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Introduction. It turns out that methods from operator theory can be useful
in approximation theory. Fuglede in [2] showed that the polynomials are dense in
L*((x3 + - -+ + x2)u) provided that the multiplication operators C[xi, ..., X,] 3 p >
x;p € C[xy, ..., x,] are jointly essentially selfadjoint in the closure of polynomials in
L?(1). Putinar and Vasilescu proved in [6] that the algebra generated by the poly-
nomials and the function 1/(1 + x} + - - - + x2) is dense in L*().

An inspiration for this paper was an example in [8]. Stochel and Sebestyén showed
that if an algebra of functions on R contains polynomials and a function 1/p where
p is a nonzero polynomial and for some polynomial ¢, the rational function ¢/p is
nonconstant and bounded then this algebra is dense in L>(11). In Theorem 7 we gener-
alize this fact in many ways:

¢ (R, B(R), n) is replaced by an abstract finite measure space

¢ a result from domination theory enables us to deal with algebras generated by a
finite set of functions (instead of algebras with only two generators)

¢ the algebra of polynomials is replaced by the algebra generated by the coordinates
of an abstract measurable mapping ¢ : ¥ — R”,

¢ the condition of boundedness is abandoned and a weaker u-quasianalyticity
condition is introduced.
As a consequence we get also the aforementioned result from [6]. Section 3 with
Theorem 15 is a complement of Theorem 7. The situation where all the coordinates
of the mapping ¢ are of u-quasianalytic type is considered therein. Theorem 18 is the
most general result of this paper; Theorems 7 and 15 are in fact its consequences.
However, the main ideas, examples and proofs are in Sections 3 and 4.

1. The multiplication operator and quasianalyticity. If Z is a topological space
then the symbol B(Z) will denote the o-algebra of all Borel subsets of Z. In the whole
paper we will assume that (X, 9, ) is a finite measure space, i.e. X is a nonempty set,
M is a o-algebra of subsets of X and u is a positive finite measure defined on 9. We
will deal with the complex Hilbert space L*(11) := L>(X, M, w).
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Let H be a (complex) Hilbert space. By an operator in H we mean a linear mapping
T:D(T) — H, where the domain D(T) of T is a linear subspace of H. By NV (T) we
denote the kernel of 7. If T is closable then T stands for the closure of 7.

Let D be a dense linear subspace H. We will denote by L(D) the algebra of all
operators 7 in H such that D(T) = D and T(D) C D. By Ip we understand the identity
operator on D. We say that Ty, ..., T, € L(D) commute pointwise if T;T;f = T;T;f
forallf € D,i,j=1,...,n

Let Sy, ..., S, be selfadjoint operators in H and let E), ..., E, be their spectral
measures, respectively. We say that Sy, .. ., S, spectrally commuteifforalli,j=1,...,n
and for all o, T € B(R), we have Ei(0)Ej(t) = E;j(r)E;(0). In such case there exists
a joint spectral measure of the system (Sy, ..., Sy), i.e. a spectral measure £ on R”
satisfying

/x,dE:S,, j=1,....n, (1.1)

where x;(x) := x;. Conversely, if the condition (1.1) holds, then Si, ..., S, are spectrally
commuting selfadjoint operators.

Let (X, 90, u) be a finite measure space and let ¢ : X — R be a measurable
function. We define the operator M, in L*(11):

D(My) = {f € L’(w): ¢ -f € L*(w))
Myf=¢-f. feDM,).

M, is a well-defined selfadjoint operator.
Let us define the following set of mappings:

MX,R", u) = {¢: X — R"| ¢ is measurable, V,eomIren®rr wloAgp~ (7)) = 0},

where AAB:=(A\B) U (B\A). (According to [13] we would say that ¢! (B(R")) is
essentially all of 91.) A result similar to the following Proposition, but in the context
when ¢ : X — X, appears in [13, Lemma 1].

PROPOSITION 1. Let ¢ : X — R" be measurable. Consider the following conditions:
(1) ¢ is p-a.e injective and bimeasurable, i.e. there exists Y € M such that
w(X\Y) =0, @|y is injective and ¢(c N Y) € B(R") for o € M;
(i) ¢ € M(X, R", w);
(i) {fo@:f € L2 o ¢~ ")} is dense in L*(11), where L2(i o ¢~ ) := LA (R, B(R"),
wog™h).
Then (1) = (i) < (iii).

Proof. To prove (i) = (ii) it is enough to take 7 = ¢(o N Y). Assume now (ii). The
condition (iii) is fulfilled, since xo = x4-1,) = Xr 0§ (n-a.e.) and the characteristic
functions are linearly dense in L?(u).

Now let us assume (iii). Observe that the operator U: L2 (no¢p ) s f+> fo¢ €
L*(w) is a unitary isomorphism, so for every g € L*(u) there exists f € L2(io ¢~ ')
such that g = f o ¢ (u-a.c.). Take o € 9. Then there exists /' € L*(u o ¢~ !) such that
Xo =/ o @ (u-a.e.). Itisnow easy to notice that x, = x; o ¢ (u-a.e.)wherer = f~1(1) €
B(R"). Since x; 0 ¢ = x4-1(;), the proof of (iii) = (ii) is completed.
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Notice that the unitary isomorphism appearing above might be used to reduce
the proofs of Theorems 7 and 15 to the case when X = R"™! ¢ = idg+1 (X = R",
¢ = idg respectively). However, this reduction is implicitly made in Proposition 2 and
we will not repeat it later.

The implication (i) = (ii) of Proposition 1 will be used in applications. However,
injectivity is not a necessary condition for a function to be in M(X, R", u). For
example if ¥ = R, MM = {Ureklk, kK + 1) | K € N} then ¢ defined by ¢(x) :=[x] belongs
to M(X, R, w).

The following Proposition gives us a way of proving that a linear subspace is dense
in L2(1). We slightly extend the method presented by Fuglede in [2] by introducing an
abstract space (X, 901, v) and a mapping ¢.

PROPOSITION 2. Let (X, 9M, v) be a finite measure space, and let ¢ = (¢py, ..., ¢y) €
M(X, R", v) be such that ¢; € L*(v)forallj =1, ...,n Ifaclosed linear subspace K of
L2(v) reduces each operator My, (j=1,...,n) and if 1 € K, then K = L*(v).

Proof. Let E be the spectral measure given by the formula:
E@©)f = Xofs o €M, feL(v).

Letj e {1, ..., n}. Itis well known that My, = f ¢;dE. On the other hand the measure
transport theorem gives us

/qujdE = /R X d(Eo¢™h).

Hence My,, ..., M,, are spectrally commuting selfadjoint operators and E o ¢ 'is
their joint spectral measure. In consequence, if K reduces every My, then

P(E(¢p~'(1)) = (E(¢ ' (1))P, e BR",

where P stands for the orthogonal projection from L?(v) onto K. Take o € 9. Since
¢ € M(X,R",v), there exists T € B(R"), such that x, = x4-1, (v-a.e.). We have

K3 PEo¢p )0)l =(Eo¢™ ) )Pl =E@ ()] = x.

Since the characteristic functions are linearly dense in L?(v), the proof is complete.

O

We introduce the set Q(A) of quasianalytic vectors of an operator 4 (in the whole
paper 1/0 := 400):

gm:keﬂmﬂ>

k=1

3t =+°°}'

k=1

A real function ¢ € (N, L*(w) is said to be of p-quasianalytic type if

00 —1/(2k)
Z </ ¢2kdu> = +00.
k=1

Observe, that ¢ is of u-quasianalytic type if and only if 1 € Q(My). It is clear that
real p-a.e. bounded functions are of p-quasianalytic type. If |¢| < |¢| and ¢ is of
u-quasianalytic type then v is of p-quasianalytic type as well.
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Let ¥,, ..., ¥, be real measurable functions on X and let N ={0,1,2,...}. The

set

Clyt, ..., Yl :i=Hn{y" -y | ar, ... 0 € N}
is the complex algebra with unit generated by the functions v, ..., ¥,. In this notation
Cl[x1, ..., X,] stands for the algebra of all complex polynomials in # real variables; by

R[x] we will denote the set of all real polynomials in a single real variable. If D is an
algebra of functions on X', which are square-integrable with respect to the measure u,
then we will not distinguish between functions from D and their equivalence classes
in L?(n) and we will write D € L*(u). By D(1) we understand the closure of D in
L?(1). For ¢ € D we define a densely defined operator in the Hilbert space D(i1) via
Xy :=Mgy|p. Observe that X, € L(D).

LEMMA 3. Assume that (X,9M, v) is a finite measure space. Let ry, . .., ¥, be real
measurable functions on X such that D:=C[yr, ..., ¥, € L*(v)andletk € {1, ..., n}.
If Yy is of v-quasianalytic type then Xy, is essentially selfadjoint in D(v).

Proof. The operator Xy, is symmetric and commutes pointwise with X,
(j=1,...,n). From [11, Proposition 2] obtain Xy, (Q(Xy,)) € Q(Xy,),j=1,....n
Since 1 € Q(Xy,) we have that

linQ(Xy,) 2 lin{ X% - X% 1| g, ..., 0y € N} = D. (1.2)

Now we can use Nussbaum’s criterion for essential selfadjointness (cf. [3, Theorem 2]),
which completes the proof. O

Since D(&Xy,) = D the inclusion in (1.2) is in fact an equality. We can obtain
a stronger result here, namely Q(Xy,) =D because every linear combination of
X X,‘Z" (a0, ..., € N) commutes pointwise with Xy,. Note that Q(4,) need
not be a linear space ([7]).

2. Log-convex sequences. We will call a sequence (ax)p>, < [0, 4+00) log-convex
if a} < ay_ja41 fork > 1.

Let us state now some simple facts about divergent sequences and functions of
u-quasianalytic type:

PROPOSITION 4. (a) If (b);2, C [0, +00) and ¢ > 0 then y_; | b = +o0 if and only
if Z P Kby = 4o0.
(b) Assume that (ar)i2, is log-convex and n € N\{0}. Then y_;° a,:l/k = 400 if and
only if Y02 ap,™" = +c0.
(c) Ifa = || A*f, where A € L(D) is symmetric andf € D, then the sequence (@),
is log-convex.
d) If ¢ € Ny L*(w) is real, then for all n € N\{0}

o0 —1/(2k) o —1/(2nk)
E(Jwa) " = E(Jeu)
k=1 k=1

Proof. (cf. [11, Section 1]) Point (a) is in fact obvious, since ¢'/¥ — 1 (k — o0). To

prove point (b) observe that by induction we can obtain a; < a(l,/ (Hl)aiﬁlﬁn fork e N.

https://doi.org/10.1017/50017089504002216 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089504002216

ALGEBRAS DENSE IN L2 SPACES 159

The case when ¢; = 0 for some / € N is trivial, assume now the contrary. Due to point
(a) we can also assume, without loss of generality, that ¢y = 1 and so the sequence
(a,?l/ k)k:o is decreasing. This completes the proof of (b). Point (¢) is simple to prove
and true even for paranormal operators; see [9] for consequences. Point (d) results
straightforwardly from (b) and (c). ]

The following Lemma has been inspired by [10, Proposition 47].

LEMMA 5. Let (X, 0, 1) be a finite measure space and let p € L*(), p > 0. If D
is an algebra contained in L*(w) then D is contained in L*(p). Moreover, if Y € D is of
wu-quasianalytic type then it is also of pu-quasianalytic type.

Proof. From Holder’s inequality we get

1/2
/Ifﬁlzpdu < (/ |¢2|2dufpzdu> . ¢eD.
So ¢ € L*(pp).

Let ¢ € D be of u-quasianalytic type. Then, by the Schwarz inequality, we have

1/(2k) 1/(4k) 1/(4k)
(o)™ < ([ o)™ (] ) "

which together with Proposition 4(a) and (d) gives us that v is of pu-quasianalytic
type. OdJ

3. Finitely generated algebras: domination methods. The following Theorem
(formulated in a slightly different form) was proved in [4]. See also [10, Theorem 10] for
a result which is explicitly stronger than the Theorem below; also many consequences
can be found in [10]. Even for » = 1 Theorem 6 is not trivial.

THEOREM 6. Assume that D is a dense linear subspace of H. Let Ay, ..., A, € L(D)
(n = 1) be symmetric operators in H such that:
(i) the operators A;, Aj commute pointwise fori,j =0,...,n;
(1) Ay is essentially selfadjoint,
(iti) there existsc > 0, such that | A, f1* < c(If 1> + Ao fIP) forf € D,j=1,....n.
Then Ay, ..., A, are spectrally commuting selfadjoint operators.

Now we will formulate one of the main results of this paper.

THEOREM 7. Let (X, M, w) be a finite measure space. Assume that:
@al) ¢ = (o, ..., ) € M(X, R, ),
(a2) there exists ¢ > 0 such that ¢7 < c(1 4 ¢g) p-a.e. forj=1,....n;
(a3) p € R[x|\{0} and the algebra D :=Clpg, ¢1, ..., dn, 1/(p o py)] is contained in
L (),
(ad) the function 4
pPodo

Then D is dense in L*(pu) for every p € L*(w), p > 0. In particular D(jv) = L*(w).

o ¢o

is of u-quasianalytic type for some g € R[x|\{Ap: 1 € R}.

Observe that the condition (a4) is implied by the following one:
(a4’) p is a nonconstant polynomial, 1/(p o ¢y) is p-a.e. bounded.
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In particular, if £ € R\¢o(R), then the condition (a4’) holds with p(x):=x — &.

Note also that (a2) is equivalent to: There exists d > 0 such that |P;| < d(1 + |¢o|)
u-ae forj=1,...,n.

Theorem 7 does not exclude the case when n = 0. In such situation we have only
one function ¢y € M(X, R!, 1) and the condition (a2) disappears.

Proof of Theorem 7. Lemma 5 gives us that D € L?(pu) and that the function
% € Dis of pu-quasianalytic type. Hence, the operator X s, is essentially selfadjoint
in D(pu) (see Lemma 3). We will show now that the (%Oerator Xy, 1s essentially
selfadjoint in D(pw).

Notice that, with XJ :=Ip, p(Xs)= Xpop, and X 1 _p(Xy)) =1Ip. Thus the
Pogo

operator p(Xg,) has the trivial kernel and a dense (in D(pp)) range. Consequently,
N(p(Xy,)*) = {0} and

(X)) = (((Xa))) (3.1)

Since ¢/p is a nonconstant meromorphic function with a finite number of poles (due
to (a3) and (a4)) there exists z € C\R such that ¢(z)/p(z) € C\R . Let us take a vector
f € N(z— Xj,). Then

a(X.)f = q@f.  p(XL)f = pC)f.

Because p(X3) € (p(Xy,))" the operator p(X} ) has the trivial kernel as well. Moreover,
we have
(P(X3) = s
p =—.
. p@)

Since Xosy = (p(Xy,)) "' q(Xy,) and
Podg

(P(X;,) " a(X3,) € (@(Xa)) " a(Xa))",
we obtain:

Xiaf = (%) ala)) = 2

The operator Xes 1is essentially selfadjoint, hence f =0 and consequently

Pod
Niz-X ) = {0} ]%ecause q(2)/p(z) = q(2)/p(z) € C\R we can apply the same
arguments and get NCZ— X 5) = 10}. This completes the proof of essential
selfadjointness of X, in D(pu).
Observe now that the assumptions (i) and (ii) of Theorem 6 hold with H :=D(pu),
Aj:= Xy, forj =0, ..., n The assumption (iii) of Theorem 6 is also fulfilled since for
j=1,...,n,f € Dwe have

1417 = [ 93 Podn = [ et + @Rl Podu = llf + 1o 1)

As a consequence the operators Xy, Xg,, - - ., X, are selfadjoint in D(ou). According

to [12, Corollary 1] D(pu) reduces My, to Xy, (j=0,...,n). Observe that ¢ €
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M(X, R pu). This enables us to apply Proposition 2. As a consequence we get
D(pp) = L*(pp). O

The idea of the first part of the proof (essential selfadjointness of Xy,) is taken
from Example 4.1 of [8], which is stated below. We will show now that that Example is
a special case of Theorem 7. Our r, s, ¥, P are denoted in [8] by p, ¢, ¢, D, respectively.

COROLLARY 8. [8, Example 4.1] Let u be a probability measure on [0, +00) and
let the algebra P of square integrable functions contain C[X] and a nonconstant rational
function W = r/s, where r, s € R[X]. Suppose, moreover, that 1/(A — ) is bounded and
1/(As — 1) € P for some A € R. Then P(u) = L*().

Proof. Consider the algebra D:=C[x, 1/(Ar — s)] € P. D fulfills all the assu-
mptions of Theorem 7 withn =0,¢pg =X, p = As —r, g = s, because ¢/p = 1/(A — V)
is bounded (and hence of u-quasianalytic type). Thus D and consequently P are dense
in L2(w). ]

COROLLARY 9. Let (X, M, u) be a finite measure space and let ¥ = (Yrq, ..., ¥y)
€ M(X,R", ) be such that C[yry, ..., ¥,] € L*(w). Then the algebra

1
P:=C U 1/

is dense in L*(pu) for every p € L*(i), p > 0, k € N\{0}.
Proof. We will apply Theorem 7 with ¢o:=v¢* +-- -y, ¢ =y; (= 1,...,n),

n 2

p(x):=x + 1. Notice that P = C[¢y, .. ., ¢,]. Consider the mapping
Kk:R'>s(,....t)~ (t%k‘F'-~+Iﬁk,ll,...,ln) c R

Observe that « is a bimeasurable injection, ¢ = x o ¢ and ¥ € M(X, R", u). Hence
¢ € M(X,R"™! 1) and so the assumption (al) (of Theorem 7) is satisfied. Point
(a2) is obvious in this situation. Since the function (1 + ¥ - - - ¥2%)~1 is bounded and
Cl¥1, ..., Y] € L*(), we have (a3). Observe that —1 ¢ ¢(R), so the condition (a4’)
is also fulfilled. Theorem 7 says now that P is dense in L>(ppu). ]

ExAMPLE 10. Recall that x;(x) := x;. Putting X = R", 9 = B(R"), ¢; :=X; in the
above Corollary we obtain the following fact. Let u be a finite Borel measure on R”
such that the polynomials are absolutely integrable and let £ € N\{0}. Then the algebra
Clx1, ..., X, M] is dense in L*(pu) for p € L*(), p = 0. (This result with

p = 1and k = 1 was proved in [6, Theorem 2.5]; see also [10, Proof of Theorem 45]).

ExAMPLE 11. Let p be a finite Borel measure on [y, +00)” (y € R, m > 2)
such that the algebra C[xy, ..., X,_1, e "] is contained in L?(1). Consider the
mapping ¢ = (¢o, - ... Pm—1):[y, +00)" — R™, where ¢y = ¥ and ¢; = x; (j =
I,...,m—1). Since ¢ is a bimeasurable injection, the assumption (al) of Theorem 7
holds with n=m — 1 (see Proposition 1). We can easily check the assumptions
(a2), (a3) and (a4’) (with p(x) = x + 1). As a consequence we get that the algebra

Clx1, ..o Xppp, @ F P L] s dense in L(pu) for every p € L*(u), p > 0.

ExXAMPLE 12. Let u be a Borel measure whose support is contained in the
set {x € R™1:x? < (14 ) (j=1,...,n), |xo| > e} where ¢, e > 0, k € N\{0}.
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Assume also that the algebra C[xo,Xi,...,X,] is contained in L?*(u). Then for
every / € N such that 2/ + 1 > k the algebra C[xg”l,xl, ey Xy l/xgl“] is dense
in L2(pp) (p € L*(), p > 0). Indeed, we put ¢o:=x7 "', ¢;:=x; for j=1,...,n,
p(x):=x and check the assumptions of Theorem 7. The conditions (al), (a3) and
(a4’) are obvious. To see that (a2) holds observe that there exists d > 0 such that

c(1 + |x0)%%) < d(1 + |x0|@*D) for all x € R".

In the applications of Theorem 7 presented above we used the condition (a4’). The
following Proposition (which can be treated as a method of constructing examples)
requires Theorem 7 with a stronger condition (a4).

PROPOSITION 13. Let (X, 9N, v) be a finite measure space. Assume that:
(i) ¢ = (@, ..., Hn) € MX, R, v);

(i) there exists ¢ > 0 such that ¢j2 <cl+@})v-ae forj=1,....n;
(ii1) p € R[x\{0} and the algebra D :=Clgy, ¢1, ..., dn, 1/(p o ¢o)] is contained in
L*(v).

Let alsor € R[X]\{Ap : > € R}. Then the algebra D is contained and dense in L*(p ) for

every p > 0, p € L*(1), where j1:= exp (—|;Zﬁ‘; Dv.

Proof. Tt suffices to show that the system (X, 9, u, ¢, p) satisfies the assumptions
(al)-(a4) of Theorem 7.

The condition (al) holds, because the measure u is absolutely continuous with
respect to v. From the same reason the condition (a2) is fulfilled. Since the function

exp (—|;Z‘;f) ) is bounded, we have D € L*(u), so the condition (a3) is also satisfied.

The only problem is now to show that the real function v := ZO—‘% is of u-

oo

quasianalytic type for some g € R[x]\{A p: 1 € R}. Put ¢(x) := (e¢/4)r(x). Observe that

2%
Viex (@) — 0 with k — oo.

Moreover
2%k
¥ (x)
VkeN\{O}VxeX <T < Alvl/e

This equality is trivial if ¢(x) = 0. If y:=|y(x)| > 0 it is enough to investigate the
function f, : &€ — (y/€)* whose global maximum on (0, +00) equals e/,

Observe that e’¥l/¢ = exp(|2’;T¢d‘)’0|) € L>(1). So by the Lebesgue dominated
convergence theorem

I/I 2k
/(E) du — 0 with k — oco.
1k
(/ tﬁzkdu> > 1)k,

and consequently ¢ is of u-quasianalytic type. O

So for k large enough
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4. Quasianalyticity without domination. The following Proposition is a special
case of [10, Lemma 38]; we present here a simple proof.

PROPOSITION 14. If a function  is of u-quasianalytic type and if for some ¢ > 0 we
have ¢ < c(1 + |Y|) (mn-a.e.) then ¢ is of u-quasianalytic type.

Proof. 1t is enough to prove that (1 + [/|) is of u-quasianalytic type. Applying the
triangle inequality in the space L*(u) we get

1/(2k) 1/(2k) 1/(2k)
(/(1+|¢|)2kdu) s[(/ldu) +</w2kdu> ]

Observe that the first summand on the right hand side tends to 1 with k — co. We can
apply now the following simple fact.

Let (ap)32, € [0, +00). If Y72 1/ax = 400 and the sequence (b);2, < [0, +00) is
bounded then Y ;| 1/(ax + bx) = +o0. O

Notice that if the function ¢y from Theorem 7 is of u-quasianalytic type, then
the functions ¢; (j = 1, ..., n) are also of x-quasianalytic type. In this situation we can
prove a similar result.

THEOREM 15. Let (X,9M, u) be a finite measure space, ¢ = (¢1,...,¢,) €
M(X, R, w) and let D:=Clgy, ..., $a] S L*(1). Suppose that ¢; is of j-quasianalytic
type forj=1,...,n. Then D(pp) = L*(pp) for every p € L*(u), p > 0.

Proof. Letj € {0, ..., n}. Lemma 5 gives us that D C L*(pu) and that the function
¢; 1s of pu-quasianalytic type. So the operator Xy, is essentially selfadjoint in D(pu)
(see Lemma 3). According to [12, Corollary 1] the space D(pu) reduces My,. Due to
the Proposition 2 we get D(pu) = L*(pp). O

Quasianalytic vectors have been investigated in many papers; for example in [3]
or [11] one may find theorems similar to the one above (especially if p = 1).

COROLLARY 16. Let X be a Borel subset of a complete separable metric space. Let
M = B(X) and let u be any finite Borel measure on X. There exists a bounded function
¢ € L*(1) such that C[$] is dense in L*(pu) for every p € L*(1), p > 0.

Proof. Dueto[5, p. 12, Theorem 2.8] X is countable or has the power of continuum.
Due to Kuratowski’s theorem (cf. [5, p. 14, Theorem 2.12]) if X’ has the power of
continuum there exists a bimeasurable bijection ¢ : X — [0, 1]. If X is enumerable
(X is finite), then there exists a bimeasurable bijection ¢ : X — {1/n:ne N} (¢ : X —
{1/n:n e N,n < N} where N is the number of elements of X, respectively). It follows
from Theorem 7 that the algebra with unit generated by this single function is dense
in L2(p). O

This fact could be obtained by more elementary methods — the measure transport
theorem and the Weierstrass theorem.

We will now show an application of Theorem 15 to moment problems. Let i be a
measure on R” such that the polynomials are absolutely integrable. We will call u
ultradeterminate if the polynomials are dense in L*((1 + |x|*)u)) where |x|*:=
x? +---x2. If a measure y is ultradeterminate then its moment sequence

Ca =/x‘f‘~-xf{”dp,, a=(a,...,a,) €N
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is determinate, ie. if v is any measure such that ¢, = [x{'---x*dv for a =
(a1, ...,0,) € N" then v = u (cf. [2]). The following Corollary extends Theorem 9
from [3].

CorOLLARY 17. If x; is of p-quasianalytic type for j=1,...,n then nu is
ultradeterminate for every n € L*((1 + |x*)*w), n > 0.

Proof. We apply Theorem 15to ¢;:=x;,j=1,...,n, p:=n(l + 1x]?). O

We can write the fact that x; is of u-quasianalytic type in the language of
sequences: Y oo cz_klé @0 = 400 where ¢, is as above and e; stands for the multiindex
©0,...,0,1,0,...,0) of length n with 1 on the jth position. It appears that we do not
need here that (¢, )sene 1S @ moment sequence — it is enough to assume that it is positive

definite, cf [2].

5. The most general case. The following Theorem is a combination of Theorems 7
and 15.

THEOREM 18. Let (X, N, ) be a finite measure space and A = Ay U ... U Ay be a
finite union of pairwise disjoint sets such that A; # 9 for j =1, ..., n. Denote by n the
number of elements of A. Assume that:

(i) ¢ = (Po)ues € M(X, R, 1);

(1) for each a € Ay the function ¢, is of u-quasianalytic type;

(iii) foreachj € {1, ..., N}thereexists B; € Ajandc; > 0such that forall € A\{B;}
we have ¢> < ci(1+ ¢§j) u-a.e.;

(iv) foreachj e {1, ..., N} there exists p; € R[x]\{0} such that the algebra

U
D:=lin{[ [ ok - [] <‘1 ) Dkay [ € N}
N /

aeA Jj=1,...

is contained in L*(1);

(v) foreachje{l,..., N}thereexists q; € R[x]\{Ap;: A € R} such that the function
ZZ—:;Z is of u-quasianalytic type.
Then D is dense in L*(pp) for every p € L*(u), p > 0. In particular D(p) = L*(1).

As in Theorem 7 the case when 4; = {g;} for some € {1, ..., N} is not excluded.
Also the case when N = 0 is possible; in this situation the condition (iii) disappears
and the condition (iv) has the following form: The algebra

D:=lin{] [ ¢k : ka € N}

acA

is contained in L*(1).
Observe that if we put 49 = ¥, N = 1 then we get Theorem 7 and if we put N =0
then we get Theorem 15.

Proof of Theorem 18. Asin the proof of Theorem 7 we see thatforallj=1,..., N,
o € A; the operators X, are essentially selfadjoint in D(ou). Repeating the proof of
Theorem 15 we get that X, is essentially selfadjoint in D(pu) for o« € Ayg. Now we use
standard arguments to prove that D(pu) = L*(pu). O
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ExXAMPLE 19. Let u be a Borel measure whose support is contained in the
set {xeR":|x;]>¢ (j=1,...,n)} where ¢ > 0. Assume also that the algebra
C[xi, ...,X,] is contained in L?(u). Then for every k € N, k odd, the algebra
Py :=C[xk, 1/x5, ..., xK, 1/xK] is dense in L2(op) (p € L*(11), p > 0). Indeed, we put
Ao=0,4; =1{j},¢;:= x}‘,pj(x) :=x,q; = 1forj=1, ..., nand check the assumptions
of Theorem 18. Observe that for / € N\{0} P is dense in L*(pu) and Py € Py But
Ny Pu=C-1.
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