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Abstract

Cannibalism is often an extreme interaction in the animal species to quell competition for limited resources. To
model this critical factor, we improve the predator—prey model with nonlocal competition effect by incorporating the
cannibalism term, and different kernels for competition are considered in this model numerically. We give the critical
conditions leading to the double Hopf bifurcation, in which the gestation time delay and the diffusion coefficient
were selected as the bifurcation parameters. The innovation of the work lies near the double Hopf bifurcation
point, and the stable homogeneous and inhomogeneous periodic solutions can coexist. The theoretical results of the
extended centre manifold reduction and normal form method are in good agreement with the numerical simulation.

1. Introduction

Cannibalism is the biological phenomenon of consuming the same species and helping to provide a food
source. It is commonly seen that some multiparous animals and some primates chew the young animals
in the first few days after delivery [5, 20, 27]. For example, a variety of spiders, mantis, chironomids and
sea slugs have the special habit of females eating males. As a special natural phenomenon, cannibalism
often occurs in social insects [13], spiders [18] and plankton [23], which has attracted the attention of
many scholars. The mutual killing between brothers and sisters for survival may happen in the birds’
or small animals’ nests. For the phenomenon of sexual cannibalism [11, 26, 29], some people believe
that it is due to various complex evolutionary reasons, but after research, it is found that the motivation
for this creepy cannibalism is straightforward, often due to the size of male and female. Large female
spiders eat their weak mates for two reasons: hunger and the ability to eat smaller male spiders [28].

In our work [7], we investigated the following predator—prey model with cannibalism effect and time

delay:
a 9’ t 9 t 9 t
2w, ) = dy Au(x, 1) + ru(x, t)[l _ )] _ i v, )
ot K 1 4+ ahu(x, t)
(1.1)
D ) = dyAv(x 1) + v(x t)[ bauxt—v) _ ,_ G0 ] xeQ,t>0
ar T ’ Tl + ahu(x, t — 1) 1 + ahu(x, )’ ’ ’

where u(x, ) and v(x, ) denote the population density of the prey and the predator at location x and
time #, respectively. T is the gestation time of predator. d, and d, are diffusion coefficients. r is the
growth rate and K is the carrying capacity of prey. a and a, are the scalings of the predator—prey and
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predator—predator encounter rate, respectively. % is the handling time and d is death rate of the predator.
b is the food-to-newborn conversion factor. For the diffusive system (1.1), Sun et al. [25] considered spa-
tial pattern formation induced by predator cannibalism in two-dimensional spatial domain when v = 0.
Li et al. [14] investigated instability and Hopf bifurcation of system (1.1) induced by time delay with
normal form method and centre manifold theory. Based on [14], we have studied the double Hopf bifur-
cation induced by two different parameters and obtained the coexistence of periodic solutions caused by
cannibalism.

In nature, individual species compete for common resources not only in the neighbouring regions but
also in the entire spatial domain. Therefore, nonlocal competition effect can be introduced into the bio-
logical model to make the system more reasonable [2, 9, 17, 24]. In [2], a single population model with
nonlocal competition effect is first studied, where Britton introduced the nonlocal competition term
fQ W(x — y)u(y, t)dy with Q = (—o0, c0) and W(x — y) is general kernel function. In the simple case,
Furter and Grinfeld [10] replaced W(x — y) with W(x, y) and took W(x,y) = 1/ |2| when 2 is bounded
and investigated the steady-state bifurcation of a single population model with Neumann boundary con-
ditions. Since then, the nonlocal competition has been broadly studied in competitive population [17,
21] and predator—prey models [1, 3, 15, 16]. Many results show that nonlocal prey competition can make
the system more likely to generate spatiotemporal dynamics and affect the stability of wave trains.

What kind of interesting dynamic behaviours will be generated, when we consider the influence of
nonlocal effects on the system (1.1)? In nature, the prey is often small with abundant amounts and
competition for intraspecies resources, so the nonlocal competition is more intense and common for
the prey, while the number of predators is less than that of the prey, and the size is larger, hence the
intraspecific competition is not considered normally. Keep this in mind, we propose a diffusive model
with nonlocal intraspecific competition in prey:

au(x, t) 1 / au(x, H)v(x, 1)
=d,Au(x,t ,t[l—— W(x, ,td]——,

” 1 Au(x, 1) + ru(x, 1) K ) (x, Yuly, )dy & ahu(e. 1)
ov(x, t b ,t— )1

S =d,Av(x, 1) + v(x, t)[M —d— M], xeQ,t>0,

at 1+ ahu(x,t — 1) 1+ ahu(x, t) (1.2)
ou(x, t ov(x, t

u(i)z v(i)=0,x68§2,t>0,

on on
u(x, 1) = up(x, 1) = 0, v(x, 1) = vo(x, 1) = 0, x€ Q,1€[—1,0].

For simplicity of notation, we denote i(x, 1) = fQ W(x, y)u(y, t)dy. To facilitate the study of the distri-
bution of eigenvalues, we choose 2 = (0, Irr), [ € R*. If the kernel is a classical Dirac function, that is,
W(x,y) = 8(x — y), the system (1.2) is reduced to the system (1.1). Some other common kernel functions
can be used in the model, such as symmetric kernel function, average kernel function, etc, which are
commonly used to describe the probability distribution of random variables [9]. Therefore, we choose
the following particular kernels:

1
D Wx,y) = = + p cos(x — ),

(I W(x, y) = g1(x)g2().

Compared with the research on the reaction—diffusion system without nonlocal competition effect
[7], we first show the effects of different kernel functions on the system dynamics. Through intuitive
simulation, it is found that the system will exhibit constant/nonconstant steady-state solutions and spatial
homogeneous/nonhomogeneous periodic solutions. This means that due to the different forms of kernel
functions, there are significant differences in the final dynamics of the population. Second, we find the
existence of double Hopf bifurcations for the average kernel function. In addition, we can provide the
theoretical results near the bifurcation points of double Hopf by using the generalised normal form
method and demonstrate the complex dynamic behaviour that the system may present numerically.
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After the introduction, in Section 2, we show, by selecting different nonuniform kernel functions,
that the system can generate a stable constant/nonconstant steady-state solution, and a stable noncon-
stant periodic solution, etc. In Section 3, we mainly discuss the existence of double Hopf bifurcation near
the positive steady state. In Section 4, near the double Hopf bifurcation point, we provide the extended
calculation methods of normal form for the nonlocal predator—prey system with time delay and predator
diffusion. Furthermore, we study the coexistence behaviour of spatially nonhomogeneous and homoge-
neous periodic oscillations near the double Hopf bifurcation point based on the influence of diffusion
and cannibalism on the system.

In summary, we establish a framework to calculate the normal form of the centre manifold of system
(1.2) at double Hopf bifurcation points. Some recursive transformations related to the variables are
used to derive the codimension two normal form, which is a tedious but effective derivation process.
We provide the range of related parameters through a normal form bifurcation set, and the selection of
parameters is determined by several different bifurcation curves. As for the initial function, due to the
local dynamical analysis, we choose it near the steady-state solution. The numerical simulation results
provide good support for our theoretical analysis.

2. The influence of different kernel function

In this section, we study the influence of spatial nonlocality on the dynamic behaviour by selecting
different kernel functions of the trigonometric function class. In the following, we discuss the impact of
individual resource distribution on population size in several scenarios. In order to compare the dynamic
behaviours between the systems (1.2) and (1.1), we fix the following same parameters as in [7]:

d=03,K=21,ap=0.28,r=0.85,h=0.9,a=0.28,6=0.998,d =0.1,[=1.2, 2.1
and choose d, = 0.8, the initial functions u(x, t) = 6.52 4+ 0.01 cos x and v(x, t) = 5.53 + 0.01 cos x.

Case I: When W(x,y) = - + pcos(x —y), u € [—+, -+ ]. When =0, W(x,y) = £, implying that
the intensity of competition is the same for the prey group. If u € [—i, 0) U (0, ﬁ], W(x,y) is a sym-
metric kernel due to the form of cos(x — y), the nonlocal effect is a function of the distance. Taking
pu=0and u= %, respectively, we can observe the significant difference in the prey population (see
Figure 1). With =0, there exits stable constant state for small delay (tr = 2), then spatially nonho-
mogeneous periodic solutions (r = 8), and spatially homogeneous periodic solutions (7 = 12) when the
delay is increased gradually (Figure 1 (a)(c)(e)), while a stable state converges to a stable cosine form
when u = # for small delay (7 = 2) and the spatial ‘cos-type’ shape periodic solutions(r = 8) and then
steady-state solutions (t = 12) exist with the increasing of delay 7 (Figure 1 (b)(d)(f)). Notice that in
Figure 1, we only show the variation of prey and the predator evolves in a similar form. Figure 1(d) shows
that the prey distribution is concentrated at both ends rather than in the middle. Figure 1(b)(f) illustrate
that without temporal vibration, the spatial distribution of species is uneven, with one concentrated at
both ends and one concentrated near x = 0.

Case II: It should be pointed out that in (1.2), substituting W(x,y) = g,(x)g,(y) yields the partial
form:

1

K/g (x)
Note that K/g,(x), g,(y) correspond to the environmental carrying capacity (resource) at x and the con-
sumption capacity at y, respectively. By changing the time delay, when g,(x) =1 — sin (%x), &)=
sin %y, we can observe spatially nonhomogeneous steady-state solutions and spatially nonhomogeneous
periodic solutions (Figure 2), indicating that the variation of g,(x) in the kernel function W(x,y) can
directly reflect the density distribution of prey. When g, (x) = sin %x, () =1—sin (% y), we can observe
that the prey ultimately exhibits steady-state and periodic solutions related to its distribution position
(Figure 3). From Figures 2 and 3, it can be seen that the density distribution of prey is closely related
to the form of g,(x). If we project Figures 2 and 3 onto the x — u plane, the shape of the solution is

/ &2(0)u(y, Hdy. (2.2)
Q
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Figure 1. The spatiotemporal patterns of prey with t =2, 8,12. (a,c,e): u =0. (b,df): = L.

I

mainly influenced by [g,(x)]~'. More specially, as x increases, the population density in Figure 2 shows
a trend of first increasing and then decreasing, while in Figure 3, the opposite is true. The density of
prey decreases at first and then increases.

In particular, if g,(x) = C remains constant, g,(y) = sin %y, W(x,y) = g1(x)g.(y), (2.2) becomes

C
I /Q sin%u(y, t)dy.

The system (1.2) eventually exhibits a stable equilibrium solution, and the smaller the value of C, the
larger the value of the solution; see Figure 4. Figure 4(c) demonstrates that as C increases, the steady-
state solution u, gradually decreases in contrast. If we keep g,(y) at the constant, and change g,(x) as
g1(x) =sin %x, and t = 2. By changing the value of C, it is found that the number of prey eventually
converges to a stable nonhomogeneous steady-state solution in space, with the projection curve opening
upwards, which is exactly opposite to the direction of g;(x) opening; see Figure 5.
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Figure 2. The spatiotemporal diagram of prey. (a) t =2. (b) Tt =6.
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Figure 4. The prey ultimately reaches a stable steady-state solution witht =2. (a) C =0.5. (b) C =2.5.
(c) u, monotonically decreases with C.

Intuitively, through the numerical simulations, we can observe that the system exhibits spatially
homogeneous or nonhomogeneous periodic solutions, constant or nonconstant steady-state solutions,
etc., and the shapes of the solutions are closely related to the choice of kernel functions. Next, we analyse
the dynamical properties mathematically. If the kernel function is uniformly distributed, the system may
generate constant/nonconstant steady-state solutions or homogeneous/inhomogeneous periodic oscil-
lations. The case of nonuniform distribution usually leads to the occurrence of extreme steady-state
solutions in the system. This further indicates that different choices of kernel functions can lead to
different dynamics in the system.
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Figure 5. The prey eventually converges to a stable nonhomogeneous steady-state solution. (a) C = 0.5.
(b) C=6.5.
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Figure 6. Relationship between population size and cannibalism factors.

3. Existence of double Hopf bifurcation for the uniform kernel

It is straightforward to see that, same as that in the system (1.1), there is a unique constant solution
E. = (u,,v,) for the system (1.2) when d — a(b — dh)K < 0, with

r U,
v, = ;(1 +ahu*)(1 — ?)

As u, gradually increases, the trend of v, is increases first and then decreases. When u, = %, Vs

reaches its maximum value. As seen from Figure 6, when the predator cannibalism factor reaches a cer-
tain point, the predator population reaches a maximum by selecting appropriate parameters, indicating
that cannibalism can promote species reproduction. Cannibalism can regulate population size and ben-
efit cannibalism individuals and their relatives, as additional shelter, territory, and food resources are
released.

Mathematically, let Q2 = (0, Ir), linearising system (1.2) at E,, we obtain

3 .
5 W 1) = DAW(, ) + AWGr, 1) + ByWox, 1) + CWex 1 = ),
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where
u(x, 1) u(x, 1) u(x, 1 —1)
Wi(x, 1) = Ve 1) ,Wix, 1) = Y- ,Wh,t—1)= v t—1) |
d, 0 o O B 0 0 0
D= 0 d, ,Ag= W o ,By= 0 0 €= ¢ 07
and
ath*V* au, aathi
o —_ o =TT 4 > o =L
YT A ahy T Tahu,” T (14 ahuy
av, p ru, abv,
Ay = ———— =——,Cy=—.
2 1+ ahu,” ™" K27 (I +ahu.)y

The characteristic problem
—Ap=0¢0,x€(0,In),p'(0)=¢'(Ir)=0
results the eigenvalues ’}72 (n € Np), and the normalised eigenfunctions

1 _
costx = n=0,

S e T
i Ecos?x, n>1.

713

3.1)

(3.2)

Let 8!(x) = £,(x)e;, i = 1,2, where ¢ is the unit coordinate vector of R?. First, we define the real-valued

Hilbert space
X:= {(u, v) € H*0, Ir) x H*(0, Irr) : ,u(0, ) = d,u(lr, t) = 0, 9,0, t) = d,v(Irr, t) = 0},

and the complexification of X is Xc:= {x; + ix,, x;, x, € X}. {ﬁ,’;}neNo forms an orthonormal basis of X.

For U € Xc and B, = (B,, B;), we define (B,, U) = ((B,. U), (B}, U))", and
B, = span{(B,, U)B,|U € Xc,i=1,2}.
The sequence of characteristic equations is

)\,2 +AA +B — (XIQCZIe_)LI = O,

)\.2 +Dn)\' +En - a12C2|€7}LT = 0, ne N+,

with A =—(ot;; + B + ), B =y, + Bi) — oy, D,=(d+d)n*/PP — oy — o,
(d\n* /P — o) )(dyn? [P — ayy) — apayy. It s easy to see that
[rao(l + ahu,)* + Kazb] UV,

>0

B—Oflzcﬂ = 1+ ahu

Thus, if
(SI)A > Oa Dn > 0’ En — Uy > 09

the following conclusion can be drawn.

(3.3)

(3.4)

E, =

Lemma 1. Under the assumption (S,), the positive equilibrium E, is asymptotically stable in the system

(1.2) when T =0.
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To find the critical value of t such that the equations (3.3) or (3.4) has a pair of simple purely imag-
inary roots +iw (@ > 0) under (S;), by using the similar method in [19], and let A = iw be solutions of
(3.3), we have

. |z
— B
COS wT = L:: C(w),
ape
A12 21 (35)
sin wt = @ =S(w) > 0.
A 1202
That is,
o'+ (A = 2B)w’ + B* — a’,c3, =0. (3.6)
The two positive roots of equation (3.6) are represented as:
1 1/2
wt = [E (—A2 +2B+ \/A“ —4A’B + 405122(35,)] 3.7
if
(Sy) —A*+2B>0, B+apcy >0, A* —4A’B + 4a’c2, > 0 (3.8)
holds. In particular, equation (3.6) has a unique positive root ™ if
(S3) B + UGy < 0.
Similarly, when
1 172
vt = [E (—Di +2E, + \/Dz —4D’E, + 4af2c§1>j| , 3.9)
iw? are the solution in (3.4) if
(S4) —D>+2E, >0, E, + a5¢y >0, D! —4D’E, + 4a,c3 > 0. (3.10)

With
(Ss) E, + appcr <0,

o] exists. The critical values of 7, created to w™/w?, are
% = (arccos C(w) + 2j)/w™,

o/ = (arccos C,(w) + 2jm)/wF, je Ny, neN,,

where C,(w) = (—w? + E,)/(a5¢5), respectively.

Lemma 2. Suppose that (Sy) holds.

(a) If (S3) and (Ss) hold, then Re A'(t/*) > 0, Re A'(t/*) > 0 for j e Ny, n e N,.

(b) If (Sz) and (Sy) hold, then Re M'(t/*) > 0, Re A'(v/") < 0, Re A'(t/") > 0, Re M'(t/7) < 0 forj € Ny,
neN,.

Remark 3.1. The possible cases are (S;) and (Ss), (S3) and (S4), a conclusion similar to Lemma 2 can
be obtained as well.

Remark 3.2. Under assumptions (S;), (S3) and (Ss), system (1.2) may undergo a double Hopf bifur-
cation at the positive constant stationary solution E, when (t,d,) = (t*, d5). In order to better analyse
the dynamical behaviour near the bifurcation point, we will give the normal form analysis of E, about
system (1.2).

Compared with the previous study, the nonlocal competition term in model (1.2) can improve the
chances of coexistence between prey and predators to a certain extent. In this section, we have estab-
lished the existence conditions of double Hopf bifurcation. In the next section, theoretically, we will
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calculate the normal form near the bifurcation point of the double Hopf, mainly by calculating the rel-
evant coeflicients, which are significantly different from the formula derived by previous researchers.
Subsequently, based on the positivity and negativity of coefficient symbols, dynamic classification can
be explored.

4. Normal form of double Hopf bifurcation

To study the dynamic behaviour in the system (1.2) near the double Hopf bifurcation point, we then
calculate the normal form. Based on the normal form of the reaction—diffusion equation without time
delay in [22], we give a new algorithm of the normal form for system (1.2) with time delay and nonlocal
term. Let u(f) — u(-, tt) — u,, v(t) = v(-, tt) — v,, and u(t) — u(-, tt) — u,, then we obtain

w(t) = t[d, Aut) + oy u) + opv(@) + Brii(t) + o (1) + au(b)ine)
+ auu(tV(D) + s’ (1) + i (Ov(E) + O@d)]

WD) = t[dAV(E) + anu(t) + o v(t) + ot — 1) + Bu(e) + Bou(t)v(D) (4.1)
+ Bsu(t — 1) + Bault — Dv(t) + Bsv* (1) + Bou (1) + By ()w(1)
+ Bsu(V (1) + Bor’ (t — 1) + i’ (t — Dv(t) + O(4)],

where
a*hv, . r —a —a*h?v, a‘h
o =—,a = ——, =—,()[ = ,(X = N
T U tahw)? T K (Lt+ahw)? T (I +ahu)t T (1 + ahu,)?
a*agh*v? 2aaohv, —a’bhy, ab —ay
131:_ 3 = 5 3= 33,84: 25,352 s
(1 4+ ahu,) (1 + ahu,) (1 + ahu,) (1 4+ ahu,) 1+ ahu,
5 a*agh’v? 2a’ayh?v, aayh a’bh*v, —a’bh
6 0

= Oxamy P = " 0ramy P~ T amy P~ O amy P~ 0 xahuy

Under assumptions (S,), (S3) and (Ss), there exists d; that causes two Hopf bifurcation curves to
intersect, with the intersection point represented as (t*, d5), known as a double Hopf bifurcation point.
Setting © =" + 11, dy = dj + 112, U(1) = (@), v(0))', U(0) = @), 50", U() = Ut +-), and U,(-) =
U(t +-). Then (4.1) becomes

d N
EUU) =(t* + Ml)[DOAU(t) +AoU,(0) 4+ BoU,(0) + CU,(—I)] + w, D AU(Y)
+ [fl(/“l/h I’L2’ Ut, 0)‘)5,]“2(“’1, /J/Za Ut’ (A]t)]T5
where D, = diag{d,, d;}, D, = diag{0, 1}, U, = i fom U,dx, and

Silpy, o, U,y Ur) = (" + Ml)[OlJM?(O) + &IM,(O)I},(O) + a,u,(0)v,(0)
+ 031 (0) + a1 (0)v,(0)],

4.2)

Foas pa, U, U)) = (2% 4 w)[ 116} (0) + Botes(0)v,(0) + Bl (— 1) + Bau,(—1)v,(0) + Bsv} (0)
+ Bt} (0) + 716 (0)v,(0) + Bsuu,(0); (0) + Bt (—1) + Brou; (= 1)v,(0)].
At the double Hopf bifurcation point, the linearisation of system (4.2) has purely imaginary eigenvalues
A ={Z£iw, 7, £iw,7*}, and all eigenvalues except A have negative real parts under assumptions (S),
(S3) and (Ss). To discuss double Hopf bifurcation, we assume
(H,) w, < w, and w, : w, is irrational number.
We choose

$1(0) = (1,p) e, 92(0) = (1, p2)" ™", (6 € [~1,0]),
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as the column eigenvectors, corresponding to the eigenvalue iw, 7* and iw,7*, respectively:
Yi(s) =My (1, ge ™, Ya(s) = My(1, g)e >, (s € [0, 1]),

as the row eigenvectors, corresponding to the eigenvalue iw,7* and iw,T*, respectively. By direct
calculations, we obtain

p1=(lw; — oy — B/, p,=(iw; ‘|‘dl/l2 — o)/,
g1 = apn/(io) —an), ¢ =an/(io;+d/I —ax),

M, =(+pq + 7*4102137'@”*)71, M, =(1+p.g, + T*Q2C21€7imzr*)7l-
Decomposing the phase space X¢ as:
Xc =P Kerr,

where P =Imm, and 7 : Xc — P is the projection:

2
T(U)=Y_ DY, (B, U)s,

k=1

U € X¢ have the form:

2
U= (®E(0)E, +w=D +w, 4.3)

k=1
with 2k(t) = (\Ijk’ (ﬂn’ U)) S (Cz, v = (\Ijl’ lIJ2)7 = (Zlénl 5 ZZEH[ 5 135;125 Z4En2)T, and w € Kermr. Let Z([) =
(21(1), 22(), 23(1), 24(1))" € C* and

2 It 2
Fawibo i =F( Y @206, +w i [ (2 @&, +w)xp).
k=1 0 k=1

We use (z, w, w, i) in place of (U, U, W), (4.2) can be re-represented with the following equation in
C* x Kerrm:

(e(Bu Fzw, v, )
2 == B + lIJ ~ ~ 0
U (B Feow ) @)

EW:£1W+ (I_ ﬂ)F(Z, w, ‘2}’ /'L),

where B = diag(Bl, Bz), Bl = diag(iwl, _iwl), Bz = diag(ia)z, _lC()z)
Using the Taylor expansions:

~ A 1~ A
F.0.0=3_ 3FW. 0. neR Uexe,

jz2

where F] is the jth Frechet derivation of F, (4.4) can be recorded as:

. 1 ~
z=Bz+ 2122 J—'le (2, w, W, 1),

p 5 (4.5)
V= Liw+ Z,;z j—!fjl(z, W, W, W),
where W = - fom wdx € Kerm, and
[l wb, p) =V <ﬁn,,§,~(z, " W " (4.6)
Jm (B Filz,w,w, ) |7
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FHzw W, 1) = — 1)F (2, w, , ), (4.7)

From [4, 8], it can be seen that through some variable transformations, we can obtain the normal form
of (4.5). Let

. 1 . - .
(2w, 1) = (Z, W, 1) + j—'(UJ.1 @ W, U}z w).j =2,
and U; = (U}, U?) € V}**(C*) x V}**(Kerr). V/**(Y) is denoted as:

V=l e D eN ey e v, 4.8)
[(p.D=jl

and p = (p1, P2, P3, Ps) € Né, I=(,hL)e Né, Z?:l pit+ Z?:l L=j, 77 =2"27&7" and u' = pu" 2. The
operators M; = (Mj‘, M_,.Z), j = 2is defined as:

Aljl : ‘/J4+2(C4) — ‘/;1+2((C4)’
(M;p)(z, 1) = D-p(z, 11)Bz — Bp(z, ),

M? : V" (Ker) — V™ (Kern),

(4.9)

(M h)(z, 1) = D-h(z, j1)Bz — L1p(z, 11).
Through simplification, (4.5) can be written as:

. B 1 1 ~

z=Bz+ Z]}z 78 (z, w, W, ),

d 2 (4.10)

—w=Lowt )y Sgl@w )

a jz2 15D
with g; = (g}, &),j = 2,

8w, W, ) =iz, w, W, 1) — MUz, o).

U e V;‘“((C“) X VJf‘“(Kern) can be calculated by:

Uj(z, ) = (M) " P fi(z, 0,0, ), (4.11)

where (M;)~! is the inverse of M;. Py,;= (P} J.,me ;) is the projection operator related to previous

decomposition of V:*2(C*) x V**(Kerrr) — Im(M]) x Im(M;).

4.1. Formula derivation of normal forms

To obtain the explicit form in the normal form, by (4.9), we have
M} (Zp'e)) = D(Z w'e)Bz — B ji'e, =

(—=Dliw, + iwpy — iw\py + iwyps — iwyp)Z e, k= 1,2, (4.12)

(—Diw, + iwipy — iwips + iwops — iwspy)Z ey, k=3, 4,
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where ¢, € R* represents the kth standard basic vector, 7 = 7' 25227 2,*, and u' = u' 2. Hence,
Ker(M,) = span{j,z, ey, [Liza€a, [LiZ3€3, LiZe€s), i =1, 2.
By (4.6), we have

(Bu» F(z,0,0, )

L ome Lo - 4.1
22 @00 =5% g Foz,0,0, 1)) )

Therefore, on the centre manifold of (0, 0) near (t*, &), for (4.2) the normal forms of second order is

. 1
z=Bz+ Eg;(z,O,O,u)—i- s
with g3(z,0,0, ) = ProjKerWﬁ f2(2,0,0, ). By further computation,

E\pnz) + By oz,

E_uﬂlZz + E_zll/szz

1 1.
Eg;(z, 0,0, u) = EPmJKﬂ(MZIJ; (z,0,0, ) = , (4.14)

E\3p0123 + Eps 23
E_BM1Z4 + E_BM224

where E};, E,;, Ej; and E,; have the following representations:
Eji = 1(0)(A0$1(0) + By (0) + Coi (= 1)),
E; =0,
Ep3 = $2(0)(—=Do$2(0)/ P + Agr(0) + Cpy(—1)),
Eyy = —(0)T"D,¢,(0)/ 2,
where Ay, B, and C are given by (3.1), D, = diag{d,, d;} and D, = diag{0, 1}.

Similarly, by (4.5) and (4.12), we can obtain the expression of the third-order normal forms:

z=Bz+ %g;(z, 0,0, )+ %g;(z, 0,0,0)+...,
by noting that
Ker(M3}) = span{e, 2,22, €1212324» €221 255 €22223%4» €323 245 €3212223 €4Z3705 €4712224}
Here, g(z,0,0,0) = ProjKer(Mé f; (z,0,0,0), ]_”31 (z,0,0,0) can be obtained by the formula (see [22]):

- 3
f1(z,0,0,0)=£/(z,0,0,0) + 3 (szzl (z,0,0,0)U,(z,0) + D,f, (2, 0,0,0)U3(z, 0) “@15)

+ Dif}(2,0,0,0003(z, 0) = DUz, 0)g}(z. 0,0,0)),
where U, and U; are given in (4.11), and

1 I
Ug = E A U%dx

It is straightforward to have g;(z, 0,0,0) =0 by (4.14); next, we need to calculate the remaining four
parts in formula (4.15):
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(@) ProjKer(M;)ﬂl (z,0,0,0),

(b) Projyu, (D-£ (2, 0,0,0)U;(z, 0)),
(€) Projguut, (Du 3 (2,0,0,0)U3(z, 0)),
(d) Projy.n(Dif3 (2,0,0,0)U5(z, 0)),

which are provided in the appendix.
Using the algorithms similar to those in [6, 22], we can get the following normal form of double Hopf
bifurcation, up to the third order:

. . 2
2 =i T2 + Ey 2y + B o2y + Ebiezi22 + Eionzizszs,

. = = = 2 —
=172 + Ey 2o + By phazs + EmooZlZz + E011222324,

4.16)
=107 7 + Eisphi23 + Exspazs + E0021Z§Z4 + E1110212223,
2y = —iw, T 7 + Espi 24 + Exaflozs + Epn232; + Einozizazs.
By the polar coordinate transformations, let z; = 71, z, = F,e®, and
€, = Sign(Re(Ex 0)), €, = Sign(Re(Eypa1)),
r =1y 1Enools 12 = Tav/ | Eoon |, 7=te,
the system (4.16) can be rewritten as follows:
dr
TI =ri(v + "12 +bor§)7
o 4.17)
7; =n(v, + Co"lz + dori),
where
U =€ (Re(Ell)ﬂl + Re(Ezl)Mz),
Uy =€ (Re(Els)Ml + RC(Eza)Mz),
€,6;,Re(E Re(E
0= 1€2 ( IOI]),C0= ( IHO),dO=6|€2. (418)
Re(Eop)) Re(E5i00)
Obviously, there is a zero equilibrium E, (0, 0). The three nonnegative equilibria:
E, =(v/—v,,0), when v, <0,
E = (0, /—2), when dyv, <0,
dy
byv, — d, CoU; — byv, — d, CoU; —
(%) oU1 ’ oV1 — U2 oU2 oV ’ oV — U2 - 0. (4.19)
dy — bocy dy — bocy o — boco dy — boco

Corresponding to the original system (1.2), E; associates with the positive steady state; E, and E; rep-
resent the spatially periodic solutions, and E, represents the spatially quasi-periodic solution. Due to
the possible different sign in the coefficients by, ¢y, dy and dy — bycy, there are 12 types of unfolding in
(4.17) (see chapter 7.5 in [12]).

5. Numerical simulations

Throughout this section, we always fix the parameters in (2.1) and vary d,, T and q, to explore the
dynamics with respect to diffusion, time delay and predator cannibalism on the spatial distribution of
prey. Predators can also exhibit similar pattern structures.
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Figure 7. The bifurcation diagrams on the T — d, plane.
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Figure 8. The dynamical phenomenon of different regions.

5.1. The dynamical phenomenon in different regions

We first draw the bifurcation diagram with respect to d, and t in Figure 7, where we can see with the
increase of the diffusion coefficient d,, the double Hopf bifurcation points appear. We can calculate
(t*,d;) = (8.1471, 0.3499) (denoted by “HH,”), and

E;; =0.0099 + 0.0961i, E,, =0,

E; =0.0526 + 0.0980i, Ey; = —0.6613 — 0.1267i,

Es 00 = —0.0021 — 0.002i, E;; = —0.0128 + 0.01034,

Eyn = —0.0093 — 0.0022i, E, ;o = —0.0083 + 0.0009i.

It follows from (4.16) and (4.17) that

€= _l, bo = 13696, Cop = 39506, d() = 1, d() — bOCO =—4.4110. (51)

Near the double Hopf bifurcation point (*, d;), the dynamics of system (1.2) is topologically equivalent
to (4.17) near (u;, u,) = (0, 0), where (., u,) = (v — t*, d, — d;). We can divide u; — p, plane into six
parts by lines ; (v; =0), I, (v, = 0), and half-lines I3 (byv, — dyv, =0), [, (cov; — v, = 0), obtained from
(4.18) and (4.19), as depicted in Figure 8. The four red dots marked in Figure 8 are the relative positions
of the values. We then calculate that

l| A =0, lz U= 125722“2,
l3:py =14.5638 14, (us 2 0),
14 U= 490891#2 (/.Lz > O)
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Figure 9. The dynamical classifications in regions 1, 2, 4 and 5.
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Figure 10. When 1 =6 < t*, the positive constant stationary solution E, of system (1.2) is locally
asymptotically stable.

Near the double Hopf bifurcation point (t*, d;), the values of time delay and diffusion coefficient taken
in the numerical simulation are consistent with the theoretical results. More specially, the dynamical
classifications in each region separating by /; (i = 1, 2, 3, 4) are shown in Figure 9.

5.2. The effect of predator diffusion on pattern formation

From Figure 7, we know that the positive equilibrium remains stable if T < min{t®", 70"}, spatially
homogeneous or nonhomogeneous periodic solutions appear if T > min{r’", 7)*}. We then choose
the time delay t and the diffusion coefficient d, as double Hopf bifurcation parameters to study
the dynamic behaviour of the system (1.2). With the same initial functions u(x, t) = 6.5 + 0.01 cos x,
v(x, ) =5.5+0.01 cosx, when we fix d, =0.8, we can observe different patterns as t varies. In
Figure 10, the positive equilibrium is locally asymptotically stable. In Figures 11 and 12 (d, =0.34),
there are stable spatially homogeneous and nonhomogeneous periodic solutions. In Figure 13, we
find stable spatially homogeneous and nonhomogeneous periodic oscillations could coexist with dif-
ferent initial functions. One initial function is u(x, t) = 6.48 + 0.01 cos x, v(x, t) = 5.53, and the other is
u(x, r) = 6.52, v(x, t) = 5.53 + 0.01 cos x. With the increase of time, the unstable quasi-periodic solution
disappears gradually.
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Figure 11. When t = 13.9 > t*, spatially homogeneous periodic solutions are stable of system (1.2).
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Figure 12. When t = 18.7 > t*, spatially nonhomogeneous periodic solutions are stable of system

(1.2).
(a) u(xt) v(xt)

5600 — — — 6.5

| — | —

5550 C— I—

5500 | — S—

— —
5450 | — ] v
— — XL

5400 | — | — =1
fg 0 121 0 1.2m 5.5
15

550 T — | —
500 — ?
— | — 10
e S—
400 R = — —
e
0 Distance x 12m 0 Distance x 1am
(b) u(x,) vix.t)

= —_—
—_— —

o — E—
E————

7300 _—
—_

7200 — 3
H 0 12w 0 120 =1
E

I — —_—
| — —
—_— —ee—— 15

4500 ———— [ ]

0 1.2m 0 12n
Distance x Distance x (o) 0 0 w0

Figure 13. Stable spatially homogeneous periodic solution and stable spatially nonhomogeneous
periodic solution with different initial values coexist when T = 18.7.
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Figure 15. The spatiotemporal diagram of predator. Left, a, = 0.2; centre, ay = 0.28; right, a, = 0.3.

Remark 5.1. Under the assumptions (S,), (S;) and (Ss), there exists d such that T = ", system (1.2)
undergoes a double Hopf bifurcation at the positive equilibrium E,, when d, = di and v* = t™ = {".
Notice that d, =0.5 and | = 1.2, the relationship of b and t is shown in Figure 14. The double Hopf
bifurcation point (t*,b*) = (9.2949, 0.9925) is denoted by “HH”. In fact, the bifurcation set near HH

has the form given in Figure 8, which can be proved by using the normal form method in the coming
section.

5.3. The effect of cannibalism on pattern formation

In this section, we discuss the effect of cannibalism. Fix a = 0.28, T = 18.7. When the intraspecies self-
killing rate is less than the interspecies capture rate (a, < a), the system exhibits a spatially homogeneous
periodic solution. When the intraspecies self-killing rate and interspecies capture rate are equal (a, = a),
the system exhibits spatially nonhomogeneous periodic solutions. The increase in a, results in a spatial
distribution of species with certain patterns. When the intraspecies self-killing rate exceeds the inter-
species capture rate, that is, a, > a, the system exhibits a stable equilibrium solution; see Figure 15(c).
Predators eventually reach a stable number, indicating that cannibalism may lead to a decline in the
population, but it may enable stronger individuals to survive. This is beneficial in an environment where
food is relatively scarce, ensuring that a small number of excellent individuals can master sufficient
resources to breed the next generation.
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6. Conclusions

Compared with the model without nonlocal prey competition, we find that the predator—prey model
with the nonlocal term can generate new dynamic behaviours, such as nonhomogeneous stable periodic
patterns. We find that the dynamic behaviour of the predator and the prey is directly affected by the
shape of the kernel function. Different types of kernel functions can affect the population’s dynamic
behaviour density over time and space. In order to further investigate the dynamics with different kernel
functions, we take uniform kernel functions as an example and provide theoretical analysis. The main
derivation is the form of the double Hopf bifurcation normal form near the positive equilibrium point
of the system, and the simulation results page displays the complex dynamic behaviour of the system.
The highlights are mainly divided into two parts. First, the coexistence of spatially homogeneous and
nonhomogeneous stable periodic oscillations is one of the highlights of this paper. Another highlight is
the derivation of the normal form at the double Hopf bifurcation point. This normal form algorithm can
be extended to the general reaction—diffusion model, which can be our next work.

Acknowledgements. All authors would greatly appreciate the reviewer’s effective suggestions.

Funding. This research is supported by Natural Science Foundation of Shandong Province (no. ZR2022QA075), Natural Science
Research Start-up Foundation of Recruiting Talents of Nanjing University of Posts and Telecommunications (no. NY223194) and
Natural Sciences and Engineering Research Council of Canada (no. RGPIN-2023-05976).

Competing interest. The authors declare that they have no competing interest.

References

[1] Bayliss, A. & Volpert, V. A. (2017) Complex predator invasion waves in a Holling-Tanner model with nonlocal prey
interaction. Physica D 346, 37-58.
[2] Britton, N. F. (1989) Aggregation and the competitive exclusion principle. J. Theoret. Biol. 136(1), 57-66.
[3] Chen, S. & Yu, J. (2018) Stability and bifurcation on predator-prey systems with nonlocal prey competition. Discrete Contin.
Dyn. Syst. 38(1), 43-62.
[4] Chow, S. N. & Hale, J. K. (1982). Methods of Bifurcation Theory, Springer-Verlag, New York.
[5] Claessen, D., Mde Roos, A. M. & Persson, L. (2004) Population dynamic theory of size-dependent cannibalism. Proc. R.
Soc. B-Biol. Sci. 271(1537), 333-340.
[6] Du, Y., Niu, B., Guo, Y. & Wei, J. (2020) Double Hopf bifurcation in delayed reaction-diffusion systems. J. Dyn. Differ.
Equations 32(1), 313-358.
[7] Duan, D., Niu, B. & Wei, J. (2019) Coexistence of periodic oscillations induced by predator cannibalism in a delayed
diffusive predator-prey model. Int. J. Bifurcat. Chaos. 29(7), 1950089.
[8] Faria, T. (2000) Normal forms and Hopf bifurcation for partial differential equations with delays. Trans. Am. Math. Soc.
352(5), 2217-2238.
[9] Fuentes, M. A., Kuperman, M. N. & Kenkre, V. M. (2003) Nonlocal interaction effects on pattern formation in population
dynamics. Phys. Rev. Lett. 91(15), 158104.
[10] Furter, J. & Grinfeld, M. (1989) Local vs. non-local interactions in population dynamics. J. Math. Biol. 27(1), 65-80.
[11] Gao, S. (2002) Optimal harvesting policy and stability in a stage structured single species growth model with cannibalism.
J. Biomath. 17(2), 194-200.
[12] Guckenheimer, J. & Holmes, P. (1983). Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields,
Springer, New York.
[13] Kang, Y., Rodriguez-Rodriguez, M. & Evilsizor, S. (2015) Ecological and evolutionary dynamics of two-stage models of
social insects with egg cannibalism. J. Math. Anal. Appl. 430(1), 324-353.
[14] Li, Y., Liu, H. & Yang, R. (2018) A delayed diffusive predator-prey system with predator cannibalism. Comput. Math. Appl.
75(4), 1355-1367.
[15] Merchant, S. M. & Nagata, W. (2011) Instabilities and spatiotemporal patterns behind predator invasions in systems with
nonlocal prey competition. Theor. Popul. Biol. 80(4), 289-297.
[16] Merchant, S. M. & Nagata, W. (2015) Selection and stability of wave trains behind predator invasions in a model with
non-local prey competition. IMA J. Appl. Math. 80(4), 1155-1177.
[17] Ni, W, Shi, J. & Wang, M. (2018) Global stability and pattern formation in a nonlocal diffusive Lotka-Volterra competition
model. J. Differ. Equations 264(11), 6891-6932.
[18] Petersen, A., Nielsen, K. T., Christensen, C. B. & Toft, S. (2010) The advantage of starving: success in cannibalistic
encounters among wolf spiders. Behav. Ecol. 21(5), 1112-1117.
[19] Ruan, S. & Wei, J. (2003) On the zeros of transcendental functions with applications to stability of delay differential equations
with two delays. Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 10, 863-874.

https://doi.org/10.1017/50956792524000019 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792524000019

European Journal of Applied Mathematics 725

[20] Schausberger, P. (2003) Cannibalism among phytoseiid mites: a review. Exp. Appl. Acarol. 29(3/4), 173-191.

[21] Segal, B. L., Volpert, V. A. & Bayliss, A. (2013) Pattern formation in a model of competing populations with nonlocal
interactions. Physica D 253, 12-22.

[22] Shen, Z., Liu, Y. & Wei, J. (2023) Double Hopf bifurcation in nonlocal reaction-diffusion systems with spatial average
kernel. Discrete Contin. Dyn. Syst. Ser. B 28(4), 2424-2462.

[23] Smith, C. & Reay, P. (1991) Cannibalism in teleost fish. Rev. Fish Biol. Fish. 1(1), 41-54.

[24] Sun, L., Shi, J. & Wang, Y. (2013) Existence and uniqueness of steady state solutions of a nonlocal diffusive logistic equation.
Z. Angew. Math. Phys. 64(4), 1267-1278.

[25] Sun, G., Zhang, G., Jin, Z. & Li, L. (2009) Predator cannibalism can give rise to regular spatial pattern in a predator-prey
system. Nonlinear Dyn. 58(1-2), 75-84.

[26] Walters, C., Christensen, V., Fulton, B., Smith, A. D. M. & Hilborn, R. (2016) Predictions from simple predator-prey theory
about impacts of harvesting forage fishes. Ecol. Model. 337, 272-280.

[27] Was, H., Borkowska, A., Olszewska, A., Klemba, A., Marciniak, M., Synowiec, A. & Kieda, C. (2022) Polyploidy formation
in cancer cells: how a Trojan horse is born. Semin. Cancer. Biol. 81, 24-36.

[28] Wise, D. H. (2006) Cannibalism, food limitation, intraspecific competition, and the regulation of spider populations. Annu.
Rev. Entomol. 51(1), 441-465.

[29] Yang, R., Wang, F. & Jin, F. (2022) Spatially inhomogeneous bifurcating periodic solutions induced by nonlocal competition
in a predator-prey system with additional food. Math. Method Appl. Sci. 45(16), 9967-9978.

Appendix

(a) The calculation of Projy1,f; (z, 0,0, 0).
The third-order Fréchet derivative of F (U, U , w) at (®zF, 7, 0) is

7 I+l I+ L b I3 L
F3(2,0,0,00= ) Fpn &l (& ()21 25202,

|1|=3

. 4 . .
with [=(l,, b, 1, 1,) NG, |I| = Zi=1 b, Fi,1, and Fy, ., is the coefficient vector of zll‘ z’fz';sz. Hence,
we can obtain

(Buy» F5(2,0,0,0))

£1(z,0,0,0) =W (Bo» F5(2.0,0,0))

In I b I3l
Z Fin, fo %',illﬂzﬂ(x)s,g“‘(x)dlel2221332:

- | =
=V I I b I3l
I+ I+
> Finiy fo ENTROOENT (0dxz)' 25257
11=3
Therefore,
2
Ar002122 + A1011212324
.2
1 A2100Z122 + A1011222324
—Proj 1fl(z,0,0,0)= ,
3! JKH{Mﬁé o A0021Z§Z4 + A1110212223
A2 A
Ap212323 + A1110212224
where

1 1
Ao = a—nWl(O)leoo, Ao = &_nwl(O)FIOIIs

1 1
Ao = EWZ(O)FOOZH A= %wZ(O)FI]IOa
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with
F! F!
2100 1011
leoo =6T* F =6T*
2 > 1011 2 s
Fi00 Flon
F! F!
0021 1110
*
Foop =671 F2 s Fiio=06t" F2 s
0021 1110
and

F)00 =303 + (P1 + 2p)au, Fy,, = 605 + 2(y + pa + p1),

Fopp =305 + (P2 + 2p2)aa, F, g = 605 + 2(py + Pi + pa)aa,

F300="3Bs + B:(p1 + 2p1) + Bs(pi +2p1p1) + 3Boe™ " + Bio(2py + pre ),

Foon =3B + B2+ 2p2) + Bs(p} + 2pap2) + 3Boe™ " + Bro(2pz + pae 7).

Flo, =66 +2B:(p2 + P2+ p1) + 2Bs(paDa + P12 + pip2) + 6oe ™'
+ 2:310 (pl +e — (i +iw)T* p2 + e( iw) +iwy)T* pz)’

F} 0= 6B +2B:(p1 + P1 + p2) + 2Bs(pip1 + pip2 + Pip2) + 6Boe 2"
+ 2,3|0([72 + e*(iw1+iw2)r*l—]] + e(iwlfiwz)wpl)'

(b) The calculation of Projy 1, (D f; (z, 0,0, 00U} (z, 0)).
From (4.3), we obtain

Fy(z,w,w,0)
=F,(U,U,0)

L b 131 A~ A~ ~
=D Fuo P @E A Z AL 4 S0) + S.(8) + o | w P, | wit |, 47),

111=2

where S,(w) and S,(w) are the linear terms of w and w, respectively.
By (4.13) and (A1), we obtain

(B> F2(2,0,0,0))

1 -
£(z,0,0,0) =¥ (Bny» F2(2,0,0,0)) | °

I L I
> Fuuni, J, El'+lz+l(x)$h+l4(x)dle Z2212324
11=2

bl
ZF11121314 0 Ell+12+l(x)$lﬁl4(x)dle %232
=

I
=]
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where the forms of coefficient vectors Fy ., (I; + I, 4+ I3 + I, = 2) are as follows:

leooo F}l()O
Fopo =277 , 0 =217 s
2000 F %000 1o F 12100
F! F!
1010 1001
Fiopo=21" , Floo =2t° ,
o F1201o ot Ffom
F! F!
0020 0011
Fopo =217 , Foory =21° ,
o0 F gozo o F 3011
with
Faoo =01 + & 4+ oopy, F oo =2(ct; + @) + ax(py + Py,
F:om =20, + & + ax(p; + pa), Fllom =2u;, + o, + oa(p2 + p1),
Féozo =0y +ops, F(l)o“ =20 + a2(p2 + p2),

Foo=Bi + Bop1 + Bse 2" + Bupre™" + Bspi,

Flioo=2B1+ Ba(pi + D) + 2B + Bu(Bre ™" + pie”' ™) + 2Bsp\p1,
|010 =281 + Bo(p2 + p1) + 2B3¢” T + By(pre T 4 pre ) + 2B5pipa,
Frooi =2B1 + Bo(Pr + pi) +2B5e 07+ Bu(pre ™ +p, ™) 4+ 2B5p1pas

Féozo =B+ Bopr + Bse T + Bupre T + Bsps,

Foo =2B1 + Ba(pr 4 p2) + 285 + Ba(pre™™ + p2e>™) + 2Bspap,

Foopo = onoo, Forio= Flom’ Foior = F10107 Foo, = Foozo-

Hence,

2
BzmoZlZz + Bi011212324
T

B1002125 + Bi011222324

1
2 PrOjkeru) (szzl (z,0,0,0)Us(z, 0)) =

2
30 Booo17524 + B1110212223

T
30021Z3Z4 + B1110212224

Bj100> Bio11> Booz1 and By have the following representations:

0) - 2 -

B0 = L[ — Faooo¥r1(0)F 1100 + Frioo¥1 (0)F 100 + —Fozool/fl(O)onoo],

6lmwiw, T* 3

©)[ 2F F 2F

By = ! [ =22 (0)Foon + —— wl (0)Foor; + $W2(0)F100|

6lmt* iw, w, —

F F, 2F

- o V2(OF o + _ 1/f2(0)F1001 + +°°°2 wz(ommo]
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O F F
B = S [~ 2 00y = O+ SO0
6lmt* iw; iw, — 2iw
FO]OI n
O (0)Fuo |
+ o+ 2ics V1(0)F o020
O F F _
By = 22 [~ O+ °“°w O)F i = =5 (OFong
6lmrt* — 2iw,
Foioi w (O)F ]

(¢) The calculations of ProjKer(M;)(Dwle (z,0,0,0)U3(z, 0)) and ProjKer(M;)(Dwfz' (z,0,0,0)0(z, 0)).
By (A1) and F»(z, w, W, 0) = F»(z, w, W, 0), we obtain

Fy(zw, #,0) =Y Fr &0 (052! 22520 + Sa(W) + Sa(w) + o [ w P, | wib |, #?)
=2 (A2)
= 8,:(W)Z" + S (M + o( | w %, | wib |, w7, 22),
with 2 = (§,,21, &1, 22, £1,23, £0,20)", S, and Sy, are linear operators from Kerm to Xc:

Sue 1) = Fopd” + Fopoyy,i=1,2,3,4,
Si(02) = Fayds) + Fapoys i=1,2,3,4,

Fis Fioo Fyr and F,, o represent coeflicient vectors. Through some tedious calculation process, we

obtain
1 R
31 PPlkenty (Duf 2,0, 0,0 U3, 0) + Dif (2, 0,0, 0) Uz, 0)

(Cor00 + é'2100)Zf22 + (Cion + 61011)112324

(Corp0 + é2100)2125 + (Cion + é\()11)222324
(Cooar + é0021)Z§Z4 + (Ciio + é‘mo)Z]ZzZ_%

(Cooz1 + é‘0021)23242; + (Ciio + élllO)ZlZZZ4

sz(), C1011, C()()Zl, Cl]](), Cz]()(), Cl()“, C0021 and Clll() have the fOHOWng representations:

0
Caio0 = ;//\/(l_) [Svﬂ (Wo.1100) + Sz, (Wo, 2000)]
Cion = Z:/(% [S\ ](Wo oo11) + SM W11001) + Sv 4(W1 1010)]
0
Coa1 = Wz( ) [Sv ;(Wo oo11) + Sv 4(W00020) + (S) g(WZOOII) + S» 4(W2 0020))/“/_]
0
Cio= Wz( ) [ L Wio110) + Sy, (Wiio10) + Syz; Wo.1100) + Sy (Wz,noo)/\/z],
R (0 ) 0
Caio = Z—\/(%[Syz, (Wo,1100) + Syzz(Wo,zooo)], Cion = ;ﬂl—\/(%syzl (Wooo11)s
A0021 = ;/fj/(% [Sm (Wogo11) + M(Wooozo)] C1110 = ;pj/(%sy 3(W0 1100)-
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Note that
Syzi Wo.1100) = Fy0y2, Wo,1100(0) + Fy1);, Wo1100(—1),
Sjvzl (Wo,l 100) = Fy(o)zl Wo.1 100(0),

Syzz (Wo,zooo) =F (0)z Wo,zooo(o) +F W=Dz Wo,zooo(— 1).

Similarly, we can calculate S, (W1 1001)s Sy, Wi.1010)s * * * » S5, Wo,0020)- Fy0);; and Fy_yy,, are as follows:

20, + @) + ayp, o
Fyor, =21 2B+ Bopy Bat BaeT 4+ 2Bsp,
0 0
Fy_1y, =217 2Bse" ™ + Bpy 0

Fy0); and Fq), are as follows:

20[1 + (6 2Y %) oy

F .. =21" I
YO 281+ Bop: Bot BaeT T +285py

20 + aypin o

Fv Y = 27,'* - L4 -
Yoz 2B+ BoPrz Bot a0 +2B5py,

Fy_ iy, and F_,, are as follows:

R4
0 0
P =20 ap i 1 g 0
0 0
Frevs =27 2Bse7 ™ + Bup, 0

Fyo)y, and Fy_,,, are as follows:

2061 + O52ﬁ32 s

F.. =2t _ R -

Y0z 281+ Bapna Brt Bue™ T +285py
0 0

F, ., =2t" S _
Y ‘ 280" 4+ Bupy, 0

Fy0y22 Fy-12y> Fyyess Fy-1y, and F,,, i=1,2, 3,4 are as follows:

Fy0r, = Fyoreys Fy-ng = Fyna»

Fv(O)z4 = FV(O)Z3 > Fy(—lm = Ly(=Dzz»
F}'(O)Z] = 2":*diag{&lv 0}7

F0 = F50u = F50n = Fjoy -
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Besides, wy2000(0) and wy2900(0) are as follows:

IR B K J ()
Wo2000(0) = «/E‘L'* |:—ia)1 ¥1(0) 3iw; Y1(0)

— (2w l;+A+B+ Ce_ziwlr*)l:|onoo,

L@, i) -
Wo2000(6) = \/E‘L’* |:—ia)1 Y1 (0) _3ia)| Y1 (0)

_ eZiwlt*H(_ziwlld +A+B+ CEZiw‘T*)_leonom

Wo’lloo(e) and WO,OOII(Q) are as follows:

1L [¢©) $o)- y
«/E‘E*[ iw @)= iw; i(0)—A+B+0) i|F1100,

B 1 ¢, (0) B ¢_51(9) - B —1
Wo011(0) = —\/E‘E*[ i, ¥1(0) _ia)l Y1 (0)—A+B+0) i|F0011-

Wi.1001(6) and wy 1019(0) are as follows:

W0,1100(9) =

1 _ $0) - $:(0)y,(0)

Wi (5) = NITTE |: iw, V20 + —iw + 2iw,
— e (i, — i)l — Do/ P + A + Ce ))]F o
1 [0) B $2(0)1,(0)

WI’IOIO(Q) - \/ET* |:_lwl wZ(O) ia)l + 21(1)2

— (i, + iwy)l; — Do/IP + A + Ce—“'wl“wz”*)l]me.

Wo0020(6) and wy g119(0) are as follows:

ey [¢1(9)w1<0> 5OTO)
00 B \/H‘C* iwl - 21602 iCl)] 4+ 21(02

_ gl (—Zia)zld +A+B+ Ce2i”’2r*)lj|Foozo,

W1,0|10(9) =

1 [0) $:(6)7(0)
N [ i, Ot o i,

— e(*iw|+iw2)‘(*6 ((la)l — ia)z)ld — D()/l2 +A + Ce(iwl in)T*)l}Fouo,
where I, is identity matrix. wy11(6), Wa0020(6) and wy 1109(6) are as follows:

Waon (0) = — —4D0/12 +A+C)_1F0011,

1
2Tt (

1 2iwyT*0 ; 2 —2iwyT* -1
Wa0020(0) = —me (—210)2 —4Dy/I" + A+ Ce ) Fooo,

Wa1100(0) = (0, O)T'
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Finally, we can get the formula of gé(z, 0,0,0):
Enwziza + Ei011212324

S
Er1002125 + E1011222324

L,
—8(2,0,0,0)=
3!g3( ) E0021Z§Z4 + E1110212223

Eomz3z2 + Eni0212:24
where the expressions of E,jo, Eio11, Ego21 and Ejpyy consist of four parts:
Eji00 = Azie0 + %(Bzmo + Coigo + Coioo),
Ejon =Ajon + %(Bml. + Cion + Cion)»
Egon1 = Agonr + ;(B0021 + Cona1 + Coo),

3 A
ElllO :AIIIO + E(BIIIO + ClllO + ClllO)-

Cite this article: Duan D., Niu B., Wei J. and Yuan Y. (2024). The dynamical analysis of a nonlocal predator—prey model with
cannibalism. European Journal of Applied Mathematics, 35, 707-731. https://doi.org/10.1017/S0956792524000019

https://doi.org/10.1017/50956792524000019 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792524000019
https://doi.org/10.1017/S0956792524000019

	Introduction
	The influence of different kernel function
	Existence of double Hopf bifurcation for the uniform kernel
	Normal form of double Hopf bifurcation
	Formula derivation of normal forms

	Numerical simulations
	The dynamical phenomenon in different regions
	The effect of predator diffusion on pattern formation
	The effect of cannibalism on pattern formation

	Conclusions
	References
	Appendix
	


