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ABSTRACT 

Expressions for the amplitudes and phases of the light, colour and 
radial velocity variations are derived for a star in nonradial oscillation. 
For stars in the cepheid instability strip the spherical harmonic mode 
of the oscillation can be obtained from the phase difference between the 
light and colour variations. For 3 Cep stars the mode can be estimated 
from the amplitude ratio of the light and colour variations. 

1. THEORY 

Consider oscillations corresponding to an arbitrary spherical 
harmonic distortion of a non-rotating star whose equilibrium structure 
may be treated as spherically symmetric. We assume that amplitudes 
are sufficiently small that the linear approximation is adequate. 

The variation of the stellar radius about the equilibrium value 
R is, in spherical co-ordinates (R, 6, <J>) : 

R = R {1 + eP„ (cos 9)cos(ut + md>)} 
o £m 

where e<<1 is the relative semi-amplitude and P^m(cos 9) is the Legendre 
function. The variation of the local emergent flux is: 

F = F {1 + efP„ (cos 9)cos(cot + m<j> + ii)} 
o -Km 

where f is a scaling factor for the amplitude and I|J is the phase lag 
of the flux variation relative to the radius variation. We assume a 
limb-darkening law of the form: 

h = (2 - 3) + 1.5B(n.u) 

where n is a unit vector normal to the surface and u is a unit vector 
in the direction of the observer. Finally, we assume a surface 
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velocity field with components: 

9R ^ R "H 3VR 
VR 3t' V6 aH 36 ' V(j) sin 6 8<j) 

where Otjj = 74.6Q and Q is the pulsation constant in days. These 
relationships were first described by Dziembowski (1977) and further 
discussed by Balona and Stobie (1979a, b). 

By transforming to the observer's co-ordinate system and integrating 
over the visible hemisphere, we obtain the light, colour and radial 
velocity variations (correct to first order): 

AV = 1.086 §F cos(wt + <|> ) 

AC = (1.086 £FC/A) cos(u)t + cj>c) 

AV = §U)R F,,,, cos(u)t - TT/2) 
r o RV 

where 

FV s i n ^V = ~fhgsiu $ 

Fy cos (j)v = -(fb£cos i> + g£) 

Fc sin (j>c = -fb^sin \p 

Fc cos <)> = -(fb^cos ty + h£) 

FRV = U2 + Vl 

The quantities bn, gp, hp , Up and Vp are definite integrals which depend 
on the spherical harmonic order S. and the limb-darkening coefficient, 3. 
They can be written as: 

b£ = (2 - 3)I1 + 1.5BI2 

g£ = {2 - £(£ + 1)}b£ 

he = {2 - £(£ + 1)}(b£ - 2 1 ^ 

u£ = (2 - g)l2 + 1.53l3 

v£ = iHi + 1){(2 - 3)I2 + 3I31 

where 

I = 
n 

Mn P£(p) dy 
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and ?£ (u) is the Legendre polynomial with u = cos 0. The quantity 
£ = ePp (cos i) is the projected semi-amplitude where i is the angle 
of inclination of the pole of oscillation to the line of sight. 

In deriving the colour variation we have made the assumption that 
the surface brightness variation is proportional to the colour variation 
so that AS = A AC. Balona (1981) has shown that the effect of gravity 
variation does not seriously affect the problem of mode estimation. 

The radial velocity variation calculated above is defined as the 
variation of the centroid of the line profile. 

2. MODE IDENTIFICATION 

The expressions for the light, colour and radial velocity variations 
contain six unknowns: Z, f, IJJ, t , A and RQ. The observations provide 
five quantities - three amplitudes and two phase differences. Since Z 
is an integer, certain constraints are placed in the set of possible 
solutions. This is best illustrated by considering the phase differences 
between the light and colour variations and the light and radial velocity 
variations. 

Fig. 1: Mode discrimination is obtained from the phase difference 
between the light and colour variations and from the phase difference 
between the light and radial velocity variations. The numbers indicate 
the spherical harmonic mode. For each mode lines of constant f and IJJ 
are shown. 
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Fig. 1 shows such a plot for a limb-darkening constant g = 1. For each 
mode lines of constant f for f = 5, 7, 10, 15, 30 and of constant TJJ 
for ^ = 60, 80, 100, 120, 140, 160, 180° are shown. In general the 
different modes are well separated except for X/J near 180°. In parti
cular the radial (£ = 0 ) , dipole (£ = 1) and quadrupole (£ = 2) modes 
are distinguished by negative, zero and positive phase shifts between 
the light and colour variations. 

For stars where xp is close to 180°, i.e. the 3 Cep variables, 
another method of mode identification must be used. Fig. 2 shows the 
quantities F v/F c and Fy/F R V for f between 5 and 30 and for i[) = 160, 170, 
180°. Good mode discrimination is also obtained; in particular £ = 0, 
1 and 2 can be distinguished by the ratio F v/F c being less than one, 
equal to one or greater than one respectively. In order to apply this 
method, which is essentially the same as that proposed by Stamford and 
Watson (1978), the values of A and RQ must be known since 

VFC IAVI/A I AC I and Fv/F V / r RV U)Ro | AV I /1 .086 | AVr I 

Fv/Fc 

Fig. 2: For stars where \p is close to 180° good mode discrimination is 
obtained from F v/F c and F V /F R V . These quantities involve the corres
ponding amplitude ratios. They are defined in the text. 
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3. APPLICATION OF THE METHOD 

Application of the method is very simple, even for multi-periodic 
stars. However, a large number of observations is required to ensure 
accurate phase differences or amplitudes. If O is the standard error 
of one observation (in magnitudes) of the light or colour, then the 
standard error of the phase is: 

a2 = 2a2/4ir2NA2 

where N is the number of observations and A is the semi-amplitude in 
magnitudes. Similarly the standard error in the amplitude is 

a2 = 2a2/N. 

For a multi-periodic variable the observations must first be pre-
whitened for all frequencies except the one under consideration. The 
phase difference between the light and colour variations or the amplitude 
ratio between these two variations then allows the mode to be estimated 
from Fig. 1 or Fig. 2. In general the variations will not be sinusoidal. 
However, in the linear approximation it is sufficient to take the phase 
difference or amplitude ratio from the fundamental component of a Fourier 
fit to the pre-whitened observations. Balona and Stobie (1980), Balona, 
Dean and Stobie (1980) and Kurtz (1980a, b) have successfully applied 
this method to 6 Scuti variables. 
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DISCUSSION 

SMITH: Could you comment on what the uncertainty in your technique 
might be due to errors in the assumed limb darkening law and due to 
nonadiabatic effects? 
BALONA: The limb darkening law can be easily generalized and you 

find that it has almost no effect on the results. Our results don't 
really depend on whether it is adiabatic or nonadiabatic. All that it 
does is change your \\J and f value and we leave these as free parameters 
to be determined from the observations. 
KEELEY: Why is it that you disregard the fact that the flux has a 

horizontal as well as vertical component? 
BALONA: We don't. In the equations we have n*u. That takes care of 

the line of sight. 
KEELEY: Wait now. There are two components of the flux vector and 

you only broke down one of them, the perturbation to the radial part. 
What about the other part of the flux vector? You don't get it by 
projection. 

BALONA: No, I have written down the equation giving the radiation 
perpendicular to the surface in, say, the V band which is the F and 
then applying the limb darkening effect gives the component in the 
direction of the observer. 
HILL: You need to look at I and not at F. 
BALONA: Oh, yes. I think perhaps there is confusion in the symbols 

that I used. Most people would use I where I used F. 
BREGER: As you mentioned, the relationship between surface brightness 

and color should presumably have a small gravity term in it. Since you 
have evaluated the effect, could you tell us how important it is? 

BALONA: Well, of course it depends on what color you use. Actually, 
I applied model atmospheres to the problem and found that there is 
really not much to choose between B-V and V-I. The effect just sort of 
distorts the phase shift diagram, but the shift is statistically of the 
same sort of order as you would expect from the errors of the observa
tions . 
PERCY: For 3 Cephei stars is the problem the lack of good quality 

simultaneous data, or is it the complexity involved in multimode be
havior? 

BALONA: I think it is more the lack of data, especially two color 
data. 

FITCH: We also need simultaneous velocity data and there is not very 
much of that. 
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