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ON FRACTIONAL INTEGRATION OF GENERALIZED
FUNCTIONS ON A HALF-LINE

by B. RUBIN*
(Received 25th October 1993)

A new approach to fractional integrals of distributions on a half-line is suggested. The results admit an
extension to a large class of Mellin convolutions.

1991 Mathematics subject classification: 26A33.

Introduction

For sufficiently good functions 4>(x), x e R + = [0, oo), fractional integrals of the order
a > 0 are defined by

^ ^ ^ ^ ^ (i)

A survey of different approaches to the definition of fractional integrals (1) in spaces of
generalized functions on R+ is presented in [1-4]. The spaces considered in [1-4] are
not invariant under the action of operators (1). Moreover, in the framework of these
spaces it is impossible to give sense to the divergent integrals /"_</>, <peLp(R+) for all
a^ l /p because of some singular values of a, namely, <x=l/p, l/p+l, l/p + 2,... for
which the consideration falls.

At the same time there are many problems where it is important to deal with
distribution spaces each of which is invariant under fractional integration of any real
order. Here one could mention a wide literature related to the theory and applications
of embedding theorems for function spaces of a fractional smoothness. As a rule, such
spaces are just ranges of some fractional integral operators (interpreted in the
distribution sense and acting on Lp- or continuous function. In this situation the order a
of a fractional integral characterizes the smoothness of elements of such spaces, and it is
important to examine embeddings of spaces of functions (or distributions) with different
smoothness. In the case of the whole space R" (in our case n= 1) spaces of test functions
and their duals which are invariant under fractional integration of any order were
studied by Lizorkin and some other authors (see, e.g., [5, 8] and references there).

Our purpose is to examine a possibility of a similar theory on a half-line by using the
Mellin transform as a basic natural tool (in the whole space a Fourier transform is used
for this purpose). We introduce the space <I>+ of test-functions on R+ of Lizorkin type
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(cf. [5]) which is invariant under 1% + for all a > 0. The action of /"_ is defined correctly
in the dual space O'+ (which contains Lp(R+) for all pe[l,oo]). We also introduce a
more general class of spaces by applying the principle of orthogonality to a prescribed
collection of power functions. Such spaces are convenient for Mellin convolutions with
kernels whose Mellin transform is represented by the quotient of products of F-
functions. Concerning examples and applications of such convolutions see [2,6].

It is my pleasure to acknowledge my deep indebtedness to A. C. McBride for the
fruitful discussion of the results and for the hospitality during my visit to the University
of Strathclyde (Glasgow) in summer 1993. I also wish to express my thanks to the
referee for his valuable remarks.

1. Spaces of test-functions

Let S: = S(R) be the Schwartz space of infinitely differentiable rapidly decreasing
complex-valued functions on the real line R, S(R+) be the linear topological space of
restrictions of Schwartz functions on the half-line R+: = [0, oo) with the topology &~
generated by the sequence of norms

m)W|. fc = 0,1,2 (1.1)
m&kx>0

Consider the following subspaces of S(R+):

S+ : = {co: weS(R+), lim x" Wra)(x) = 0 Vfc,m=0,1,2,...\ (1.2)

(1.3)

We shall interpret S+ and <b+ as linear topological spaces with the topology induced by
ST.

Remark 1.1. Linear spaces (1.2), (1.3) may be endowed with more adequate
topologies. For S+ such topology &~0 may be defined by the sequence of norms

|||eo|||t: = supsupA*(x)|£o(IB)(x)|, A(x) = max(l/x, 1+x).

Of course, $~0 is stronger than 3~ on S(R+), but on S+ these two topologies are
equivalent. This is obvious from the relation

1 \{x-yf-lo){m+kXy)dy " l

x>0
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GENERALIZED FUNCTIONS ON A HALF-LINE 389

which implies |||co|||k^||a>;S||2Jk. (We leave details to the reader.) For the space 0+
another equivalent topology will be defined below.

Example 1.1. The function

sinolog*) (1.4)

belongs to <D+ because its Mellin transform has the form

$xz-lK(x)dx = 2 Jexpf — \sh(zt)sin —(11 = 2^/71 expiz2--\sinnz (1.5)

(see [7, formula 4.133]).
Let us investigate the behaviour of Mellin transformations

(b{z):={ Moi){z) : = j
o

for a>eS+, <t + .
Denote by Jt the space of entire functions /(z) satisfying the following growth

condition: for any fc = O, 1,2... there exists a constant ck such that | / (z) |^c t ( l -J-1 |̂)~fc

provided \Rez\ < k + 1. The topology in J{ will be defined by the norms

k : = sup (l + \z\)k\f(z)\,k = 0,l,2,.... (1.6)
|Rez|Sk+ 1

Consider a subspace J{0 of Ji defined by

with its own topology generated by norms

| | / :^ro | |*:= sup Mk(z)\f(z)\,k = 0,1,2,. . . , (1.7)

Mk(z): = supmax-|(l+|z|)m; \\ \z — j \ l >.

The product of \z — j \ 1 in the definition of Mk{z) reflects the fact that all functions
/ e Jt0 vanish at the points z = 1,2,

Example 1.2. The function A(z) = ez2 sin(7tz) is an element of Jt0 (cf. [1.5]). This
follows from the equality

https://doi.org/10.1017/S0013091500019209 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500019209


390 R. RUBIN

Theorem 1.1. The Mellin transform is an isomorphism from S+ onto Jl and from <!>+
onto Jt0.

Proof. Let/(z) = (5(z), a>eS+, z = £, + it], \£\^k + \. For |»?|^1 we have

o \
where

Similarly for |^| > 1 one obtains

(-1)"
l/wh

where

It follows that /(z) e ̂  and

Conversely, let /(z) E Ji. The estimates of the form

(1.8)

imply that f(z) = <y(z), where
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(The integral on the right hand side does not depend on £, by virtue of the Cauchy
formula.) Let us prove that u>eS+. We have

f f \)-]x-*dz (1.9)
2ni tJiaa

and
{ ~ i r x J f(i + ir,)K + ir,)-(« + ii, + m-l)]x-"df , . (1.10)co(x)

In „

The integral (1.9) (and, consequently, the integral in (1.10)) does not depend on £,.
Assuming £= — m + l, for any l e Z w e obtain

'a>0"\x)\Zcltm J | / ( -

J g | J | | || (1.11)
Hence COGS+ and

||aj;S||ra^cm||c5;^'||2m + 2. (1.12)

The first assertion is proved.
Further, the continuity of the mapping M~l:J?0->4>+ is obvious due to the estimate

||a>;^/0||4. (1.13)

In order to prove the continuity of the mapping M:<b+-*Jt0 it is sufficient to
estimate the expression

for | / tez|^fc+l. One can readily see that the relation a>eQ>+ implies the equality
Il

0+o)= — lLcoe<t>+. Indeed, for x < 1 and any /c = 0,1,2,.. . we have

\x-\ll+o})(x)\^] ^ ^
o T

For x> 1 we use the equality l\Jr<o= — I Leo which leads to
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\xk(Il
0+(o)(x)\ £ J / |w(y) | dy^const.

The orthogonality conditions may be easily checked by using integration by parts.
Thus, we have

Vm=\,2,.... (1.14)

By making use of the last formula we have

a>(z) = (-ir^mY\ (z-j)(um(z) + vm(z)),

where

um(z) = ]xz-m-2(IoVco)(x)dx, vm(z)=(-\)m+i ]x*
0 1

Since for z = | |

and

1 X 1 X X

then
|gm(z)|^2||w;S||t + 3. (1.15)

Now the required continuity follows from the simple estimate

ii ,1 f n n i i l
||c5;.^o||*^max^||(H;,//r||ik; sup sup|gm(z)|V

I |Rez|S*+l m&k J

which gives
(1.16)

according to (1.8), (1.15). •

Corollary 1.1. The space S+ (the space <t>+) is an algebra (with respect to the Mellin
convolution) which is isomorphic to the multiplicative algebra Jt(Jf0). The space <!>+ is an
ideal in the algebra S + .

Remark 1.2. Estimates (1.12), (1.13), (1.16) show that topologies defined by norms
(1.6) and (1.7) are equivalent on Ji0. By Theorem 1.1, the topology on J{0 defined by

https://doi.org/10.1017/S0013091500019209 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500019209


GENERALIZED FUNCTIONS ON A HALF-LINE 393

(1.7) induces a natural topology on d>+ which is equivalent (on O + !) to that defined by
(1.1). A similar situation occurs for the Lizorkin spaces O(R") (see [5, 8]), the topology
of which is defined by using the Fourier transform.

2. Fractional integrals in the spaces of test functions and in the spaces of distributions

The space O + is invariant under 1% + , I"_ for integral a (cf. (1.14)). In the general case
we have the following:

Theorem 2.1. The operator /£+, Rea>0, is an automorphism of the space <l>+. There
is no subspace X^{0} of the space S+ such that X is invariant under It for all a>0 .

Proof. Let us verify the first statement. For a>e<t>+ we have

r ( ! j " ~ z ) ):=/g(z), Rez< 1 -Rex, (2.1)

wherefx(z) is an entire function of z for all a e C with the zeroes z = 1,2,.... Let us prove
that fx(z)eJf0. To do this we estimate the norm (1.7). Assume x = y + iS, z = £ + in,
lfl^fc+1. Then \Re(z + a)\^s + 1, s = fc + 2 + [|y|] ([|y|] stands for the entire part of \y\),
and hence

| | | | s | | c 5 ; J/0\\s.

According to the estimate

|F( 1 - a - z)/F(l - z)| ̂  ck|z| - '

which holds for |^ |^/c+ 1, \n\> 1 +3, for such £, n we have

with some constant ck which may depend also on a. If |^|^fc+ 1, |//|^ 1 +S, then

'-JVI n

Hence | | / a ;^o| |*^ck| |^^o| | j which implies the continuity of the mapping Jfosu>-
toVaeC and yields the desired result by virtue of Theorem 1.
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In order to prove the second statement we assume that there exists a subspace XaS+
which is invariant under /"_ for all a>0. Then the equality

«_co)~(z) = jB2-c5(z + a) ) Rez>0,coeX, (2.2)

yields the relation c5(z + a)r(z)/F(z + a) e Jt Va > 0. The latter is possible only for
0. •

The equality (2.2) leads to a natural idea, namely, to consider the action of /°L on
functions from the space

: = Ja>:a>eS+; ]co(x)xx'kdx = 0,k=h2,..X (2.3)

with the topology of S+. Then Theorem 1.1 yields the following assertion.

Theorem 2.2 The operator /"_, Retx>0, is an isomorphism from <Da onto <D_a.

Let us pass to the consideration of generalized functions. Denote by O'+, <J>'a the duals
of <t+, <J>a respectively. The convergence in <t'+, 0>'x is defined as a weak convergence of
functionals. We define

The following statement is obvious due to Theorems 2.1, 2.2.

Theorem 2.3. For all Re<x>0 the operators I".: <b'+->&'+, I o+-<b'-„-+<&',, are
isomorphisms.

Remark 2.1. When proving isomorphism properties of fractional integrals (see
Theorems 2.1, 2.2, 2.3) we actually did not use any analytic form of corresponding
fractional derivatives. Necessary information which covers all complex a was presented
in terms of the Mellin transform, isomorphism properties of which are established in
Theorem 1.1. In the context of the paper fractional derivatives are well defined by
analytical continuation in (2.1), (2.2) for cueO+ and we<b_x respectively.

3. Some generalizations

Let r = {OJ, a,-}7= t be a sequence of pairs of numbers a,eC and a/^OJeR. Introduce
the space
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x a ' + 0 L j k - 1 dx = 0, j=\,...,m, k = 0,l,2,-\

with the standard topology of the space S+. As an example of a function from <tr one
can take

K(X) being the function (1.4), "*" standing for the Mellin convolution. The space <tr is
complete and is an ideal in the convolution algebra S+.

Consider the operator K which is defined on functions <u(x), x e R + by the relation

(3.1)

where aj,bj,5eC and cupPjXeR are some numbers, A#0. A large number of integro-
differential operators on R+ can be represented in the form (3.1) (see [2, 6]).

Theorem 3.1. Let A = B: = m, Zj = Pj, j=l,..,m,

f. la-, l\m f bj l\m

Then the operator K defined by (3.1) is an isomorphism from Or onto O,.

The proof of this theorem is similar to the proof of Theorem 2.1. Note, that if
or <Xj¥=Pj for some j , then K cannot be an isomorphism in the spaces under
consideration, because in this case multiplication (or division) by Jf(z) does not leave
the space Jt invariant.

Corollary 3.1. Assume that under conditions of Theorem 3.1 the following relation
hold:

Then K is an automorphism of the space Or.

In conclusion we note that Theorem 3.1 enables us to define the action of the adjoint
of the operator (3.1) in the corresponding spaces <D, of distributions.
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