.4 relies on Szemerédi’s regularity lemma. The regularity
lemma states that any graph looks &-close to a weighted graph whose number of vertices is bounded in
terms of £. We recall its statement here, beginning with some preliminary definitions.

Definition 2.5. Let G be a graph and let X,Y C V(G). The edge density between X and Y, denoted
by d(X,Y), is the fraction of pairs (x,y) € X X Y that are edges of G. Given &£ > 0, we say the
pair (X,Y) is e-regular if, for all X’ € X and Y’ C Y with |[X’| > ¢|X| and |Y’| > &|Y]|, we have
[d(X',Y")-d(X,Y)| <e.

Definition 2.6. Let G be a graph. A vertex partition V(G) = V; U --- UV, UV, is called e-regular
if [Vi| = --- = |V,| and |V,41| < en, and additionally at most £r? pairs (Vi,V;) with i < j < r are not
g-regular.

Theorem 2.7 (Regularity Lemma, [36]). For every small constant € > 0 and integer M, there exists an
integer M = M (g, My) such that the following holds. Given any n-vertex graph G, there is an e-regular
partition of its vertices V(G) =V U --- UV, UV, such that My <r < M.

We also require the graph counting lemma. Intuitively, if a graph G looks like a weighted graph R,
then this lemma implies that the K -density of G is approximately the K-density of R.

Lemma 2.8 (Graph Counting Lemma, [12]). Let € > 0, and let G be an s-partite graph with
V(G) = U;i_, Vs. Suppose that the pair (V;,V;) is e-regular for all 1 <i < j < s. Then

ﬁlvil)_ 1_[ d(Vi, V)| < Ves3,

i=1 I<i<j<s

N(Ks,G)/

where N(Kj, G) is the number of copies of K in G.
We now prove the upper bound of Theorem 2.4.

Theorem 2.9. Let s,t be integers with2 < s < t. Forany ¢ € (0, 1) there exists 5’ € (0, 1) such that the
Jollowing holds. Suppose G is a K,-free graph with «(G) < 8’|V(G)|. Then there is a K;-free weighted
graph R such that dx (G) < dg, (R) + 4s26.

Proof. Choose ¢ < % small enough such that (6—¢&)"~! > (r+1)eandletd’ = &/M, where M = M (e, ls)
is the constant guaranteed by the regularity lemma (Theorem 2.7). Suppose G is a K;-free graph on N
vertices with @(G) < 6’N.

Apply Theorem 2.7 with this value of € to G. This yields an e-regular partition V(G) =V, U --- U
V, U V41 with % < r < M. We show that a substructure similar to a weighted #-clique is forbidden
among the edge densities d(V;, V;).

Claim 2.10. Suppose S, C S C [r] are sets of indices such that

(i) For any distinct i, j € S1, the pair (V;, V;) is e-regular with density d(V;,V;) > 6; and
(ii) For any distinct i, j € S5, the pair (V;,V;) has density d(V;,V;) > % +0.

Then G contains a clique of order |S1| + |S2|. In particular, |S1| + |S,| < t.
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Proof of claim. Order the elements of S| as ay,...,a, with the elements of S; \ S, listed first. Set
k =|S81| —|S2|. By Lemma 2.8, there exists a clique S of order ¢ in G such that |[S NV, | = 1 for each
i € [£]; as G is K;-free, it follows that £ < r. Our proof follows an £-step process, where the ith step
chooses one (if i < k) or two (if i > k) vertices from V,, that are adjacent to all previously chosen
vertices. For 0 < i, j < €, write W for the common neighborhood of those vertices chosen in the first
i steps, and let WJ(.i> =Vq, N W@ In particular, W(© = V(G). We will choose 2¢ — k vertices such that

WP 2 (6 8) W] 2 (6 - )'|Va, | forall 0 < i < j < €.
On the ith step with 1 < i < k, choose one vertex v; € Wl.(i_l) such that W](.i) =N(v;) N Wj(.i_l) has

cardinality at least (5 — s)lWJ(.H) | for each j > i. To show that such a vertex v; exists, consider the sets
X; = {v e W INW AW < (5 - )W |}

for each j > i. Observe that d(Xj,W](.ifl)) < 6 =& < d(Va;,Va,) — & by construction, and that

IW;i_l)I > (6—-e)! [Va,;| = (6 — &)'|Vq;| > &|Vq,|. Because the pair (Vy,, Vy;) is e-regular, it follows
that |X;| < &|V,,|. Thus,

l
Wi = | X > 6 - &) WVal = (€= i)elVa, | 2 (6 = &)™ = (¢ = 1)&) Vi ] > 0.

Jj=i+l

It follows that there is a vertex v; € Wl.(H) such that |WJ(.i)| =|N(v;) N W}iil)| > (6 - s)|W;i71)| for
each j > i.
On the ith step with k < i < ¢, choose two adjacent vertices v;, v/ € Wi(’_l) such that WJ(.') =

N@)NN@E)N W](.H) has cardinality at least 2(5 — &) IW;’.*I) | for all j > i. To verify that such vertices
exist, set

- - 1 -
X; = {v ew! ™V INW) AWV < (§+5—s WY
for each j > i. The argument from the prior paragraph shows that
' ¢
wi - ) x| > ((5—s)f-1 (- 1)s)|va,.| > 26|V, .
j=i+l
Noting that |V, | = (N — |V,41]|)/r > N/2r, we have
; ‘ eN
wih U X;| > 2¢|V,,| > == = 6'N = a(G).
J=i+l r

It follows that there are adjacent vertices v;, v; € Wl.(i_l) such that N(v;) N W;H) and N(v{) N Wj(.i_l)
have cardinality at least (1/2 + 6 — e)lWJ(.H)l for each j > i. By the pigeonhole principle,

|W;('i)| =|N(vi) " N(v{) N W;i‘1)| > 2(5 - 8)|W;i—1)|
for each j > i, as desired.

After ¢ steps, this process results in k+2(£—k) = |S|+]|S>| vertices vy, ..., Vi, Vi+l, "1,<+1* co Ve, vz,
that form a clique in G. It follows that |S;| + |S2| < ¢, because G is K;-free. O
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Let R be the weighted graph on [r] with vertex weights w(i) = % for all i € [r] and edge weights

i) max{d(V;,V;) — 6,0}, ifi# jand (V;,V;) is e-regular,
w(i,j) =
/ 0, iti = jor (V;,V;) is not e-regular,

for all i, j € [r]. We observe that R is /C;-free as a direct consequence of Claim 2.10.
To conclude the proof, we bound the K-density of G. We have

1
sz(G):m Z #H (v, .. vs) €Vy XXV, thatform a K in G} |.

ap,...,as€[r+l1]

Ifay,...,ay are distinct elements of [r] and each pair (Vy,, V,;) is e-regular, then we may simplify the
summand using the graph-counting lemma. Indeed, Lemma 2.8 implies that the number of copies of K
inVg X--- XV, isat most

N NS
1:1[ |Vai|) 1_[ d(Vai»Vaj) + VSSS < r_‘ l_[ d(Vai,Vaj) + VSSS

1<i<j<s I<i<j<s

in this case. It remains to bound the contribution from terms where some a; is r + 1, the a; are not
distinct, or some pair (V;,, Vaj) is not g-regular.
The terms where at least one index a; equals r + 1 contribute at most

s o
ﬁ'vr+]|NA l<es

to the sum. The terms where ay, ..., a, are not all distinct contribute at most
1 (s s 1 s
— Vi>’NS72 < r x X—<¢
NS Z_; (2 Vi 2) "2 2
because r > 1/e. The terms where a pair (Vy,, V,;) is not e-regular contribute at most

1

-1
i Z s(s— 1)|Vi||V,-|NS_2 < M X (#e-irregular pairs) < es(s — 1).
: r
I<i<j<r,
(Vil,V{') not

e-regular

Combining these estimates, we have

dKS(G)Se(s+3(;))+r_S > [T dVaVap) +Vesd

aly..., asel[r|\1<i<j<s
distinct
S 3 _s
| e i W )
Ajy..., aselr)\1<i<j<s
distinct

To compare this to dk, (R), we observe the following inequality. If real numbers xy, . . ., X¢, y1, ..., Yk €
[0, 1] satisfy x; < y; + 6 for each i € [k] then

Xj — nyi =(x1—yD)x2- Xk +y1(x2 = y2)xz X+ Y1 Vo1 (0 — yi) < k6.

k
=1 i=1

L
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Applying this inequality with k = (;) to the real numbers d(V,, V,;) and w(a;, a;), it follows that

dk,(G) < 8(S + 3(;)) +Ves3+r7* Z l—[ w(a;i, aj) +6(;)

ai,....as€[r]\1<i<j<s
distinct

<2es®+Ves3 + 5(;) +dk, (R).

Because & < (6 — &)'~! < 62, it follows that dg, (G) < di, (R) + 456, as desired. O

2.2. Lower bound

The lower bound construction for Theorem 2.4 hinges on a construction of Bollobds and Erdds [10]
which achieves the tight lower bound 0, (K4) = %. We briefly describe this construction, following the
notation used in [18].

Fix0 < & < 1 and an integer & > 16, and set y = ‘/iz Let X and Y be sets of points on the unit sphere

§"~1 ¢ R". The Bollobds—Erdds graph BE(X,Y) is a graph on vertex set X U Y constructed as follows.

(a) Joinx € Xtoy € Yif ||x — y|| < V2 — .
(b) Joinx,x’ € X if ||x —x’|| > 2 — u. Similarly, joiny,y’ e Yif ||y —y'|| > 2 — p.

Bollobas and Erdds showed that this graph is K4-free and that, if € and & are tuned appropriately and X
and Y are uniformly placed on S"~!, it has independence number o (| X|+|Y|) and edge density % —o(1).
Fox, Loh and Zhao [ 18] analyzed this construction in further detail, providing precise quantitative results
on the independence number and minimum degree. We need some results from their work.

Lemma 2.11 [18]. Let 0 < € < 1 and let h > 16 be an integer. Set u = g/Vh.

(1) Ifpointsx,y € S" are chosen independently and uniformly at random then Pr||jx — y|| < V2 — u| >
| Ve,
Now, fix X,Y € 8", and let G = BE(X,Y) be the graph defined above with parameters € and h.

(2) The induced subgraphs G[X] and G[Y] are each K3-free.
(3) Gis Ky-free.
(4) If n is sufficiently large in terms of &, h, there is a choice X C S" of size n such that the induced

subgraph G [ X] has independence number at most e=sVh/4y,

Using these preliminaries, we prove the lower bound of Theorem 2.4. It follows from Theorem 2.12
by choosing parameters (&, k) such that £ — 0 and eVh — co.

Theorem 2.12. Suppose R is a weighted graph that is IC;-free for some integer t > 3. Fix € > 0 and an
integer h > 16. For all sufficiently large N, there is a K,-free graph G on N vertices with independence

number a(G) < 3e=eVhIAN and K-density dx,(G) = (1 - 2\/2528)611(5 (R).

Proof. Suppose that V(R) = [r] for some integer r. Increasing each edge weight to the next multiple
of % preserves the /C,-freeness of R, so we may assume that all edge weights of R are 0, %, or 1. Set
u = -£ as in the Bollobds—Erdds construction.

Vi
Choose integers n; > |w(i)N] such that N = nj + - - - + n,.. We construct an N-vertex graph G on

vertex set Vi U - - - UV, as follows. Intuitively, G[V;, V;] will be complete, empty, or a randomly rotated
Bollobds—Erdds graph, depending on whether w(i, j) is 1, 0, or %

Suppose N is sufficiently large. For each i, we may choose a set V; of n; points on "1 satisfying
Lemma 2.11(4). Connect vertices in | J; V; as follows. Within each part V;, add an edge between
vi,v, € Vi if |lv; = v]|| > 2 — p. Let G[V;,V;] be complete bipartite if w(i, j) = 1 and empty if
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w(i,j)=0.Ifw(i,j) = % for some i < j, then let p;; € SO(h) be a rotation of 8"~ chosen uniformly
at random. Connect v; € V; andv; € V; if ||p;;v; — v, < V2 - M.
Observe that each induced subgraph G[V;] is K3-free with independence number a(G[V;]) <

e=eVh/4p, by Lemma 2.11(2) and (4). It follows that @/(G) < e~*VA/4N. Additionally, if w(i, j) = 1,
the induced subgraph G[V; U V;] is the Bollobas—Erdds graph BE(p;;(V;), V;), and is thus K4-free by
Lemma 2.11(3).

Using these properties, we verify that G is K;-free. Suppose, for contradiction, that G[W] is a clique,
where W is some set of f vertices. Let S;={i € [r] : |[ViNnW|>1}and Sp ={i € [r]:|VinW| =2} C S;.
Because each induced subgraph G[V;] is K3-free, it follows that W has at most two points in V;, and
thus that |S1| + |S2| = |[W| = ¢. For any distinct i, j € Si, there is an edge between V; and V;, and it
follows that w(i, j) > 0. Additionally, for any distinct i, j € S, there is a K4 in G[V; U V;]. Because
the Bollobas—Erdds graph is Ky-free, this implies that w(i, j) > % We conclude that (S, S;) form a
weighted #-clique in R, which is a contradiction. It follows that G is K;-free.

Lastly, we verify that G has large K,-density in expectation, using the independence of the random
rotations p;;. By Lemma 2.11(1), if w(i, j) = % then the expected edge density between V; and V; is at

least % —22e. Thus, if N is sufficiently large, we have

s N 0 W(ij,ik)zo
Eldk,(G)] > ) HF [1 j1/2-2v2e wiijiv) =1/2
il,.d.i.s,[iisnit[r] j=1 1<j<k<s 1 w(ij,ik) =1
N
> > |([Ja-awap| [] a-4v2e)wiiyin)
[]seens ise[r]\j=1 1<j<k<s
distinct

= (1-8)*(1 -4V2e)* D24, (R) > (1 -2V2s%e)dk, (R).

We conclude that there is a choice of the rotations p;; such that dg (G) > (1 - 2V2s2¢)d k,(R). O

3. Understanding the extremal weighted graphs

By Theorem 2.4, 0(K;) = ns(KC;) for all 3 < s < ¢ — 2. In this section, we show that the supremum
s (K;) is attained by a weighted graph on at most ¢ — 1 vertices, and characterize the structure of a
minimum-size extremal weighted graph more precisely. Our results are summarized as follows; together
with Theorem 2.4, they imply Theorem 1.4.

Theorem 3.1. Fix integers s,t satisfying 3 < s < t — 2. There is an extremal KC,-free weighted graph R
achieving K-density g (KC;) and satisfying the following properties.

(A1) For any distinct v,v’ € V(R), we have w(v,v’) € {%, 1}.

(A2) There is a partition V(R) = By U - - - U B, into nonempty parts such that vertices inside the same
part B; have the same weight, and an edge has weight 1/2 if it lies within some B; and weight 1
otherwise. Moreover, setting b = };c(41 |Bi| = [V(R)|, we have b > sand a+b =1 - 1.

(A3) For any iand j, the cardinalities |B;| and |Bj| differ by at most 1.

(A4) If|B;| > |Bj| for any (possibly equal) i, j € [a], thenw(v;) < w(v;) foranyv; € B; andv; € Bj;.
In particular, if |B;| = |B}| then all vertices in B; and B have the same weight.

(A5) Eithera=1and|Bi|=sora >2and|B;| <s—1 foreachi € [a].

Moreover, all extremal K;-free weighted graphs with minimum order satisfy (Al)—(AS5).

Let  and s be integers such that 3 < s < ¢t — 2. We shall show in the following subsections that there
exists a K;-free weighted graph R achieving K -density 73 (K;) with |V(R)| minimized and satisfying
(A1)—(AS). Note that the weighted graph R might not be unique.
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Before beginning the proof, we introduce some notation which will be used in this section. Let R be
a weighted graph and let H be a graph on [s]. For a vertex set S C V(R), the density of copies of H
containing S is denoted by

du(R.S)= ), (ﬂw(o(i))) [] we@.e(n)
o:[s]>V(R)

i=1 ijeE(H)
Sc{o(1),,0(s)}

Similarly, write

du (RIS = ) (ﬁw(a(f))) [T we@.e()| and

o:[s]-S\i=1 ijeE(H)

du(R - $) = ﬂw(a(i))) [] we@.ec0))

a—:[sj—>V(R)\S(i:l ijeE(H)

for the density of copies of H within S and avoiding S, respectively. For convenience, we write dg (R, v)
instead of dy (R,{v}) and dy (R — v) instead of dy (R — {v}). Additionally, when H = K, we define
all densities to be 1.

We shall also require the following well-known inequality regarding symmetric functions. This is a
special case of Maclaurin’s inequality.

Lemma 3.2. Let x1, . . ., x, be positive real numbers and let x = (x| + - - - + x,,) /n be their average. For
any integer 1 < k < n, we have

n\ k
Z Xi Xy *+ Xipe < k x",

1<ij<-<irp<n

with equality if and only if all the x; are equal.

3.1. Proofof (Al)

For each integer n > s, let R, be an n-vertex K;-free weighted graph of maximum Kj-density. Such
a weighted graph R, exists because the space of n-vertex weighted graphs, which is parametrized by
possible choices of the vertex and edge weights, is compact.

We claim that dg, (Rn-1) = dk,(Ry) if R, contains an edge of weight 0. Suppose that w (v, v2) =0
for two distinct vertices v, v2 € V(R,). Fori € [2],let R] be the (n— 1)-vertex weighted graph obtained

from R,, by deleting v3_; and increasing the weight of v; to w(vy) + w(v2). Clearly, both R| and R are
w (i)

TOonnw(y fori € [2], we have

IC;-free. Moreover, writing @; =

a1 - dk,(R}) + @2 - dk,(R}) = dk, (R, — {v1,v2}) + dk,(Ry — v2,v1) + dk, (R — Vi, V2)
= dx, (Ro). (3.1

This implies di, (Rn-1) = max;e|2) dk, (R}) 2 dk,(Ry). In particular, we have di, (Rn-1) 2 dk, (Ry)
for all n > ¢, as any K;-free weighted graph on at least 7 vertices must contain an edge of weight 0.

It follows that 7 (KC;) = sup,,», dk, (R,) is attained by a weighted graph R,, on at most # — 1 vertices.
Moreover, any minimal-order weighted graph attaining the K -density 75 (XC;) must have strictly positive
edge weights.

We conclude the proof of (A1) by observing that if R is a K;-free weighted graph with maximum
K;-density and strictly positive edge weights, then all edge weights of R must be either % or 1, as
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increasing any edge weight to the next multiple of % will preserve the K;-freeness of R while increasing
its K-density.

In the remaining subsections, we will show that any extremal /C;-free weighted graph satisfying (A1)
— and in particular, all such graphs of minimum order — also satisfy (A2)—(AS).

3.2. Proof of (A2)

Let R be an extremal KC;-free weighted graph satisfying (A1). We observe that R must have at least s

vertices, as dk, (R) would be 0 if [V(R)| < s. Moreover, if R has exactly s vertices, say vi, ..., Vs, then
s
di, (R) = s!(]_[ w(vl-)) [T wovivp
i=1 I<i<j<s

is maximized when the vertex weights are equal and the number of edges of weight 1 is maximized
subject to the constraint that R..1/> is K;_s-free. The latter condition holds if and only if R 1>, viewed
as an unweighted graph, is the Turdn graph T;__;(s). Equivalently, V(R) must admit a partition
V(R) =B U---UB, witha <t —s— 1 such that edges have weight 1/2 if they lie within some part
B; and weight 1 otherwise.

We now show that R admits such a partition if [V(R)| = b > s + 1. It suffices to show that any two
vertices vy, vy € V(R) withw(vy,v;) = %must be identical [i.e., w(v]) = w(vp) and e(vy, u) = e(va, u)
for any third vertex u € V(R)]. For i € [2], let R; be the graph obtained from R by changing the edge
weight of (v3—;,u) to w(v;,u) forall u € V(R) \ {vy, v2}, and changing the vertex weights of both v
and v; to M We claim that R| and R, are /C;-free. Indeed, suppose that R| contains a weighted
t-clique (81, S2) with S, € §; € V(Ry) and |S;| + |S2| = t. Because w(vy,v7) = % in Ry, the set S
cannot contain both v; and v,; as these vertices are indistinguishable in R;, we may assume that S»> does
not contain v,. Hence, R; and R have the same edge weights between vertices of S,. Furthermore, all
edge weights of R (and in particular, all edge weights between vertices of S|) are positive because R
satisfies (A1). It follows that S; and S, form a weighted z-clique in R, a contradiction. The proof that R,
is K;-free is analogous.

Write «; = — W) fore [2] asin (3.1). We see that

w(vi)+w (v2)

Z ;- (sz(Ri) —dxk, (R;, {v1,v2})) =dk,(R) — dk, (R, {vi,v2}).
i€[2]

To compare dk, (R, {v1,v2}) and dk, (R;, {v1,va}),let S = {vi,...,vs} € V(R) be any set of s vertices
containing v and v,. We observe that

di, (R, S) = s! 'W(Vl)W(Vz)W(Vl,Vz)(nw(vi))(n w(vl,m)(]_[ w(vZ,m) [T woivp

i=3 i=3 i=3 §2i>)>3

s!
= EW(Vl)W(Vz)W1W2W3,

where Wy = [[_;w(vi,vi), Wa == [Ti_sw(va,vi), and W3 := ([T; w(D)) ([ Tssis 23 w(vinv))).
Furthermore, by the AM-GM inequality, we have

2
st{wivy) +w(v s!
Z @; - di (R, S) = Z @ - E(w) Wi W3 > EW(Vl)W(Vz)W1W2W3 =dk,(R.S),
i€[2] ie[2]

with equality if and only if w(v;) = w(vy) and Wy = W5.
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Summing over all such sets S, we have

Dai-d (R v = ) > i di (R S) = Y dkg(R.S) = di (R, {v1,v2}).
i€[2] i€[2] S2{vi,»m}, S2{vi,»m},
|S]=s |S|=s

Moreover, equality holds if and only if w(v|) = w(v,) and W; = W, for all sets S. We claim that
this condition implies that w(vy,u) = w(vy, u) for each u € V(R) — {v{, v2}. Indeed, because all edge
weights are either 1/2 or 1, it follows that

N N
Z w(vy,vg) = Z w(va,v;)
i=3 i=3
for any s — 2 distinct vertices vs, ..., vs € V(R) — {v1,v2}. Letting w, w® € {1,1}>72 be vectors

defined as w( D= w(v;,u) for u € V(R) — {v1,v2}, this yields a linear relation v- w(") = v.w® where
v € RP2 is the indicator vector of {vs,...,vs}. When b > s, the vectors v span R”~2, and it follows
that w(l) = w®,

We conclude that @; - dk, (R1) + a2 - dk,(R2) = dk,(R), with equality only if w(v{) = w(v2) and
w(vy,u) = w(vy,u) for any third vertex u. Because R is extremal, it follows that any vi,v, € V(R)
with w(vy,v2) = 1/2 must satisfy these conditions. This implies that V(R) may be partitioned into
Bj U ---U B, such that vertices within each part have the same weights, and edges have weight 1/2 if
they lie within some part B; and weight 1 otherwise.

Lastly, we show that if R is extremal and V (R) admits such a partition BjU---UB, thena+b =¢1—1,
where b = |V(R)| = s. If a+ b > t then we may form a weighted ¢-clique (S, S) by setting S1 = V(R)
and letting S, contain one vertex from each of By, ..., B,_p.If a+ b < t —2 then we claim that R is not
extremal. Choose a vertex v € By and let R’ be the weighted graph obtained from R by replacing v with
two vertices vy, v, of weight W(V) , setting w(vy,v2) = 1/2 and w(v;,u) = w(v,u) foru € V(R) — {v}
and i € [2]. We note that R’ is ICt—free: R;1/2 is K,41-free, so for any weighted clique (S, S») in R’,
we have |S1| +[S2| < [V(R)|+a =b+1+a <t— 1. Moreover, it is clear that dg, (R’) > dk, (R),
contradicting the extremality of R. It follows that a + b = t — 1, as desired.

3.3. Proof of (A3) and (A4) for a =2

We first prove (A3) and (A4) for weighted graphs R satisfying (A2) with a = 2 parts. For convenience, we
introduce the following notation. Given positive integers P, Q and real numbers p, g € (0, 1) satisfying
pP+qQ = 1,let R(p, P; q, Q) denote the (P+Q)-vertex weighted graph satisfying (A2) with parameters
a =2,|Bi| =P, and |By| = Q, such that w(v;) = p and w(v,) = ¢ for any vertex v € By or v, € B>.
In Lemmas 3.3, 3.5 and 3.8 below, we show that if R = R(p, P;q,Q) does not satisfy (A3) or
(A4) then there is another weighted graph R’ on P + Q vertices such that R’>1 is also bipartite and

2
dk,,(R") > dk,,(R) for all m in the range 2 < m < P + Q. This is a slightly stronger statement than
necessary to handle the a = 2 case, but it will prove necessary when we consider a > 3 in the next
subsection.

Lemma 3.3. Let P,Q be positive integers and p,q € (0, 1) real numbers such that pP + qQ = 1.
If P> Q+1and (P—-1)p > Qq, then there exists a weighted graph R’ with P + Q vertices such that
R’>l is bipartite and dg,,(R(p, P;q,Q)) < dk,,(R’) forall2 <m < P+ Q.

2
Proof. Set R = R(p, P;q,Q) and let u be a vertex in R with weight p. Let R’ be the graph obtained
from R by changing the weights of all edges incident to u: if (u,v) has edge weight w € {%, 1} in R,
then we assign it the weight % —w in R’. It is clear that R’> , is a complete bipartite graph with parts of

size P—1and Q + 1. ’
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Fix m with 2 < m < P + Q. We verify that dk,, (R, u) < dk,, (R’, u). We have that

- ()+()+x
dk,, (R, u) = m! Z (Px 1)(§)px+lqy(%) .

x+y=m-1

_ ()+G)+y
T N L

x+y=m-1

Let M(x,y) = (P;l) (g)p“]qy. If x > y then

M(x,y) p*> 1y P-y-i L PPNV
My,x) ¢ lo+1-y-i~ ¢\ Q o
with equality only if x = y. This in turn implies that

y X

1\* 1 1\’ 1
M(x,y>(5) +M(y,x>(§) SM<x,y>(§) +M<y,x>(§)

for any x, y, again with equality only if x = y. Thus,

()+() x y
st 5, 4 ool

x+y=m-1

G)+() y x
< m! Z (%) (M(x,y)(%) +M(y,x)(%) )=2de(R',u).

x+y=m-1
To conclude the proof, we observe that dk,, (R — u) = dk,, (R’ — u), and thus
de (R) = de (R, l/t) + de (R - M) < de (R/, Lt) + de (R/ - Lt) = de (R/). [m}

Next, we handle (A3) in the case that (P — 1)p < Qgq. To help us bound dk,, (R(p, P; g, Q)) in this
case, we shall write it in terms of the following quantities. Given integers m, r with 0 < r < m/2, define

P P- -
N, (p,P;q,Q) =r!" (r)p’ rl (?)qr Z (x B :)p’“"(f_ :)qy‘r

x+y=m,
xX,y=r
P (0] x!y!
= 2 (Bl oo
x+y:m’x y X—r)i\y—r)
xX,y=r

Intuitively, N, should be thought of as counting copies of K,,, in R(p, P; q, Q) with r labeled vertices
in each part. We now show that dg,, (R(p, P; g, Q)) is a positive linear combination of these quantities.

Lemma 3.4. Fix a positive integer m. There exist constants ¢, > 0for 0 < r < |m/2] such that
Lm/2]
di, (R(p,P;q,0) = > ¢:Nunr(p, Piq,0Q)

r=0

forany P,Q,p,q.
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Proof. Observe that each N,, - is a linear combination of the [%J + 1 polynomials

(e A R

with nonzero coefficient if and only if x > r. Thus, {Ny,,» : 0 < r < m/2} is a basis for the space of all
linear combinations of these polynomials, which includes the K,,,-density

di,(R(p.P:q.Q)) =m!- (i’)(g)pquzxy—(';)zz’("n;). 3 (i’)(g)pquzxy.

x+y=m x+y=m

It follows that there exist real numbers ¢, such that

Lm/2]

di,, (R(p,P;¢,0) = > c:Nuwr(p, P; Q).
r=0

Moreover, by setting the coeflicients of the rth term equal to each other, we conclude that

m_!. r(m-r) _ - ri(m—-r)! .
2(%2) 2 _;(r—i)!(m_r_i)!cl (3.2)

for each r < m/2.
We show that the coefficients ¢, are positive by induction on r. Clearly, ¢y > 0 by (3.2) when r = 0.
Now, suppose ¢; > 0 for alli < r. By (3.2), we have

2 rl(m-r)! _ Zr(m_r) ) m! _ m! 2m—2r+12(r—1)(m—r+1)
(r— 2(3) (%)

r—1 TS _ '
=2m_2r+lz (r 1)(m r+1)! e
A (r=1=Dm—-r+1-1)!

We claim that

(r=D!m-r+1)! ri(m—r)!

2m72r+l
(r=-1-Dm-r+1-0! (r-Dl(m-r-1i)!

for each i < r. Indeed, it suffices to show that

_ r—1i r
2m2r+1 .21> ,
m—-r+1-—1i m—-r+1

which, recalling that r < m/2, follows from the inequalities 2m=2r+l > 2 42 and m_’r _+i1—i =
r—i 1

m=2r+1+(r—i) e m-2r+2"

S rlm=nl s =Dim=ra) S Amen)
;‘(r—i)!(m—r—i)!c’_2 ;(r—l—i)!(m—r+1—i)!ct>;(r—i)!(m—r—i)!c“

which implies ¢, > 0. a

Hence,

Using Lemma 3.4, we handle (A3) in the case that (P — 1)p < Qgq.

Lemma 3.5. Let P, Q be positive integers with P > Q + 2 and let p,q € (0, 1) be real numbers such
that Pp + Qq = 1. Set P’ = P -1, Q' = Q + 1, and choose p’,q" € (0, 1) such that P’'p’ = Pp and
Q'q" = Qq.If (P=1)p < Qq thendk,, (R(p, P;q.Q)) < dk,, (R(p’, P';q’,Q")) forall2 < m < P+Q.

https://doi.org/10.1017/fms.2025.29 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.29

Forum of Mathematics, Sigma 15

Proof. Set R = R(p,P;q,Q) and R” = R(p’,P’;¢’,Q’), and fix m with 2 < m < P + Q. For
convenience, we write Ny, »(R) = Ny (p, P3¢, Q) and Ny, - (R’) = Npr (p". P'5 97, Q).

By Lemma 3.4, it suffices to compare Ny, ,(R) and Ny, (R’). We begin with some preliminary
inequalities. Let p_ = min{p’, ¢’} and p; = max{p’,q’}.

Claim 3.6. We have the following inequalities.

(1) Forany 0 <r <|Q|, we have (1 — 5)(1 - —) <(1-(1- é).
@ p<sp-spi<q
(3) ForanyO <r < |Q|, wehave (P-r)p+(Q-r)g < (P'—r)p’+(Q" -r)q’.

Proof of claim.
(1) Because P > Q + 2, we have

2 2
(150515051 0 o) -0+ 252

- (rz—(P+Q)r)(m—%) > 0.

(2) Using the relation (P — 1)p < Qg, it follows that p < %p =p < %q < ¢ and that

P-1
‘1>Q+1—‘1 > )p>p
(3) First, observe that
P
ptq-p' —q =p+q- - Q@ j=9 __P .

P-1?P " 0+197 041 P-1

because p < Qq/(P — 1) < g. Thus,

(P =rp'+(Q -rq' = (P-rp-(Q-r)g=P'p' +0'q-Pp-0q)+r(p+q-p'-q') >0
ifr > 0. ]
We now compare N, -(R) and N, - (R’).

Claim 3.7. We have Np, (R) < Ny (R’) for any 0 < r < |m/2]. Moreover, the inequality is strict
whenr > Q.

Proof of claim. By Claim 3.6(1),

r—1
& (f)l’ - (?)qr = (Pp) (Qq) ﬂ(1 - F)(l - 6)
r—1 . . , ,
< (P’p/)r(Q/q/)r n(l _ %)(1 _ é) =l (i )(pl)r . (Qr )(q,)r,

i=0

with equality only if r = 0. It remains to show that

)y (P; r)p*(Q‘r)qys D (P'_’)<p'>X(Q"’)<q'>y. (33)
y X y

X+y=m-2r X+y=m-2r
x,y=0 x,y=0

SetX=(p,p,....p.q.q,...,q)and X’ = (p’,p’,....,p".q",q’,...,q"). Letting o be the (m — 2r)th
S, e s e’
P-r O-r P-r-1 O-r+l

elementary symmetric function
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(Y15 YPr0-2r) = Z Vit Vi

1<i)<---<ipp-2r <P+Q-2r

we may rewrite (3.3) as o(X) < o (X').
Let Y be the (P + Q — 2r)-tuple obtained via the following process. Set ¥ = X initially and repeat
the following transformation, which will never decrease o (Y).

(*) If there exist indices i, j such thatY; < p_andY; > p,, sete = min{p_ -V, Y; — p.}, and replace
Y; and Y; with ¥; + £ and Y; — &, respectively.

Each iteration increases the number of coordinates equal to p_ or p,, so the process will terminate in
at most P + Q — 2r steps. Moreover, recalling that p < p_ < p, < g, we observe that the final tuple Y
either takes the form

Y=01,....Yp—p,ptyr...,ps) WithY; < p_foralli < P-r, or (Case 1)
Y=(p—....0-.Yp—rsts.... Yprg—2r) WithY; > p, foralli > P —r. (Case 2)

LetX” =(p-,...,p=, P+,--.,P+) be the result of sorting X’ in increasing order, and let k € {P—r—1,
Q —r + 1} be the number of occurrences of p_. In case 1, we have ¥; < X/” for each i, implying o (Y) <
o(X").Incase 2, let y be the average value of {Yi.1,...,Ypsp-o-}andletY = (p_,...,p_,y,...,y)
be the result of replacing all but the first k terms of Y with y. By Lemma 3.2, o(Y) < o (Y’). Moreover,
sum(Y”) = sum(X) < sum(X’’) by Claim 3.6(3). Because X"’ is obtained from Y’ by replacing each y
with p,, it follows that y < p, and o (Y’) < o (X”’). Thus, we have o(X) < o(Y) < o(X") = o(X’)
in both cases, completing the proof that Ny, - (R) < Ny, (R’). O

Combining Lemma 3.4 and Claim 3.7, we have that

Lm/2] lm/2]
de (R) = Z Cer,r(R) < Z Cer,r(R,) = de,(R,)~ O
r=0 r=0

Lastly, we turn our attention to (A4). If P > Q, this is an immediate consequence of Lemma 3.3; it
remains to handle the P = Q case.

Lemma 3.8. Let P be a positive integer and p,q € (0,1) real numbers such that pP + gP = 1.
If p # q, then there exists a weighted graph R’ with 2P vertices such that R'>l is bipartite and
2

dk,,(R(p,P;q,P)) < dk, (R") forall2 <m < 2P.

Proof. Set R = R(p, P; q, P) and let u and v be vertices in R with weights p and g, respectively. Let R’

. . . +q9 _ 1
be the graph obtained from R by setting the weights of both # and v to % =5p-

Observe that dg,, (R — {u,v}) = dk,, (R’ — {u,v}). Set

(P -1y 1)@
=" G

We have that
dk,, ((R" = v),u) +dg,,((R" = u),v) - dxk,,((R = v),u) - dk,, (R —u),v)
x y X y
- 3 e |52(5) +(5))-(la) ol )
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S ]

x+y=m-1

Fanpi gt - pr (=L 0oLy >0
2 2 2

x+y=m-1,
X<y

because g — p and g¥~* — p¥~* both have the same sign. Additionally,

x+y
dg, (R',{u,v}) —dkg,, (R, {u,v}) = Z f(x,y)pqu(%)

x+y=m-2

P+q)\?
( 2 )_pq]>0'

Combining the preceding inequalities, we conclude that

dk,,(R) = dk,, (R = {u,v}) + dk,, ((R - v),u) + dk,,((R — u),v) +dk,, (R, {u,v})
<dk,,(R" = {u,v}) +dk,, ((R" = v),u) + dg,, (R" —u),v) + dk,, (R, {u,v}) = dg,, (R")

for any integer 2 < m < 2P. O

3.4. Proof of (A3) and (A4) for all a

Using the results of the prior subsection, we prove (A3) and (A4) for all a. Suppose R is an extremal
IC;-free weighted graph satisfying (A1) and (A2) with parts By,..., B,. Given indices i # j, we may
regard R[B; U B/] as a scaled-down version of some weighted graph Ry = R(p, |B;|; q,|B;|), where
the weights of vertices in B; and B; are ap and aq respectively, for some @ < 1.

Without loss of generality, suppose |B;| > |B;|. We claim that |B;| < |B;|+ 1 and that p < gq.
Indeed, if |B;| > |B;| + 2 then Lemma 3.3 or Lemma 3.5 yields a weighted graph R on |B;| + |B;]|
vertices such that (R(’))% is bipartite and dk,, (R)) > dk,, (Ro) for all 2 < m < |B;| + |B;|. Note that
dk,,(Ro) = dk,, (R() for all other m: this value is 1 if m = 1 and O if m > |B;| + |B;|. If p > g, then
Lemma 3.3 (if |B;| > |B;|) or Lemma 3.8 (if | B;| = |B;|) provides a weighted graph R, with the same
properties.

Let R’ be the weighted graph obtained from R by replacing R[B; U B;] with a scaled-down copy of
R(. That is, the vertex weights of R’[B; U B;] are those of Rj multiplied by a, and the edge weights
of R’[B; U B;] are exactly those of R. We verify that R is KC;-free. Suppose (S, $2) is a weighted
clique in R’. Because (R('))>1 » is bipartite, S> contains at most two vertices of B; U Bj; additionally, S,
contains at most one vertex from each other part By. Hence |S;| +|S2| < |[V(R)|+a=b+a=t-1,s0
R’ is IC;-free. However, because

dk,,(R[B; UBj]) = @"dk,,(Ry) and dg, (R'[B;UB;]) =a"dk,, (R)),

we have that

S

I, (R) = Y (o Ro) - di. (R~ (B0 B)
m=0

© 3%, (R i (R = (B2 ) = a (R,
m=0

Thus, if the parts (B;, Bj) do not satisfy (A3) or (A4) then dg (R) < dk, (R’), contradicting the
extremality of R.
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3.5. Proof of (A5)

Suppose that R is an extremal C;-free weighted graph satisfying (A1) and thus (A2)-(A4) with parts
By, ...,B,. Without loss of generality, suppose B; has maximal cardinality among all parts B;. We
assume that » = |By| satisfies 7 > s+ 1 (if a = 1) or r > s (if @ > 2) and derive a contradiction.

Let p be the weight of each vertex in Bj; by (A4), it follows that all vertices of R have weight at least
p. Let R’ be the graph obtained from R by replacing two vertices u,v € B; with a new vertex v’ of
weight 2p and setting w(v’,u’) = 1 forany u” € V(R’) \ {v’}. We observe that R’ is IC;-free. Indeed, if
(S1, 82) is a weighted clique configuration in R’ then S, may contain at most one vertex from each of
the sets {v’}, By — {u, v}, Ba, ..., B,. It follows that |S;| +|S2| < |[V(R’)|+ (a+1) = |[V(R)| + a, which
is t — 1 by (A2). To conclude the proof of (AS5), we show that dx, (R) < dk,(R’) if R does not satisty
(AS), contradicting the extremality of R.

Set B = (By — {u,v}) U{v'} CV(R’) and foreach 0 < m < s set

_di,(RIBI) _dig, (R[BD)

’ m

dk,,(R-By) dk, (R —B’)
m! - m! '

Jm

, and h, =

m! m!

Recalling that |B;| = r > s > 3, we have

A om®
e

Forany 1 < m < r — 1, observe that

e I e R P
a0 R M B

with equality if and only if m = 1. Recalling that fy = go = 1, we conclude that f,,, < g, for all
0 < m < r — 1 with equality if and only if m < 2. If r > s + 1, then this inequality holds for all
2 <m < s <r—1,and we conclude that

S

dk,(R) =Y (;)d,(m (RIB\)dk, (R = B1) = )" 5 finhs-m

m=0 m=0
N N N 7 7’ ’ 7 ’
<) slgmhy = (m)dK,,, (R'[B'Vdx, ., (R~ B) = di, (R).
m=0 m=0

Now, suppose r = s and a > 2. We observe that ; = X, ey (gy—p, w(v) = [V(R) = Bil|p 2 p, so

(2) ) 52 253 (3
Rt Yy PR

1 7))

< (219)1952(5) hy =gs-1h1 < gs—1h1 + gsho.
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Once again, we conclude

S

di,(R) = )" s\ fmhsm < ) 5\gmhsm = di,(R').
m=0

m=0

Thus, if R does not satisfy (AS5) then dk, (R’) > dk,(R), contradicting the extremality of R. This
completes the proof of Theorem 3.1.

4. Eventual periodicity and counterexamples to Conjecture 1.2

In this section, we prove Theorem 1.3, providing conditions under which Conjecture 1.2 does and does
not hold. Applying Theorem 2.4, we may reduce this to a problem about weighted graphs.

Say a weighted graph R admits a (b, a)-partition if it has b vertices and satisfies the five conditions
(A1)—(AS) of Theorem 3.1, with a being the number of parts in (A2). Theorem 1.4 shows that o5 (K;) is
the maximum Kj-density of a weighted graph R admitting a (b, a)-partition with a = t — 1 — b parts for
some b < t; such R are inherently K;-free. From (A2), we have b > s; additionally, because R cannot
have fewer vertices than parts, we have b > |¢/2]. Conjecture 1.2 hypothesizes that the optimal density
is attained when b matches one of these lower bounds.

Conjecture 4.1 (Conjecture 1.2, rephrased in terms of weighted graphs). Fix integers s,t with3 < s <
t — 2. The maximum K-density of a weighted graph admitting a (b, t — 1 — b)-partition is attained when
b = max{s, [t/2]}.

For t > 2s, Conjecture 4.1 hypothesizes that the extremal K;-free weighted graphs follow an
alternating pattern as depicted in Table 1. For odd ¢, the conjectural extremal construction is the complete
balanced weighted graph K [‘; 1 which has b = [¢/2] vertices with weight 1/b each and has all (127)
edge weights equal to 1. For even 7, the conjectural extremal construction has b = ¢/2 vertices divided
into one part of size 2 and b — 2 parts of size 1. That is, all edges have weight 1 except for one edge of
weight 1/2 within the part of size 2.

The proof of Theorem 1.3 is divided into three subsections. In Section 4.1, we show that Conjecture 4.1
holds if > s*(s — 1)/2 + s + 1, implying that the extremal constructions do eventually follow the
aforementioned alternating pattern. In Section 4.2, we show that Conjecture 4.1 holds if s = 3,4 or if
t = s + 2. Lastly, in Section 4.3, we provide counterexamples to Conjecture 4.1 for s = 5 as well as for

any sufficiently large s.

4.1. Eventual Periodicity
We first show that Conjecture 4.1 holds when 7 is sufficiently large as a function of s.

Lemma 4.2. Fix integers s,t with 3 < s < t — 2. Suppose R is a weighted graph admitting a (b, a)-
partition into B1 U - - - U B, for some a, b satisfyinga+b =1t — 1.

(1) Suppose t is odd with t > s*(s —1)/2. Set r = (t — 1)/2 and let K} be the complete balanced
weighted graph on r vertices. We have dk (R) < dk, (K,") with equality if and only if R = K}".

(2) Suppose t is even witht > s>(s —1)/2+s. If dx, (R) = n3(K,) then a — 1 of the parts B; must have
cardinality 1, and the last part must have cardinality 2.

Proof. We first prove (1). Suppose ¢ > s2(s — 1)/2 is odd. Let Ry be the weighted graph obtained from
R by changing all edges weights of 1/2 into 0 and let R; be the weighted graph obtained from R by
changing all edge weights of 1/2 into 1. We claim that

dk, (Ro) +dk,(Ry)
5 .

dk,(R) <
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Indeed, if vertices vy, ..., vy € V(R) induce m > 1 edges of weight 1/2 in R, then the product of their
edge weights is (%) < % inRandis 1in R;.

We have di (K}¥) = s!(})-%. Write w(B;) = ¥, cp, w(v) for the total weight of vertices in B;. By
Lemma 3.2, we have

1
dk,(Ro) = s! Z w(Bi,) - w(B;,) < s!(j);, and

1<ij<-<ig<a

b\ 1
dk,(Ry) = Z w(vy) - w(vg) < S!(s)ﬁ'
Viseens vs €V (R)
distinct
. _ L )
Thus, setting f(x) = s!(})x™ = (1 - 1)+ (1 - =), it suffices to show that —f(a)zf( ) < [ty =
dg, (K}").
First, observe that

s=1 . .
f’(x)=;§ [ (“fz)

1<j<s,
j#i
and that
S 2 j ij k
ro=g (-5 1103 % & 11 (=)
i=1 I<j<s 1<j<s, 1<k<s
J#i J#i k#i,j
S]( 2i ij{ x j
e
3 7y
ey W P A ) A U P x
i i
SET -
o1~ 15j<s, 2(x =) 1<j<s, *
j#i i

It follows that f”/(x) < O when x > (;) for s = 3, this can be checked manually, and for s > 4, this
follows from the inequality

Hence, if a > (;) Jensen’s inequality implies

f(a)+ f(b)
2

sz (R) <

IA

7552 = e )
with equality if and only if @ = b = r, (i.e., R = K)"). To see that a > (3), note that (A5) implies
b < (s—1)a, yielding sa > a+b =1—1> s(3) as desired.

We now prove (2) using (1). Suppose > s>(s—1)/2+s is even. Because t—1 = a+b = 2 (IBi|+1)
is odd, there exists some k such that |By| + 1 is odd. Scaling R — By up by a factor of (1 — w(By))™!
yields a weighted graph R admitting a (b’, a’)-partition, where a’ = a — 1 and b’ = b — |By|.

Sett' =a’+b"+1 =1t-|Bg|— 1, which is odd, and set r = (' — 1)/2. Let R’ be the weighted
graph obtained from R by replacing V(R) — By with a set B’ of r vertices of weight (1 — w(By))/r
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each, and setting w(v’,v) = 1 for each v/ € B’ and v € V(R’) \ {v}. That is, R’[B’] is a copy
of K}¥ scaled down by a factor of 1 — w(By). We note that R” is K;-free. Indeed, if (S;,S>) is
a weighted clique in R’, then S, contains at most one vertex from By, so |S;| < r + 1. Hence,
[S1]+|S2] < [V(R)|+r+1=|Bg|+2r+1=¢t—-1.

Observe that |Bi| < s — 1 by (A5), sot’ > s*>(s — 1)/2. By part (1), we have

dk,, (R = Bi) = (1 = w(Bx))"dk,,(Ro) < (1 - w(By))"dk,, (K}") = d,, (R'[B'])

for all m < s. Equality holds if and only if Ry = K}, (i.e., if and only if |B;| = 1 for each i # k). Hence,
if |B;| > 1 for some j # k, we have

I, (R) = (), R = B, RUB) < 3 (), R D, (R'TBD = di (R
m=0 m=0

contradicting the assumption that dg, (R) = 74 (K;). To complete the proof of (2), we recall that |By| is
even and |By| < |B;| + 1 for any i # k by (A3). Hence, if |B;| = 1 for all i # k then |By| = 2. O

4.2. The Remaining Positive Results

We now prove Conjecture 4.1 in the remaining cases described in Theorem 1.3. We remark that the
casest = s+2 and s = 3 were proven in [6]. However, the proofs of these cases are very straightforward
when framed in terms of weighted graphs, so we present them for completeness.

Lemma 4.3. Fix s > 3 and let t = s + 2. If R is a K;-free weighted graph R with dg_(R) = ns(K;) of
minimum cardinality, it admits an (s, 1)-partition.

Proof. From Theorem 3.1(A2), R admits a (b, a) partition for parameters a > 1 and b > s satisfying
a+b=t-1=s+1.1Itisimmediate thata =1 and b = s. )

In the next two lemmas, we prove Conjecture 4.1 fort > s+3 and s = 3, 4.

Lemma 4.4. Set s =3 and fixt > s + 3. Suppose R is a K,-free weighted graph with dk (R) = m5(C;)
of minimum cardinality. Then R admits a (b, a)-partition with b = max{s, [t/2]}.

Proof. By Theorem 3.1, R admits a (b, a)-partition B U --- U B, such that a + b = t — 1. Moreover,
combining (AS) with the inequality 7 > 6, we conclude @ > 2 and |B;| < 2 for each i.

To show that b = [¢/2] = max{s, [t/2]} when ¢ > 6, it suffices to show that all but at most one of
the parts B; have cardinality 1. Equivalently, we must show that R does not contain disjoint edges uv
and xy with w(u,v) = w(x,y) = 1/2.

Suppose the contrary. We may assume without loss of generality that dk, (R, {x, y}) > dk, (R, {u,v}).
Let R’ be the graph obtained from R by setting w(u,v) = 0 and w(x,y) = 1. We observe that
dK3 (R,’ {.X, y}) = 2dK3 (R’ {.X, y}) and dK3(R/’ {Ms V}) = O’ SO

dK3 (RI) - dK3 (R) = dK3 (R,7 {)C, y}) + dK3 (R,’ {M, V}) - dK3 (R’ {x’ y}) - dK3 (R7 {I/l, V})
= sz (R’ {x’ y}) - dK3 (R’ {u’ V}) > 0.

Moreover, R’ is IC;-free, as the clique numbers of R’> , and R’ ; satisfy
2
W(R ) +w(R.y) < (w(R>%) + 1) + (VR =1)=(a+ 1) +(b=1) <1
2
It follows that R’ is also an extremal K;-free weighted graph of minimal cardinality. However, this
contradicts Theorem 3.1(Al), because R’ contains an edge of weight 0. We conclude that R cannot

contain disjoint edges uv and xy of weight 1/2. This implies that all but at most one of the parts B; have
cardinality 1, which is equivalent to showing that b = [#/2]. O
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32 3 (4 32 B; B, ¢ C3
R[B; U B] Ri[C] R[B1 VU B] Ry[C U B,] R[B1 VU B] R3[C]
The case |By| = |B2| =3 The case |By| =3, |B2| =2 The case |B;| = |By| =2

Figure 1. The optimizations in the proof of s = 4. Red edges have weight 1/2 and black edges have
weight 1.

Lemma 4.5. Set s = 4 and fix t > s + 3. Suppose R is a K;-free weighted graph with dk (R) = ms(K;)
of minimum cardinality. Then R admits a (b, a)-partition with b = max{s, [t/2]}.

Proof. By Theorem 3.1, R admits a (b, a)-partition By U - - - U B, such that a + b = t — 1. Combining
(AS5) with the inequality # > 7, we conclude that a > 2 and that each part has cardinality at most 3.
If t = 7, then we must have a = 2 and b = 4, because (A2) implies b > 4. Henceforth, we assume
t > 8 and show that b = |¢/2]. Equivalently, we must show that at most one of the parts By, ..., B, has
cardinality greater than 1.

Order the parts such that 3 > |By| > |Ba| = --- = |Ba4| = |B1|—1; the last inequality is a consequence
of (A3). Suppose for the sake of contradiction that |B;| > 2. We split our proof into three cases, based
on |B;| and |B;|. In each case, we derive a contradiction by constructing a C;-free weighted graph with
larger K-density than R; these constructions are given in Figure 1.

Case 1: |B1| = |Bz| = 3. In this case, the six vertices in B and B; have the same weight p. Let R| be
the weighted graph obtained from R by replacing B} U B, with a set C = {c, ¢3, ¢3, ¢4} of four vertices
with weight 3p /2 each such that w(c;,cj) = w(c;,v) = 1foranyi,j € [4] andv € B3 U---U B,. We
note that (Ry), 1 and (R;)-o have clique numbers satisfying

O((R1).)) +0((R1)0) < (0(R.1) +2) + (IV(R) - 2) = (a+2) + (b-2) <1,
so R; is KC;-free. Additionally, one computes that

di,(R[B1 U B2]) = dg,(R1[C]) =1, dk,(R[B1 U By]) = dg, (R1[C]) = 6p,
2
dr(RIB B2 = 218412 5) < () 12 = dmilc),

1 1)} 3p\’
di,(R[B; UBz])=p3(l8-§+2-(§) )-3! < (7) .24 = d, (R{[C)).

1\2 1\ 3p\*
dK4(R[B1UBz])=p4(9-(§) +6-(§) ).4z<(7p) - 24 = dk, (R [C]).

‘We conclude that

4
dk,(Ry) - dg,(R) = Z (::l)(de(Rl [C]) - dk,,(R[B1 U By]))dk,_,,(R— (B; UB,)) >0,
m=0

contradicting the extremality of R.
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Case 2: |B1| = 3 and |B,| = 2. Let p and ¢ be the weights of vertices in B; and B, respectively;
by (A4), we have p < g. Let R, be the weighted graph obtained from R by replacing B; with a set
C = {cy, c2} of two vertices with weight 3p/2 each such that w(cy, ¢3) = w(c;,v) = 1 forany i € [2]
andv € B, U ---U B,. We note that (R). 1 and (R;)-( have clique numbers satisfying

0((R). ) +&((Ro)0) < (@(R.) +1) + (VR = 1) = @+ D+ (b= 1) <1,

S0 R; is IC;-free. One computes that

dk,(R[B1]) = dg,(R2[C]) = dk,(R[B2]) = 1,
dk,(R[B1]) = dk,(R2[C]) = 3p, dk,(R[B2]) = 2q,
2
dRIBD =065 < (F) 2=di(RlCh. deRIED =25,
)2
di,(R[B1]) = p* -6 5)
We now claim that
dk,,(R2[C U By]) — dk,,(R[B1 U By]) = Z (T)(dk,.(Rz[C]) - dg, (R[B1]))dk,,, (R[B2])
r=0

is positive for 2 < m < 4. This is immediate for m = 2. For m = 3,4, only the r = 3 term is negative,
and one may check that the sum of the » = 2 and r = 3 terms is positive via the relations

di,(R[B1]) — dk, (R2[C]) =

(R [aS]

(dk,(R2[C]) — dk,(R[B)]))

2
and dic,(R[Ba]) < 2di, (RIBa) < (2) dic (RIBa1). Thus, di,, (Ra[C U Bal) > di,, (RIB1 U Ba])
for 2 < m < 4. It follows that

4
s (R) = (R) = 3 ()0, (RaLC U Ba) = i, (RIB1 U B2 )i, (R = (81U ) > 0

m=0

contradicting the extremality of R.

Case 3: |By| = |B2| = 2. In this case, the four vertices in B| and B; have the same weight p. Moreover,
we have a > 3 because ¢ > 8. Let R3 be the weighted graph obtained from R by replacing B U B, with
aset C = {c1, ¢2, c3} of three vertices with weight 4p/3 each such that w(c;, c;) = w(c;, v) = 1 for any
i,j€[3]landv € B3 U---U B,. We note that (R3)>% and (R3)-( have clique numbers satisfying

O((Rs). )+ 0((Ra)-0) < (@(R. )+ 1) + (IV(R) - 1) = (a+ D+ (b= 1) <1,
S0 Rj is IC;-free. One computes that

di,(R[B1 U By]) = dk,(R3[C]) =1, di,(R[B1 U By]) = dk, (R3[C]) = 4p,

2
dx, (RIB, U By]) = p2(8 4 %) < (%”) -6 = di, (Rs[C]).
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3
A, (RIByU B = p* 24+ 5 < (%”) 6= i, (Ry[C]),
1\2
dk,(R[By U By]) = p*-24- (5) .
‘We now claim that
dk,, (R3[C U B3]) — dk,,(R[B; U By U B3]) = Z (T)(dKr(R3 [C]) — dk, (R[B1 U B2]))dk,,_, (R[B3])
r=0

is positive for 2 < m < 4. This is immediate for m = 2, 3. For m = 4, only the r = 4 term is negative.
By (A4), we have dg, (R[B3]) = Xy ep, w(V) 2 p, so

[3) amsCRaCD = i (R1By U B2y, (RUBaD > 4 (i (k1B U B2D)
. (2)dK4(R[B1 U Bal)di, (RLB3)),

and thus dg,, (R3[CUB3]) > dg,, (R[B1UB,UB3]) for2 < m < 4. Therefore, setting B = BjUB, U B3,

we have
5 (4
di,(R) = dic,(R) = ) (m) (dk.,(Rs[C U Bs]) = d,, (RIB])dx.,, (R = B) > O,
m=0
contradicting the extremality of R. O

4.3. Counterexamples to Conjecture 1.2

We conclude this section by presenting some counterexamples to Conjecture 1.2 when ¢ is slightly larger
than 2s. We begin with two counterexamples in the s = 5 case, then use the same ideas to derive a
family of counterexamples for all sufficiently large s and any ¢ with 2s < ¢ < 2.08s.

We first observe that Conjecture 1.2 is not true for s = 5 and ¢ € {10, 11}, via the counterexamples
pictured in Figure 2.

For the case s = 5 and ¢ = 10, Conjecture 1.2 hypothesizes that 7, (K;) is attained by a weighted
graph R; of order 5 with exactly one edge of weight 1/2, such that the two vertices incident to the edge
of weight 1/2 have the same weight p and the remaining three vertices have the same weight ¢. Let R,
be a weighted graph of order 6 in which every vertex has weight 1/6, three disjoint edges have weight
1/2, and all remaining edges have weight 1. It is straightforward to check that R, is KCjp-free and that

di; (Ry) _ (@’

2 > 1.
dks(R1) max{#:2p+3q:1}

Thus Conjecture 1.2 is not true in the case s = 5, r = 10.

For the case s = 5 and ¢ = 11, Conjecture 1.2 hypothesizes that 75 (/C;) is attained by the complete
balanced weighted graph K", which has 5 vertices of weight 1/5 each and has all edge weights equal
to 1. Let R’ be a weighted graph of order 6 with two disjoint edges of weight 1/2 and all other edge
weights equal to 1, such that the four vertices incident to the weight-1/2 edges have weight p and the
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The case s =5, =10 Thecase s =5, =11

Figure 2. Counterexamples to Conjecture 1.2 for s = 5 and t € {10, 11}. Red edges have weight 1/2
and black edges have weight 1.

remaining two vertices have weight ¢. It is straightforward to check that R’ is /C;;-free. Moreover, if the
parameters p, g are optimized, we have

4piq® | 2p'q . _
dKS(R,) _max{ 3 +T4p+2Q—1}

di, (KY) (1) -

Notably, the inequality holds with p = 0.16 and ¢ = 0.18. Thus Conjecture 1.2 is also false in the case
s=51t=11.
‘We now show that a similar construction works if s is sufficiently large.

Lemma 4.6. Conjecture 1.2 is false for all sufficiently large s and any t satisfying 2s <t < 2.08s.

Proof. First suppose ¢ is odd (i.e., t = 2r + 1 for some integer r > s). Conjecture 1.2 hypothesizes that
75 (KCt) is attained by the complete balanced weighted graph K}, which has r vertices of weight 1/r
each and has all edge weights equal to 1. Let R’ be a weighted graph on (r + 1) vertices with two disjoint
edges of weight 1/2 and all other edge weights equal to 1, such that the four vertices incident to weight-
1/2 edges have weight 3/4r and the remaining r — 3 vertices have weight 1/r. It is straightforward to
check that R’ is [C;-free. Moreover, because s < r < 1.04s, we have

de,(R) (W) -GG et 3t e

s TP 007951
dx (K'Y O (L rrl—s 45 0.04r+1 g

if s < r is sufficiently large.

Next, suppose t is even (i.e., t = 2r for some integer r > s). Conjecture 1.2 hypothesizes that s (/C;)
is attained by a weighted graph R on r vertices with exactly one edge of weight 1/2. By Lemma 3.2,
we have that

dk,(Ry) < Z w(vi) - w(vg) < S'(;)(%) = dg, (K}").

V]geurs vs €V (R)
distinct

Let R, be a weighted graph on (r + 1) vertices with three disjoint edges of weight 1/2 and all other
edge weights equal to 1, such that the six vertices incident to weight-1/2 edges have weight 5/6r and
the remaining r — 5 vertices have weight 1/r. It is straightforward to check that R, is K, -free. Moreover,
because s < r < 1.04s, we have

di,(Ry) _ dx,(Ry) _ O R R € N NS B LI B

= o 004151
di, (R1) ~ di, (K) ~ () (Lys r¥l-s 60 8 0.04r+1 g

if s < r is sufficiently large. o
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5. Concluding Remarks

In this paper, we combinatorially resolve the generalized Ramsey—Turan problem for cliques, reducing
its determination to a bounded optimization problem about finding the optimal (b, a)-partition, which
remains an intriguing problem.

Problem 5.1. Given integers t —2 > s > 3, which (b, a)-partition with a + b = t — 1 achieves the
Ramsey-Turén density o, (K;)?

An easier, yet still interesting, problem is the following. By Theorem 1.3, the threshold value of ¢ for
the extremal periodic behavior lies somewhere between 2.08s and s3. Which bound is closer to the truth?

For general graphs, an Erd§s—Stone—Simonovits type result is still out of reach. For example, we do
not know whether 02(K>2.2) > 0[16, 33]. In light of this, we wonder the following.

Problem 5.2. Decide if 03(K2,2,2,2) > 0 or not.

Another natural future direction is to study RT(n, Ky, K;, f(n)) for smaller independence numbers
(e.g., when f(n) = n'~% or when it is the inverse function of the Ramsey function, say f(n) = /nlogn).

Note. After this paper was written, we learned that Balogh, Magnan and Palmer [7] independently
proved some related results.

Acknowledgments. We would like to thank the anonymous referee for their useful comments and suggestions.
Competing interest. The authors have no competing interests to declare.

Financial support. The research of J. Gao and H. Liu was supported by IBS-R029-C4. The research of S. Jiang was supported
by Hubei Provincial Natural Science Foundation of China (No. 2025AFB666), National Natural Science Foundation of China
(No. 11901246), China Scholarship Council and IBS-R029-C4. The research of M. Sankar was supported by NSF GRFP Grant
DGE-1656518 and a Hertz Fellowship.

References

[1] N. Alon and C. Shikhelman, ‘Many T copies in H-free graphs’, Journal of Combinatorial Theory, Series B 121 (2016),
146-172.
[2] J. Balogh, D. Bradac and B. Lidicky, ‘Weighted Turdn theorems with applications to Ramsey—Turdn type of problems’,
Preprint, 2023, arXiv:2302.07859.
[3] J. Balogh, C. Chen, G. McCourt and C. Murley, ‘Ramsey-Turdn problems with small independence numbers’, European
Journal of Combinatorics 118 (2024), 103872.
[4] J. Balogh, P. Hu and M. Simonovits, ‘Phase transitions in Ramsey—Turan theory’, Journal of Combinatorial Theory, Series
B 114 (2015), 148-169.
[5] J. Balogh and J. Lenz, ‘Some exact Ramsey—Turdn numbers’, Bulletin of the London Mathematical Society 44 (2012),
1251-1258.
[6] J. Balogh, H. Liu and M. Sharifzadeh, ‘On two problems in Ramsey—Turan theory’, STAM Journal on Discrete Mathematics
31(3) (2017), 1848-1866.
[7] J. Balogh, V. Magnan and C. Palmer, ‘Generalized Ramsey—Turdn numbers’, Preprint, 2024, arXiv:2405.01804.
[8] J. Balogh, T. Molla and M. Sharifzadeh, ‘Triangle factors of graphs without large independent sets and of weighted graphs’,
Random Structures & Algorithms 49(4) (2016), 669—693.
[9] C. Beke and O. Janzer, ‘On the generalized Turdn problem for odd cycles’, SIAM Journal on Discrete Mathematics 38(3)
(2024), 2416-2428.
[10] B. Bollobas and P. Erdds, ‘On a Ramsey—Turan type problem’, Journal of Combinatorial Theory, Series B 21 (1976),
166-168.
[11] F. Chang, J. Han, J. Kim, G. Wang and D. Yang, ‘Embedding clique-factors in graphs with low ¢-independence number’,
Journal of Combinatorial Theory, Series B 161 (2023), 301-330.
[12] R. A. Duke, H. Lefmann and V. Rodl, ‘A fast approximation algorithm for computing the frequencies of subgraphs in a
given graph’, SIAM Journal on Computing 24(3) (1995), 598-620.
[13] P. ErdGs, ‘On the number of complete subgraphs contained in certain graphs’, Magyar Tud. Akad. Mat. Kut. Int. Kézl 7
(1962), 459-464.
[14] P. Erd6s and M. Simonovits, ‘A limit theorem in graph theory’, Studia Scientiarum Mathematicarum Hungarica 1 (1966),
51-57.

https://doi.org/10.1017/fms.2025.29 Published online by Cambridge University Press


https://arxiv.org/abs/2302.07859
https://arxiv.org/abs/2405.01804
https://doi.org/10.1017/fms.2025.29

Forum of Mathematics, Sigma 27

[15] P. Erd6s and A. H. Stone, ‘On the structure of linear graphs’, Bulletin of the American Mathematical Society 52 (1946),
1087-1091.

[16] P. ErdGs, A. Hajnal, V. T. S6s and E. Szemerédi, ‘More results on Ramsey—Turdn type problem’, Combinatorica 3 (1983),
69-81.

[17] P. Erd6s and V. T. S6s, ‘Some remarks on Ramsey’s and Turdn’s theorem’, In Colloquia mathematica societatis Janos
Bolyai, 4. Combinatorial theory and its applications, (Balatonfiired, Hungary, 1969), 395-404.

[18] J. Fox, P. Loh and Y. Zhao, ‘The critical window for the classical Ramsey—Turdn problem’, Combinatorica 35(4) (2015),
435-476.

[19] J. Gao, Z. Wu and Y. Xue, ‘Counting cliques without generalized theta graphs’, Preprint, 2023, arXiv:2311.15289.

[20] L. Gishboliner and A. Shapira, ‘A generalized Turdn problem and its applications’, International Mathematics Research
Notices 2020(11) (2020), 3417-3452.

[21] J. Han, P. Hu, G. Wang and D. Yang, ‘Clique-factors in graphs with sublinear £-independence number’, Combinatorics,
Probability and Computing 32(4) (2023), 665-681.

[22] J. Han, P. Morris, G. Wang and D. Yang, ‘A Ramsey—Turdn theory for tilings in graphs’, Random Structures & Algorithms
64(1) (2024), 94—-124.

[23] X. Hu and Q. Lin, ‘Two Ramsey—Turdn numbers involving triangles’, Preprint, 2023, arXiv:2212.07234.

[24] J. Kim, Y. Kim and H. Liu, “Two conjectures in Ramsey—Turan theory’, SIAM Journal on Discrete Mathematics 33(1)
(2019), 564-586.

[25] C. Knierim and P. Su, ‘K,--factors in graphs with low independence number’, Journal of Combinatorial Theory, Series B
148 (2021), 60-83.

[26] H. Liu, C. Reiher, M. Sharifzadeh and K. Staden, ‘Geometric constructions for Ramsey—Turdn theory’, Preprint, 2021,
arxiv.2103.10423.

[27] M. Liu and Y. Li, ‘Two Results on Ramsey-Turdn Theory’, The Electronic Journal of Combinatorics 28(4) (2021), #P4.6.

[28] T. Luczak, J. Polcyn and C. Reiher, ‘On the Ramsey—Turdn density of triangles’, Combinatorica 42(1) (2022), 115-136.

[29] C. M. Liiders and C. Reiher, ‘The Ramsey—Turan problem for cliques’, Israel Journal of Mathematics 230 (2019), 613-652.

[30] J. Ma and Y. Qiu, ‘Some sharp results on the generalized Turdn numbers’, European Journal of Combinatorics 84 (2020),
103026.

[31] N.Morrison, J. Nir, S. Norin, P. Rzazewski and A. Wesolek, ‘Every graph is eventually Turdn-good’, Journal of Combinatorial
Theory, Series B 162 (2023), 231-243.

[32] F. P. Ramsey, ‘On a problem of formal logic’, Proceedings of the London Mathematical Society 30 (1930), 264-286.

[33] M. Simonovits and V. T. S6s, ‘Ramsey—Turén theory’, Discrete Mathematics 229 (2001), 293-340.

[34] V. T. S6s, ‘On extremal problems in graph theory’, In Combinatorial structures and their applications, Proceedings of the
Calgary International Conference, (Calgary, 1969), 407-410.

[35] E. Szemerédi, ‘On graphs containing no complete subgraph with 4 vertices (Hungarian)’, Mat. Lapok 23 (1972), 113-116.

[36] E. Szemerédi, ‘Regular partitions of graphs’, Colloques Internationaux C.N.R.S. N2 260 - Problémes Combinatoires et
Théorie des Graphes, (Orsay, 1976), 399—401.

[37] P. Turan, ‘On an extremal problem in graph theory’, Mat. Fiz. Lapok (in Hungarian) 48 (1941), 436-452.

https://doi.org/10.1017/fms.2025.29 Published online by Cambridge University Press


https://arxiv.org/abs/2311.15289
https://arxiv.org/abs/2212.07234
https://arxiv.org/abs/2103.10423
https://doi.org/10.1017/fms.2025.29

	1 Introduction
	2 Reduction to Weighted Graphs
	2.1 Upper bound
	2.2 Lower bound

	3 Understanding the extremal weighted graphs
	3.1 Proof of (A1)
	3.2 Proof of (A2)
	3.3 Proof of (A3) and (A4) for a=2
	3.4 Proof of (A3) and (A4) for all a
	3.5 Proof of (A5)

	4 Eventual periodicity and counterexamples to Conjecture 1.2
	4.1 Eventual Periodicity
	4.2 The Remaining Positive Results
	4.3 Counterexamples to Conjecture 1.2

	5 Concluding Remarks
	References

