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1. Introduction

In this paper, we consider the two Dirichlet problems

—Agu+Au=uP, (t,z,y) € Ko,
u =0, (P1)
u=0, (t,z,y) €Ik
and
—Agu = g(t,z, y)uP + fr(t, z,y)u?, (¢, z,y) € Eo,
u >0, (P2)
u =0, (t,x,y) € OE,

where 1 < ¢ < 2 <p<2*—1(2* =2N/(N —2), N > 3) and A € R. Here, the
domain E = [0,1) x X x §2 is regarded as a local model near the boundary of the
stretched manifold, which is associated with a manifold with edge singularity, Iy denotes
the interior of E, the boundary of E is denoted by 9E, 0E = {0} x X x £2, X is a closed
set in R™, n > 1, 2 is an open domain in R?, d > 1, the dimension of E is N = n+d+ 1.
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The so-called edge-Laplacian Ag = (t0;) + (0z, )2 + -+ + (02, )% + (tDy,)* + - - + (t0y,)?
is an elliptic operator with edge degeneracy on the boundary JE, and the corresponding
gradient operator is denoted by Vg = (t0;, 0y, - - -, 0,0y, - - ., t0y,). Our goal is to
find the existence of solutions for (P;) and (P2) in edge Sobolev space ’Hl I/ *(E). The
definition of such distribution spaces is given in §2. Of course, we need the nonlinear
terms of (P3) to satisfy suitable conditions.

(H) fr = AfF 4 /7 (f* = £max{£f,0}), f* #0and /* € LN/(”’)(IE), where r, =
r/(r—(g+1)) for some r € (¢+1,2%); f~ € L 7 (E), where rq =r"/(r'—(g+1))
for some ' € (¢ + 1,2*].

(Hy) g = 4+ max{+g,0}, g #0and g+ € LN/é” (E), where s, = s/(s—(p+1)) for some
s€(p+1,2%);9- € L N/ "(E), where s}, = s'/(s" — (p+1)) for some s’ € (p+1,2%].

The definition of the distribution space Lfv/ l(E) (0 <l < o0) is still given in §2.

The analysis on manifolds with edge singularities and the properties of elliptic,
parabolic and hyperbolic equations in this setting have been intensively studied over
the last decades. More specially, for aspects of partial differential equations and pseudo-
differential theory of configurations with piecewise smooth geometry, the work of Kon-
drat’ev (see [8]) has to be mentioned here as the starting point of the analysis of operators
on manifolds with conical singularities. The foundations of this analysis were developed
through fundamental work by Schulze, and subsequently further expanded by him and
his collaborators, such as Gil, Seiler, Krainer, and so on. The main subject of their
work is the calculus on manifolds with singularities (see [5,13,14] and the references
therein). On the other hand, Melrose and his collaborators gave various methods and
ideas on the pseudo-differential calculus on manifolds with singularities (see Melrose
and Mendoza [10], Melrose and Piazza [11] and Mazzeo [9]). All these mathematicians
deeply investigated the underlying pseudo-differential calculi and the connected func-
tional spaces. While these theories are nowadays well established, many aspects are still
of interest, for instance, the existence theorem for the corresponding nonlinear elliptic
equations on manifolds with singularities.

Recently, the authors in [5] established the so-called edge Sobolev inequality (see
Proposition 2.4) and the Poincaré inequality (see Proposition 2.5) for the weighted
Sobolev spaces (2.3) (see [5] for details). Such inequalities seem to be of fundamental
importance in proving the existence of the solutions for such nonlinear problems with
totally characteristic degeneracy, and they are expected to be very useful in solving some
geometry problems, e.g. the Yamabe problem on manifolds with edge singularities. In [5],
the authors already obtained the existence theorem for a class of semilinear degenerate
equations on manifolds with edge singularities, that is, for the Dirichlet problem

—A]}{LL*IU,V(t,IE,y)U: )\u+up7 (tvxay) € ]E07
u =0, (t,x,y) € O,
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there exist non-trivial weak solutions in ’Hé:év / 2(IE) if A > 0 and the singular potential

function V' (¢, z,y) satisfies the edge-Hardy inequality

dt . dy 2 . dt . dy
t 22 < [ —— 2 Qe 2.

For a more detailed account of this subject, we refer the interested reader to [1-7].

Of course, the existence of weak solutions of (P1) and (P2) is also an interesting prob-
lem. It is well known that the mountain pass theorem is usually used to solve problems
similar to (Py), and the decomposition of the Nehari (see [12]) manifold is a good method
with which to solve the problems with concave and convex nonlinearities. In this paper,
we first obtain the existence of weak solutions for (P1) by applying the mountain pass
theorem. Furthermore, we establish the so-called Nehari manifold on ’H;év / 2(]E), and
then, using that result, we obtain some results about (P2). Although the proof in §4
closely follows [17], we point out that using a similar analysis to that in this paper can
also give an improvement of [17]. The main results of our work are as follows.

Theorem 1.1. The problem (P;) has a non-negative weak solution in ’Hé:év/z (E) if
and only if A > —\(E), where A\ (E) is defined in § 2.

Theorem 1.2. Assume that the conditions (H;) and (Hz) hold. There then exists
to > 0 such that, for X € (0, po), (P2) admits at least two non-negative weak solutions
. 1,N/2
in Hy'y ' “(E).

Moreover, of course we know that L>*(E) ¢ Lfv/l(IE)7 0 <1 < oo (for example,
a(t,z,y) =1 on E), and if we change conditions (H;) and (Hs) into
() f* = max{f,0} £0 and f € [*(E),
(H5) ¢g* = max{g,0} # 0 and g € L*>°(E),
we also can obtain the same result.

Theorem 1.3. Assume that conditions (H}) and (Hj) hold. There then exists uj > 0
such that, for A € (0,u(), (P2) admits at least two non-negative weak solutions in

Hyo* (E).

This paper has the following structure. In §2 we introduce the edge Sobolev spaces
and their corresponding properties. In §3 we give the proof of Theorem 1.1. In §4 we
first introduce the so-called Nehari manifold on 'H;év /2 (E), and then, using that result,
we give the proofs of Theorems 1.2 and 1.3.

In this paper, positive constants (possibly different) are denoted by c.

2. Weighted p-Sobolev spaces

In this section we introduce the definition of weighted p-Sobolev spaces and some results
on them. We first give the definition of manifolds with edges.
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Definition 2.1 (manifolds with edges). A manifold E with edges Y,Y C E is a
topological space with the following properties.

(i) E\Y and Y are C*°-manifolds: d =dimY, N =n+1+d=dimFE.

(ii) Every y € Y has a neighbourhood V' in E with an associated non-empty system
&(V) of singular charts
x: V= X2 xRY (2.1)

for a certain closed compact C*°-manifold X = X (y), n = dim X, and
X4 =R x X)/({0} x X).
The restrictions xo = x[v\v, X1 = X|vny give the mappings
xo: V\Y = X" x R4, x1: VNY = R4,
where X" :=R, x X.
(iil) Let V, V be neighbourhoods of y and let x € ¢(V), X € ®(V) as in (ii); then, for
U =V NV, the corresponding restrictions are
YVi=xlv: U—=X2%x02, Y=xv:U—=X*>x2
for certain open (2, 2 C R%. The transition mappings
Yop i XN x 2 = XN x 2
are independent of t e Ry for 0 <t < e, e > 0.
All manifolds here are assumed to be compact.

The following is a typical example for a manifold E with boundary OE such that JE is
an X-bundle over Y. Let 7ging: OF — Y denote the canonical projection. We then have
a continuous map 7w: E — FE that restricts to a diffeomorphism

Treg: E\OE - E\Y
and to a projection
Tsing : OE — Y.

We call E the stretched manifold associated with E.

We often pass to the open stretched wedge X xRY > (¢, z, y), on which the Riemannian
metric (dt/t)? + dz? + (dy/t)? can be formed, with the corresponding gradient operator
given by

Vi = (0, 0p, s, On,, 10y, - - -, E0y,).
Therefore, the typical degenerate differential operator A on the open stretched wedge
X" x RY has the following form:

A=Y aualty)td) (t0,)°, (2.2)

Jtlelsy
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with aj, € C®(Ry x RY, Diff*~UHeD (X)) for all j, a. Here, Diff*(X) means the set of
differential operators on X of order v.

Let the open stretched wedge X x R? := R, x X x R? > (¢, 2,%), with closed subset
X CR", and let N = n+ 1+ d. Assume that u(t,z,y) € D'(X" x R?); we say that

dt . d
u(t,z,y) € L, (X/\ x R?, " xty>

if .
dt
u||Lp=(/ Stz )P Lo y) < foo.
XN xRE

Moreover, the weighted L, spaces with weight data v € R are denoted by

L”(XA x RY, ﬁol dty>

which means that if

u(t,z,y) € Ly X" x Rdgd dy
¢

then

dt . d
t7u(t, x,y) € Ly (X/\ x R, " xty>

and

At dy\/?
lullpy = (/ tN|tm(t,x,y)|dey> < +oo.
XA xRd

t t

From now on we define

_dt, d
do dy

for short. We can now define the welghted Sobolev space with natural scale for all
1 < p < oo on the open stretched wedge X" x R?.

Definition 2.2. For m € N, and v € R, we define the spaces
HI (XN x RY) = {u € /(XN x RY): ¢V/P77(20,)k02 (t0,) u € Ly(X" x RY, do)}

for arbitrary k € N, multi-index o € N? and k+|a|+|3| < m. In other words, if u(t, z,y) €
HY (XN x RY), then (t0;)%02(t9,) u € L) (X" x R?,do). Therefore, H"7 (X" x RY)
is a Banach space with the norm

1/p
Wl = 3 ( / tN|t7<tat>’faﬁ<tay>%<t,x,y>|pda).
k+lal+|8)<m N X xRY

Moreover, let the subspace H,'3" (X" x R?) of H""(X" x R?) denote the closure of
Ceo (XM x RY) in HMY (X1 X Rd)

Furthermore, we give the definition of H;»7(E) and H,'s" (E).
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Definition 2.3. Let E be the stretched manifold to a manifold £ with edge singular-
ities. Then, H*7(E) for m € N, v € R is defined to be the set of all u € W}[,”(Eq) such
that

Hy N(E) = {u e WP (Eo); x Lowu € H?’V(X/\ x R}

with the norm

N
[l @y = Z ||X]-_1<iju||?ﬂ;"ﬁ(xm<ned) + (1= w)u”%/[/g""”(]E)v

where Fy denotes the interior of E, w is a cut-off function on [E, supported by a collar
neighbourhood of [0,¢) (for some ¢ > 0), x; is determined by singular charts x;: V; —
(X2 x R?) as in (2.1), and ¢, form a partition of unity of Y, subordinate to the open
covering V;NY, j =1,...,N. The classic Sobolev spaces W;"?(E) denote the closure of
C3°(Ey) in W™P(E) for E a closed compact C°°-manifold of dimension N that contains
E as a submanifold with boundary.

Moreover, the subspace H,'3"(E) of H;*7(E) denotes the closure of C§°(Eg) in
Hy," 7 (E), defined as

N
|u||7-t’" Y (E) = Z ||X;1<iju||3{gjg(xww) +11(1 - W)UH%/VS””)(]E)'

We then recall some results on weighted p-Sobolev spaces; for details we refer the
reader to [5].

Proposition 2.4 (edge Sobolev inequality). Assume that 1 < p < N, 1/p* =
1/p—1/N, N =n+1+d and v € R. Let RY := Ry x R® de, t € Ry, and let
r=(21,...,2,) ER", y = (y1,...,y,) € R The estimate

n
ull Lo myy < crll(®e)ull g gy + (ex + c2) D 0wl @y,
=1

q
+ (c1 + ¢2) Z [|(t0y, ) UHL”(R") +03||UHL” (RY) (2.3)

holds for all u(t,z,y) € Cg°(RY), where v* =~ — 1,

B [ O r )1 — )N ) [N
1 Na 2 N N—p 5 N N _ »
for o = (N — 1)p/(N — p). Moreover, if u(t,z,y) € H ’W(RN), we have that
”uHL;:(Rf) < CHUHH;;“f(Rf)a (2.4)

where the constant ¢ = ¢1 + ¢a, and ¢1, « and ¢y are given in (2.2).
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Proposition 2.5 (Poincaré inequality). Let E = [0,1) x X x {2 be a subspace
in RN with N =n+1 +d where X denotes a set closed in R™, and {2 is an open domain
qu Ifu(t,z y)EH J(E), for 1 < p < +o0, v € R, then

Hu(tv €z, y) ”Lg(]E) < CHV]EU(t, €, y)”LZ(]E)a (25)

where Vg = (t04, 0y, ..., 0, ,t0y,, ... ,t0y,) is the gradient operator in E, and the con-
stant ¢ only depends on E and p.

Proposition 2.6. Forp > 1,p+1 < 2* =2N/(N — 2), the embedding
1,N/2 0,N/(p+N
7'[2,0/ (E) = Hp+1/0p )( E)
is compact.

For the proof of Theorem 1.1, we need the following result; we refer the reader to [7]
for details.

Proposition 2.7 (variational principle for the principal eigenvalue).

(i) We have

M(E) = min{(=Agu,u)  x/z g | u € Hy) N2, lull 72 gy = 13- (2.6)

(ii) Furthermore, the above minimum is attained for a function wy, positive within E,
that solves

*AEwl = Al(E)wla (ta xay) € E07
w; =0, (t,z,y) € OE.
(iii) Finally, if u € 7—[1 /2 (E) is any weak solution of

_A]Eu - /\I(E)u7 (tv x, y) € EO;
u=0, (t,z,y) € O,

then v is a multiple of w;.

3. Proof of Theorem 1.1

We first introduce the following energy functional on the Banach space H;:év / 2(IE)

for (Py):
D(u) = l/ |Vgu|? do + A / u?do — b (ut)Pt do (3.1)
2 Jg 2 Jg p+1Jg 7
where u € Hy N/2( E) and v = max{0,u}. From Proposition 2.6, we have that ®(u) €

C 1(7—[1 Y/ 2( ) R). Thus, (P;) is the Euler-Lagrange equatlon of the variational problem

for the energy functional (3.1). We say that u € ’H; NI2(E) is a weak solution of (Py) if

(& (u), v) = /E (Viu - Vo + Mub — (u™)P5] do (3.2)
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for any v € ’H1 /2 (E), where ¢'(u) denotes the Fréchet differentiation. Thus, the critical
point of &(u) i in 7—[2:(1)\7/2 (E) is the weak solution of (Py).

We now claim that the functional @(u) satisfies the so-called PS. condition (Palais—
Smale condition), which is defined in the following way.

Definition 3.1. Let E be a Banach space, let I € C1(E;R) and let ¢ € R; we say that
I satisfies the PS. condition, if, for any sequence {uj} C E with the properties

I(ug) = ¢ and |[I'(ug)|le — 0,

there exists a subsequence that is convergent, where I’(:) is the Fréchet differentiation
and E’ is the dual space of E. If it holds for any ¢ € R, we say that I satisfies the
PS condition.

To prove that the PS condition is satisfied, we check the following lemma.

Lemma 3.2. If A > —\{(E) and any sequence {uy} C 'Hl N/Z(E) such that

@(Uk) — C, ||Q5’(uk)||H_1 —N/Q(]E) — 0, (33)

where Hq N/Q(]E) is the dual space of H, N/Q( E), then {uy} contains a convergent
subsequence

Proof. Since A > A1 (E), we can define

. A
c1 :1+m1n{0,)\1(E)} > 0.

From Proposition 2.5 and the properties of A1 (E) (see Proposition 2.7), we obtain that

195012 572 g, + Ml 72 ) > 11 V502 70

> )
(E) (E) (E)

Thus, we can choose the norm

ol 3,72 gy = (V12 72 g, Al )2
For k large enough, we have that
1 /
c+1+ HU}CHH;:(IJ\I/Q(E) > &(uy) — m@ (ug), ug)
1 1
— (5 57 )T gy Al )

(1 1
27 pt1 [l LY ®)

Thus, [ukll,,2 N2 is bounded. There then exist u € ’H,l /2 (E) and a subsequence, still
denoted by {uk} such that up — u weakly in 7—[2 0 N/ (E). Thus from compact embedding
in Proposition 2.6, we know that u; — w strongly in LN/ (p H)( E), which means that

N
(uf)? = (u*)? in L(pi/l()”/;l)(E).
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Observe that

||uk — UH’H;:[I]\’/Z(E) = <¢’(uk) — @’(u),uk — u) + /]E((u;)p _ (u"r)l’)(uk — u) do

and, by the condition (3.3), we know that (#'(u),v)) = 0 for any ¢ € C§°(E). Since

C§°(E) is dense in ’H;:éV/Q (E) and @' (ug) — 0 in ’H;,(l)’*N/Q (E), we can deduce that

(D' (ug) — ' (u),up —u) =0 as k — +oo.

By the Holder inequality, we have that

| [ty = T = o] <t = @ e gl = g oy
Thus, ||ug — u||H1,N/2(E) — 0 as k — +00, which completes the proof. O
2,0

Next, we use the following mountain pass theorem (see [16]) to prove the existence of
a critical point for the functional (3.1).

Lemma 3.3 (mountain pass theorem). Let E be a Banach space and let I €
C1(E;R). Suppose that I(0) = 0 and that it satisfies the following.

(i) There exist R > 0, o > 0 such that if |u||g = R, then I(u) > «a.
(ii) There exists e € E such that ||e|]|g > R and I(e) < .

If T satisfies the PS. condition with

= inf I(h(t
¢ = inf max (h(t)),

where I' = {h € C([0,1];E); h(0) =0 and h(1) = e}, then c is a critical value of I and
c> .

We now give the proof of Theorem 1.1.

Proof of Theorem 1.1. Necessary condition. Suppose that u is a non-trivial weak
solution of (Py) in H;:év/z(]E). From Proposition 2.7, we can find that wy € ’Hé:év/z(E) is

an eigenfunction of —Ag corresponding to A\;(E) with w; > 0; we then have
)\/ uwy do = /(up + Agu)w; do
E E
> / Aguw, do
E
= —)q(]E)/uwl do.
E

Thus, A > —A((E).
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Sufficient condition. We verify the assumptions of the mountain pass theorem. The
PS. condition follows from Lemma 3.2. By Proposition 2.6, we get that

HUHL:,\Z§:D+1)(E) < C”u”’H;:é\]/z(E)

Hence, we obtain

D) > Hluly vrn ey = = 0 S
. cp+ ot
= 5““”7—[;:(])\7/2(]}1) p+ 1 || H 1, N/2(]E)
Thus, there exists R > 0 such that
o= inf &(u) > 0= P(0).

u =R
Il 3,272

Let u € H;ZéV/Q(E) with v > 0 on E. We have, for s > 0,

2

s g+l
B(su) = Tl

— —[lullP%)
® p+1

N/(;D+1)( )
Since p > 1, there exists e := su such that

lelly @ > B @) <O.

By the mountain pass theorem, @ has a positive critical value and the problem

_A]Eu + Au = (qu)p’ (t,x,y) € EO;
UZO, (t7x7y)68]E7

admits a non-trivial weak solution in ’H,2 N/ 2(IE) Multiplying this equation by u~ and

integrating over E with do, where v~ = — max{0, —u}, we find that
_ -2 -2 {112
0= HV]EU HL?/Q(]E) + A||’U’ ||Lév/2(]E) - ||’LL HH;:[])V/Z(]E)
Hence, = = 0 and u is a non-trivial weak solution of (P;) in 7-[1 N/2(E). (]

4. Proof of Theorems 1.2 and 1.3

We first establish the so-called Nehari manifold on ’Hl N/ *(E). Consider the following

problem:
_AEU = h(t,x,ym(t, xv?/))? (t,.’E, y) € E07
u =0, (P3)
u =0, (t,z,y) € OR,
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where h is differentiable on E x R. The weak solutions of (P3) in ’H 0 (IE) correspond
to critical points of the functional .J: 5 N/Q(JE) — R,

_ %/IvEuPdo—/H(t,wvy’u@’xvy))d"’
E E

where H(t,x,y,u) = [, h(t,z,y,s) ds
When J is bounded below on ’H2 N/z( E), J has a minimizer on s’ N/Q( E) that is a
critical point of J. In many problems such as (P3), J is not bounded below on 7-[2 -/ 2(E)7

but is bounded below on an appropriate subset of 7—[; (I,V 2(IE) and a minimizer on this set

(if it exists) may give rise to weak solutions of the corresponding differential equation.
A good candidate for an appropriate subset of 7—[1 N/ 2(]E) is the so-called Nehari man-
ifold

N = {u € Hyy*(E); (J'(u),u) = 0},

where (-,-) denotes the usual duality between ’Hl N/ *(E) and H; o 0 -/ (E). It is clear
that all critical points of J must lie on N and, as we see below, local minimizers on N
are usually critical points of J.

It is easy to see that u € N if and only if

/\VEUF daz/h(t,x,y,u)udo.
E E

It is useful to understand N in terms of stationary points of mappings of the form
¢u(s) = J(su) (s > 0). We refer to such maps as fibrering maps. It is clear that, if v is a
local minimizer of J, ¢, has a local minimum at s = 1.

Lemma 4.1. Let u € Hy N/2( E)\ {0} and let s > 0. Then, su € N if and only if
Puls) =

Proof. The result is an immediate consequence of the fact that
/ ! 1 !/
Puls) = (J'(su),u) = —{J'(su), su).
|

Thus, points in N correspond to stationary points of the maps ¢,, and so it is natural
to divide N into three subsets N*, N~ and N° corresponding to local minima, local
maxima and points of inflexion of fibrering maps, respectively. We have

@, (s) :s/|VEu\2da—/h(t,x,y,su)uda
E E
and

z/|V1Eu|2da—/hu(t,x,y,su)uzda.
E E
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Hence, if we define

Nt = {u € N’ /(|V]Eu‘2 - hu(t7x7yau)u2) do > 0}7
E

N-

{u € N, /(|VEu\2 — hu(t, 2, y, u)u?) do < 0},
E
NO = {u e N: [[(Vsu? ~ haltsz ) do = o},
E
we have the following.
Lemma 4.2. Let u € N. Then,
(i) ¢.(1) =0,
(i) ue NT,N=,NY if ¢//(1) > 0, ¢! (1) < 0, ¢!/(1) = 0, respectively.
The following lemma shows that minimizers on N are usually critical points for .J.

Lemma 4.3. Suppose that ug is a local minimizer for J on N and that ug is not
in N°. Then, J'(ug) = 0.

Proof. If ug is a local minimizer for J on N, then ug is a solution of the opti-
mization problem of minimizing J(u) subject to y(u) = 0, where y(u) = [;(|VEul* —
hy(t, z,y,u)u?) do = 0. Hence, by the theory of Lagrange multipliers, there exists § € R
such that J'(ug) = 64 (ug). Thus,

(J'(u0), u0) = 0y (uo), uo)-

Since ug € N but ug ¢ N°, we obtain that # = 0 and the proof is completed. O

We now investigate the Nehari manifold for (P2) and from now on we define

2 _ 2
Il ey = | Vel o,

and S is the best Sobolev constant for the compact embedding of H;:é\/m(E) into LlN/l(E)
(see Proposition 2.6). The energy functional is given by

1 1 1
Ia(u) = §/E|V1E“|2d0— m/Eg|u|p+1dU— ﬁ/Ef,\\uP“da,

and u € Ny if and only if

o) = (T4(a)s) = [l gy = [ alul?™ o= [ fful*t o =
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Then, for u € Ny,

(AW =2l s gy = @+ 1) [ gl do = g+ 1) [ flul do

= (=Pl gy = =) [ Dl do (1)
= (1=l ims) ~ =) [ glul? dor (12)

Then, similarly, we split N, into three parts:
Ny = {u € Ny; (p\(u)u) > 0},
Ny = {u € Ny (P (w)u) <0},
N3 = {u € Ny; (¢ (u)u) = 0}.
Then, motivated by Lemma 4.3, we get conditions for N? = ¢.

Lemma 4.4. There exists p11 > 0 such that, for each \ € (0, 1), we have N9 = ¢.

Proof. Suppose that N # ¢ for all A > 0. If u € N}, then we obtain, from (4.1), (4.2)
and Proposition 2.6, that

2 g+1| £+ q+1
and
1
27 ey < 5 7o gy I
Thus, we get

a <| <AV A=Dey,

|u||’H;év/2(E)

where ¢1,c2 > 0 and are independent of the choice of u and A. If X is sufficiently small,
this is a contradiction. Hence, there exists p1 > 0 such that, for A € (0, u1), we have
NY = ¢. |

Let Z, ={u e H;:éV/Z(E); Jg 9lulP™ do < 0}; then, for each u € ’H;:év/Z(E) \ Zg4, we
write ) o—1)
1— -
o [ (1= Dl ] .

(p—q) [ glulPtt do

We then have the following lemma.

Lemma 4.5. There exists us > 0 such that, for each u € 'H;:évm(E) \ Z, and X €

(0, o), we have the following.

(i) There exists a unique s~ = s~ (u) > Smax > 0 such that s"u € Ny and J\(s~u) =
MAaXs>smax J/\(Su).
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(ii) s~ (w) is a continuous function for non-zero u.

(iii)

Ny ={ueny 2@\ zs ) = s () =1}

lellygy ey Nl yre )

(iv) If [ falu|" do > 0, then there exists a unique 0 < sT = s*(u) < Smax such that
stu e Ny and J\(sTu) = minge - Ja(s0).

Proof. (i) Let
T(5) =l gy =7 [ gl o for s >0

We have T'(0) =0, T(s) = —o0 as s — +00, T'(s) is concave and achieves its maximum
at Smax. Moreover, by Proposition 2.5, we have

_ 2
(p—q) JgglulPt! do

(1= DllulZy vz, (p—q)/(p—1>/ ey
- u o
(v —a) JeolulP"Tdo g’

= ||u||q+1 [(H)(l—q)/(p—l) - (1_q>(17_q)/(p—1):|
Hy0 2 ® [\p— ¢ e

) el 2 ey N0/
Jz glulpTtdo

> [ull? s (79—1> (1—‘1>(1W(p1)( 1 )Uq)/(pl).
Ho " ®\p—q)\p—q ST g+ o, won (s)

(4.3)

(1-q)/(p—1) )
) ol

Tsun) = (

Case 1 ([ falu|?7t! do < 0). There exists a unique s~ > smax such that
T(s™) :/fA\u|q+1 do and T'(s7)<0.
E

Thus, s7u € Ny .
Since s > Spax, We have

T/(5) = (L= 0)s Nl sy~ 0= )" [ gl o <0 (4a)
and q

—J = 2 —sP Pl o — q/ 7+l d4g. 4.5

S0 = sl ey = [ ol do =t [ prtan (45
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Therefore, by (4.4), (4.5) and T(s™) = [; falu[?"*do, we obtain that Jy(s~u) =
MaXs>s,.. Ja(sw).

Case 2 ([ falu|?T' do > 0). By (4.3) and

T(0)=0< [ falul"!do < >‘Hf+HLr N/Tq(]E)Sngl”qut,le < T'(Smax)
E a Hz'o (E)
for A € (0, u2), it follows that there exist unique numbers s* and s~ such that st <
Smax < 8_7

7() = [ Al do =7(57)

and T'(s7) < 0 < T'(s%). Similarly, we have that stu € Ny, s7u € Ny, Jy(stu) <
Ja(su) < Ja(s7u) for each s € [sT,s7] and Jy(sTu) < Jy(su) for each s € [0, Smax]-
Hence,
Ja(sTu) = Oggéisnmx Jx(su), Irn(s"u) = Jnax Jx(su).
(ii) By the uniqueness of s~ (u) and the external property of s~ (u), we have that s~ (u)
is a continuous function of u # 0.

(iii) For u € Ny, by (4.2) we have u € H;:év/z(]E) \ Z,. Let

u
v

=
lellyeg g ey

by (i), there exists a unique s~ (v) > 0 such that s~ (v)v € N, . Thus,

< U ) 1
S — 1,
HUHH;;é"”(E) HuHHé:é\’/?(E)

because v € Ny . Therefore,

NAC{ueHéjév/z(JE)\Zg;s_(u) ! s—( “ ):1}.

Ml Nl e

Conversely, if u € H;:éV/Q(IE) \ Z, is such that

_< u ) 1
s =1
Hallagy vz ey / Mellyeg g2 ey

Then

)

s< v ) Y €Ny .
sz g

(iv) By Case 2 of (i). O
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Applying Lemma 4.4, for 0 < A < p1, we write Ny = N; U N, and define

ay = inf Jy(u), aj: inf  Jy(u), a, = inf Jy(u).
u€ Ny ueN uEN,

We then have the following results.

Lemma 4.6.
(i) Jy is coercive and bounded below on N.
(i) If A € (0, 1), then ay < af <O0.

(ili) There exists 0 < pg < min{u, po} such that, for A € (0, po), o) > do > 0, where
dy is independent of the choice of u.

Proof. (i) For u € Ny, by Proposition 2.6 and the Holder inequality, we get

_ (! 1 2 1 q+1
=\5 -~ - — d
Taw) (2 p—l—l)”u”Héjé\]/z(E) <q—|—1 p+1> /f>\|U\ 7

p—1 2 P—4q + a1y, 1a+
= 2(p_|_1) ||u||7_[;é\’/2( E) ( )(p_|_1) ||f ”quN/’tI(IE)S ||U’H 1N/2(]E)
p— 2 p—1 _ Dya2/(1—a)
(p+1) || || lN/2(]E) ( )H || 1N/2( E) DO)‘
= —Do\2/ (=), (4.6)

where Dy is a positive constant depending on p, ¢ and || f ||qu ~/rq (g~ Thus, Jy is coercive
and bounded below on Nj.

(ii) Let u € Ny; then

1—
p—

4 2 p+1
> d
Ul e, > [ olul? o

and

1—g¢q

1 3 1 1 il
Z - = d
. ull + [[ull3

2 g+ 1) e T G ®

[
+1 P+l Ullagg i ()

(it
<§

Thus, a) < a}f < 0.

https://doi.org/10.1017/50013091514000145 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000145

Edge-degenerate elliptic equations on singular manifolds 371
(iii) Let u € Ny ; then

1—
p—

q
||u||3{;,é‘1/2(]}:) < ‘/]E ‘u|p+1 dU < Hg+||L9pN/5P(]E)Sp+1Hu”p 1, N/z(IE).

This implies that

1/(p—1)
1—¢q 1
HUH 1,N/2 > < ) (47)
Halo ' (E) p—q ||9+||Ls,,N/5p (E)S§+l

for any w € Ny . From (4.6), we obtain that

Satt]

p—4q
J/\(u) = H ”q 1 N/2 )Hf HquN/Tq(]E)

_y—r-4
(E) { 2(p+ 1) I ”Hl 02® - g+ 1)(p+1
(4.8)

Hence, by (4.7) and (4.8), we get the assertion of (iii). O

Lemma 4.7. If A € (0, po), then the following hold.

(i) There exists a sequence {uy} C Ny such that

+ / g —1,—N/2
In(ur) = ax+o(1) = ay +o(1), Jy(ux) =o(1) inH,g (E).
(i) There exists a sequence {uy} C N, such that

Ia(ux) =y +0(1),  Ji(w) =o(1) inHyg VA(E).

Proof. First we prove (i). By Lemma 4.6 and the Ekeland variational principle
(see [15]) we get a sequence {ug} C N such that

1
J)\(uk):()é)\JrE, (4.9)
1
In(ug) = Ia(w) + %H’uk - W||H;:é\]/2(E) (4.10)

for all k € N, w € Ny. By Lemma 4.6 (i), we have that {HukHH1 N/Z(]E)} is bounded. Now,
since a) < 0, there exists kg, where 2 < —kga,, such that

1 1 2 1 Qax
ayx < J = = = — q+1 d
RACY (2 p—i—l)”uﬂéig/z(ﬁ) (q+1 p+1> /f>\|u| =

for k > ko. We then obtain that

1 1 ) pP—q /
P g - - - @ g+1 d
<2 p+ 1)'“’“”%%:5”@&) P Jo AT de

<A pP—q

Il v 5q+1||uk||q 172
(p+1)(qg+1) a1

()
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and
ax(p+1)(g+1) + +1 q+1
_7T SAlf HquN/Tq(]E)Sg \|Uk\|7{§:éwz(m)~
This implies that
S(_awp+n@+m> L j““”
" 22 p—q ||f+||quN/"q(]E)

S lunllzg e ey
2(p — q) + 1)1/(1‘”
| — iy SS9 . 4.11
((p—l)(q+1) ”f ||quN/ (E)~'r ( )

We now show that ||J4 (ug)
result.

|‘H;(1),7N/2(]E) — 0 as k — oo. For this, we need the following

Claim 4.8. Let X € (0, 110) be arbitrary. For any u € Nx(Ny ), there exist ¢(u) > 0 and
n: B(0,e(u)) € Hy'p'*(E) — R differentiable such that n(0) = 1, n(w)(u—w) € Nx(Ny)

for all w € B(0,¢(u)) and, for all z € 'H;:(I)V/Q(E), it holds that

2 [ VeuVevdo — (p+ 1) [pglulP~ uzdo — (¢ + DA [5 falul tuzdo

!
17(0) - 2
(= @ullf ~z g = 0= a) JgglulP*t do

®)
(4.12)

Assume for a while that the claim holds. Apply Claim 4.8 for u; € N,; we obtain a
function ny: B(0,ex) C H;:éV/Q(]E) — R differentiable with 7, (0) = 1 and ny (w)(ur —w) €
N, for all w € B(0,¢e). Fix any 0 < p < &, and let v, = np(w,)(ur — w,), where

pu

lellaey e

and wu € ’H;év/z(E)

w, =
Since v, € Ny, by (4.10) it follows that
Tale) = Tn(ue) >~y — wall sz
and thus, by the mean-value theorem, we get that
(J\(ug), v, — ug) + o(|Jv, — ukIIH;:éV/z(E)) > —%HUP — ukHHiiéV/z(E)'

By the definition of v, we obtain that

1 U
—glve = el ey < olllvp — uklly vz ey) —p <J3(“’“)’ ||u||w@)>
2,0
+ (e (wp) — 1) (I (ug), uk, — wp)
v u
= O(va - ukHH;’é\’/Z(]E)) —Pp JA(Uk); W
’ Hyo ()
+ (e (wp) = DI (ur) = I\ (0)), up — wp).
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Hence, for all 0 < p < &g, we have that

"(u u (nk("‘)p)fl) ") — T () un — w
(). ||ullﬂ;ng@)>< AR AR

”vP - uk”’;.[%:év/z(E)

kp

+olllvy = el e

Since lim,_,o+ < ||, (O)HH,;};*N”(JE)’ and noting that the sequence {uy} is bounded, and
also that J} is continuous and lim,_,o+ v, = ug, we infer that there exists ¢ > 0, inde-
pendent of p and k, satisfying

(), o

c !
|u|7—th/2(]E)> < E||77k(0)||7{;})ﬁlv/2@)- (4.13)
2.0

We now demonstrate that H')’];C(O)|‘H—1,—N/2(]E) is bounded for all £ € N. By (4.11)
2,0
and (4.12) we have that there exists ¢ > 0 independent of k € N such that

e

[1(0) - w| < .
' 0= @)l nra ) — 0= @) JgfusPTdo

(E)

Hence, it is enough to prove that there exists ¢ > 0 such that

>c (4.14)

(=l oy = 0 =) [ alual? o
for k large. Suppose that there exists a subsequence, still denoted by {ug}, such that

(1= s e ) = (0 = (1)/Eglwc|”+1 do = o(1). (4.15)

Since {ug} C Ny, by (4.11), (4.15) and arguing as in the proof of Lemma 4.4, we can
obtain a contradiction. Thus, there exists ¢ > 0 such that (4.14) is satisfied and we obtain
the assertion of Lemma 4.7.

Proof of Claim 4.8
Consider u € N). Define F': R x H;’(l)’me(E) — R by
F(n,w) = (JA(n(u - w)),n(u - w))
= 0l = w32y =" / Aalu = wPtdo —p / glu = w|"*! do.
2,0 E E

Now, since

F(1,0) =0 and iF(l,O) = (¢\(u),u) #0
afEl
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because NY = ¢, it follows by the implicit function theorem that there exists e(u) > 0
and n: B(0,e(u)) C Hy N/z( E) — R is differentiable such that 7(0) = 1, F(n(w),w) =0
for all w € B(0,e(u)), i.e. n(w)(u —w) € Ny, for all w € B(0,e(u)). We also get that

(OF(1,0)/0x2) - w
OF(1,0)/0x,

7'(0) w=—

for all w € 7—[1 N/Q( E). Hence, (4.12) holds.

Now consider the case u € N5 . In a similar way, we get e(u) > 0 and 7: B(0,e(u)) C
Hy N/2( E) — R is dlfferentlable such that n(0) = 1, n(w)(u —w) € Ny for all w €
B(O, e(u)), verifying (4.12). Since (¢} (u), u) < 0 and due to the continuity of the functions
¢\ (u) and 7, we have, if £(u) is sufficiently small, that n(w)(u—w) € Ny . This concludes
the proof of Claim 4.8. The proof of (ii) is similar to that of (i). O

Lemma 4.9. Let A € (0, po); then,
(1) Jx has a minimizer u* in Ny and it satisfies

JA(ul) =) = aj,

(ii) Jx has a minimizer u* in Ny and it satisfies

Proof. (i) By Lemma 4.7 (i), it follows that there exists a sequence {uy} C Ny such
that

Ia(ur) = ax+o(1) = af +o(1), Ji(ur) =o(1) in Hay V3(E).

By Lemma 4.6 (i) we infer that {uk} is bounded on 7-[1 N/ (). ThUb passing to a subse-
quence if necessary, there exists u' € Hl N/z(]E) such that uy, — u! weakly in 7—[1 N/z(]E).
First, we claim that f]E AHlut]ttdo # 0. I not, by Proposition 2.6 we can conclude that

/f,\|u;€|q'*'1 do =0 ask — oo.
E

Thus,
2 — p+1
”Uk”H;:év/z(E) = /Eg|uk| do + o(1)
and
1 1 9
Taur) = { 5 = o ¥ 1 w33 72 gy +0(1) 20 as k= oo,

This contradicts JA(uk) — ay <0 as k % oo In particular, u' € N;‘ is non-trivial. We
now prove that u, — u' strongly in 7{ ( ). Supposing the contrary,

1 . .
HU HH;’E)V/Z(]E) < kli?go inf ||uk||H;:év/2(E)'
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Thus,
2 1p+l 4y — g+l g
o oy — o7 e = [ gt o

< klirgoinf <||uk”3-t§:év/2(1E) - /]Eg|u;€|p+1 do — /]EfA|uk|q+1 d0> =0.

This contradicts u' € Ny. Hence, u;, — u! strongly in ’H;:év/z (E). This implies that
J)\(uk) — JA(U2) = ) as k — oo.
(i) By Lemma 4.7 (ii), it follows that there exists a sequence {u} C N, such that

Ta(ug) = ay +o(1) = ay +o(1), Ji(uy) =o(1) inHye V(E).

By Lemma 4.6 (i) we infer that {uy} is bounded on ’H;:év/z(E). Thus, passing to a subse-
quence if necessary, there exists u? € ’H;:év/z(E) such that uj, — u? weakly in ’Héév/z(E)

First, we claim that f]Eg|u2|erl do # 0. If not, by Proposition 2.6 we can conclude that

/g|uk|p+1dcf%0 as k — oo.
E

Thus,
2 — p+1
Huk”?—t;:é\’m(E) = /]EfA|Uk‘ do‘Jro(l)
and
1 1
Sl = (2 - q+1) sl 72y +0(1) SO s k= oo

This contradicts Jx(uy) — o, > 0 as k — oco. In particular, u? e N, is non-trivial. We
now prove that u, — u? strongly in Héév/z(E) Supposing the contrary,

2 . .
el vy < JHim inf funllyg, vz g
Thus,
292 _ 2p+1 3 _ 21g+1
1421 gy = [ ol o = [ (e o
lim inf 2 _ p+1 _ q+1 - 0.
< lim in (”uk||7{§;é\’/2(1E) /Eg|uk| do EfA|uk| do 0

This contradicts u? € Ny. Hence, ur — u? strongly in H;:év/g (E). This implies that

Ian(ug) = Ja(u?) = ay  as k — oo.
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We now give the proofs of Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Since N;r NN, = ¢, by Lemmas 4.3 and 4.9, we can obtain
that there exist two different non-trivial weak solutions for

*AIEU:g(taxay)up+f)\(tax7y)uqv (t,x,y) GEOa
u =0, (t,xz,y) € OR.

If we change the definition of the functional Jy(u) to
1
/ |Vgul?do — —— [ glu™[PTtdo — —— / AuT|7 do,
E q+1Jg

where u™ = max{u,0}, then all steps in the above proof hold and we can obtain two
different non-trivial weak solutions for

_A]Eu = g(t,x,y)(u+)p + f)\(ta x7y)(u+)q7 (t7xay) € E07

u =0, (t,z,y) € OE.
Multiplying this by «~ and integrating over E with do, where u~ = — max{—u,0}, we
find
—12 o
Hence, u~ = 0 and we complete the proof of Theorem 1.2. O

Proof of Theorem 1.3. By conditions (H}), (H}) and Proposition 2.6, we obtain
that

1
[t do < X e Sl
E (E)
and
[ ol o < g Sl
Thus, we complete the proof of Theorem 1.3 if we change
170 7ma y SETH imto [ [l 83T

and change

: +1
g+l gy ST nto (Lo SPL]

in the proof of Theorem 1.2. (I
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