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Abstract. We prove that exponentially harmonic morphisms are precisely the
Riemannian submersions with minimal fibres.
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1. Introduction. Let (M,g) and (N, /) be two Riemannian manifolds, and
¢ : M — N a smooth map. For any compact domain 2 C M define the exponential-
energy of ¢ (cf. [3]) by

E(g) = [9 exp(e(d)) vy

where e(¢) = % ldg||* is the energy density of ¢ and vy the Riemannian volume ele-
ment. A smooth map ¢ : (M, g) — (N, h) is an exponentially harmonic map if it is an
extremal of the exponential-energy E for any compact domain Q C M.

The Euler-Lagrange equation of this problem can be written (cf. [3]) as

() = div(exp e(¢) dp) = exp e(p)(t(¢) + dop grad e(¢)) = 0,

where 7 is the usual tension field given by t(¢) = div(d¢p). We recall for further use
that a map satisfying 7(¢) = 0 is a harmonic map; i.e. a critical point of the energy
E(@) = [, e(¢) vy (cf. [4]).

An exponentially harmonic morphism is a smooth map ¢ : (M, g) — (N, h) which
pulls back local exponentially harmonic functions to exponentially harmonic func-
tions.

The aim of this note is to prove the following result.

THEOREM 1.1. A smooth map ¢ : (M, g) — (N, h) is an exponentially harmonic
morphism if and only if it is a Riemannian submersion with minimal fibres.

2. Preliminaries.

2.1 Horizontal weak conformality. Let ¢: (M, g) — (N, h) be a smooth map
between two Riemannian manifolds. The tangent space at a point x € M can be
decomposed as T.M = H, @ V., where V, = ker(d¢,) and H, = V. The spaces V'
and H, are called the vertical and horizontal spaces at the point x € M respectively.

Let Cy = {x € M |rank(dg,) is not maximal} be the set of critical points of d¢.
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DEFINITION 2.1. A map ¢ : (M, g) — (N, h) is called horizontally weakly con-
Sformal if, for every x € M \ Cy, d |y is conformal and surjective.

If ¢:(M,g)— (N, h) is horizontally weakly conformal, then there exists a
function A : M\ Cp—>R" such that A2g. (X, Y) = hyw(dp(X), dp(Y)), for all
X,Y e Hy,and x € M\ Cy. The function X can be extended continuously to the whole
of M by setting A|-, = 0. The extended function is called the dilation function of ¢.

Note that A? is smooth.

REMARK 2.2. If d¢ (grad e(¢)) = 0, then ¢ is exponentially harmonic if and only
if it is harmonic. If ¢ is horizontally weakly conformal, then ¢ = %kz, and the con-
dition d¢ (grad e(¢)) =5 de (grad 2%) = 0 means that ¢ is horizontally homothetic;
i.e. grad(x?) is vertical.

A Riemannian submersion is a horizontally weakly conformal map with A% = 1.
Riemannian submersions are harmonic maps if and only if the fibres are minimal
submanifolds (cf. [4]), and from Remark 2.2, they are exponentially harmonic if and
only if the fibres are minimal submanifolds.

2.2 Existence of exponentially harmonic functions. Throughout the rest of this
article, we assume the Einstein convention on the summation of repeated indices.

PROPOSITION 2.3. Let (N",h) be a Riemannian manifold. Then, for any point
q €N and any set of constants {Cap}(Cap = Cpa), {Co} where a,Be{l,...,n},
satisfying

Y Caut ) CyCsCps = 0, Q.1)
o B.S

there exists an exponentially harmonic function f defined on a neighbourhood U C N of
q such that in a system of normal local coordinates (y*) centred on q we have

oo
ayaayﬂ (q) - C(Xﬂv
of

W(Q) = C,.

Proof. The exponential tension field t is an elliptic operator, though not uni-
formly (cf. [3]). Moreover t is quasi-linear (as defined in [5]) since for a map ¢ from a
manifold (M, g) equipped with a system of coordinates (x'),_,
(N, h) equipped with (3*),_,
t(¢) are

,,,,,

) 82¢0¢

ij : ip
exp e(¢) (g axigg T8 g

(1 0¢° 37 8¢’ )

axi ax! dxk o/

which are linear in the second derivatives of the map ¢.

Proposition 2.3 is then an application of [1, Theorem 2.4], which basically states
that, for quasi-linear elliptic operators, infinitesimal solvability, i.e. Condition (2.1),
implies local solvability. [

https://doi.org/10.1017/S0017089500010041 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500010041

EXPONENTIALLY HARMONIC MORPHISMS 27

3. Characterisation.
ProposiTioN 3.1. (Composition Law). Let ¢:(M,g)— (N,h) and

¥ (N, h) — (P, k) be two maps between Riemannian manifolds. Then the exponential
tension field of the composition V¥ o ¢ has the form

(o @) =expe(yo¢) <d¢(7(¢)) + trace (Vdy)(do, d¢)

1 1
+ 36%d(y o ) grad [dg|]* + 4| *d(y o ¢) grad 67,

o __ ld(yod)l
where 0 = b

Proof. This follows from the equations

ld(yr o )|

O 2:
grad|[d(y o @) grad( s

||d¢||2) = ||dg||* grad 6* + 6 grad ||d||>

and the usual composition law of the tension field:

(Y 0 @) = diji(e(9)) + trace (Vdy)(dg, dgp). O

ProPoOSITION 3.2. Let ¢ : (M, g) — (N, h) be a Riemannian submersion. Then ¢ is
an exponentially harmonic morphism if and only if ¢ is harmonic.

Proof. Let f: (N, h) — R be a function. From the composition law we have
t(fo ¢) = expe(fo ¢)(df(f(¢>)) + trace (Vdf)(de, d¢)

1 1
+ 36%d(fo ¢) grad g + ldgl*d(f o ¢) grad 6?).

_ ld(fo)]
\dpl

where 6

Using the fact that ¢ : M — N" is a Riemannian submersion we obtain

2
eradjdgl? =0, ¢ =141

n
2
”d:f” =1, trace (Vdf)(do, dp) = t(f) o ¢.

From these equalities the composition law becomes
t(f'o @) = exp e(f) df(z(¢)) + t(f) o ¢.
If ¢ is harmonic we have

t(fod)=1f)o¢,
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which implies that ¢ is an exponentially harmonic morphism. Conversely, if ¢ is an
exponentially harmonic morphism, then for any exponentially harmonic function f
we have

df(r(¢)) =0

which implies that t(¢) = 0. [

ProrosiTiION 3.3. Let ¢:(M,g) — (N,h) be a non-constant exponentially
harmonic morphism. Then ¢ is a Riemannian submersion.

Proof. For a given point x € M™, we equip (M™, g) with a system of normal

coordinates (x');_, around x and (N", h) with normal coordinates (3%),_;

..... m
centred on ¢(x). In the sequel we write f, for (ﬁ—fa and ¢¢ for

nates the exponential harmonic tension field is

,,,,, n

o .
%d)w In normal coordi-

(e) =5+ o dlof.
B

Let f: N — R be an exponentially harmonic function in a neighbourhood of ¢(x).
Since ¢ is an exponentially harmonic morphism we have

W0 ®) = fup & O + fuSpLys 07 $L 0 O) + fu 0% + fu S5y B D)) = 0. (3.1)

Proposition 2.3 implies, for each y € (1,...,n) the existence of an exponentially
harmonic function f'such that at ¢(x), [,}‘i—af‘ﬂ =0and (;j—’: = 8qy. At x, (3.1) implies that
ol ¢l =0. 3.2)

We apply Proposition 2.3 again, this time with C, = 0 and any C,p = Cg, such that
> Coe = 0, and we deduce from (3.1) that

Cop ! 97 = 0.

This condition implies in a standard way (cf. [2, p. 42]) that ¢ is horizontally weakly
conformal; i.e. qﬁf ¢% = 2?8*F. Using the horizontal conformality, (3.1) becomes

W fua + 2% fufp fup + Lua 0+ oS Sy 97 WL = 0.

Using Proposition 2.3 again, with C, = 0, @ # g, Co, = 1 and any Cyp = Cgy such
that Y Cyy + Cope, = 0, we obtain

W foal(1 = 1)+ 950 + 6 60 8 = 0.

Also, using (3.2), we finally have
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2 faa1 = 2%) =0,
which implies A> = 1 and thus ¢ is a Riemannian submersion. O
Combining Proposition 3.2 and Proposition 3.3 yields Theorem 1.1.
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