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Abstract

The Schatten-von Neumann property of a pseudo-differential operator is established by
showing that the pseudo-differential operator is a multiplier defined by means of an ad-
missible wavelet associated to a unitary representation of the additive group R” on the
C*-algebra of all bounded linear operators from L2(R") into L2(R"). A bounded linear
operator on L2(R) arising in the Landau, Pollak and Slepian model in signal analysis is
shown to be a wavelet multiplier studied in this paper.

1. Introduction

Leto € L®(R"). Then we define the linear operator T, : L?(R") — L?(R") by
T,u=%"'0%u, u € LA(R™),

where & and & ~! are the Fourier transformation and inverse Fourier transformation
respectively. Throughout the paper, the Fourier transform & u, sometimes denoted by
i1, of a function u in L2(R"), is defined by

Fu = lim (xgu),
R—00

where xj is the characteristic function of the ball with centre at the origin and radius
R,

(xru) &) = (27t)'"/2/ e xr(x)u(x) dx, £ eR",

"

and the convergence of (xzu)"to Z u is understood to be in L2(R™). It is well-known
that T, : L2(R") — L?(R") is a bounded linear operator.
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Let ¢ be any function in L2(R") N L*(R") such that ||¢|, = 1, where |||, is
the norm in L2(R"). The aim of this paper is to make precise the definition of the
pseudo-differential operator ¢ T,¢ : L3(R") — L%*(R"), where o is a function in
LP(R"), 1 < p < o0, and to prove that the resulting bounded linear operator is
in the Schatten-von Neumann class S,. To this end, we first prove in Section 2 that
if o € L*(R"), then the pseudo-differential operator ¢T,¢ : L*(R") — L*(R")
can be realized as a wavelet multiplier associated to a unitary representation 7 :
R* — B(L%(R™)) of the additive group R" on the C*-algebra of all bounded linear
operators from L?(R") into L2(R"). This connection explains the impetus for the
study of the pseudo-differential operator ¢ T, ¢ : L2(R”) — L?(R") and also reveals
that the technique in the paper [3] by He and Wong can be exploited in this paper.
We show how this can be done in Sections 3 and 4. In Section 5, we show that,
by choosing the admissible wavelet ¢ and the symbol o appropriately, the wavelet
multiplier ¢T,¢ : L*(R) — L2(R) is unitarily equivalent to a scalar multiple of a
very basic bounded linear operator on L?(R) arising in the Landau, Pollak and Slepian
model in signal analysis.

2. The wavelet connection

Let 7 : R" — B(L?(R™)) be the unitary representation of the additive group R” on
the C*-algebra B(L*(R")) of all bounded linear operators from L%(R") into L?(R")
defined by

(m(E)u)(x) = e u(x), x,&eR”, (2.1)
for all functions u in L?(R").

PROPOSITION 2.1. Let ¢ be any function in L*(R") N L*°(R") such that ||¢|, = 1.
Then, for all functions u and v in the Schwartz space .,

Q)™ | u, wE)P)(E), v) dE = ($u, $v), (22)
Rn
where (, ) is the inner product in L*X(R").

PROOF. Using the Plancherel theorem and the fact that (7 (§)¢) = _5q3, where

(T_ef)x) = f (x — &), x € R,

for any measurable function f on R", we get

(u, m(E)P) = (it % ¥)(&), (23)
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and
(), v) = (0 ¥ 1)), 24)
for all £ in R", where
Y(x) =o(), x eR", 2.5)
and
f x9)&) = Wf(é ~m¥mdy,  EeR

for any function f in L2(R"). Thus, by (2.3), (2.4), (2.5), the Plancherel theorem and
the fact that

f %8\ =Qu)y*fg,  f.ged, (2.6)
where
f=f(=x), xeR", feS, 2.7)
we get
fw(u, n(E)) (T (€)p, v) dE = 27)" (Gu, pv)
and hence (2.2).

The following proposition gives us more information about the constant (27r) ™" in
formula (2.2).

PROPOSITION 2.2. Let ¢ be any function in L*(R") N L™ (R") such that |¢|j; = 1
and let c, be the constant defined by

co = [ o, mE)P)I dE.
R’I
Then

co = Rm)"l9ll3, (2.8)

where ||||4 is the norm in L*(R™).
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PROOF. Using the Plancherel theorem, (2.3), (2.5), (2.6) and (2.7), we obtain
[ 1o x@orda = [ 1@ hera
n Rn

= Qn)" | |pGx)¥(x)|*dx
Rn
= 27)"|l¢|I2.

REMARK 2.3. In view of Proposition 2.2, we can rewrite (2.2) as
1
il

This reformulation allows us to give an interesting and fruitful comparison of
Proposition 2.1 with the resolution of the identity formula used in the paper [3] by
He and Wong. To wit, let G be a locally compact and Hausdorff group with a left
Haar measure p. Let X be a separable and complex Hilbert space, the dimension
of which is infinite. We denote the inner product and norm in X by (, )y and }}{|x
respectively. Let B(X) be the C*-algebra of all bounded linear operators from X
into X. An irreducible unitary representation ¥ : G — B(X) is said to be square
integrable if there exists a non-zero element ¢ in X such that

1 - -
A /.;n(”’ TEOTE), V) dE = — (Pu, V),  w,v e

Cs =/ (¢, m(&)D)x|* dpn(g) < o0. (2.9)
G

We call any non-zero element ¢ in X for which (2.9) is valid an admissible wavelet
for the representation w : G — B(X). Using the theory of square integrable repre-
sentations studied in Grossmann, Morlet and Paul {1, 2] and Holschneider [4], among
others, it can be proved that the resolution of the identity formula, that is,

1
x,y)x = c—¢f(x, 7(g)P)x(m(g), y)x du(g), x,y€eX,
G

is valid. Thus, for the particular unitary representation 7 : R* — B(L?(R")) studied
in this paper, formula (2.2) can be considered as an analogue of the resolution of the
identity formula.

The main result in this section is the following theorem.

THEOREM 2.4. Let 0 € L*®(R") and let ¢ be any function in L*(R") N L>(R")
such that |\¢ ||, = 1. If, for any function u in ., we define P,u by

(Pou,v) = @)™ | (&) u, w(E))(T(E), v) dE, v e, (2.10)
Rn

then

(P,u,v) = (T, P)u, v), u,ves. (2.11)
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PROOF. Using (2.3), (2.4), (2.5) and the fact that
Fe=Qm)"*(f %), f.ge,

we obtain
(P,u, v) =f o (E)(Wu) @) (W) (§)ds, u,ves. (2.12)
R" :
Thus, by (2.12) and the definition of 7, given in Section 1, we get

(Pou,v) = (T,(Yu), yv) = (Y LY, v) = (@T,Pu, v),  u,veS,

and the proof is complete.

REMARK 2.5. Had the “admissible wavelet” ¢ in (2.10) been replaced by the func-
tion ¢ on R" given by

do(x) =1, x € R",
we would have obtained
(Pou,v) = (Tu,v), u,veS,

that is, P, would have been a “constant coefficient” pseudo-differential operator, or a
Fourier multiplier studied in the book [13] or the papers [14, 15] by Wong. In view
of the fact that the function ¢ in the linear operator ¢ 7, ¢ is the admissible wavelet
in the linear operator P,, it is appropriate to call the pseudo-differential operator
¢Td : LX(R") — L*(R") a wavelet multiplier.

3. Boundedness

PROPOSITION 3.1. Let 6 € L'(R") and let ¢ be any function in L*(R") N L®(R™)
such that ||@ll, = 1. If, for any function u in .5/, we define P, u by

1 -

=——P,u, 3.1
e " G-D

P,u
where P,u is given by (2.10) for all functions v in &, then P, can be extended

uniquely to a bounded linear operator from L*(R") into L*(R"), again denoted by P,,
and

1
1 Pslle <= —liolh, 3.2)
Cs

where ||||, is the norm in the C*-algebra B(L*(R")), and |||\, is the norm in L'(R").
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REMARK 3.2. The proof of Proposition 2.1 in the paper [3] by He and Wong can
be used to prove Proposition 3.1. Because of Proposition 3.1 and (2.11), it is natural
to define ¢ T, : L2(R") — L2(R"), for any function o in L' (R"), to be the bounded
linear operator ||¢[|2P, : L2(R") — L2(R"). Thus ¢7T,¢ is a scalar multiple of a
variant of a localization operator studied in the paper [3] by He and Wong.

We can now define ¢T,¢ : L>(R") — L*(R"), for any function o in L?(R"),
1 < p < 00. To do this, we use the following theorem which is an analogue of
Theorem 3.1 in the paper [3] by He and Wong.

THEOREM 3.3. Let 0 € L?(R"),1 < p < oo, and let ¢ be any function in
L*(R™) N L>®°(R") such that ||¢|l2 = 1. Then there exists a unique bounded linear
operator P, : L*(R") — L*(R") such that

1 -
Pou= P,u, ues
ol
and
;27
1Pl < —120
)7 oy

where P,u is given by (2.11) for all functions u and v in %, and all simple functions
o on R” satisfying

niE € R : o(§) #0} < o0,

where - - -} is the Lebesgue measure of {- - - }, ||||,, is the norm in L? (R"), |||« is the
norm in L*(R") and p’ is the conjugate index of p.

PROOF. By (2.2), (2.10) and the Schwarz inequality, P, can be extended uniquely
to a bounded linear operator, again denoted by P,, from L?(R") into L2(R") and

120 2 115 llolls, o € L®(R™). (33)

Thus, by (2.8), (3.1), (3.2), (3.3) and the Riesz-Thorin theorem in, say, Section 1X.4
of the book [7] by Reed and Simon, the proof of Theorem 3.3 is complete.

REMARK 3.4. Theorem 3.3 allows us to define ¢ T, : L2(R") — L2(R"), for any

function ¢ in LP(R"), 1 < p < 00, to be the bounded linear operator ||¢|[3P, :
L*(R™) - L*(R").
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4. The Schatten-von Neumann property

Let X be a separable and complex Hilbert space, the dimension of which is infinite.
Let A : X — X be a compact operator, and let A* : X — X be the adjoint of
A : X — X. Then the linear operator (A*A)! : X — X is positive and compact.
Let {y : £k =1,2,...} be an orthonormal basis for X consisting of eigenvectors of
(A*A): : X — X, and let 5,(A) be the eigenvalue corresponding to the eigenvector
Y, k = 1,2,.... Then the compact operator A :-X — X is said to be in the
Schatten-von Neumann class S,, 1 < p < o0, if

i Sk(A)p < Q.

k=1

It can be shown that §,, 1 < p < 00, is a Banach space in which the norm [|||s, is
given by

1

&)

IAlls, = [ Sk(A)p} , A€S,.
k=1

The Schatten-von Neumann class S, by convention, is the C*- algebra B(X) of all
bounded linear operators from X into X.

A detailed study of the properties of the Schatten-von Neumann class S,,1 < p <
00, can be found in Reed and Simon [8], Simon [9] and Zhu [16].

The following proposition is an analogue of Proposition 5.1 in the paper [3] by He
and Wong.

PROPOSITION 4.1. Let 0 € L'(R") and let ¢ be anyfunction_in L*(R™) N L*®(R™)
such that ||@||» = 1. Then the pseudo-differential operator ¢ T,¢ : L*(R") — L?*(R"™)
defined in Section 3 is in S, and

- 4
loTolls, < (—2H—);IIUII|- 4.1

REMARK 4.2. The proof of Proposition 4.1 is exactly the same as the proof of
Proposition 5.1 in He and Wong [3] and hence is omitted.

The main result in this section is the following theorem. It is an immediate
consequence of (3.2), (4.1) and the theory of complex interpolation given in Section
2.2 of the book {16] by Zhu.

THEOREM 4.3. Let 0 € LP(R"), 1 < p < 00, and let ¢ be any function in
L%(R™) N L*°(R") such that ||p|l, = 1. Then the pseudo-differential operator ¢ T, ¢ :
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L*(R™) — L?*(R"), defined in Sections 2 and 3, is in S, and

41127

lo T, olls, < :
?10ls = ot len

loll,.

5. The Landau, Pollak and Slepian opearator

Let © and T be positive numbers. Then we define the linear operators Pg :
L*(R) — L*(R) and Q7 : L2(R) - L%*(R) by

f@, <,
P, — 5.1
(Pof Y ) [0, £l > Q. 3.1
and
f&x), Ix|=T,
= 5.2
(Qrf)x) {O, x| > T, (5.2)

for all functions f in L2(R). Then we can see easily that P, : L2(R) - L*(R) and
Or : LX(R) — L2*(R) are self-adjoint projections. In signal analysis, a signal is a
function f in L2(R). Thus, for any function f in LZ(R), the function Q7 Pof canbe
considered to be a time and band-limited signal. Therefore it is of interest to compare
the energy || Qr Pof |3 of the time and band-limited signal QrPof with the energy
L I3 of the original signal f . Using the fact that Pg and Q7 are self-adjoint, and the
fact that Qr is a projection, we get
| Qr Pof II3
sup {——ﬁ%  f € L*®), If I #£0
Iz
Paf, Or P,
=sup{(QT of QZT of)
il
(PoQrPof, f)
= sup [L’—— L f € PR, IFIE#0
I 112
=sup {(PaQrPaf.f): f € L*(R), IIf . =1}.
Since Pq QrPq : L2(R) — L%(R) is self-adjoint, it follows from (5.3) that

| Qr Pof I3
ILf 112

The bounded linear operator Po Q7 Pg : L2(R) — L?(R) arising in the study of
time and band-limited signals is called the Landau, Pollak and Slepian operator. See

) 2
: feL"R),|fll2 # 0} (5.3)

: f € LAR), |If ll2 # 0} = || Po Q1 Pall..
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the fundamental papers [5, 6] by Landau and Pollak, [10, 11] by Slepian and [12] by
Slepian and Pollak in this connection.
Let ¢ be the function on R defined by

75 =R, |
={v= 54
$(x) = [O, e (5.4)

Then ¢ € L?(R) N L=(R) and ||¢|l, = 1. Let ¢ be the characteristic function on
[=T, T], that is,

_fuoEsT
a(s>-{0’ T (5.5)

Then, by Theorem 2.4,

(@ T,¢)u, v) =(27r)_'/ o (§)(u, w(E)P)( (§)¢, v) d§, uw,ves. (5.6

By (5.1), (5.4) and the Fourier inversion formula,

Q

1
(u, (£)P) = ""Su(x) dx

\/— WG f e % (Poity (x) dx (5.7)

= \/g(PQﬁ)(—g), u € L*(R),

for almost all £ in R, where & is the inverse Fourier transform of u. Hence, by (5.5),
(5.6), (5.7) and the Plancherel theorem, we get

o0

1 PR
(T, P)u,v) = 29 0(8)(P911)(§)(P95)(€)d§

= 55(}’9 QrPou, )

1
= ﬁ(f;c"PQQTng-‘u, v), u,v € L*(R).

So the wavelet multiplier ¢ T, ¢ is unitarily equivalent to a scalar multiple of the
Landau, Pollak and Slepian operator, that is, Po Qr Po/2%.
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