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Abstract

Let S be a sub-Markovian semigroup on L,(RY) generated by a self-adjoint, second-order, divergence-
form, elliptic operator H with W' (R?) coefficients cy;, and let Q be an open subset of RY. We prove
that if either C°(R?) is a core of the semigroup generator of the consistent semigroup on L,(R¢) for some
p €[1, oo] or Q has alocally Lipschitz boundary, then S leaves L,(Q) invariant if and only if it is invariant
under the flows generated by the vector fields 27:1 cy0p for all k. Further, for all p € [1, 2] we derive
sufficient conditions on the coefficients for the core property to be satisfied. Then by combination of
these results we obtain various examples of invariance in terms of boundary degeneracy both for Lipschitz
domains and domains with fractal boundaries.
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1. Introduction

Let S be a sub-Markovian semigroup on L,(R“) generated by a self-adjoint second-
order elliptic operator H in divergence form. If the operator is strongly elliptic then
S acts ergodically, that is, there are no nontrivial S-invariant subspaces of Ly(RY).
Nevertheless there are many examples of degenerate elliptic operators for which there
are subspaces L,(2) invariant under the action of S (see, for example, [8, 10, 11, 25]).
Our aim is to examine operators with coefficients which are Lipschitz continuous and
characterize the S -invariance of L,(Q) by the invariance under a family of associated
flows. In order to formulate our main result we need some further notation.

First, define the positive symmetric operator H, with domain D(Hy) = C?(Rd ) and
action

d
Hoyp = —Z Okcr01p,
=1
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where the coefficients cy = cy € WH(R?) are real and C =(cy) is a positive
semidefinite matrix over R?. Then the corresponding quadratic form g, given by

d
ho(@) = ) Bk, cudig),
k=1

with domain D(hy) = C”° (RY), is closable. The closure & = Eg determines in a canonical
manner a positive self-adjoint extension H of Hy, the Friedrichs extension [13] (see,
for example, [22, Section 124], or [19, Ch. VI]). The closed form 4 is a Dirichlet
form and the self-adjoint semigroup S generated by H is automatically sub-Markovian
(for details on Dirichlet forms and sub-Markovian semigroups see [3, 14]). For all
p€[l, 0] and 7> 0, there exists a unique continuous operator Sﬁp ) on L,,(Rd) such
that P = 8¢ for all ¢ € Ly(R?) N L,(RY). Then S® is a continuous contraction
semigroup on Lp(Rd ). Note that the continuity on L.,(R?) is with respect to the weak*
topology. Let H, denote the generator of S?). We will refer to H, (or just H) as the
degenerate elliptic operator with coefficients (cy;).
Second, if by, . . ., by € WH°(R?) then the first-order partial differential operator

d d
1
o kz_; biorp — 3 kz_;(akbk)l,

with domain C° (R9), is essentially skew-adjoint (see, for example, [23, Theorem 3.1]).
Therefore the principal part is closable and generates a positive, continuous, one-
parameter group on L,(R¢). We refer to such a group as a flow. Specifically we are
interested in the flows associated with the coefficients (cy) of H. Forallk € {1, ..., d},
let Y, denote the L, closure of the first-order partial differential operator

d
o Z ck0ip

I=1
with domain C®(RY). Then denote by T®) the flow generated by Y;. The operators
Yy, ..., Y; were used by Oleinik and Radkevi¢ [20] to analyse hypoellipticity and
subellipticity properties of degenerate elliptic operators H with C* coefficients (cx;)
(see [18] for a review of these and related results). We, however, use the flows to
characterize the invariant subspaces of the semigroup generated by H.

Tureorem 1.1. Let Q be a measurable subset of RY. Consider the following conditions.

@D S,L(Q) C Ly(Q) forall t > 0.
(A TPLQ) = Ly(Q) forallkefl, ... ,d}and t € R.

Then (1) implies (II). Moreover, if C*(RY) is a core of H, for some p € [1, oo], or if Q
is an open set with locally Lipschitz boundary, then (I) and (II) are equivalent.

Recall that an open set Q is defined to have locally Lipschitz boundary if, for every
y € 0Q), there exist an isometry ¥ : R? — R?, a real function 7€ W' (R4 ) and r > 0,
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such that
QN By(r) = {P(x1, X) 2 (x1, ¥) ERX R 7(x') < x1} N By(r), (1.1)

where By(r) ={x € R : |x — y| < r}. Thus, in a neighbourhood of y, the boundary 6Q
of Q is the graph of a Lipschitz function 7 and Q lies on one side of it, up to an
isometry .

The condition that C®(RY) is a core of H,, can be phrased in a different way.
If p<oco, then it is equivalent to the statement that the operator Hp, viewed as
an operator in L,,(Rd), has a unique extension that generates a strongly continuous
semigroup (see [1, Theorem 1.33]). One also says that Hj is L, unique. For more
characterizations, see [7, Appendix A, Theorem 1.2].

We shall show in Section 2 that the flows extend consistently to continuous one-
parameter groups on Lp(Rd). Although the invariance properties of Theorem 1.1 are
stated for the subspaces L,(€2), these are equivalent to similar invariance properties of
the subspaces L,(£2). For example, the S -invariance of L,(£2) and the sub-Markovian
property of S give

S (La(Q) N Ly(Q)) € Ly(Q) N Ly(RY) = Ly(Q) N L,(Q).

Therefore S'”’L,(Q) C L,(Q) by continuity. Similarly, the S ®-invariance of L,(<)
implies the S -invariance of L,(€). The argument for the flows is identical.

There is another variant of the theorem that we first establish. For all ¢ € C>(RY),
define Y, as the L, closure of the first-order partial differential operator

d
p- Z (OxY)cr0ip

k=1

with domain C;"’(Rd), and let 7Y be the associated flow. Then invariance of L,(Q)
under the 7™ is equivalent to invariance under the family of flows T%. More precisely,
the following proposition holds.

ProposiTION 1.2. Let Q be a measurable subset of RY. The following conditions are
equivalent.

D) TVLy(Q) = Ly(Q) for all y € CX(RY) and 1 € R.
(D) TPL Q)= Ly(Q) forallkefl,. ... d}yand t€R.

This will be established in Section 2. Then we prove Theorem 1.1 in Section 3,
and we derive various core criteria in Section 4. Our results are illustrated by several
examples in Section 5.

2. Flows

In this section, we derive some properties of the flows defined in Section 1 and
prove Proposition 1.2. Although we deal primarily with the flows on L,(R?), we will
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need some properties of their extensions to L.,(R¢) in Section 3. Therefore we begin
by summarizing some general features of the flows.

Let by,...,bge W'°(R?) and define Y as the L, closure of the first-order
differential operator ¢ > Y¢_, bydwgp with domain W'-2(R?). Further, let T denote
the flow generated by Y. Then for all p € [1, o], the group T leaves the subspace
LRYH N Lp(Rd) of L,(RY) invariant, and T extends from L,(R¢) N Lp(Rd) to a flow
TV on L,(R?) such that T'7! is strongly continuous if p € [1, o) and 71! is weakly*
continuous. The groups act in a consistent and compatible manner on the L, spaces.
Moreover, T is a group of automorphisms of L, (RY), that is,

T ) = (TIN)(T1)g)

for all ¥, ¢ € Lo(R?) and t € R. Then since the L., functions are multipliers on the L,
spaces, one deduces that

T/ (rp) = (TN e)(T1 ) @2.1)

for all T € Lo(RY), ¢ € L,(R?), pe[1, 0] and t € R. If ¥;,) is the generator of TP,
then W'P(R?) C D(Y;,)) and Y;,j¢ = 3¢, bidygp for all p € WP(RY).

These properties depend critically on the fact that Y is a first-order partial
differential operator with coefficients b € WH*°(R?). They can be verified either by
general arguments of functional analysis (see, for example, [24, Theorem V.4.1]) or
by the methods of ordinary differential equations. The crucial observation in the latter
context is that if p € Cg"(Rd), then (T;¢)(x) = ¢(ws(x)), where t — w,(x) is the unique
solution of the differential equation (d/df)w,(x) = b(w,(x)) with initial value wy(x) = x
(see, for example, [16, Chs 2 and 3]). We write w,(x) = e'? x.

Our first result is an approximation result that will be needed on Ly(R¢) but whose
proof extends to the L, spaces.

PropoSITION 2.1. Let p€[1,00]. Let Y|, denote the generator of the flow T'P! on
L,,(Rd). Further, let T € Cf’(Rd) with f‘r =1 and for all n €N define 1, € Cf,"(Rd)
by 1,(x) = n?t(nx). Then lim,_ Yip1(twx@) = Y0 in Lp(Rd) for all p € D(Y,)
if p<oo. If p=oo, then lim, e Yie)(Ty * ¢) = Yiepp weakly” in Lo(R?) for all
(RS D(Y[Do]).

Proor. First, for all n € N define the bounded operator B, : Lp(Rd) - L,,(Rd) by

d
B,p=
k=

d
Tn * (Okb)g) + Z f dy(O,tn) (U = Ly)bi)(Lyp),
k=1

1

where L denotes the left regular representation of RY, that is, (Ly)(x) = (x = y).
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Second, if ¢ € C‘C"’(Rd) and n € N, then

d
Yipi(Tn % @) = Z by fdyT,,(y)Lyak(p
k=1
d
= Z fdyTn(y)(bk - Lybk)Lyakgo
k=1

d
N f dyT, ()L, (brdkg).
k=1

The second term is equal to T, * Y. For the first term, use L,0kxp = —0L,p/dyx.
Then integration by parts gives

d
0
Yipi(T @) = T+ Yipip = )| f Ay, OBk = LbONLy) = By
k=1

Since B, is bounded, one deduces by density that

Yip1(Tn % @) = T % Yip19p = Bup (2.2)

for all n € N and ¢ € D(Y[,)).
Third, it follows from the definition of B,, that

d
1Bl < Y (IKxboel, + f IO I = LbLel, |
k=1

d d
< ; 1Bl gl + ; f Y)W = L)l

forallneNand ¢ € Lp(Rd). But
17 = Ly)billoo < Y1 1Dl ety

and

[ a@mawivi= [ s
Therefore ||B,¢ll, < Mll¢ll, uniformly for all n € N and ¢ € L,,(Rd), where

d
M=y (1 + f dy@D) |y|) [
k=1
The conclusion holds for all p € [1, oo]. So By, B,, . . . are equicontinuous.

Next, assume that p <oco. Then lim, e 7, %@ =¢ in W'PRY) for all pe
WP (R?). Consequently, lim,_,c Y(1(T0 * @) = Y, strongly in Lp(Rd). Furthermore,
lim,, o T * (Y[p)¢) = Y} pj¢p strongly in LP(R"). Therefore it follows from (2.2) that
lim,, e Bap =0 in L,(RY) for all ¢ € WIP(R?). Since W!P(R?) is strongly dense in
LP(R") and By, B,, ... are equicontinuous it follows that lim,_,. B,¢ =0 in LP(R")
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forall ¢ € Lp(Rd). Finally, let ¢ € D(Y{,)). Then one establishes from (2.2) that

Jim Yi,)(7, % @) = lim (7, % Y1 + Bug) = Yipip
in L,(RY).

The argument when p = oo is very similar. If ¢ € W1 (RY), then lim 7, * ¢ = ¢ and
lim 07, * ¢ = Orp weakly”. Therefore lim Yo)(7, * ¢) = Y[eojp Weakly™ on Lo (RY).

Then since W (R?) is weakly” dense in Lo(R%) and By, B, . . . are equicontinuous,
the desired conclusion follows as before. O
Now we return to consideration of the vector fields Y1, . .., Y, defined in Section 1

acting on L, (RY).

CoroLLARY 2.2. Let T and 1, be as in Proposition 2.1. Then for all ¢ € mZ=1 D(Yy),
one has lim,_. Yi(t, % @) = Y@ for all ke{l,...,d). Therefore W*>R?) is a
simultaneous core of the Yy, ..., Y,.

The second statement of the corollary follows because convolution with 7,, maps
Lr(RY) into W2(RY).

Now we turn to the proof of Proposition 1.2. Note that if T is a flow with generator
Y then T-invariance of L,(€2) is equivalent to the commutation of Y and the operator
of multiplication with 1q, that is, if ¢ € D(Y) then Tge € D(Y) and Y(1qp) = 1Y .

Proor or Prorosition 1.2. First we show that (I) implies (II). Let k€ {1,...,d} and
let U c R? be a bounded open subset. There exist y, ¥ € C=°(RY) such that y|y = 1
and y(x) = x; for all x € supp y. Then Yi(x¢) = Y,( x¢) for all p € CX(R?). Since
@ xo is continuous on D(Y}) and on D(Y,) with the graph norm, it follows from
Proposition 2.1 that y¢ € D(Y) for all ¢ € D(Yy). In particular, if ¢ € C?(Rd) with
supp ¢ C U, then 1o¢ € D(Y), and therefore Loy = y1qg € D(Y)). Moreover,

Yi(lap) = Yy(xlap) = 1oY,(xe) = LaYie.

It follows by continuity that Tge € D(Yy) and Yi(lqy) = 1oYre for all ¢ € D(Yy).
Therefore condition (II) is valid.

Now we show that (II) implies (I). It follows from condition (II) that 1op € D(Y})
and Y (1gy) = 1oV, for all ¢ € D(Y}). Let ¢ € C¥(RY). Then Yyp= zle(akw)yk<p
for all ¢ € C(R?). Since the coefficients ¢y are in WH*(R9), it follows from
Corollary 2.2 that ¢ € D(Y}) and Yy = 22:1 O Yrp forall p € ﬂzzl D(Y}). Hence if
pe Cg"(Rd), then 1og € D(Yy) and Y, (Lap) = 1oY,¢e. By density, the latter formula
extends to all ¢ € D(Y),), and therefore condition (I) is valid. m]

Finally, we note that the flows 7% can be defined for all ¥ € W>*(R?), and the
conditions of Proposition 1.2 are equivalent to invariance of L,(€2) for all T,‘” with
W € W2°(R?) and ¢ > 0. This follows from the arguments of the foregoing proof.
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3. Semigroup invariance

In this section, we prove Theorem 1.1. First, however, we observe that condition (1)
of the theorem, that is, the invariance of L,(Q) under the flows T®, is equivalent
to the TY-invariance of L,(Q) for all y € C‘C"’(Rd). This is a direct consequence of
Proposition 1.2, which was established in the previous section. Therefore in the
subsequent discussion we will consider the T¥-invariance condition.

Proor oF THEOREM 1.1. By the foregoing observation, to show that (I) implies (II), it
suffices to prove the TY-invariance of L,(Q) for all ¢ € C?"(Rd).

First, it follows from the density of C f(Rd) in D(h) that there exists a unique bilinear
map I : D(h) x D(h) — L1(RY), the carré du champ, such that

d

LW, @)= ) cal@) )

k=1
for all ¥, o € WH2(RY). Then [T, o)l < h(y)'?h(p)'/? for all y, ¢ € D(h) by the

Cauchy—Schwarz inequality. Moreover,

1
fTT(lﬁ, @)= 5 (WY, @) + h(, T¢) = h(z. ) (3.1)

for all 7, ¢, € CX(R?). Then (3.1) extends to all 7, ¥, ¢ € D(h) N L(R?) by density.
Second, the form /4 is local in the sense that i(y, ¢) = O for all ¥, ¢ € D(h) such that
Y =0 (see [28]). It follows from (3.1) that I' is local in the same sense.
Third, since L,(€) is S -invariant, the operation of multiplication by 1o maps D(h)
into itself. Therefore, if ¥, ¢, T € D(h) N Loo(RY), then 1qp, 1ot € D(h) N Lo, (RY). By
locality of &, one deduces from (3.1) that

1
[ T 109) = 50t 109) + 100 T1ap) = b L)
1
= S((Laty, ) + h, Tazg) - h(laT, y)
- [tarrw.s.

Hence T'(, 1ap) = 1oT'(, ¢). But D(h) N Lo(RY) is dense in D(h), and therefore

r(‘/’? ]]-an) = ]lQF(lr//a 90) for all Irl/’ pe D(h)
Now fix ¢ € C2(RY), and let T € C2(R?). Then

((Yp)'r,m) =, Yyn) = (7, T, 1)

for all 7 € C(R?). One deduces that ((Yy)'7,m) = (r,T(¥, n)) for all n € D(h), since
C;"(Rd) is dense in D(h). Choosing n = T, it follows that

(Yy)'7, 1ap) = (r, T, 1ap) = (Lot T, @)
= (Lar, Yyp) = (7, 1aYye).
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Since Cg"’(Rd) is a core of (Yy)*, one deduces that 1op € D(Y,) and Y, (1ap) = Lo Y, ¢.
This conclusion then extends to all ¢ € D(Y,,) by density. Therefore L,(£2) is invariant
under TY.

To show that (IT) implies (I), we have to consider two special cases.

Case 1. Let p €[1, o] and suppose that C*(R?) is a core of H,.

Condition (II) is equivalent to the T invariance of L,(Q2) for all y € C¥(R?) by
Proposition 1.2. Therefore we assume the latter condition.
Let ¥, 7 € CZ(RY). Then

(Hlﬁ, TQO) = (T7 YIPQO) + (QO, YlﬁT)
for all ¢ € CX(R?). Since CX(R?) is dense in D(Y,), one deduces that

(Hy, ) = (1, Yyp) + (o, Yy 1) (3.2)
for all ¢ € D(Y)).
Now let ¥, 1, p € C;"’(Rd). Then by TY-invariance of L,(2) and (3.2), one deduces
that 1oy € D(Yy) and
(HY, 1) = (1, Yy (1ayp)) + (Lap, Yy7)
= (Iqt, Yyp) + (1ae, Yy1).
Similarly

(Lay, H(rp)) = (Lay, Y1) + (La¥, Y;¢)
= (Yp(Lay), 1) + (Yr(Lay), ¢)
= Yoy, La7) + (Yri, Lag) = (Lat, Yy9) + (lag, Yy1),

since Y ¥ = Yy and Yy = Y, 7. Therefore
(HY, 1o(te)) = (Lay, H(ty))
for all ¥, 7, p € C=°(RY). Then since C°(RY) = span(CX(RY) - C2(R?)), one has
(HY, 1ap) = (Lay, Hy) (3.3)

for all ¥, p € C(RY). At this point we use the core assumption.
It follows from (3.3) by continuity that

(Hy, Lap) = (Lay, Hpp)

for all ¥ € Cﬁ"(Rd) and all ¢ € D(H)p). But [(HY, 1ag)| < [|HY|l4llell,, where g is the
dual variable to p. Therefore Loy € D(H;) = D(H,) and

H,(1qy) = 1oHy

for all ¢ € C2(RY). But Loy € L,(R?) N Ly(R?), and furthermore Loy € D(H,) and
H,(1oy)=1oHy € LP(R"). Hence it follows from the sub-Markovian property of the
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semigroup S that 1oy € D(H,) and
H,(1oy) = 1oHy
for all Y € C?(Rd).
Finally, since C°(R9) is a core of H p it follows by continuity that 1oy € D(H,) and
H,(1ay) = 1oH Yy

for all y € D(H,). One immediately deduces that S fp (Loy) = 1oS ﬁp "y for all t >0
and ¢ € L,(R?). Therefore L,(Q) is SP-invariant and L,(Q) is S-invariant by the
discussion following Theorem 1.1.

Case 2. € 1is open and has a locally Lipschitz boundary.
Let Pg be the orthogonal projection of Ly(R?) onto L,(Q). By assumption, T%
leaves L,(Q) invariant for all ¢ € C=°(RY). Hence
TPy = PoT! Pg (3.4)

for all re R. Let B denote multiplication by the function zz,,zl(akw)(alck,) and set
M, =¢'B for all t € R. Clearly each M, leaves L,(Q) invariant. Therefore L,(Q) is
left invariant by (Tﬁ/nM_t/n)” for all r€ R and n € N. But (¥,)" = -Y, — B. Then the
Trotter product formula establishes that (T;” )* is the strong limit of (Tf[ /nM_,/n)" as
n— oo, So (le)* leaves L,(Q) invariant. Hence (T;”)*Pg = PQ(T;Z’)*PQ for all t € R.
Therefore PoT! = PoT! Po, and by (3.4) it follows that T Pq = PoT! for all £ € R.
Then
LaT!'p = PaT ¢ =T/ Pag = T/ (o) = (T 10)(T] ¢)

for all p € C‘C"’(Rd) and t € R, where T%!°! denotes the extension of the flow T¥ to
Lo(RY) (see Section 2), and we have used (2.1). Since T/ (CX(R%)) is dense in Ly(R?),
one deduces that T,w (ol =1 forall £ € R.

Next let ¢ € C2(R). Then (Y,)"¢ € Li(RY) N Ly(RY), so (Y}™)"¢ = (V)" @, where

Yl[;o] is the generator of T%!*°!. Since

(TN 0, 10) = (0, T™0) = (¢, 1)

for all 7 € R, it follows by differentiation that ((Y,)*¢, 1q) =0. Therefore, setting
O =3¢, cydpy forallke{l,. .., d), one has

fQ div(e®) = (Yy) "¢, 1) = 0. (3.5)

At this point we use the Gauss—Green theorem, which is valid for open sets Q2 with
locally Lipschitz boundary (see, for example, [12, p. 209]). It states that

fdiv‘l’:f ds (n, V)
Q o0Q

for all ¥ € W (R?) with compact support, where (-, - ) denotes the inner product
on R?, dS is the Euclidean measure on dQ and n is the unit outward normal to Q.
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The normal is defined dS almost everywhere. Thus if one sets ¥ = ¢® with ¢ €

C=(R?), one has
f div(e®) = f dS ¢(n, @) =0,
Q a0

where the last equality uses (3.5). Since this is valid for all ¢ € CZ"’(Rd), it follows
that (n, @) = 0 almost everywhere on Q. So ((V¢)(x), C(x)n,) =0 for almost every
x € 0Q. But this is also valid for all € C°(RY). Hence one must have C(x)n, =0
for almost every x € 9Q. This corresponds to the condition of zero flux across
the boundary as defined in [25], and then the S -invariance of L,(€2) follows from
Theorem 1.2 of this reference. m]

The argument in [25] that zero flux implies invariance is somewhat indirect, as it
first proves that the capacity of 0Q with respect to % is zero and then uses this to deduce
the S -invariance of L,(Q). Nevertheless, the same reasoning can be adapted to give
a direct proof of the invariance, since the proof can be reduced to a local estimate
as in [25]. The latter proof and this proof are an adaptation of the argument used to
prove [11, Proposition 6.5].

First, it suffices to prove that if ¢ € C2°(R?) then 1q¢ € D(h). This is a consequence
of [8, Proposition 2.1] and locality of 4. But this is obvious if the support of ¢ and
the boundary are disjoint. Therefore it suffices to consider ¢ with support close to the
boundary 0Q. Then, however, one can use a decomposition of the identity to reduce
to the case where supp ¢ C By(r) with y € 0Q and r > 0 small.

Second, let 7, ¥ be as in (1.1). Without loss of generality we may assume that
W(x) = x for all xeR?. For all n €N define ¢, : R = R by 4,,(x) = y,(x; — (X)),
where x = (x, ¥') e R x R¥" and y, : R — R is defined by

0 if 1< 1/n,
Xa(t) =4 log(tn)/logn if 1/n<t<1, (3.6)
1 ifr>1.

Then lim(/,,¢) = L1ag in L,(R?). Thus to establish that 1o¢ € D(h), it suffices to prove
that {h(¢,,¢) : n € N} is bounded. But

d
h(Ynp) < 2h(g) +2 f Il Z ki (Orn)(Ofrn)

kl=1
T(x')+1 C
dy f dxlo(o (Vx, C(X)Vs)
—1 T

< 2h(p) + 2(log n) 2 f
(¢) ( g ) e ye1m (xl_.r(x,))z

for all neN, where v, = (1, —(V7)(x")). Since the coefficients ¢ are in W (R?),
there exists M > 0 such that

K€, CO0E) = (&, C(E < MIEIPIx - 2]
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for all x,z, &€ R If x=(x;,x) € By(r), the function 7 is differentiable at x" and
x1 = 1(x"), then

(Ve C@(), X' Y2y = (1 + (VT )P )y, C(r(x), X Iny) = 0

by the zero flux condition. It follows that (v,, C(x1, x")v,) < Mi|x; — 7(x")| for all
x = (x1, x’) € By(r) with 7 differentiable at x’, where M; = M(1 + IVl )?. Hence

i (v, C(x1, XV
(log n)™2 f dx’ f dxilp(xy, ¥ )P
Ra-1 )+ /n (x1 —7(x"))

T(x')+1 5
< M;(log n)” zf dx’ f Igo(xl,x)|
d-1 T

o )+l/n (xl - 7(x'))
< My(log n) ' [lglIZ, K]

uniformly for all n € N, where K’ ¢ R%"! is a compact set such that supp ¢ € R x K”.
So {h(¥,p) : n € N} is bounded, as required. In fact a slightly more detailed argument
establishes that lim,, . 2y, — Lqp) =0

4. Core properties

In this section, we examine conditions that ensure that C;"’(Rd) is a core for the
degenerate elliptic operator H. Recall that H was defined in Section | as the Friedrichs
extension of Hy with domain D(Hy) = C®(R?). Therefore H generates a symmetric
sub-Markovian semigroup S. We discuss criteria for C°(RY) to be a core of H,,
the generator of the extension S of S to Lp(Rd), in order to apply Theorem 1.1
to establish invariance properties.

First, we recall two known criteria for CE"(Rd ) to be a core of H(=H>).

ProrosiTioN 4.1. If one of the following conditions is valid, then C>(RY) is a core of H.

(I)  The matrix (cy(x)) is invertible for each x € R%.
(D) cy € W*RY) forall k,1€{1,...,d}.

Proor. If condition (I) is valid, then Cg"(Rd) is a core, by the arguments in [5,
Theorem 3.1]. Davies requires that the coefficients are smooth, but if the coefficients
are bounded, then the smoothness condition can be relaxed to W*(R?). (See also the
proof of Theorem 4.8.)

If condition (II) is valid, then Cf."(Rd) is a core by [23, Section 6], or [9,
Proposition 2.3], or by an adaptation of the proof of Proposition 2.1 to second-order
operators. O

Note that condition (I) is equivalent to the requirement that uc(x) >0 for each
x € RY, where puc(x) is the smallest eigenvalue of C(x) = (cy(x)). This is a condition of
nondegeneracy that corresponds to strict ellipticity of Hy. But condition (II) imposes
no such requirement. Indeed if the ¢;; € W>*(R9), then one may even have pc(x) = 0
for all x € RY.
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ExampLE 4.2. If X = 0 and X, = cos x;0, + sin x;03, then the coefficient matrix C(x)
of the operator Hy = —X7 — X3 on C°(R?) has eigenvalues (1, 1, 0) independent of x.
Therefore C(x) is not zero and not invertible for any x € R*. Nevertheless the elliptic
operator Hy has C* coefficients, is hypoelliptic and is essentially self-adjoint. It is a
sub-Laplacian of the Euclidean motion group. See [6, Example IL5.1].

Our first aim is to establish a core result, Theorem 4.6, which involves a mixture
of the two conditions of Proposition 4.1. It establishes that the W>* condition is only
necessary in the neighbourhood of the degeneracy set of the operator. Then we discuss
an alternative version with the differentiability condition replaced by a boundedness

property.
Lemma 4.3. If y € W (R?) and ¢ € D(H) then y¢ € D(H).
Proor. Fix y € W>*(R%). Then it follows from [10, Lemma 3.4] that y¢ € D(/h) and

hCx)'? < Nl xlleoh(@)! 7 + ITCONL el

for all ¢ € D(h), where for all T € WH*(R?) we define

d
[(®) = ) cu@r)0ir) € Lo(RY). 4.1
k=1

If @, ¥ € C2(RY), then

d d
h(r, x¢) = h(xy, ) = Z f Yp(Okcudy) =2 Z f k()OO Y-

k=1 k=1
So
Iy, x@)l < Ih(xwr, )| + allwlbligll + 2h(0) AT OO WL, 4.2)

where a = ||3,0rc0x|le- Then, by continuity, (4.2) is valid for all i, ¢ € D(h). Finally,
if ¢ € D(H), then

IO, @)l = (i, Ho)l < [|Hel ] xlleo 4112

for all ¢ € D(h). Using (4.2), it follows that |h(y, x¢)| < c|ly|l, for all ¢ € D(h) for
some ¢ > 0. Therefore y¢ € D(H). O

If  # A CR? and 6 > 0, then define As = {x € R? : d4(x) < 8}, where d4(x) denotes
the Euclidean distance from x to A. Then Ay is an open subset of R,

Levva 4.4, Let HY and H® be degenerate elliptic operators with coefficients (CIS))

and (cg)) in Who(RY), and let 'V and h® be the corresponding quadratic forms.

Let U CRY be an open set and suppose that c,(i)IU = c,(j)lyfor allk,l€{l,...,d}. Let
0 € LR\ {0} and 6 > 0, and suppose that (supp ¢)s C U.

Then ¢ € D(h'V) if and only if ¢ € D(h'®). Moreover, if these conditions are
satisfied, then h'V (@) = h® (). Similarly, ¢ € D(HWY) if and only if ¢ € D(H®) and

then HD g = H®¢. Moreover, supp HV ¢ C supp .
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Proor. There exists y € W>*(R9) such that Xlsuppo = 1 and supp y € U. Suppose that
¢ € D(hV). Then there exists a sequence @1, ¢, . . . € WH(R?) such that lim ¢, = ¢ in
D(h'™V). Then lim ¢, = ¢ in Ly,(R?). But AV y,) = hP( x¢,) and

EYCxn = x0m) = K2 (X0 = XPm)

for all n,m € N. Therefore y¢i, x¢s, ... is a Cauchy sequence in D(h®). Since
lim y¢, = ¢ in L,(RY), one deduces that ¢ € D(h®) and h®(¢) = hD(p).
Finally, suppose that ¢ € D(H™). If y € C2(R?) and supp ¥ C (supp ¢)°, then

(HYg, p) = V(g ) =0

by locality. Therefore supp H" ¢ C supp ¢. Clearly ¢ € D(h'") and, by the first part,
¢ € D(h?) too. Let € D(h®). Then yy € D(h®) and supp yy C U. Therefore
x¥ € D(h'V). Then by locality, one deduces that

K2, ) = K (@, i) + K (@, (1 = )W) = ' (@, x) = KV, x ).

So
(e, )l = 1K (@, x)l = I(HD g, x)l < IHV @Il xlloollllo-
Therefore ¢ € D(H®). If y € C2(U), then

HYg, ) = (o, HV¢) = (o, HP¥) = (HP ¢, y).

Since supp HV¢ C U and supp H®¢ C U, it follows that H Vg = HP . O

PropositioNn 4.5. Let ACRY and 6§ >0. Further, let HY and H® be degenerate
elliptic operators with Wb coefficients (02)) and (c](j)). Suppose that 0 # A # RY,
CE)|A6 = cyla, and Cg)kAc)é = cullaey, for all k, L€ {1, ..., d}, and that Cc‘f"(R‘l) is a core
of both HY and H®. Then C>(RY) is a core of H.

Proor. Let 7€ C(R?) be such that [ 7 =1 and 7(x) = 0 for all x € R for which |x| >
§/4. Let y =7 * 14,,. Then y € W (R?), xla,, =1 and supp x C Azs4. Moreover,
supp(1 — x) € (As/2)° CA°.  There exist yi, x2 € W°(R?) such that Xtlas, =1,
supp x1 € As, x2lac = 1 and supp x> € (A)s.

Let ¢ € D(H). It follows from Lemma 4.3 that y¢ € D(H), and consequently
(1 - x)p € D(H). We shall show that we can approximate both elements by C.°
functions. We may assume that y¢ # 0 # (1 — y)¢. Since supp( y¢) € Azs/a, One
deduces from Lemma 4.4 that y¢ € D(HV) and HV( y¢) = H( y¢). By assumption,
there exist ¢, ¢, ... € CX(RY) such that lim ¢, = yo in D(HV). Then lim y;¢, =
X1x¢ =xg in D(HD) by Lemma 4.3. But y¢, € CX(RY) and supp y1¢, C As for
all n € N. Therefore y ¢, € D(H) and H( y1¢,) = HV(y1¢,), again by Lemma 4.4.
So lim y ¢, = y¢ in D(H). Similarly, using H® and y», there exists a sequence
Ui, 0o, ... € C2(RY) such that lim yayh, = (1 — x)¢ in D(H). Then lim(yi¢, +
X2¥n) = ¢ in D(H). Since y 1@, + xat, € C2(R?) the proposition follows. O
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TueoREM 4.6. Suppose that there exist a set A and 6 >0 such that 0 # A # R, the
matrix (cy(x)) is invertible for each x € (A®)s and cyla, € W2*(As). Then CE"(Rd) isa
core of H.

Proor. There exists y; € W>*(R?) such that Xtla;, =1 and supp xy; € As.  Define
c]({}) = x1cu € W»°(RY). Then c,({})lAé/2 = Cutlag), -

In addition there exists y, € W"°(R?) such that X2l
Define ¢\’ = yacy + (1 — x2)d € WE=(R?).

Let H" and H® be the degenerate elliptic operator with coefficients (c}’) and (c{))).
Then the statement of the theorem follows by applying Proposition 4.1(I) to H,
Proposition 4.1(I) to H® and using Proposition 4.5. mi

=1 and supp x2 < (A%)s.

)s/2

The condition that Cg"(Rd) is a core of H does not follow in general from the
assumption that the coefficients are in W (R?). The situation is clarified by the one-
dimensional example considered in [11, Section 5].

Exampie 4.7. Let Hy = —dcd with D(Hp)= CX(R) and with c(x) = (x?/(1 + x2))7/?
where y > 1. Thus ¢ € W”*(R). It follows by the arguments in [4, Proposition 3.5]
(see also [26, Theorem 1.1]) that C°(R) is a core of H, if and only if y>2 —1/p. In
particular if y = 1, which corresponds to the Wb case, then C>(R)is acore of H; but
isnot a core of H,, for any p > 1. If, however, y > 2, the W2* case, then C=°(R) is a core
of H,, for all p € [1, co]. Finally, note that C:’(R) is a core of H, if and only if y > 3/2.

Theorem 4.6 establishes that double differentiability in a d-neighbourhood of the
set of x € R? for which C(x) is not invertible suffices for C=°(R9) to be a core of H. In
one dimension this is precisely the set

Z={xeR%:C(x)=0} (4.3)

where C vanishes, and in higher dimensions it corresponds to the set of x for which
uc(x)=0. The differentiability condition can, however, be weakened around the
boundary of Z. If there exists ¢ > 0 such that ¢y, € W>*(Z;) for all k, 1€ {1,...,d)
then there is a > 0 such that C(x) < adz(x)zl for all x € Zs/2. This follows since the
matrix C is positive semidefinite. In Corollary 4.12 we establish that the core property
follows with this weaker degeneracy condition replacing the W>* condition under
the assumption that for every x € R¢ the matrix C(x) is either invertible or zero. The
corollary is a consequence of the subsequent analysis of core properties for p € [1, 2].

Our analysis of core properties is based on an L, extension of an argument used
to prove essential self-adjointness of Schrodinger operators and elliptic operators on
manifolds by various authors. A clear explanation of the L, estimates is given in [5,
Section 3] together with references to earlier works. Moreover, [27, Proposition 6.1]
gives a straightforward L, extension, valid for p € [1, 2], of the principal L, estimate
[5, Theorem 3.1]. (See also [29].) But for current applications a more sophisticated
localized extension is required.

Throughout the rest of this paper, we denote by Z the set (4.3) of all x € R? for
which C(x) = 0. Since the coeflicients ¢y; are continuous, the set Z is closed and its
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complement Z¢ is open. Further, if p € [1, 2], then we define r = p/(2 — p) € [1, 0],
with the convention that r = oo if p = 2.

THeorEM 4.8. Let p €[1,2]. Assume that |0Z| =0 and C(x) is invertible for each
x € Z°. Further, assume that, for every bounded measurable set D C R4, there exist
.12, . .. € W (RY) such that supp i, € Z°¢ and 0 <n, <1 foralln € N,

lim | |l = f 11 zeqf
n—o00 D D

forall ¢ € Ly(D) and
r}l—{l;lo ILpL () ps2-py = 0, 4.4)

where T is given by (4.1). Then CX(R?) is a core of Hp.

Proor. It suffices to prove that (A + H,)CX(R) is dense in L,(RY) for a sufficiently
large 4> 0.

Fix T € C§°(Rd) such that 0 <7 <1, supp 7 € B>(0) and 7(x) =1 for all x € B;(0).
There exists 1y > 0 such that [(V7)(x)| < A for all x € R¢. Define A =491 p]|Cl|eo,
where ||C|lo = sup{||C(x)|| : x € R%}.

Suppose that ¢ € L,(R?), where g is the dual exponent of p, and suppose also
that (¢, (AI + H,)¥) = 0 for all ¢ € CX(R?). Then (¢, ) = 0 for all ¢ € C>(Z°) and
¢lze = 0. Since [0Z| = 0, one also has ¢|sz = 0. So it remains to show that ¢|z. = 0.

Note that ¢ € LZJOC(Rd), as g > 2. Since (¢, (AU + Hy) =0 for all y € CX(Z°), it
follows from local ellipticity that ¢ € W,->(Z°). Let p € C2°(R?) such that 0 <p < 1
and p#0. Write D =suppp. By assumption, there exist i, 1, ...€ WH*(RY)
such that suppn, € Z°and 0<n, <1 for all n €N, lim fD al? = fD [1 zey|? for all
¥ € Ly(D), and lim |1 ,T (), = 0.

First, if 71, 72 € C°(Z°) with T2supp -, = 1, then

(T2, (U + H)(T1¢)) = (¢, (U + H)(T1¢)) =0
for all y € C>(RY). Hence
Alp, T1Y) + h(T20, T1Y) =0

for all ¢ € C=°(RY), and then by density for all ¢ € W!2(R?). Second, for all n € N, set
fin = pnp. Then 7j, € W (R) with compact support in Z¢. Now choose 7| such that
T1lsupp 5, = 1 and set ¢ = ii2¢. It follows that & € W2(R9) and 71y = ¢. Therefore one
may estimate that

Alfinglly = ~h(r20, 12¢)
d d
=-> f @) Oine)) + ) f cu™ it ifhy)

k=1 ki=1
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< f ©’T(ona)
<2 f >0’ T (1) +2 f T,

< 2llel 1o T )l + 2 f ©’T(p);,

where the last step uses the Holder inequality. So the limit n — oo gives
A f PP*lz <2 f (o)1 ze, (4.5)

and this is valid for all p € CS"(R").
Next define 7, € C?(Rd) by 7,(x) =7(27"x) for each n € N, and then define a, =
fT%(,Dzﬂzc. Then, since r > 1 and |B;(0)| > 1, one has

an < el l721l, < el 2IBar O < [lpl21B1 Q)21

So the series Y 47%a,, converges. But |V7,| < 27 AyT,4 for all n € N, by the definition
of 4p. Hence it follows from (4.5), with p replaced by 7, that

P! Z} 47g, <2 Z] 4 f @1 2 [|Cll 27" AT 1)
n= n=

< BIClw D 47 ay

n=1

<40|Clle D 4™a, =472 Y 47a,,
n=1 n=1

Therefore 322, 4™@a, =0 and a, =0 for all n € N. So ¢l zenp,. ) =0 for all n €N
and ¢l z. =0. Thus ¢ = 0. O

A similar result is valid for open sets Q instead of R?. This is particularly interesting
for applications to Z° and connected components of Z°.

RemMARK 4.9. Suppose that p € [1,2] and that Q c RY is open. Assume that C(x)
is invertible for each x € Q and that for every bounded measurable subset D of Q
there exist 171,72, . .. € WH*(Q) such that supp7, CQ and 0 <7, <1 for all n€N,
lim [ Inael* = [} lel* for all ¢ € Ly(D) and

r}i—{g, LT @)llpj2—p) = O,

where T'%(p) = 3 cu(0k0)(01p) € Loo(2). Define hoo: C () = R by

d
hoalg)= " fg cu@p)drp).

k=1
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The form hg q is closable and its closure is a Dirichlet form in L,(Q). Let Hg j, be the
associated semigroup generator in L,(Q). Then C°(€2) is a core of Hg .

The conclusion follows by a modification of the proof of Theorem 4.8. Now
@€ Ly(Q) and one replaces Z° by Q. One still chooses p € C2(RY) but now
D=Qnsuppp. Then 7, =pn, has compact support in Q and one deduces as

before that
a f ) f ©’T'(p)
Q Q

for all p € C;"’(Rd). This is a new version of (4.5). The subsequent argument is a
repetition of the proof of Theorem 4.8.

The next result is essentially a corollary of Theorem 4.8 combined with the capacity
estimates of [27, Proposition 4.3]. It exploits two distinct features of the degenerate
operator Hy. The first feature is the order of degeneracy of the coefficients c; near the
boundary 0Z. The second is the effective dimension of this boundary. Recall that the
Minkowski dimension of a bounded nonempty subset A of R is defined by

log |As]

yiin = d - 612& log &

whenever the limit exists. The next theorem introduces local versions of the order
of degeneracy and the boundary dimension. By this we mean that the values of the
parameters y and d,, occurring in the following statement may depend on D.

TraeoreM 4.10. Let p € [1, 2]. Assume that Z # 0, |0Z| = 0 and C(x) is invertible for
each x € Z¢. Further, assume that for every nonempty bounded set D C R? there are
a,b>0,d,€|0,d] andy €1, 2] such that

Q2-y)ps(d-dn)2-p), (4.6)

C(x) <adz(x)"I and |(Z N Dy)s| < bs*
forall x€ D and § € (0, 1]. Then CX(R?) is a core of H,,.

Proor. Foralln €N, setn, = x, o dz, where y,, is given by (3.6). Then 1, € Wh*(RY),
supp 17, € Z¢ and 0 < i3, < 1. Moreover, lim 1, = 1 zc pointwise.

Let D c RY be bounded. We may assume that D # 0. By assumption there exist
a,b>0, d, €[0,d] and y € [1, 2] such that (2 —y)r <(d — dy), C(x) < adz(x)"I for
all x € D and [(Z N Dy)s| < bo*~ for all § € (0, 1]. Clearly lim [ In,@® = [ 11zl
for all ¢ € Ly(D).

If p=2,then r = oo and y = 2. But

11T xn © d2)lloo < IIClloo(log 1) 2.
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Therefore (4.4) is valid. Alternatively, suppose that p < 2. Then r < co and

Lol xn 0 d2)II] < a"(log n) ™ f d;Z—y)r

[n'<dz<1]nD

1
= a’(log )™ f dx(1+<2—y)r f déé“‘(z‘”’)
[n~'<dz<1InD dz(x)

1
= a’(log n)-2r(|D| +Q2-yr f dss' =Mz n DI).

1/n

But Zs N D C(Z N D;)s for all § € (0, 1]. Hence | Zs N D| < bd?=4n for all 6 € (0, 1].
Therefore

1 1
f dos™ " MZsn DI <b f dos™ 1~ rHd=dn)
1/n 1/n

X (4.7)
<b f dés™' =blogn,
1

since (d —d,)— (2 —7y)r>0. Therefore (4.4) is again valid and one can apply
Theorem 4.8 to deduce the desired result. ]

Remark 4.11. If one applies Theorem 4.10 to the operator considered in Example 4.7,
thend =1, Z = {0} and d,,, = 0. Therefore one concludes that C:°(R) is a core of H), if
(2-v)p £(2 - p) or, equivalently, if y >3 — 2/p. But the exact resultisy >2 — 1/p.
One concludes that the estimation method used to establish the theorem is not optimal
unless p = 1.

Theorem 4.10 has two straightforward corollaries.

CoRrOLLARY 4.12. Assume that Z # 0, |0Z| =0 and C(x) is invertible for all x € Z°.
Further, assume that for every bounded subset D C R? there exists a > 0 such that

C(x) < adz(x)*1
forall x € D. Then C;"’(Rd) is a core for H(= H).
Proor. Apply Theorem 4.10 with p=2,y=2and d,, =d. O
CoRrOLLARY 4.13. Assume that Z # 0, |0Z| =0 and C(x) is invertible for all x € Z°.

Further, assume that Z° has a locally Lipschitz boundary. Then CZ®(R?) is a core
for Hy.

Proor. Apply Theorem 4.10 with p =1,y =1 and d,, = d — 1. (The necessary bounds
C(x) < adz(x)I follow because c;; € W' (R9).) o

Finally, we consider the situation for which the Minkowski dimension of the
boundary exists. Note that even if the Minkowski dimension of the bounded nonempty
set A exists, this does not imply that there exists » > 0 such that

|Ag| < b in (4.8)
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for all 6 € (0, 1]. Therefore the degeneracy criterion (4.6) is in general only valid
if d,, > dvin- Nevertheless there are some interesting fractal cases for which the
conclusions of Theorem 4.10 persist with d,, = dpin.

The Minkowski dimension always exists for self-similar fractals and is equal to
the Hausdorff dimension. But the bound (4.8) does not necessarily exist uniformly
for all 6 € (0, 1]. If, however, the contractions defining the fractal satisfy the open
set condition (see [17, Definition 5.2(1)]) then the Minkowski dimension can be used
in (4.6).

THeOREM 4.14. Let p € [1,2]. Further, let Q be a bounded open set whose boundary
A = 0Q is a self-similar fractal for which the defining contractions satisfy the open set
condition. Let dyiin denote the Minkowski dimension of A.

Assume that |A| =0 and C(x) is invertible for each x € A®. Further, assume that
there existy € [1, 2] and a > 0 such that

(2 =y)p<(d-dvin)2 - p)
and C(x) < ad,(x)"I for all x € R?. Then C;’O(Rd) is a core of Hp,.

Proor. The proof is a variation of the proof of Theorem 4.10, and we adopt the same
notation. If p =2 then y = 2, and one can argue as before.
Suppose that p # 2. It follows from [15, Theorem 2.3(ii)] that the mean

T
A
L:limT‘lf dt A
T 0

—00 e_t(d_dMin)

exists. Then for all large n € N one estimates

1 1
f dss™ "4l < f dss™ (A=) A |
1 1

n n

e A
:f di—gs < (L+ 1) logn.
0 n

This is the new version of (4.7). The remainder of the proof is evident. O

5. Illustrative examples

Theorem 1.1 provides a practical criterion for invariance of a subspace L,(£2) under
the diffusion semigroup S ; it suffices to prove invariance under the flows T4, ..., T,
The latter property is, however, simpler to establish since the action of the 7% is
straightforward. We illustrate this with four examples.

ExampLE 5.1 (One dimension). If d =1, then the elliptic operator H is given by
one nonnegative coefficient c € W'*°(R) and Hyp = —(cy’)’ for all ¢ € C>(R). Now
Z ={xeR:c(x) =0} is the zero set of the coefficient c. Let a € Z. We argue that
Ly(a, ) is invariant under S .

Since ¢ € Wi (R), the zero at the point @ must be of order at least one. In particular,

c~! is not integrable at a. Now (T,¢)(x) = ¢(w,(x)), where t > w,(x) is the unique
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solution of the differential equation (d/dt)w,(x) = c¢(w,(x)) with initial value wy(x) = x.
Therefore it follows from the standard theory of differential equations that L,(a, ) is
T-invariant. But (a, c0) has a Lipschitz boundary. Then by Theorem 1.1 the subspace
Ly(a, 00) is S -invariant. Hence L,(—o0, a) is also S -invariant.

In addition, if a, b € Z with a < b, then

Ly(a, b) = Lr(=00, b) N Ly(a, o)

is §-invariant. One concludes that if {/, : @ € A} are the connected components of Z°
with I, # Iz if @ # 3, then S, =p_ S @ for all t> 0, where §@ is the restriction of
S to Ly(I,). Let @ € A. Then it follows from Remark 4.9 that C°(,) is a core for the
operator H;, 1, where we use the notation of the remark. But the generator of S @)
(on L;(I,)) is an extension of the operator H, i|c>(,). Hence H;, ; is the generator of
the semigroup S @1, Then H;, is the generator of S @,

Note that since ¢ > 0 on each of the connected components I, of Z¢ it follows that
each S @ is irreducible by [27, Proposition 6.10]. (Here we use the terminology of [21,
Definition 2.8].) In particular, the S @ are ergodic, that is, there are no nontrivial closed
S @_invariant subspaces of L,(I,) (see [21, Theorem 2.9]).

Theorem 1.1 also allows one to establish invariance properties for the semigroup
associated with an elliptic operator with bounded measurable coefficients. These
operators are introduced by a variation of the definitions of Section 1.

First, if C = (cy) is a positive semidefinite matrix over R? with real coefficients cy; =
ci € Loo(RY), then ¢ = 3 (Brp, cuudip) with domain C(R?) is a positive, densely
defined, quadratic form on L,(R9). But it is not necessarily closable. Nevertheless one
can define its relaxation, or viscosity closure, & (see, for example, [11] and references
therein). Then % is a Dirichlet form and the corresponding self-adjoint operator H
generates a sub-Markovian semigroup S. If the coefficients (cy) are Lipschitz then
this definition, which we now adopt, coincides with the definition of Section 1. (For a
direct definition of the operator H see [2, Theorem 1.1].)

Invariance for operators with measurable coefficients can be deduced from
invariance for operators with Lipschitz coefficients by the following comparison result.

Lemma 5.2. Let HY and H® be two degenerate elliptic operators with bounded
real symmetric measurable coefficients CV and C®, and SV and S® be the
corresponding semigroups. Further, let Q be a measurable subset of R%.

IfC? < CWY and Ly(Q) is S V-invariant, then L,(Q) is also S P-invariant.

Proor. This follows from [8, Corollary 2.11]. m]

Exawmpie 5.3 (Lipschitz domain). Let H be the elliptic operator on L,(R?Y) with
bounded real symmetric measurable coefficients C = (cy). Let Q CR? be open
with locally Lipschitz boundary. Assume that A =0Q # 0 and there is a >0 such
that C < adal. Then L,(€2) is invariant under the semigroup S generated by H. This is
established as follows.
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Since the coeflicients are bounded, there exists M >0 such that C < M. Set
c=ady A M. Then c € W*°(R?) and C < ¢l. Let H, denote the elliptic operator with
coefficient matrix cI. Since c € WH*(RY), it follows from Theorem 1.1, Proposition 1.2
and Lemma 5.2 that it suffices to prove that L,(€2) is invariant under the flows 7% with
coefficients yy x = c(9xy) for all y € C§°(Rd).

Because dy(x) = 0 for all x € A, it follows that c(x) =0 and yy x(x) =0 forall x€ A
and ke {l,...,d}. Therefore e*x=x for all x€ A and r€R. Let y€ Q. Suppose
that there exists £ € R such that ¢''*y ¢ Q. We may assume that t>0. Since the
orbit s — e*¥y is continuous, there must be an intermediate value u € (0, ¢] for which
eYvy € A. But then

etY./,y — e(t—u)Y,p(equy) — euY,ﬁy € A,
which is a contradiction. Therefore ¢/¥*Q C Q and le L)(QQ) C Lr,(Q) forall t e R.

It is possible to characterize the generator of the restriction of S to L,(Q). If y,, is

asin (3.6) and n,, = (x, © da)lq, then
lim =0

n—oo

1p ) cloml

1

d
k=

Li(©)

for every bounded measurable set D C R¢, by the arguments to prove Corollary 4.13.
Then, by the domination assumption, one also has

d
lim |15 > cu(@mn)@m|  =0.
el s L@

It follows by Remark 4.9 that C=°(R9) is a core for the operator Hg 1, where we use the
notation of the remark. Then it follows, as in Example 5.1, that Hg is the generator of
the restriction of S to L,(Q).

Example 5.3 is based on the second invariance criterion of Theorem 1.1, the
Lipschitz property of the open set. But one can also derive an analogous statement
from the first criterion of the theorem, the core property of C(R9). In particular,
Theorem 4.10 establishes this latter property from a second-order degeneracy on the
boundary.

ExampLE 5.4 (General domain). Let H be the degenerate elliptic operator with
bounded real symmetric measurable coefficients C = (cy;). Let Q € R¢ be open with
boundary A = Q. Assume that A # ) and |A| = 0. Further, assume that there is a > 0
such that C < a(d4)?1. We again argue that the subspace L,(Q) is invariant under the
semigroup S generated by H.

Let M >0 be such that C < MI. Set ¢ = a(ds)* A M. Let Hy denote the elliptic
operator with coefficient matrix cI. Then ¢ € WH*(RY), C < cI < a(dy)*I and c(x)] is
invertible for each x € A°. But now it follows from Corollary 4.12 that Cf(Rd) is a core
of Hy. Hence, by Theorem 1.1, Proposition 1.2 and Lemma 5.2, it suffices to prove
that the subspace L,(Q) is invariant under the flows T¥ with coefficients Yk = c(Ox))
for all ¢ € C=°(RY). But this follows by repetition of the argument in Example 5.3.
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As before, the operator Hg is the generator of the restriction of S to L,(Q). This
follows as in Example 5.3, but this time one has to apply Remark 4.9 with p = 2.

ExampLE 5.5 (The von Koch snowflake). The snowflake is a self-similar fractal in
R? with Minkowski dimension dygi, = log 4/log 3. Let Q be the bounded subset of R?
which is bounded by the snowflake. Let H be the degenerate elliptic operator on L, (R)
with bounded real symmetric measurable coefficients C = (cy;) > 0 and assume that
there is a > 0 such that C < a(dsq)™r1. Then L,(Q) is invariant under the semigroup
S generated by H.

This follows from Theorem 4.14 since the defining contractions for the snowflake
satisfy the open set condition. One then argues as in Example 5.3.

Further illustrations of invariances and decompositions are given by tilings. For
example, assume that one has a tiling of the plane by tiles whose boundaries are self-
similar fractals of the type covered by Theorem 4.14. (This can be achieved with two
sizes of von Koch snowflake in area ratio 1:3.) Then assume that the coefficient matrix
C has a degeneracy on the boundary of order greater than or equal to the Minkowski
dimension. It follows that the corresponding sub-Markovian semigroup S leaves
each component /, of the tiling invariant and one has a corresponding decomposition
S =P S@ of S into irreducible components.
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