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ABSTRACT

We set up the basic theory of P-adic modular forms over certain unitary PEL Shimura
curves Mp,. For any PEL abelian scheme classified by M}, which is not ‘too super-
singular’, we construct a canonical subgroup which is essentially a lifting of the kernel
of Frobenius from characteristic p. Using this construction we define the U and Frob
operators in this context. Following Coleman, we study the spectral theory of the action
of U on families of overconvergent P-adic modular forms and prove that the dimension
of overconvergent eigenforms of U of a given slope is a locally constant function of the
weight.

1. Introduction

The theory of p-adic modular forms started with the work of J. P. Serre, B. Dwork and N. Katz.
The original motivation for this theory was the problem of p-adic interpolation of special values of the
Riemann zeta function. Serre [Ser73] defined p-adic modular forms as p-adic limits of ¢g-expansions
of classical modular forms of varying weights and he constructed p-adic L-functions by using his
families of p-adic modular forms.

Katz [Kat73] gave a modular definition of Serre’s p-adic modular forms of integral weight.
They are defined as certain functions on the moduli space of test objects consisting of an ordinary
elliptic curve with a level structure. He also gave modular descriptions of the action of Hecke
operators on these modular forms, including the analogue of the classical U, operator of Atkin,
which is called the U operator. This operator takes a p-adic modular form with g-expansion ), a,¢"
to D>, anpq™.

Studying the action of the U operator on p-adic modular functions, Dwork introduced the
notion of growth condition and noted that U was a completely continuous operator in his case. Katz
showed that the subspace of p-adic modular forms with growth condition r (which is an element
of the p-adically complete base ring Ry) can be defined as certain functions on the moduli of test
objects which are not too supersingular, in the sense that the value of E,_; (Eisenstein series of
weight p — 1) at the test object has p-adic valuation at most equal to that of r. If »r = 1 (or a
unit), this amounts to being ordinary and hence growth condition r» = 1 retrieves the full space of
p-adic modular forms. When r is not a unit in Ry, the modular forms of growth condition r are
called overconvergent modular forms. Using the work of Lubin on the theory of canonical subgroups
of formal groups of dimension one, Katz showed that the subspace of the overconvergent modular
forms of growth condition r is invariant under the U operator. The significance of the concept of
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growth condition lies in the fact that for a non-unit r, U is a completely continuous operator on the
subspace of overconvergent modular forms of growth condition r. As a result, one can use Serre’s
Fredholm theory [Ser62] to study the spectral theory of U.

Hida [Hid86a, Hid86b] constructed and extensively studied the ordinary (or slope zero) part
of the space of p-adic modular forms (and of their Hecke algebra). This space is topologically
generated by the eigenforms of U whose eigenvalues are p-adic units (or have valuation zero). Hida
showed that ordinary modular forms are all overconvergent. He also constructed p-adic families of
Galois representations attached to families of ordinary p-adic modular forms. As a result of this
work, Hida could prove that the number of normalized ordinary eigenforms is a locally constant
function of the weight. Gouvéa and Mazur [GM92] conjectured similar results for a general slope
B € Q. These questions were almost settled by Coleman [Col97, Col96]. Coleman uses rigid analytic
geometry to analyze the properties of overconvergent modular forms. He considers rigid analytic
affinoids over Ly, the fraction field of Ry, obtained by deleting supersingular discs of different sizes
from the modular curve X7 (V) and defines overconvergent modular forms as sections of certain line
bundles on these affinoids. These modular forms can be described in terms of Katz’s overconvergent
modular forms. Using the work of Katz, Coleman defines the completely continuous action of U
on these modular forms. He also generalizes Serre’s Fredholm theory for completely continuous
operators of Banach modules over Banach algebras [Col96]. He then applies this theory to families
of overconvergent modular forms parameterized by certain rigid affinoids and obtains results about
the overconvergent eigenforms of U. This leads, among other things, to his proofs of (slightly weaker
versions) of the Gouvéa—Mazur conjectures [Col96].

The current work was inspired by Coleman’s elegant method. One would like to prove similar
results for automorphic forms on GLy of a totally real field F. In order to avoid complications
arising from high dimension of Hilbert modular varieties one could switch to certain quaternionic
Shimura curves M. In certain cases the automorphic forms over these Shimura curves correspond
to automorphic forms for GLo over F' via the Jacquet—Langlands correspondence. The automorphic
forms on My are, in turn, closely related to the automorphic forms on certain unitary Shimura
curves M/, defined over F'. In this work we develop a P-adic theory for modular forms defined over
the Shimura curves M., and show how Coleman’s method can be generalized to produce results
about the dimension of various spaces of P-adic eigenforms in this context. As mentioned above, one
of the potential applications of this work is to understanding of the p-adic deformations of (certain)
Hilbert modular forms. The key to passage from our results to results about Hilbert modular
forms is in proving a criterion to decide which P-adic eigenforms are classical. This will make it
possible to restate the results for spaces of classical eigenforms on Mj/.,. The relationship between
the curves Mg and M7, (for example as in Theorem 4.2) allows one to compare dimensions of
spaces of classical eigenforms on these curves and obtain results concerning the dimension of spaces
of eigenforms on the quaternionic Shimura curves. Finally, replacing (normalized) eigenforms with
their corresponding automorphic representations (on both the Hilbert modular variety and the
quaternionic Shimura curve), one could incorporate the Jacquet—Langlands correspondence (when
applicable) to obtain results on the dimension of spaces of Hilbert modular eigenforms.

Coleman [Col96] has proven such a classicality criterion in the context of modular curves.
Work on a similar criterion in this context is in progress.

Let us introduce some notation. Assume F' has degree d over Q. Let P be a prime ideal of the ring
of integers Op, which lies over p. Let F’p and Op denote the completion of F' and its ring of integers
at P. Let w be a uniformizer of Op. Let x denote the residue field of P of cardinality ¢. Let Ry denote
a complete discrete valuation ring containing Op, with valuation v, such that v(w) = 1. Let B be
a quaternion algebra defined over F' which splits at P. Assume also that B splits at exactly one
infinite place 7 : F' — R. Let G = ResF/Q(B*) be the Weil restriction from F' to Q of B*. To G,
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one can associate a projective system of Shimura curves Mg indexed by open compact subgroups
of G(A'). The connected components of these curves over C can be described as the quotient of
the complex upper half plane by congruence subgroups of B*. By Shimura’s work these curves have
canonical smooth and proper models over F'. Carayol [Car86] explains how to construct canonical
integral models for these Shimura curves. These models are constructed via the integral models for
the Shimura curves M}, which are associated to a unitary group G’ obtained from an involution
of the second kind on D = B ®p F, where F is a quadratic imaginary extension of F'. The curves
Mj., and their canonical integral models can be described as moduli spaces of abelian schemes
with PEL structures. Carayol [Car86] records the observation of Deligne and Shimura that every
connected component of My ® Fp' is isomorphic to a connected component of some M., & Fp.
This is used to construct the canonical integral models of M. It also establishes the aforementioned
close connection between modular forms over Mg and modular forms over M/.,. As hinted before,
we will develop the theory entirely for the Shimura curves M}, which are more suitable for our
constructions.

In §§ 2, 3, and 4, we review some background on Shimura curves My and M., In § 5 we define
modular forms on Mj., which, unlike the classical case, do not have g-expansions. Consequently,
we don’t have a canonical Eisenstein series of weight ¢ — 1. In § 6 we construct a modular form H
over k, the Hasse invariant, which vanishes exactly at the supersingular points of M/.,. In § 7 we
show that (when ¢ > 3) there is a lifting of this modular form to characteristic zero which, for our
purposes, is as good as the Eisenstein series in the classical context. This lifting will serve to limit
the supersingularity of a test object in our moduli space. Indeed in § 12 we prove that our theory
is independent of the choice of this lifting. This is essentially a corollary of Proposition 6.3 which
states that the Hasse invariant has simple zeros in this case. Using this lifting, in § 8 following Katz,
we define the spaces of P-adic modular forms over M }{, of growth condition r € Ry. When r € Ry
is not a unit, we call these modular forms overconvergent.

In § 9 we describe P-adic modular forms using rigid affinoids and formal schemes. In § 10 we
use the Lubin—Katz method to construct the canonical subgroup of a ‘not too supersingular’ test
object in our moduli space. We also explain how to measure the supersingularity of the quotient of
the test object by its canonical subgroup.

The canonical subgroup is essentially a canonical lifting to characteristic zero of the kernel of
Fr, in the abelian scheme. In § 11 we use the canonical subgroup to define Frob, the Frobenius
morphism of P-adic modular forms. We also use the rigid theoretic description of P-adic modular
forms to study the properties of Frob. This allows us to define the U operator in § 12 essentially as
a trace of Frob, and to prove that the space of overconvergent modular forms is invariant under U.
In § 13 we study the continuity properties of U and show that U is a completely continuous operator
when 7 is not a unit in Ry. In the last section, § 14, we use Coleman’s method [Col96] to study the
overconvergent eigenforms of U. An overconvergent modular form f is called a generalized eigenform
of U of slope 3 € Q if there is a polynomial Q(T) € Lo[T] such that all of its roots (in Lg) have
valuation 8 and Q(U)(f) = 0. Let d(K',k,[3) denote the dimension of space of overconvergent
generalized eigenforms of slope 3, level K’, and weight k. We prove the following theorem.

THEOREM 1.1. There exists an M > 0 depending only on 3, K', and D, such that if for integers
k, k', we have k = k' mod p™ (q — 1), then

d(K' K, B) = d(K", K, B).
Moreover d(K', k, 3) is uniformly bounded for all k € 7Z.

We shall mention that the P-adic modular forms defined here are in level ‘away from P’.
These include all modular forms of level ‘divisible’ by P, but with trivial character at P.
We will address the case of ‘level divisible by P’ in a future work.
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Despite the lack of g-expansions in this setting, we can define a notion of congruence modulo
powers of 7 for P-adic modular forms (of possibly different weights). Our setting is quite suitable to
study such congruences. Indeed in this paper we already prove a congruence modulo 7 between two
P-adic modular forms (of the same weight), the analogue of which in the classical setting is proven
by the g-expansion principle (see Theorem 14.1). We define and study this notion of congruence in
an upcoming article where we prove an analogue of Theorem A of [Col97] in this context.

2. Notation and setup

Our reference for this section is [Car86]. Let p be a prime number. Let F' be a totally real field of
degree d > 1 with 7; : F' — R for 1 < i < d its embeddings in R (the case F' = Q is done in [Kas99]).
We will denote 71 simply by 7. The primes of F' which lie above p are denoted by P, ..., P, and
we will call Py simply P. Let Fp denote the completion of F' at P. Let Op be the ring of integers
of F’p with a uniformizer 7 and residue field x of order q. We will assume that g > 3.

Let B be a quaternion algebra over F' which is split at 7 and ramified at all other infinite places.
We also assume that B is split at P.

Let A < 0 be a rational number such that Q(v/A) splits at p. Define E = F(v/)). By choosing a
square root of A in C, the embeddings 7; : ' — R can be extended to embeddings 7, : £ — C for
1<i<d.

We always consider E to be a subfield of C via 71 = 7. Choose a square root p of A in Q,.
The morphism E — Fj, @ F}, which sends = + yVA to (z + yu, z — yp) extends to an isomorphism
E®Q,—F,®F, — (Fp,® - ®Fp,)® (Fp, & & Fp,),

which gives an inclusion of F in Fp via the first projection
E—E®Q, > F,aF 25 F 2L pp.

Let z — z denote the conjugation with respect to F' of E. Define D = B ®p F and denote by
[ — [ the product of the canonical involution of B with the conjugation of E over F. Let V denote
the underlying Q-vector space of D with left action of D. Choose § € D such that § = § and define
an involution on D by I* = §~'1§. Choose a € E such that @ = —a. One can define a symplectic
form W on V: for v,w € V define

V(v,w) = trgglatrp/p(véw®)).

The symplectic form ¥ is an alternating nondegenerate form on V' and satisfies

U(lv,w) = ¥(v, ["w).

Let G’ be the reductive algebraic group over Q such that for any Q-algebra R, G'(R) is group
of D-linear symplectic similitudes of (V ®q R, ¥ ®q R). Let S denote Resc/r(G,y,). In [Car86] a
morphism b’ : S — Gp is defined such that X', the G'(R)-conjugacy class of ', can be identified

with the complex upper half plane, H*, and the composition S X, Gr — GL(VRr) defines a
Hodge structure on Vg which is of type {(—1,0), (0, —1)}. One can choose § in such a way that ¥
becomes a polarization for this Hodge structure, which is to say that the form on Vi defined by
(x,y) — U(z,yh'(i)~1) is positive definite.

Let Op be a fixed maximal order of B and fix an isomorphism Op ®¢, Op — Ma(Op). Let Op
be a maximal order of D. Let V; denote the corresponding lattice in V. The above mentioned

362

https://doi.org/10.1112/50010437X03000150 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000150

P-ADIC MODULAR FORMS OVER SHIMURA CURVES

decomposition of £ ® Q) induces the following decompositions of D ® Q, and Op ® Zj:

Op®%Z, = OD} ® - & OD}n ® OD% e --- D OD%L
N N N N N
DeQ, = D% o - O D}n D D% o - D D%n

where each D;? is an F’p;-algebra isomorphic to B&p Fp;. In particular, D% and D% are isomorphic to
My (Fp), and [ — [* switches D]]-L and DJQ-. One can choose Op, a, § in such a way that the following
conditions are satisfied:
i) Op is stable under the involution [ +— [*;
) each OD;C is a maximal order in D;? and Opz — D? = My(Fp) identifies with Ma(Op);
iii) W takes integer values on Vz;
iv) W induces a perfect pairing ¥, on Vz, = Vz ® Z,,.
Each Op ® Z)-module A admits a decomposition similar to that of Op ® Z,,
A:Al@...@Al @AQ@...@AQ
such that each Ak isan O Dk -module. The Ma(Op)-module A? decomposes further as the direct sum
of two Op-modules A2 ! and A2 2 by choosing idempotents e and f =1 — e in My(Op).
The finite adelic points of G’ can be described as

G'(AT) = Q) x GLy(Fp) x (B ®p Fp,)* x -+ x (B&p Fp,)* x G'(ATP).

As was mentioned earlier, G’(A') is the group of D-linear symplectic similitudes of (V @ A/, ¢y ®
AT). We describe how it acts on V ® A/ at p. Let

VeQ,=Vie --oVioVie - oV

be the decomposition of V' ® Q, as a D ® Q,-module. It turns out that Vji and Vlk are orthogonal
with respect to W unless i # k and j = . Now if (X, g1,92,...,9m,7) € G'(A'), then it acts on V2
by multlphcatlon with g; for 1 < j < m. One can extend the action of g; on V2 to Vl by the rule
U(g; j,g] j) )\\I/(m],x]) for m € V1 and m € V2 Finally v acts on V' ®Af’

3. Quaternionic Shimura curves over F

In this section we will review some basic facts about certain quaternionic Shimura curves over F.
Our reference is [Car86]. Let G = Resp/q(B*). Then G(Q) = B* and

G(R) — GLay(R) x (H")*,

where H denotes the Hamiltonian quaternions. The G(R)-conjugacy class of h : S — Gr defined by
h(z +1iy) = (( _zy g)_l, 1,..., 1) can be identified with H* = C\ R. Consider the projective system
of Shimura curves over C associated to the pair (G, X), indexed by open-compact subgroups K of

G(AT) = (Bor AL,
Mic(C) = GQ\G(AT) x H=/K.
Here K acts trivially on H* and by right multiplication on G(Af). The action of G(Q) on H*

is via G(Q) — G(R) 2% GLy(R). There is a canonical model over F for My (C) denoted by My
which is smooth and proper. The curves My are not PEL Shimura curves.

We consider a special class of subgroups K. Let K7 C GLy(Fp) — (B®p Fp)* be the subgroup
consisting of elements of GLy(Op) which are congruent to identity modulo 7. Let I" be the restricted
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product of (B ®p F,)* for all finite places v of F but P. Consider subgroups of G(Af) of the form
K =K x H,

where H is an open compact subgroup of I'. For such K denote My by M,, p.

If H is small enough, then My has a smooth and proper model My z defined over O('p).
The M g for all possible H form a projective system all of whose transition morphisms are étale.
These models are constructed from canonical integral models of certain unitary Shimura curves
which are moduli spaces of PEL abelian schemes. In the next section we will review these curves.

4. Unitary Shimura curves M.,

Let X’ be the G'(R)-conjugacy class of ' : S — G}. One associates to (G, X’) and any subgroup
K' c G’(Af ) which is open and compact, a Shimura curve over C,

M/ (C) = G'(Q\G'(A)) x X' /K,
which is a compact Riemann surface. Here K’ acts on G’(Af) by multiplication and G'(Q) acts on

X' by conjugation. Contrary to the case of modular curves, these curves do not have cusps.

The Riemann surface M}, (C) has a canonical smooth and proper model M}, which is defined
over E. We will use the injection of E in Fp defined in § 2 to base change M}, to Fp. We will
denote this by M}, again. The transition morphisms of the projective system {Mj., }x+ which is
indexed by open compact subgroups of G’ (Af ) are étale morphisms.

4.1 Moduli problem over Fp
We describe a moduli problem over Fp which is represented by M7.,. We assume K’ to be small
enough to keep the lattice V;, = Vz ® 7 c V @ Al invariant.

Let A be an abelian scheme defined over an Fp-algebra R which has an action of Op. Then Lie(A)
is an Op ® Zp-module and hence, from § 2, it admits a decomposition

Lie(A) = Liel(A) @ - -- @ Liel (A) @ Lie?(A) @ - - - @ Lie?, (A),
where Lie?(A) is a projective R-module with an action of OD;C. Furthermore Lie?(A) admits a
decomposition
Lie?(A) = Lie?! (A) @ Lie??(A)

to two isomorphic projective R-modules which have an action of Op. Similarly, any finite flat
subgroup scheme C of A which is killed by a power of p admits an action of Op ® Z, and hence it
decomposes as C{ @ --- © CH & C? @ --- @ C2%. The part C? admits a decomposition Cf’l $5) C%’Q
into two isomorphic finite flat subgroups with an Op-action. In particular, (A[p”]);g is defined
for 1 < j < m, and £ = 1,2, and we have a decomposition into a sum of two Op-modules of
(A[p"])? = (A[p”])%’1 ® (A[p”])?’Q. We will let (A[W”])?k denote the 7"-torsion in (A[p”])%k and
define (A[r"))} = (Alr")i" @ (A[x"])T%

The Shimura curve M., represents the functor

M : ((Fp-algebras)) — ((sets))

where for any Fp-algebra R, M (R) consists of the isomorphism classes of all quadruples (A, i, 6, @)
such that:

i) A is an abelian scheme of relative dimension 4d over R with an action of Op via i : Op —
Endpr(A), which satisfies

a) the projective R-module Lie%l(A) has rank one and Op acts on it via Op — R;

364

https://doi.org/10.1112/50010437X03000150 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000150

P-ADIC MODULAR FORMS OVER SHIMURA CURVES

b) for j > 2, we have Lie?(A) =0;

ii) 0 is a polarization of A (of degree prime to p) such that the corresponding Rosati involution
sends (1) to i(I*);

iil) @ isAa K’ level structure which is a class modulo K’ of symplectic Op-linear isomorphisms
o :T(A) — V; (locally in étale topology).

Here T'(A) = Hpr(A) denotes lim ~A[n] as a sheaf over Spec(R) in the étale topology and the
symplectic form on T'(A) comes from the Weil pairing composed with the polarization . Note that
the condition on the Lie algebra is an equivalent form of the trace condition (coming from A') when
the base is Fp.

Let I" = G'(ATP) x (B @p Fp,)* x --- x (B ®p Fp,)*. As shown in § 2, we have G'(A/) =
Q; x GLa(Fp) x T'. We will only consider subgroups of the form

K' =17y x Kp x H — Qy x GLy(Fp) x I,
where K7 is defined in § 3 and H' is an open compact subgroup of I'V. We sometimes denote such
M., by M;L - For this particular choice of K’ the above moduli problem can be stated differently.
Let TP(A) denote 1., Ti(A) and

Tp(A) = (Ty(A)1 @ -+ & (Ty(A)), & (Tp(A)T & -+~ @ (T(A))7,

be the decomposition of T),(A) as an Op ® Z,-module. Denote (T,(A))3 & -+ & (T,(A))2, by TZZD.

Let WP denote Vz ® ZP and W[ denote the direct sum (Vz,)3 & - -+ @ (Vz,)a,. The level structure
@ in the description of the functor Mg can be replaced with the following data:

~

1) ap is an isomorphism of Op/7"-modules ap : (A[W"])%’l — (77"Op/Op)?;
2) a” is a class of isomorphisms a” = oz;f ®al: T;Z)(A) BTP(A) = WZZ) @ WP modulo H’, with
ozz,) linear and o symplectic.

When n = 0 the condition 1 disappears.

4.2 Moduli problem over Op
Let K' = Zj x K% x H' be an open compact subgroup of G'(Af). When H’ is small enough there
is a smooth and proper scheme M, = M y, defined over Op such that M @ Fp = M g and
M& 7 represents the functor

Mo g ((Op-algebras)) — ((sets))

such that for any Op-algebra R, M p/(R) is the set of all isomorphism classes of (A4, 1,0, a”) such
that:
i) A is an abelian scheme over R of relative dimension 4d equipped with an action of Op given
by i : Op — Endr(A) such that
a) the projective R-module Lie%l(A) has rank one and Op acts on it via Op — R,
b) for j > 2, we have Lie?(A) =0;
ii) @ is a polarization of A of degree prime to p such that the corresponding Rosati involution
sends (1) to i(I*);
iii) @” is a class of isomorphisms o = oz;f ®al: T;Z)(A) oTP(A) = WZZ) @ WP modulo H’, with
ozz,) linear and o symplectic.
There is a universal (A}, = AE), 0,0, a”) defined over M& 5 such that any (A,i,0,a") over
an Op-algebra R is obtained by pulling back the universal quadruple via the corresponding mor-
phism Spec(R) — ME), - Let € : AE), o = M& s denote the structure map. The (’)MS’H,—module
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*Qll !
¢ AO,H’/MO,H’
construction could be done for any (A,z',@,o?P) defining w4 /R> which could also be obtained by
pulling back w AL LM via the morphism Spec(R) — Mg’ g7~ We usually drop the subscript and

. 2.1 ..
is an O Z,-module. Let w = w denote (e,01 . A similar
D& Ly D= D (& ey 1

use w whenever there is no confusion. The fact that Lie%’l( 0.) s locally free of rank one shows
that w is indeed a line bundle over ME), - We have the following Kodaira-Spencer isomorphism in
this case.

PROPOSITION 4.1.

. ~ 1
i) w w — .
) AL /MY g ®—(A6,H/)V/M6,H/ My 111/ Op

.o . . . . , , ®2 ~ 1

ii) There is a noncanonical isomorphism (ng,H//Mo,H/) — 0 /0P
Proof. For part i adopt the proof of Lemma 7 in [DT94]. For part ii note that since 6 is prime to
p, the rank of the kernel of  is invertible on Mg’ g+ and hence 0 is étale. This gives an isomorphism
WAL /MG L T LAY L)Y /M O

/ .
0,H’ 0,H’ 0,H’

Finally, we state Corollary 4.5.4 of [Car86] which relates the Shimura curves Mé’ g and Mo p.
Let Fp5" denote the maximal unramified extension of Fp.

THEOREM 4.2. Let H C T be a small enough open compact subgroup, and Ny a connected com-
ponent of Mo g ® Fp'. Then there exists an open compact subgroup H' C I', and a connected
component of Ny, of My @ Fp', such that Ny and Ny, are isomorphic over Fp".

As we explained in § 1, this establishes a close connection between automorphic forms on the
two types of Shimura curves. From now on we will confine our attention to Shimura curves M7, .

4.3 Formal Op-module and w-divisible subgroup of (A, 1,0, a%)

Let R be a 7-adically complete Op-algebra. Let (A,4,0,a”) over R be as in § 4.2. Let A[p™] =
@A[p”] be the p-divisible subgroup of A. Then

APp™] = (Ap™h @ - @ (APp™])y @ (AP¥DT & - @ (AP,
and we have a decomposition (A[p™])2 = (A[p™])>" & (A[p*])>2. We call (A[x>®])?! := 11_)(A[7r”])§1
the 7-divisible subgroup of (4,4,60,a”) (see § 4.1).

Since 6 is prime to p, 6 : A[p>®] — (A[p>])" is an isomorphism. Since the involution * inter-
changes Op1 and Opye2, 0 induces isomorphisms
J J

(A=)} 5 (Ap™])2)Y.

Since Lie?(A) =0 for j > 2, we know that A[poo]g is étale for j > 2.

4.3.1 Formal Op-modules. By a formal Op-module G over R we mean a formal group law G of
dimension one with an action of Op where 1 acts as identity, and the action of Op on Lie(G) is via
the structural morphism Op — R. The height of a formal Op-module G is an integer ht(G) such
that rk(G[r7]) = ¢/™(©) for any j > 0. Let [7]s denote the power series giving the multiplication
by 7 in the reduction of G modulo 7. Then ht(G) can be characterized as the largest integer n such
that [7]s is a power series in 7", If 7 = 0 in R, then there are morphisms Fr, : G — G(@ and
V: G — G such that Fr,(z) = 29 and V(Fry(z)) = [r]g and Fry(V(z)) = [7] g -

Let G4 denote the formal completion of A at its identity section. Zariski locally on the base G 4
is a formal group law with an action of Op. Since G4 has also an action of Z, it decomposes as an
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Op ® Zy-module. By definition of the moduli problem in § 4.2 the component (GA)%I is a formal
Op-module of dimension one.

ProproOSITION 4.3. Let R be an Op-algebra and G a formal Op-module over R. There exists a
coordinate x on G such that for each (q — 1)th root of unity ¢ € Op we have [(](z) = (x (where [(]
denotes the power series in x giving the action of ( € Op on G). In this coordinate the action of 7
takes the special form

[ee]
[7](z) = 72 + ax? + Z cjxj(q—1)+17
=2
where a,c;(j > 2) € R and ¢; € 7R unless j = 1 mod g.

Proof. This can be proven in exactly the same way as Proposition 3.6.6 in [Kat73] by replacing
F,V by Frg, V in this context. ]

4.4 Quotient of (A,i,0,a%) by a finite flat subgroup of A
We will define the quotient of a test object (A,i,0,a”) as in § 4.2 by certain finite flat subgroups
of A. Let C C A be a finite flat subgroup scheme. We assume C' to satisfy the following properties:

i) C is killed by ¢, is Op-invariant, and has rank qdim(A).

ii) the isomorphism 6 : A[g] — A[q]" takes C' C A[q] to (A[q]/C)Y C Alq]Y;
i) O :=C3&---aCl =00r CF = (Alg))3 & - ® (Alq])2,.
If C satisfies these conditions, we say C'is of type 1 if Cf = 0 and of type 2 if Cf = (Alg)3 @

-+ @ (Alq))?,. Note that any C of type 1 or 2 is uniquely determined by Cf 1,

Since C'is Op-invariant A’ = A/C inherits an action of Op which makes the natural projection
A — A" Op-equivariant. We will denote this action by .

4.4.1 Definition of §'. Let (A, i) be an abelian scheme with an action of Op and 6 a polarization
of A. We will say that 6 is compatible with the action of Op if the associated Rosati involution
coincides with [ — [* on Op.

LEMMA 4.4. Let A and A’ be abelian schemes over R each equipped with an action of Op and
f: A — A be an Op-equivariant isogeny of kernel C' and degree ¢@™A) . Let § : A — AV be a
polarization compatible with the action of Op. If 6 takes C' C A onto (Alq]/C)" C AV, then there
is a unique polarization ¢’ : A" — (A’)V which is compatible with the action of Op and such that
the following diagram is commutative:

A—L sy
o’ 0
Ay L v

where g is the unique isogeny such that g o f = [q] on A. Furthermore deg(0) = deg(6’).

Proof. Note that f identifies A’ with A/C. Since Ker(g) — Alq]/C, we know that the kernel of
g’ AY — (A")Y is (Alq]/C)Y C AY. This identifies (A")" with A /(A[g]/C)Y. Now since 6 takes C
onto (Alq]/C)Y, it defines an isogeny (indeed a polarization) ¢’ : A" — (A’)Y for which the above
diagram is commutative. The compatibility of #” with the action of Op is the result of the same
fact for 6 and the fact that f is Op-equivariant. Uniqueness is clear from construction. The fact

that rk(C) = ¢ implies deg(f) = deg(’). O
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4.4.2 Definition of (@”). Let f: A— A’ and g: A’ — A be as above. Since rk(C) is relatively
prime to any prime number different from p, the map T?(g) : TP(A’) — TP(A) induced by g is an
isomorphism. Define

(a?) = a? 0 T?(g).

We define (af)’ depending on the type of C. Let C be of type 1. Then f induces an isomorphism
P(fy . TP ~. P P _
T, (f): T, (A) — T, (A') as (Ker(f)), = 0. We define

(a) = ay o (T7(F)~"

~

If C'is of type 2, then Ker(g) is of type 1 and therefore g induces an isomorphism 7, f (9): T, f (A) —
TpP(A). We define

(aP) = oF o TP (g).
Finally (a”) is defined as the class of (af)’ @ (o)’ modulo K’. Note that

(@) @a?)) =al @ qa?.

In the rest of this section we will define a pullback morphism from Qfl/"’ R to gﬁﬁ/ - The pullback

morphism ¢*, defined via g : A" — A, satisfies g* o f* = ¢*. We will however need a more refined
pullback.

PROPOSITION 4.5. Let C' be of type 1 or 2. Assume Cf’l C (A[?T])%’l. Let f: A — A/C be the
projection. Then for each k > 0 there is a functorial R-morphism

* k k
)" @ik = @lasoyn

such that (f')* o f* = 7% and f*o (f)* = «*. Furthermore if 7 = 0 in R and f = Fry, then
Proof. Tt is enough to construct (f')* locally. The Op-isogeny f : A — A/C induces a morphism
of formal Op-modules, [f] : (GA)%’l — (GA/C)%’l, whose kernel is the intersection of Cf’l with
(GA)%’l, and hence we have Ker([f]) C (GA)%l[T('] = Ker[rn]. Therefore, there is a morphism of

formal Op-modules [f’] making the following diagram commutative:

(7]

(Ga)t” (Ga)t”
< (']
(Gaje)t!
Therefore, [f'] o [f] = [n]. Now just define (f')* to be [f']* : Wi 7 Y, 0! noting

that w,/p = WG )2t Now (f')* satisfies the desired property since the action of [7] on w is via
1
multiplication by 7. If f = Fry, then f' =V and hence we have (f')* = V* (see § 4.3.1). O

5. Modular forms with respect to D

Let H' be an open compact subgroup of IV = G'(AfP) x (B ®F Fp,)* x --- x (B ®F Fp, )* and
K'=173 % K% x H' which is an open compact subgroup of G’(Af). Let Ry be an Op-algebra.
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5.1 Modular forms of level K’ = Z,* x K2 x H’
A modular form with respect to D of weight k € Z and level K’ over Ry is a rule which assigns to
any (A,4,0,a",w) over R, where
i) R is an Ry-algebra,
ii) (A,4,0,a") is as in § 4.2,
iil) w is a basis for wy p,
an element f(A,4,0,a",w) € R such that
i) f(A,4,0,a”, w) only depends on the R-isomorphism class of (A,1,0,a”,w),
ii) the formation of f(A,4,0,a”,w) commutes with arbitrary base change of Rg-algebras,

iii) for any A\ € R* we have
F(A0,0,67, ) = XTHf(4,i,60,07,w).

Alternatively one can define a modular form with respect to D of weight k € Z and level K’
over Ry to be a rule which assigns to any quadruple (A,4,60,a”) as in § 4.2 a section f(A,i,0,a")
of gfl/"’R over Spec(R) such that

i) f(A,i,0,a”) depends only on the isomorphism class of (A,i,0,a”) over R,
ii) the formation of f(A,i,0,a”) commutes with arbitrary change of base over Rj.
The two definitions are related by f(A,i,0,a") = f(A,i,0,a",w)w®". We denote the space of

modular forms of weight k and level K’ over Ry by SP(Ry, K', k). From the definition it is immediate
that if K’ is small enough then

SP(Ry, K' k) = H' (M, ® Ry, w®").

6. The Hasse invariant

Let (A,4,0,a”) over & be as in § 4.2, and (GA)%1 be the associated formal Op-module. The height
of (G A)%’l as a formal Op-module is either one or two.
We say that (A,1,0,a") is supersingular if ht((GA)%l) = 2. We will construct the Hasse invariant

H which is a modular form of weight ¢ — 1 over M, ® k and vanishes exactly at the supersingular
points. We will construct H as a section of w®7~! over M, ® k.

Let W = Spec(R) be an open affine subset of M/, ® k. Let A be the restriction of A}, ® k to
W. Choose a nonvanishing section of w4/ g, say w, on W. Choose a coordinate on (GA)%’1 such that
w= (14 aix + axx®+...)dr. From § 4.3.1 we have [r](z) = V(29) = az? + .... Define

H|y = aw® L.

We show that this definition is independent of the choice of w and the dual coordinate. Replacing
w by w’ = A\w where ) is a unit of R amounts to replacing the coordinate = with another coordinate
y = Ax + .... This in turn amounts to replacing a with @’ = A\aA™? = a\'~9. But then

1 _ _ _
a1 = gl I \w)®1 L= qu®i 1,

This argument shows that the locally defined sections of w®?~1 glue together to give a global
section H of this line bundle on M/, ® £ which we define to be the Hasse invariant.

Assume that H vanishes at a geometric point (A, 4,60, a”) of M, ® k. Then for a choice of coor-
dinate = on (GA)%’1 we have [r](z) = V(2?) with V(0) = V’(0) = 0. This implies I‘k((GA)%l[ﬂ']) #q
which means that (A, 1,6, 077)) is supersingular. We have shown the following.
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PROPOSITION 6.1. If 7 = 0 in Ry, then there is an H € SP(Ry, K',q — 1) which vanishes at a
geometric point (A,i,0,a") of M), ® Ry exactly when (A, 1,0, a”) is supersingular.

Following Proposition 4.3 we can now show the following.

PROPOSITION 6.2. Let R be an Op-algebra and (A, 1,0, dp) be as in § 4.2. Let x be a coordinate
on (GA)%’l as in Proposition 4.3 and w a differential dual to x. Then

o0
[7](z) = 7z + azx? + Z cjad @D+,
=2
where a,cj(j > 2) € R and ¢; € mR unless j =1 mod ¢. Furthermore,
a=H(4,i,0,a",w) modr.

Proof. Reducing [r](z) modulo m and noting that over R/m we have [r](x) = V(z9), we find out
that @ = V'(0) mod 7. Hence, by the definition of H we get the desired congruence. ]

As is the case for the classical Hasse invariant, we have the following important property of H.
We will use this in Lemma 8.2 which is itself needed in the proof of Proposition 13.1 and hence
Corollary 13.2.

PROPOSITION 6.3. H has simple zeros on M., ® k.

Proof. Let & = (A,i,0,a”) be a geometric point of M, ® & at which H has a zero of multiplicity
bigger than one. Let Oz denote the local ring of M, ® % at & and M denote its maximal ideal. Let G
denote the universal formal Op-module at Oz. Then by assumption H = 0 in Gs := G ® (0z/ M?).
So G has height two. This implies that V(z) = L(x?) with L'(0) # 0. So V(z) = 27 (unit in
2
(Oz/ M?)[[x]]). Hence, V : Ggq) — Gy and Fry : Ggq) — Ggq ) (which is given by Fr,(z) = 2?) have
the same kernel. This implies that
~, (@ ~, (@) ~ . d®)
Gy — Gy [Ker(V) — G5 /Ker(Fry) — Gy 7.

2
On the other hand, the ¢?th power map O/ M? <, Oz/M? kills M and hence factors

2
through k. This means that Ggq ) and hence (G5 is defined over k. However, this is impossible
since Gy is reduction modulo M? of the universal G. O

7. Lifting the Hasse invariant

In the classical setting the Eisenstein series of weight p—1, E,_1(¢), which is a modular form of weight
p—1 and level 1 over Z,, gives a canonical lifting of the Hasse invariant to Z, (p > 3). Because of the
lack of g-expansions there are no Fisenstein series in this context. However, H can be noncanonically
lifted to a modular form of weight ¢ — 1 and level K’ over Op. This lifting will help us define P-adic
modular forms over our Shimura curves by giving a way to measure the supersingularity of a test
object (A,i,0,a”). Here K' = Zy K9 x H' is an open compact subgroup of G'(A7).

LEMMA 7.1. If H is small enough, then H*(M/,,w®*) =0 for k > 3.

Proof. Assume that H’ is small enough so that M ', has genus bigger than zero. First note that by
Proposition 4.1 we have H'(M, ® Fp, w®k) = HO(M’K, ® Fp,w®?7%)V = 0 when k > 3. This shows
that

H' (M, w®") @ Fp =0
and therefore 7V H 1(M’K,,Q@k) = 0 for some N > 0. With the same reasoning we get
HY (MY @ R, w®*) = 0.
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Therefore,
0= H' (M @ k,w®F) = H (Mo, w®) @ k.

This implies mH (M, w®*) = H' (M, w®*). However, some power of 7 kills H! (M, w®").
This proves the lemma. O
PROPOSITION 7.2. If H is small enough and q > 3, then there is an E(?—1 in SP(Op, K’ ,q— 1) such
that

ED 1=H modn.

Proof. Let w denote w AL /M, The obstruction to lifting sections of w®?~! ® & to sections of w®4~1

is H' (M, w®4~1) which by the above lemma vanishes under the assumptions. ]

Fix a lifting once and for all. When there is no confusion we simply denote E ~1 by Eq_1.
Later, in Corollary 13.2 we will show that our theory is independent of the choice of Eq 1-

8. P-adic modular forms with respect to D

Assume ¢ > 3 and let Ry be a m-adically complete Op-algebra. Let r € Ry. Following Katz [Kat73]
we define the Ro-module S”(Rg,r, K', k) of P-adic modular forms (with respect to D) over Ry of
growth condition r, level K/ = Ly X K% x H', and weight k € Z. Here H' is as in § 4.1 (corresponding
to level structure away from P).

DEFINITION 8.1. An element f € SP(Ry,r, K', k) is a rule which assigns to any r?-test object
(A,i,0,a",Y,w) where:

i) R is an Rg-algebra in which 7 is nilpotent;

i)
ii) (A,i,0,a") is as in § 4.2;
iil) w is a basis for w,/p;
iv) Y is an element of R such that Y E,_1(A,i,0,a",w) =r;
an element f(A,i,0,a”,Y,w) € R such that

i)

i)

i) f(A,i,0,a",Y,w) depends only on the isomorphism class of (4,1,0,a”,Y,w) over R;

ii) the formation of f(A,4,0,a”,Y,w) commutes with arbitrary base change of Rg-algebras in
which 7 is nilpotent;

iii) for any A\ € R* we have
F(A40,0,67 XY, dw) = A7H (4,4, 0,07, Y, w).

We may equivalently think of f as a rule which assigns to any r-test object (A, i,0,a”,Y), where

(A,4,0 dP) is as in § 4.2 over an Ry-scheme S on which 7 is nilpotent and Y is a section of wf} Sq

such that YE,_; = r, a section f(A,i,0,a”,Y) of wA/S over S such that
i) f(A,4,0,a”,Y) depends only on the isomorphism class of (4,7,0,a”,Y) over S;

ii) the formation of f(A,1,0, a’, Y') commutes with arbitrary base change of Ry-schemes on which
7 is nilpotent;

It is easy to see that the two definitions are linked by
F(A,0,67 Yw'™0) = f(A,i,0,67,Y, w)w®
From the definition it is evident that

SD(R07T7 Klv k) = @SD(R()/W”,T, Klv k)

n>1
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One can make the same definitions by allowing R to vary in m-adically complete Ry-algebras.
Any modular form f of weight k and level K’ with respect to D determines an element f* of
SP(Ry,r, K’ k) by defining

Fi(A,i,0,a",Y) = f(4,i,0,a"),
which we usually denote by f again.

The functor F' : ((Schemes/Ry)) — ((Sets)), which associates to any scheme S over Ry, the set
of all isomorphism classes of (A,4,0,a”,Y) over S with (A,i,0,a”) as in § 4.2 and Y a section of
w®'=% on S which satisfies YE, 1 =r, is representable by Y, ® Ry where

Y, ® Ry = SpeCM'K,@RO(Symm@@q_l)/(Eq—l —7)).

This can be easily seen from the moduli theoretic description of M’K, ® Rp. (The Ry in the
notation is to stress the ring of definition, and it is not to suggest that Y, ® Ry is obtained by base
extension of a scheme over Op.)

The universal object over Y, ® Ry is (B, ® Ry, i,0,a",Y;), where (B, ® Ry, i,6,a” ) is the pullback
of (A%, ® Ry, 1,0, a”) under the natural projection Y, ® R LN M/, ® Ry and Y} is the restriction
of the canonical section of p*w®!=7 on SpecM/K oR, (Symm(w®71)) to Y, ® Ro. We often denote
M*QA;(/ v, by w or sometimes by wg ¢, /v, or, If we need to be more specific.

We will use the following lemma a few times.

LEMMA 8.2. Assume that Ry is an Op-algebra with a maximal ideal generated by 7o, and residue
field kg. The reduction modulo g of Y, ® Ry, namely Y, ® kg, is reduced.

Proof. This is clear when r is a unit. Assume v(r) > 0. Let V = Spec(R) be an affine inside M}, ® Ry
such that w is a nonvanishing section of w on V and E,_1|y = aw®?~1. Then the pullback of V
under p in Y, ® Ry is isomorphic to Spec(R[x]/(axz — r)) and hence the reduction modulo 7 of it
is (R/mo)[z]/(ax) where ~ denotes reduction modulo 7. Assume that f(z)" =0 in (R/m)[z]/(ax).
We can assume f(x) to be of minimal degree representing its class. Let b € R/m denote the leading
coefficient of f(z). Then a|b”. However, aw®9~! is the restriction to V ® R/ of the Hasse invariant
which implies that a has simple zeros by Proposition 6.3. Therefore, we have a|b which shows that
f(x) can be represented by a polynomial of lower degree unless f(x) = 0. O

PRrROPOSITION 8.3. If w is nilpotent in Ry, then there is a canonical isomorphism
5P (Ro.r ', 1) = 1 (M B, @40 By =) ).
720
Proof. Since w is nilpotent in Ry, any Rg-algebra is m-adically complete. This implies
SP(Ro,r, K' . k) — H(Y, @ Ro,w™").
Therefore, we have
HO(Y, ® Ro.w®™) = HO(Specyy o, (Symm(w® ) /(i — 1), ™)

= HO< "o ® Ry, <@£®j(q—1)/(Eq_1 — r)> ® g®k>

720

= H(Mjor© Ro, @Y (5,1 =) ).

Jj=20
which proves the desired result. U
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PROPOSITION 8.4. Let Ry be a m-adically complete Op-algebra flat over Op and r € Ry not a zero
divisor. Assume q > 3 and either k = 0 or k > 3. Then the natural map

lim (@SD(Op, K' k+7j(q— 1))> (?RO/W"/(Eq_l —r) = SP(Ry,r, K' k)

n=0 \j>0

is an isomorphism. The above map is induced by taking inverse limit of the natural maps

(HO <M’K,, @g(kﬂ(q_l))) ® Ro/?Tn) J(Eq—1 —7) — SP(Ro/n",r, K’ k).

j=0
Proof. Use Lemma 7.1 and adopt the proof of Theorem 2.5.1 in [Kat73]. O

9. P-adic modular forms in the rigid setting
In § 8 we derived a description of P-adic modular forms as sections of line bundles over certain
schemes when 7 is nilpotent in the ground ring. To give a similar description for more general
ground rings we have to work with formal schemes and rigid analytic varieties.

We recall some general facts. Let Ly be the field of fractions of Ry, an Op-algebra which is a
complete valuation ring with normalized valuation such that v(7) = 1. Let mp denote a uniformizer
and define | |, = (1/q)". There exists a functor

an : ((Algebraic Varieties/Lg)) — ((Rigid Spaces/Lg))
X — X,

This functor takes any sheaf of modules F on X to a sheaf of modules 72" on X®". We have
the following rigid GAGA theorem for this functor.
THEOREM 9.1. If X is a closed subscheme of P", then
i) F — F* is an equivalence of categories between algebraic and rigid coherent sheaves;
i) HY(X,F)— HY(X*,F™) for each i;
iii) the functor ‘an’ is a fully faithful functor.

Therefore, we can think of any algebraic variety over Ly as a rigid analytic space via an. Often we
will let X denote its analytification X2". There are, of course, many rigid analytic spaces which
are not algebraic. Raynaud constructed a functor which associates a rigid analytic space to any
admissible formal scheme over Ry. A formal scheme is admissible if it is flat over Ry and is locally
topologically finitely generated. This functor is described in [BL93].

rig : ((Admissible Formal Schemes/Ry)) — ((Rigid Analytic Spaces/Lg))
X — X"e,
One can associate to any sheaf of modules F on X a sheaf of modules F*& on X"8,
THEOREM 9.2.
i) The functor rig is a faithful functor.

i) Any rigid algebraic variety over Ly is in the image of this functor.

iii) If X is a variety over Ry and X is its completion in the maximal ideal of Ry, then there is an
open immersion X" — (X ® Ly)* which is an isomorphism when X is proper over Ry.

9.1 Formal schemes setting
Recall that in § 8 for any r» € Ry we defined Y, ® Ry to be SpecM;(/(gRO (Symm(w®i 1) /(E,—1 —1)).

If r = 1, this is an affine scheme. This is a result of existence of supersingular points on M., which
is shown in [Car86], or can be seen by using Riemann—Roch to prove that H has zeros.
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DEFINITION 9.3. Let §~{T®R0 denote the formal scheme over Ry defined by the completion of Y, ® Ry
along the closed subscheme defined by m = 0. Denote the completion of B, ® Ry and w on Y, ® Ry
by B, ® Ry and WE Ry /T, @R, OF simply w.

PROPOSITION 9.4. SP(Ry, 7, K’ k) = HO(Y, ® Ry, w®).
Proof.
HO(Y, ® Ro,w®) = lim H(Y, ® Ro/n",w®")

n=0
= lim S”(Ro /7", r, K', k)

n>0
= SP(Ry,r, K', k).
Let 7', r"” € Ry be such that ' = rr”. There is a morphism
Y,»® Ry — Y, ® Ry
which is defined by (A,4,0,a”,Y) — (A,i,0,a”,rY) on the moduli level, and a morphism
§(T®R0 —>1\7[T’K/®R0
which is obtained by completion of the natural map Y, ® Ry — M), ® Ry along m = 0. U

PROPOSITION 9.5. The formal scheme iﬁ?r ® Ry is flat over Ry and iﬁ?r ® Ry is ‘integrally closed’ in
YT X L().

Proof. If r = 1 this is an immediate result of smoothness of M., ® Ry. Let v(r) > 0. Let W =
Spec(R) be an open affine subset of M., ® Ry over which there is a basis w for w. Assume F,_; =
aw®~! over W. Then the restriction of Y, @ Ry to W is given by Spf(R(z)/(ax — r)) where
R denotes the 7-adic completion of R. First we show that R(z)/(ax — r) is flat over Ry and
hence R(z)/(azx —r) C (R{(z)/(ax — 1)) ® Lg. Let f(z) + (az —r) € R(z)/(ax — r) be my-torsion.
Then 7o f(z) = (ax — r)h(x) for some h(z) € R(z). Reducing modulo 7, we get 0 = azh(x). So for
any coefficient b of h(z) we know that ab = 0 in R. But aw®?~! is the restriction of H to W ® Ry /o
and hence @ has a finite number of zeros on W ® Ry/mg. This implies b = 0 and hence h(z) is
divisible by 7. In other words f(z)/mg € (ax — r). This proves the flatness.

Next, we show that R(z)/(ax —r) C (R(z)/(az — 1)) ® Lg is integrally closed. Assume f(z)/mg
is integral over R(z)/(ax —r). We have an integral equation

(f(x)/m0) + aj1(f(z)/m0)’ " +---+ag=0
in (R(z)/(ax — r)) & Lo. Multiplying by (m)? and reducing modulo 7, we get f(z)? = 0 in

(R(z)/(ax —7))®@ R/m = (R/m0)[x]/(az). However, by Lemma 8.2, we have f(x) = 0, which means
that f(x)/mo € R{z)/(ax —1). O

9.2 Rigid setting
We continue the assumptions on Ry as in the beginning of this section. Let L, denote the completion
of an algebraic closure of Ly and denote its ring of integers by Ro.

Let X be a reduced proper flat scheme of finite type over Ry and £ a line bundle on X. Let [ be
a global section of L. Coleman [Col96] explains how to associate to this data affinoid subdomains of
X ® Lg. Let x be a closed point of X ® Ly with residue field L, which is a finite extension of Ly and
carries a unique extension of norm of Lg. Let R, denote its ring of integers. Then since X is proper,
the morphism Spec(L,) — X corresponding to z extends to a morphism f, : Spec(R;) — X.
Now since R, is a discrete valuation ring, f(£) is a trivial line bundle generated by a section t.
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Let fX(1) = at with a € R,. Define |l(z)|, = |a|, which is independent of the choice of t. For any
s € |Looly there is a unique rigid subspace X (s) of (X ® Lp)*" which is a finite union of affinoids
and whose closed points are points = of X ® Ly such that |I(x)|, > s. Coleman shows that if X is
an irreducible curve and s € |Looly, then X (r) is an affinoid subdomain of X ® Lo unless £ = Ox
and [ is nowhere vanishing in which case X (r) = X.

DEFINITION 9.6. Do the same construction as above with X = M/, ® Ry, £ = w®= ! and = E, 4
to obtain affinoid subdomains My, (s) of My, @ Lo for each s € [Ly|,. Denote the analytification
of w on M, ® Lo and its restrictions to any affinoid M., (s) again by w.

When s = 1, M}, (1) contains all points at which E,_; has norm exactly 1. In other words, it
contains all the points x such that H does not vanish at the reduction of x modulo the maximal
ideal of Ry. So M., (1) (the ordinary part of M), ® L) is obtained by removing from the Shimura
curve those (A,z',@,dp) which have a supersingular reduction modulo the maximal ideal of Rj.
The complement of M., (1) is the union of the finitely many supersingular discs (each disc consists
of all points whose reduction is a fixed supersingular (A,z',H,o?P) over a finite extension of k).
Allowing s to be less than 1 corresponds to removing smaller supersingular discs from M., ® Ly.
The ordinary part, M}, (1), is an affinoid subdomain of M., (s) for each s < 1.

By rigid GAGA Theorem 9.1 modular forms of weight & and level K’ with respect to D over Ly
are exactly the sections of w®* on (M, ® Lo)*. Following Coleman we will consider the sections
of the same line bundle over the smaller affinoids M., (s). We define a convergent modular form of
weight k and level K’ over Ly to be an element of H(Mj.,(1),w®*). An overconvergent modular
form of weight k, level K’, and growth condition s over Lg is an element of H%(M }(,(s),g@’k) for
some s < 1, s € |Loo|y- These modular forms are called overconvergent since they can be partially
extended to supersingular discs. We will see that these modular forms are related to P-adic modular
forms with respect to D.

PROPOSITION 9.7. Let r € Ry. Then ?r ® Ry is an admissible formal scheme and there is an
isomorphism (Y, @ Ro)"® — M. (|r|,). If 7' = rr", then the following diagram is commutative.

(Y, ® Ro)"e M ger(|r"])

(Y @ Ro) M ger(|r'])

(M, © Ro)rie (M ® Lo)™

Proof. Let {Spec(S;)};jcr be an open covering of M, ® Ry, each element of which intersects the
special fibre and such that the restriction of w®?~! to Spec(S;) is trivial and generated by the section
tj. Let E,_1 = ajtj over Spec(S;). Then Y, ® Ry has an open covering, {Spec(S;[t;]/(ajt; —r))}jer,
with gluing data induced by those of the above open covering of M/, ® Ry. Completing along the
7 = 0 subscheme, we obtain Y, ® Ry in which the above covering becomes {Spf(S;(t;)/(ajt;—r))}er
where S denotes the m-adic completion of S. This shows that ﬁ?r ® Ry is locally topologically finitely
generated. Also by Proposition 9.5, ?(r@Ro is flat over Ry. Therefore, §{'T®R0 is admissible. Now the
image of Y, ® Ry under the Raynaud’s functor is given by a covering {Sp(S; ® Lo(t;)/(a;t; —1))}ier
with the induced gluing data. On the other hand, {Sp(gj ® Lo)}jer with the induced gluing data
gives us (M, ® Lo)™. But by Proposition 7.2.3.4 of [BGR84], Sp(S; @ Lo(t;)/(a;t; — 7)) is the
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affinoid subdomain of Sp(S; ® Lg) defined by |a;j(z)|, = |r|,. Finally to get the diagram first note
that the lower isomorphism is given by Theorem 9.2, part iii as M, ® Ry is proper over Ry.
The commutativity of the diagram follows by looking at the image of ; in each chart. O

We are now able to link the (over)convergent modular forms to P-adic modular forms with
respect to D.

COROLLARY 9.8. Ifr € Ry, we have SP(Ry,r, K', k) ® Ly = HO(M' g:(|r,),w®).
Proof. By Proposition 9.7, we have
HO (M ger([rl), w®*) = HO((Y, @ Ro)"™®,w™")
= H(Y, ® Ry,w®) ® Lg
= SP(Ry,r, K", k) ® Ly. O
COROLLARY 9.9. SP(Ry,r, K',0) ® Ly is an Lg-affinoid algebra and
Mic(rl) = Sp(S” (o, K',0) ® Lo).
COROLLARY 9.10. Let r”” = rr’. The natural morphism
SP(Ro,r", K', k) — SP(Ro, v, K' k)
defined from the transformation of functors (A,i,0,a"”,Y) + (A,i,0,a",rY) is injective.

Proof. The map SP(Rg,r", K’ k)® Ly — SP(Ry, 7', K', k) ® Ly is the restriction of sections of w®*
from M., (r") to My, (r") which is injective. Now Proposition 9.5 gives the result. O

We end this section by defining the universal family of test objects over M., (|r|,). We define
Al (|r]y) to be the image of B, ® Ry under Raynaud’s functor rig,

Are(rly) = (B, @ Ry)".

This is a family of test objects (4, 4,6,a”) over M., (|r|y).

10. The canonical subgroup

Throughout this section we assume Ry to be an Op-algebra which is a complete discrete valuation
ring of characteristic 0 with a uniformizer 7y and field of fractions Ly such that v(7) = 1. (Recall
that 7 is our choice of uniformizer in Op.)

In analogy with the classical case, we will construct the canonical subgroup of a test object
(A,1,0, dP) which is not ‘too supersingular’. Roughly speaking, the canonical subgroup of (A, 1,86,

a”) is a lifting of the kernel of Fr, in the reduction of (4,4,0,a”) in characteristic p. It will be used

in defining the Frobenius morphism of P-adic modular forms.

THEOREM 10.1 Canonical subgroups.

i) Let r € Ry with v(r) < q/(q+ 1). There is a canonical way to associate to every r-test object
(A,i,0,a”,Y), where

~ (A,4,0,a”) defined over an Ry-algebra R is as in § 4.2,
— Y is a section of gﬁ}lgq which satisfies Y Eq_1 =,
a finite flat subgroup scheme C' of A such that
a) C has rank ¢*® and is stable under the action of Op,
b) C depends only on the R-isomorphism class of (A,i,0,a”,Y),
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c) the formation of C commutes with arbitrary base change of w-adically complete
Ry-algebras,
d) ifw/r =0 in R, then C can be identified with the kernel of Frobenius morphism Frqy : A —
A
e) Cis of type 1 (as defined in § 4.4).
ii) Let r € Ry with v(r) < 1/(q¢+1). There is a canonical way to associate to every (A,i,0,a”,Y)
as in part i, an ri-test object (A’,i',0',(a¥)',Y"), where
~ (A",d',0',(a”)") is the quotient of (A,i,0,a”) by C (as defined in § 4.4),
— Y’ is a section ofgf}/_Rq which satisfies Y'Eq_1 = 11,
such that
a) Y’ depends only on the R-isomorphism class of (A,,0,a"),
b) the formation of Y' commutes with arbitrary base change of m-adically complete
Ry-algebras,
¢) if w/r9t =0 in R, then Y’ is equal to Y@ on A = A/C.

10.1 Proof of Theorem 10.1

The proof will be in several steps. Since C' is supposed to be invariant under Op it will decompose
as Ol @ ®CL dC¥® - ®C2. The component C% will further decompose as Cf’l EBC’12’2. We first
construct C’12 1

10.1.1 Constructing 012 !, The following lemma is due to Lubin and is recorded in [Kat73].
We will rewrite the proof in this context in order to fix the notation.

LEMMA 10.2. Let R be a w-adically complete Ry-algebra which is flat over Op, and r € Ry with
v(r) < q/(g+1), and 1 = —7/r € Ry. Let G be a formal Op-module over R. By Proposition 6.2
there is a coordinate x on G for which [(|(z) = Cx for ( any (¢ — 1)th root of unity in Op, and
we have [r](x) = mx + ax? + ---. Assume that there are y,b € R such that (a + wb)y = r. Then,
there is a canonical way to associate to this data a subscheme C of G of rank q killed by w such
that C ® R/ry can be identified with the kernel of Fr, : G ® R/ry — G9 @ R/ry and its formation
commutes with arbitrary base change of m-adically complete Ry-algebras which are flat over Op.
Furthermore, C' is independent of the choice of x.

Proof. By Proposition 6.2 [r](z) = 7z + ax? + 3, -, cpz™ 3D Define

f(T):=7+aT+ ) c,T"
n=2
It is clear that [r](x) = zf(2971). The desired subscheme will be defined by means of a canonical
7ero tean of the power series f(T). It will consist of ‘0 and the ¢ — 1 solutions of 97! = t..p’.
Since v(r1) > 0, we know that 1 + r1by is invertible in R. Let to := r1y/(1 + r1by) which satisfies
7+ atg = 0. Now let fi(T) := f(toT). Then f1(T) =7 — 7T + >~ catgT".

We study the coefficients of f1(7'). By assumption v(rfﬂ/w) > 0. Let 7 be a generator of

the ideal generated by r(ll+1/7r and 72 in Ro. If n # 1 mod g, then by Proposition 6.2 ¢, € TR
and we have (¢,/m)tj € t%R C 2R C mR. If n = 1 mod g, then cntly € cntgHR C cnr(fHR.
On the other hand, "' /x € Ry. Thus, ¢, /7 € (t&™/7)R ¢ (*T/m)R C ryR. Clearly in each
case cpt(/m tends to zero as n tends to co. This shows that we can write fi(T') = 7w f2(T"), where
fo(T)=1-T+ Zn>2 d,T" with d,, € roR and d,, — 0 when n — oo.

Now let f3(T) = fa(1-T). Then we can write f3(T') = eg+(1+e1)T+)_, 5o enT™ where e, € R
for allm > 0. Let I = ro R. We now show that there is a unique element t, € I such that f3(ts) = 0.
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If t € I, then f3(t) € I and f4(¢t) € 1 + I and hence f4(t) is invertible. The Newton process of suc-
cessive approximation, t1 = 0,...,t,41 = t, — f3(tn)/ f4(tn), converges to a zero of f3 which lies in 1.
If t and t' = t+ A are two zeros of f3 in I, then we get — f5(t)A = f3(t+A) — f3(t) — f4(H)A € A2R.
Since f4(t) is a unit in R, A € A?2R. However A € I and R is I-adically separated. This proves
A=0andt="1.

Going backwards we obtain a zero tc,, = to(1 — tso) of f(T). Since ty € r1R is topologically
nilpotent, we can expand f(7) in terms of (T'—tcan) and deduce that f(7') is divisible by T'—tcap in
R[T]. Therefore, [r](x) is divisible by 9 —teanx in R[z]. We define the canonical subscheme C of G
to be the subscheme of G[r] defined by 29 —tcanx. Thus, C' = Spec(R[z] /(29 —tcanx)) which is finite
and flat of rank ¢ over R. Furthermore, C'//ry = Spec(R[x]/(z9,7r1)) = Spec((R/r1)[x]/z?) which
is nothing but Ker(Fr, : G/r1 — (G/r1)?). It is an easy exercise to see that this is independent of
choice of x. This ends the proof of the lemma. O

We now proceed with the construction of 012 1 Basically, 012 1 will be given as the canonical
subscheme of (G A)%’l as in the previous lemma. The only problem is that the base Ry may not be flat
over Op. To get around this, we proceed as follows. It is enough to construct Cf 1 for (A,i,0, a’, Y)
defined over an Ry-algebra R in which 7 is nilpotent. There is a map v : Spec(R) — Y, ® Ry such
that v*(B, ® Ry,i,0,a",Y;) = (A,i,0,a”,Y). We will construct 012’1 locally Zariski on Spec(R).
Working locally on Spec(R), we may assume that v lands in an open affine Spec(S) of Y, ® Ry
so that (GBT®RO)§’1|SPQC(S) is given by a formal Op-module law. Note that still 7 is nilpotent in
R which implies that R is m-adically complete. Therefore, the induced map v* : S — R factors

through the m-adic completion of S. In other words there is a map 1 : Spec(R) — Spec(S) such
that Spec(R) N Spec(g) — Spec(S) equals v. We now apply the previous lemma to obtain a

subscheme of (GBT®RO)§’1|SPQC(S) ® S and use ¥ to pull it back to Spec(R).

Let x be a coordinate on (GBT®R0)%1|SpeC(5) as in Proposition 6.2. Then we have [r](z) =
mx+azx?+---. Let w be a basis of w on Spec(S) which reduces to the dual differential with respect
to = in (GIB%T®R0)%1|Spec(S)- Write Y, = yw®1~9. By Proposition 6.2 we have

E,1(B, ® Ry, 1,0, a’,Y,,w) = amod .

Thus, Ey—1(B, ® Ro,i,0,a",Y,,w) = a+ b for some b € S and Y, E,—; = r implies (a + 7b)y = r.
Now S is m-adically complete and flat over Oj: and therefore we can apply Lemma 10.2 to obtain
a subscheme (C,«)%1 of (GB@RO)?JBPQC(S) ® S which is a finite flat subscheme of rank ¢ of B, ® S.

Since A = ¢*(B, ®g S) we can define 012’1 to be the pullback of (C,n)f’1 under 1),

Crt = 47((CT):
Clearly Cf ! is a finite flat subscheme of rank ¢ of (A[?T])%’l C A which reduces to the (Ker(Frq))%’l
modulo 7.

PROPOSITION 10.3. Cf’l is a subgroup scheme of (A[T('])%l.

Proof. We argue as in § 3.8 of [Kat73]. First we consider the case when r is a unit in Ry. This implies
that E,_1(A,1,0, dP) is nowhere vanishing. Hence, in the notation of Proposition 6.2, we have

[1](z) =71z +az?+- - a€ R unit.

Factorize [r](z) = (29 — tcanz)h(z). Writing h(z) =}, hiz', we get ho = teanhg—1 + a. Since a
is a unit in R and t.,, is topologically nilpotent, we see that hg is a unit in R and therefore
h(z) is a unit in R]x]. This implies that when r is a unit in Ry the subscheme 012 1 is equal to
Ker([n] : (GA)%’l — (GA)f’l) which is a subgroup scheme of (A[?T])?’l.

378

https://doi.org/10.1112/50010437X03000150 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000150

P-ADIC MODULAR FORMS OVER SHIMURA CURVES
In the general case, let G(z,y) € R[x,y] be the power series giving the addition in (GA)%’I.
Then, Cf’l = Spec(R[z] /(2P — tean®)) is a group scheme if

G(xJ y)q - tCanG(m7 y) = 0 in R[[x7 y]]/(mq_tcanxa yq_tcany)’

Since tean is topologically nilpotent in R, R[xz,y]/(29—tean®, yi—tcany) is free of rank ¢ with
basis {2y’ }o<i j<q—1. Write

G(z,y)? — teanG(7,y) = Z gz‘jxiyj

0<i,j<q—-1

in Rz, y]/(2%tcan®, y*—tcany) with g;; € R. Note that the formation of g;; is functorial. Now, C’f’l
is a subgroup scheme iff g;; =0 for all 0 < 4,5 < ¢ — 1.

By construction, it suffices to show that (Cr)%’l C (G, RO)%’l @Y, is a subgroup scheme. We do
that locally Zariski on Y, ® Ry. Let V = Spf(S;) be an open inside Y, ® Ry. We need to show that
all g;; € S, vanish. Let W = Spf(.S1) an open inside YN{'l ® Ro such that W — V under the natural
map, whose image under rig is an inclusion of affinoids in M7 (|r|,). This implies that S, — 57 is

injective. Since we have already seen that (C,«zl)%l is a subgroup, all g;; vanish in S; and hence in
S, as desired. O

Remark 10.4. In the above, we saw that if 7 is a unit in Rp, then we have C7'' = (G4)7"[x].

10.1.2 Constructing C'.  For an r-test object (A, 1,0, dP,Y) defined over R we construct finite
flat subgroup schemes C’Ji» of (A[q]); such that

OJZ X R/rl = Ker(Frq‘(A[q})§®R/T1) = (Ker(Frq))é'

fori=1,2 and 1 < j < m. First we construct 012. As was explained before, choosing idempotents

eand f =1—ein My(Op) will give a decomposition C2 = 7' @ C5% c (A[x])>' @ (A[x]))}? C

(A[q])%1 & (A[q])%? If g € GL2(Op) conjugates e and f, then it induces an isomorphism between
(A[q])%’l and (A[q])%g. Define 03’2 to be the image of 012’1 under this isomorphism. We can then
define

Cct=ct oy’
By construction of 012 1 and since the action of Fr, commutes with that of M(Op), we conclude
that Cf @ R/ry = Ker(Frq| ag)2er)r, ) as desired.

When ¢ =2 and 2 < j < m, we know that (A[q])? is étale (see § 4.3). Therefore, Fr, is injective
on (Alg])? ® R/ry and we define

C’]2 :={0}.

We use the Cartier duality between (A[q])]1 and (A[q])? (from § 4.3) to construct C} for1<j<m.
Define

CF = ((Ala)3/C3)" C ((Ala)3)” = (Ala));-

In particular, C’} = (A[q]); if j # 1. Let Ver, denote the Cartier dual of Fr,. Then ((A[q])?/Cf)v
reduces modulo 71 to (((A[q])? ® R/r1)/Ker(Fry))Y. However, Ker(Fr,) = Im(Ver,) and we have

v ~
(((Alg); ® R/r1)/Tm(Very))" = Ker(Frq[((apg2ar/m)v) = Ker(Frglapg)iarsm):
which shows that C} reduces to Ker(Frq[( Al)l®R /r,) modulo 7. We now define the canonical sub-
group of (A,i,0,a”,Y) to be
C:=Clo---oCLeC?s.- - -9C2.
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PROPOSITION 10.5. The canonical subgroup C of (A,i,0,a”,Y) is a finite flat group scheme of
rank ¢*¢, which is stable under the action of Op and reduces to the kernel of Fry modulo mR.
Furthermore, it is of type 1 (see § 4.4).

Proof. Since C’; reduces to Ker(Fr,) in (A[q]); ®@R/r1, as we showed above, C' will reduce to Ker(Fr)
in A. The rank of C over R equals its rank after reduction modulo vy which is ¢dim(A4/m) — g4d,
To prove that C' is stable under the action of Op, we show that each C’;- is stable under the action

of Opi. This is clear for j # 1. We claim that when j = 1 we only need to prove this for i = 2.
J

We have a commutative diagram (see §§ 4.1 and 4.3)

By definition of C' we know that 6 takes C} isomorphically onto (A[g]?/C%)V. To show that C7 is
invariant under I € Op1 amounts to proving that (A[q]?/C?)V is invariant under (I*)V. But I* € O D2

and it is enough to show that C? C A[g]? is invariant under O p2z = Mz(Op).

To show that 012 is invariant under Ms(Op), it is enough to show that 012 ! is invariant under the
action of Op. We will prove this in the formal group. By construction, C’12 ! = Spec(R[z] /(27 —teant))
and [r] kills C?'. We therefore need to show that Op/m = k keeps C' invariant. Let ¢ be a
primitive (¢ — 1)th root of unity in Op. Then k = F,((), where ¢ denotes the reduction modulo 7
of ¢. The action of ), comes from that of Z and hence keeps Cf 1 stable. So we only need to show
that Cf ! is invariant under (. But by our choice of coordinate we have

C[z]? — teanC[z] = (T2 — teanCx = (27 — tean)

which proves the claim. The fact that C is of type 1 is a consequence of the above discussions and
the definition of C. O

10.1.3 Constructing Y'. We will proceed as in § 3.9 of [Kat73]. Let R be an Ry-algebra in
which 7 is nilpotent and (A,4,60,a”,Y) be an r-test object with v(r) < 1/(¢ + 1). Let C be the
canonical subgroup of (4,i,0,a”,Y). Let (A’',7,60' (a”)") denote the quotient of (A,i,0,a”) by
C as described in § 4.4. We can assume there is an open affine subset Spgc(S) of Y, ® Ry, and a
morphism 1 : Spec(R) — Spec(S) such that the pullback of (By[gpec(s) ® S, 7,0, a”,Y,) under v is
equal to (A,4,0,a”,Y). Hence, we only need to do the construction over B, ® S for which the base
scheme is flat over Op (see Proposition 9.5). For simplicity we denote B, ® S by B and its canonical
subgroup by C. Let (B',7, ¢, (@”)’) be the quotient 0f~(B,i,0,dP) by C as in § 4.4. Let w be a
basis of wp 5 on Spec(S). Write Y, = yw® =% on Spec(S). It follows from properties of C that B’
reduces to B9 modulo 7 S. Let ' be any basis of Wi /g which reduces to w@ on B(@ modulo
1"15. ‘We have

E, 1(B,i,0,(a") ') = (E;-1(B,i,0,a" ,w))? mod r S,
which implies
Eq—l(B,’ ila 0/7 (dp),7 w,) = (Eq—l(B7 ia 07 dp) w))q +r1.c
for some ¢ € S. Since v(r) < 1/(g+ 1) we know that r; is divisible by 79 in Ry and hence r3 = 71 /9
lies in R and is topologically nilpotent. Define

y = y?/(1 4+ r3cy?).
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Since yE,—1(B,i,0,a” ,w) = r by calculation we deduce that y'E,_1(B',7,¢’, (a”),w') = . So we

can define
Y/ — y/(w/)@)l—q'

T

Clearly Y, reduces to Y (@ modulo r3. The fact that S is flat over Op uniquely determines Y.
This concludes the proof of Theorem 10.1. O

Remark 10.6. Let v, 7" and r be elements of Ry such that r”/ = rr’. It is easy to see that all the con-
structions in this section are compatible with the maps induced by (4,4,6,a”,Y) — (A,i,0,a" ,rY)
from r’-test objects to r”’-test objects.

11. The Frobenius morphism of P-adic modular functions

Using canonical subgroups, we will define the Frobenius operator, Frob, which is the analogue of
the V), operator on the classical modular forms. The U operator will then essentially be defined as
a trace of Frob.

DEFINITION 11.1. Let r € Ry with v(r) < 1/(¢ + 1). The Frobenius operator
Frob : SP (R, 7%, K',0) — SP(Ry,r, K',0)
f — Frob(f)
is defined by
Frob(f)(4,4,0,a",Y) = f(A,i.6',(a@"),Y"),

where (A, 1,0, a’l, Y') is an r-test object over an Ry-algebra R in which 7 is nilpotent, and the r9-test
object (A’,i",6',(a¥)',Y"') is as in Theorem 10.1, part ii (obtained from dividing by the canonical
subgroup).

From Remark 10.6, it is clear that if »"” = rr’ in Ry and v(r”) < 1/(¢ + 1) (in particular, when
r" =1 and r" = r), then the diagram

Frob

SP(Ry, (r"), K',0) SP(Ry, ", K',0)

Frob

SP(Ry, (r)4, K',0) SP(Ro,r', K',0)

is commutative, where the vertical arrows are the natural inclusions (see Corollary 9.10).
The Frobenius morphism of (convergent and) overconvergent modular functions
Frobz, : SP(Ry, 74, K',0) ® Ly — SP(Ry, 7, K',0) ® Ly
is obtained by tensoring Frob with L.

11.1 Frob in the rigid setting

Define a morphism
Frob, : Y, ® Ry/7" — Y.« ® Ro/7"
(4,1,0,a",Y) — (47,0, (a"),Y"),

where (A’,i’,0', (@%)',Y"') denotes the r?-test object defined over an Ry/n"-algebra which is obtained
from (A,i,0,a”,Y) by dividing by its canonical subgroup.
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For any n > 1, let C,.,, denote the canonical subgroup of the r-test object (B, @Ry /7", i,0,a”,Y;)
over Y, ® Ryo/n". Let C, C B, ® Ry be given by the inverse limit of the group schemes C,,, C
B, ® Ry/n". From the description of Frob,, we have an isomorphism

Frob (B« ® Ro/7") — (B, ® Ro/7")/Crn.

Let ¢y, : B, ® Ry/n" — (B, ® Ry/n"™)/C, , denote the canonical projection and let n, : (B, ®
Ry/7™)/Crp — Bra @ Ro/m" denote the base extension map via Frob,. We have commutative
diagrams

Frob,,:=nno¢n

B,«@Ro/ﬂ'n B,«q@Ro/Trn

Frob,,

YT®R0/7TTL Yrq®R0/7Tn

which are compatible for varying n. By passing to completion along m = 0, we get the following
commutative diagram:

_ ob _
B, ® Ry = By« ® Ry
_ b _

Y, ® Ro = Y.: ® Rg

Similarly, we have P?(S/b*(@rq ® Ry) = (B, ® Ry)/C, and the map
IE%T ® Ry — P/‘;‘\(Sl/)*(ﬁrq ® Ro)

induced by Frob is the canonical projection ¢ = lgln On. Let n = @n nn, be the base extension map
B, ® Ry/C, — B« ® Ry. Then, we have

Frob = 70 gz~5
It is clear from the definition of Frob,, and Frob and the above construction that the diagram
T

H(Y,s ® Ry, O HO(Y, ® Ry, O

Y,q ®Ro) ilv('MXJRo)

Frob

SP(Rg,r1,K',0) SP(Rg,r, K',0)

is commutative. We have so far described the Frobenius morphism in the formal setting. This can
be used to derive a description of Frob in the rigid setting. The canonical subgroup of A%, (|r|,) is
the image of C, under the functor rig and is denoted by C,..
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PROPOSITION 11.2. Let r € Ry with v(r) < 1/(q+1). There exists a commutative diagram of rigid
analytic spaces over L

Frob'is
Al (Irfo) = A (Jrl2)

Mier(Jrfo) ——=—— M (|r )
in which the pullback of A, (|r|%) under Frob™® is isomorphic to A, (|r|,)/C, and the map induced
by Frob™® and the natural map A%, (|r|y) — M. (|r]s),
¢ ig* ~
K (Irls) — Frob™ (Al (Ir(3)) = Ak (Ir]0)/Cr,
is the natural projection ¢*¢ so that
FI’Obrig _ nrig o gbrig‘

Here, "¢ : A% (|r]y)/Cr — Al (|r|#) is the base extension map obtained by rigidification of 7.
Furthermore the Frobenius morphism of (convergent and) overconvergent modular functions can be
described as the pullback of Frob™®. In other words, the following diagram is commutative:

Fr brig *
HO (Mo (r[4), Opgr 1)) — oo HO(Mi,(Ir), Ot 1))
‘ FrobL0 ‘
SD(RO)TQ7K,7O)®L0 SD(R())TaK,)O)@LO
Proof. Apply Raynaud’s functor rig to the construction we have done in the formal setting. O

11.2 Frob on points
We will study the action of Frob™® on points of M2, (|r|,). Let Lo denote the completion of an
algebraic closure of Lg. The following lemma is a standard result of Raynaud’s theory.

LEMMA 11.3. Let X be a scheme which is flat and of finite type over Ry. Let X denote the completion
of X along the subscheme 7 = 0. Let X"¢ be the rigid analytic space over Ly associated to X under
the Raynaud functor. For any L which is either L., or a finite extension of Ly with ring of integers
R, we have a one-to-one correspondence

Homp, (Spec(R), X) < Homp (Sp(L), X"#&L).
(Note that if [L : Lo is finite then Homp, (Sp(L), X"$&L) = Homp,(Sp(L), X™8).)

A closed point of My, (|r|,) gives amap Sp(L) — M., (|r|,) for some finite extension L of Ly with
ring of integers R. Thinking of M., (|r|,) as an affinoid subdomain of (M, ® L)*" we get a map
Sp(L) — (M), ® Lo)® which, by rigid GAGA, corresponds to a map Spec(L) — M, ® Lo. This is
nothing but (the analytification of) (4,1, 6, a”) over L. By Lemma 11.3 the map Sp(L) — M., (|r|,)
is obtained as the image of a map Spec(R) — Y, under the Raynaud functor. This gives an r-test
object (A, 1,6, a’l, Y’) over R. Now since the Raynaud functor agrees with an for proper schemes, we
deduce that (A,i,60,a") is a model for (A,i,0,a”) over R. The existence of Y is clearly equivalent
to the condition |F,1(4,i,0,a",w)|, > |r|, and Y is uniquely determined from this inequality.
Call a morphism Sp(Leo) — M (|7|y)®Loo an Lee-point of M}, (|r],). Similarly, by Lemma 11.3
giving an Lo-point of M. (|r|,) is equivalent to giving (A,4,0,a”) over Rs, (the ring of integers
of Loo) such that |E,_1(A,i,0,a",w)|, = |r|e.
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Now we investigate the canonical subgroup of a closed or Leo-point of M., (|r|,). Assume that
z:Sp(L) — My (|r|,)®L is such a point giving (A,4,0,a") over R. The fibre of C,&L (see § 11.1)
over Sp(L) gives a finite flat subgroup scheme of A ® L. By construction of A’ (|r|,) and C,., this
subgroup is the image of C, the canonical subgroup of (A4,1,6, dP,Y), under rig. Since C' is finite
and flat over R, this equals the (analytification of the) generic fibre of C'. Now the description of
Frob shows that the image of = under Frob™® is the point given by (A’,4',6’, (a¥)") which is obtained
from (A, i,0,a") by dividing by C.

We summarize the above observations in the following corollary.

COROLLARY 11.4. Giving a closed point (respectively Loo-point) of M}, (|r|,) is equivalent to giving
(A,i,0,a%) (as in § 4.2) over R, the ring of integers of a finite extension of Lg (respectively over
R..), which satisfies |Fy_1(A,i,0,a" ,w)|, > |r|, for a basis w of w. The fibre of C, C Ak, (|r|y)
over this point is the generic fibre of C' C A where C is the canonical subgroup of (A,i,0,a").
The image of this point under Frob™® is determined by (A’,i',0',(a¥)") which is the quotient of
(A,i,0,a") by C as defined in § 4.4.

11.3 Properties of Frob

We have seen that the Frobenius morphism of P-adic modular functions can be described as the
pullback of a morphism of rigid analytic varieties. This helps us in the study of the properties of
Frob.

ProprosITION 11.5. For r € Ry with v(r) < 1/(qg+ 1),
Frob : SP (R, 7%, K',0) — SP(Ry,r, K',0)
is a finite morphism. If r = 1, it is finite and flat of rank q.

Proof. This can be proven in exactly the same way as Theorem 3.10.1 of [Kat73]. ]

We have seen that when r» = 1, the morphism Frob is finite and flat of rank ¢. This is not true
for general r. However, the same result holds true after tensoring with L.

PROPOSITION 11.6. Ifv(r) < 1/(q+ 1), then Frob"® : M}, (|r|,) — M. (|r|2) is a finite flat map of
degree q between rigid analytic spaces over Ly.

Proof. We have already seen that Frob™® is finite. First we prove that it is flat. Since M., (|r],)
is an affinoid subdomain of M., ® Ly, the completion of the rigid local ring of M., (|r|,) at any
closed point of M7, (|r|,) equals the completion of the local ring of the corresponding closed point
on M), ® Ly. But M, ® L is smooth and hence the completion of the local ring of any of its closed
points is regular. Therefore, the local rings of S (Ro,m, K',0) ® Lo at its maximal ideals are all
regular. Hence, SP(Rg,r, K',0) ® Ly and SP(Rgy,r9, K’,0) ® Lo are regular rings of dimension one
and hence any finite morphism between them is flat. Therefore, Froby, is flat. We have already seen
that Frob™® has degree ¢ over the affinoid M/ /(1). Therefore, Frob"® is finite flat of degree ¢. [

PROPOSITION 11.7. The morphism Frob™® : M}, (1) — M}, (1) is étale of degree q.

Proof. By Proposition 11.6, we only need to prove that the fibre of any L..-point of M- (1)

consists of exactly ¢ points. Let (A,i,0,a”) be an L.-point of M/, (1) as described in § 11.2.

The fibre of Frob™ over this point consists of all (A’,i,0', (a”)") defined over R, such that

E,1(A",i,0', (&%), w') is a unit in Ry for a choice of nowhere vanishing section w’ of w and
(A',7.0,(a"))/C" = (A,i,0,a"),

where €’ is the canonical subgroup of (A’,#,6,(a¥)). Let g : A’ — A be the projection and let

~

f: A — A be the morphism such that go f = [g]a. Then Ker(f) — A'[q]/C" C A’/)C" — A.
384

https://doi.org/10.1112/50010437X03000150 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000150

P-ADIC MODULAR FORMS OVER SHIMURA CURVES

First we study Ker(f). Since C’ is of type 1 (defined in § 4.4), Ker(f) C A is of type 2 and is
uniquely determined by the component (Ker(f ))f1 As a consequence of the properties of canonical
subgroups, the subgroup (Ker(f ))%1 of A has the following properties:

. 2, 2, 2,
i) A(lg/m)T" € (Ker()7" < (Alg))is
ii) (Ker(f))%’]L has index ¢ in (A[q])%’l;
iii) (Ker(f))f’1 is Op-stable.
Subgroups with the above properties are in bijection with Op-invariant subgroups C_’j of rank ¢

in A[?T]%l and hence there are exactly ¢+ 1 subgroups of this form. For 0 < j < ¢ let (Cj)%’l denote
all such subgroups. The correspondence is via an exact sequence

(Alg/m])}" (ehhs

Furthermore, assume Cy = 012 I where C is the canonical subgroup of (A, i,0,a”). Denote by

xq/m C—,] 0.

0

C; the subgroup of type 2 determined uniquely by (Cj)f’l. So Ker(f) = C; for some 0 < j < g and
we have

(A',7,0") = (A,i,0)/C,
@P) = (@) & (af)) = (1/a) )" & (ay)y
where ;7 = (q;)P @ (ozj)f denotes the induced level structure on (A’,7,0) form f: A — A’
Now (A4/C;,4,0',(a”)) is in the fibre if and only if A[q]/C} is the canonical subgroup of 4/C; — A'.
Since A[q]/C} is of type 1, by definition of the canonical subgroup this is to say that (A[g]/ Cj)?’l is

the canonical subgroup of (G 4 /C].)%’l. Since r = 1, Remark 10.4 implies that the canonical subgroup

of (GA/C].)%J equals (GA/Cj)%’l[ﬂ']. We claim that (A[q]/Cj)%’l = (GA/C].)%’I[W], if and only if j # 0.
This will show that the fibre has ¢ points and prove the proposition. The image of (A[g]/ Cj)%l
in (G /Cj)f’l is Op-invariant and hence of rank 0 or ¢, and A/Cj is not in the fibre if and only
if this image is zero. This happens exactly when the image of (Cj)%l in (GA)P" equals (G4)7'[q).
But then, the above exact sequence shows that this occurs if and only if the image of C; in (G A)f’l

is (G4)2"'[n] as we have the following exact sequence:

xq/m
0 (G.a)Ya/m] (G)T ) = (Ga)y" ] 0.
Since r = 1, Remark 10.4 implies that the image of C; in (GA)%’1 is (GA)%I[TI'] if and only if
C; = 012’1, where C' is the canonical subgroup of (4,4,60,a”). That is true only for j = 0. O

Remark 11.8. A lengthy but straightforward argument similar to Katz’s proof of Theorem 3.10.7
of [Kat73] shows that Frob™® is also étale for any r with 0 < v(r) < 1/(q + 1).

12. The U operator

We have seen that if v(r) < 1/(¢ + 1), then Froby, is finite flat of rank gq. We can therefore define
the trace of Froby, as
Trevoby,, : S7(Ro, 7, K',0) @ Lo — SP(Ro, 74, K',0) ® Lo.
This morphism is compatible with the injection of S (R, ", K’,0) in SP(Rg,’, K',0) if " =
rr’. If r = 1, then Frob is already finite and flat of rank ¢ before tensoring with Ly and thus,

in this case, Trgwop : SP(Ro, 1, K',0) — SP(Rp,1, K’,0) can be defined and we have the equality
Trpvob ®Lo = Trerob,,, for r=1.
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LEMMA 12.1. (Frob™)*w ar 010017, (1rj2) — LAY, (1r1)/Cr) /ML, (irl)-

Proof. Consider the following diagram:

771rig

(Frob™)* A, (|r %)

Al (Ir[2)

|

I brig
M (Irlo) ————= M (Irl%)

From § 11.1 recall that 7% : (Frob™8)* A%, (|r|) — A% (Jr|?) is the base extension of Frob™.

: : : rig\* ()1 1 )
So, there is an isomorphism (™)™, .10y nrr  (1rig) — Pvobrinye ar, (rig)/aaz, ) O the Other

hand, from Proposition 11.2 we have (Frob™€)*A’.,(|r[§) — A% (|r|,)/C,. Taking the component
of Q! corresponding to O 21, we get the desired natural isomorphism. O
1

~

We define TrFrObLO for overconvergent modular forms of arbitrary weight. It is defined as the

trace function on the sections of the sheaf w®*. When k > 0 we define TrFrObLO by the following
diagram

Trp,oprig HO(M}{/(|7"|%) w@k

0 /
HY (M (|r]o) L (1r(9)/M (1ri2))

Rk
YA (r10)/Co) /MY, (1)
(¢)*

®k
HO(M}{/(|T|”U)7 QA’K,(\T\U)/M}(/GHU))

TrFrobLO

SP(Ry,r, K' k) ® Ly

SP(Ro,r1, K' k) ® Ly

Here ¢ = ¢"& : A%, (|r|,) — A% (|r|,)/C; is the natural projection and the morphism (¢/)* :
WA (Irly) — WA (r|s)/C, 18 our refined pullback defined in Proposition 4.5. The upper horizontal
K! v K! v r

WPk
AL (Irl8) /M, (7]5)

on M. (|r|3). For k = 0 we get the same

morphism, Trp i+e, is the trace from the global sections of the pullback of on

/ : Rk
M., (|r|v) to the global sections of AT (1901, (i)
definition as before. For k < 0 we replace (¢')* with 7%(¢*)V.

We now define the U operator.

DEFINITION 12.2. Let r» € Ry be such that v(r) < 1/(q + 1). We define the U, operator of
SD(R())Tq)K,v k) ® LOa

Uy : SP(Ro, 7%, K' k) ® Lo — SP (R, 7%, K', k) ® Lo,
to be the following composite:

(1/Q)Tr rob
SP(Ro, 19, K' k) @ Lo < SP (R, r, K', k) @ Lo — 20, §D(Ry. 19, K k) ® L.

Here the first arrow is the natural inclusion. Again Uy is compatible with the natural injection
of SP(Ry, (r"), K’,0) in SP(Ry, ("), K',0)), if 7 = r'. In particular, when ' = 1, and r” = r,
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we have

U
SP(Ro,r%, K', k) @ Lo ®

SP(Ry,r9, K' k) ® Ly

Uk)

SP(Ry,1,K'", k) ® Lg SP(Ry,1,K'", k) ® Lg

Therefore, we can think of Uy as an operator on SD(RO, 1, K’ k) ® Ly, the space of convergent
modular forms, which preserves the subspace of overconvergent modular forms. We will usually drop
the subscript k& when the weight is understood and simply refer to this operator as the U operator.
We now define the Frobenius morphism for overconvergent modular forms of general weight.

DEFINITION 12.3. The Frobenius morphism for overconvergent modular forms,
Frobr, : SP(Ro, 4, K' k) ® Ly — SP(Ry,r, K', k) ® L,

is defined as follows. For £ > 0 we have

0/ ng ®k (¢%)/m 0/ ng ®k
H (Mg (Irlo)s s (r10)/€00 /017 1r12) HE Mg (Irko): @i o1 /at r1.)

(Frobrig)*

HO M! / ftl) ; ®f€ q 4 4
( K (|T| ) g,A\K,(\r\v)/]\/[K/(|7"|v))

Froby, 0

SP(Ry,r9, K' k) ® Lo SP(Ry,r, K' k) ® Ly

and for k < 0 we replace (¢*)/7% with ((¢/)*)Y in the above diagram, where (¢')* (in weight —k) is
defined as in Proposition 4.5. Note that when k = 0 we get the same definition as before.

To conclude this section, we prove a projection formula.

LEMMA 12.4. Let r € Ry with v(r) < 1/(q + 1). Assume that f € SP(Ry,7?, K',k) ® Lo and
g€ SP(Ry,r, K', k') ® Lo. Then, we have

U(Frobr, (f)g) = fU(9)-
Proof. For k, k' > 0 we write

U(Frobr, (£)g) = (1/9) Trggpre @' (¢ /1) (Frob™)* f)g)
= (1/q) Trpopeis ((Frob™)" ) (¢ g))
)

= (1/q fTrFrobrig(¢,*g)
= fU(g)-
. . ok k ok s
Here we use Proposition 4.5 which states that ¢ ¢* = 7" on Q(A’K,(Irlv)/Cr)/M}(/(\r\%)' A similar
argument works for other cases. U
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13. Continuity properties of U

In this section we study continuity properties of U. Since SP(Rg,r, K’,0) ® Lg is a reduced affinoid
Lo-algebra, it carries a canonical Ly-Banach space topology which is induced by the supremum norm
| [sup- We also describe | |sup defined on SP (R, r, K', k)® Ly for general k. Let f € SP(Ro,r, K/, k)®
Ly. Cover My, ® Ry with finitely many open affines V; such that on each V;, w; gives a basis for Wk,
Write f = a;w; on the intersection of V; and My, (|r|,). Define | f|sup = sup{|ai|sup}. This definition
is clearly independent of choice of the affine covering. It is easy to see that S (Rg,r, K', k) ® Lg is
complete and separated with respect to this norm (as a result of the same fact for £ = 0). One can
also define | f(z)|, for any closed point of M} (|r|,) applying Lemma 11.3 and using a construction
similar to the one described in § 9.2. We have |f|syp = sup{|f(z)|v} where x varies over all closed
points of M7, (|r|,).

PROPOSITION 13.1. SP(Ry,r, K' k) = {f € SP(Ro,7, K', k) @ Lo | | f|sup < 1}

Proof. Let f € SP(Ry,r, K',k) ® Lo = H* (M}, (|r|,),w®*) with |f|sup < 1. We only need to show
that f € HO(Y, ® Ro,w®) ¢ HO(M}.,(|r|,),w®F). It is enough to prove this locally. Let W =
Spec(R) be an open affine of M, ® Ry on which w has a nowhere vanishing section w and write
E,1lw = aw®i~1. The restriction of Y, ® Ry to W is given by Spf(R(z)/(ax — r)) where R as
usual denotes the m-adic completion of R. The corresponding affinoid in M. (|r|,) is given by
Sp((R(z)/(ax — 1)) ® Lp). Let f = bw®* with b € (R(z)/(ax — ) ® Ly. By our definition of the
supremum norm for general k, the fact that | f|syp < 1 implies |blsyp < 1. By Theorem 5.2 of [Tat71]
b has to be integral over R(z)/(ax — 7). Thus, Proposition 9.5 implies that b € R{(z)/(az — r) and
hence f € HO(Y, ® Ry, w®¥) as desired. O

This allows us to prove the independence of our theory of the noncanonical choice of the lifting
of H.

COROLLARY 13.2. The theory is independent of choice of E,_ as long as v(r) < q¢/(q+ 1).

Proof. Let E,_; be another lifting. Since E;—1 = E;_; (mod ), for any closed point = of M}, we
have |E(z)— E'(z)|, < ||, = 1/¢. On the other hand, v(r) < ¢/(¢+1) implies |r|, > 1/¢q and hence
|E(x)|, = |r|y if and only if |E(z)|, > |r|,. Therefore, the definition of M}, (|r|,) is independent
of choice of E,_1 and hence so is the definition of SD(RO, r, K', k) ® Lo. Now by Proposition 13.1
SP(Ry,r, K', k) can be recovered from SP(Ry,r, K', k) @ Lo independently of choice of E,_;. It is
straightforward to check that the canonical subgroup of a closed point of M7, (|r|,) depends only on
the reduction modulo 7 of E,_;. This shows that the definition of Frob and U are also independent
of the choice of E,_1. O

We can now study the continuity of U.

PROPOSITION 13.3. Let r € Ry with v(r) < 1/(q+ 1). For any k € Z the operator U is continuous
on SP(Ry, 7%, K' k) ® Ly.

Proof. First assume k = 0. For any finite flat morphism f : Sy — Sy of affinoid Lo-algebras, Try
takes power bounded elements of S; to power bounded elements of Sy. So if f € SP(Rg,r, K',0),
then \TrFmbLO (f)lsup < 1. Therefore, we have Trevoby, (SP(Ry,r, K',0)) C SP(Ry,r?,K',0) by
Proposition 13.1. The definition of U now implies the desired result.

Now assume k > 0. Let Q, denote S (Rg,r, K’, k) and let S, denote S (Ry,r, K’ 0) for sim-

. . 0 /v Rk e . . .
plicity. Let Q denote H” (Y, ® Ry, w B @R /) /%@RO)' By definition qU is obtained as the following
composite:

((bl)* TrFrobrig
QT‘I®LO > QT®LO >Q®LO >qu ®L0

388

https://doi.org/10.1112/50010437X03000150 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X03000150

P-ADIC MODULAR FORMS OVER SHIMURA CURVES

Since (¢')*(2,) C Q and Q¢ — ., to prove the desired result it suffices to show that
Trp e () € (1/77) Q0

for some integer 7 > 0. From the case kK = 0, we know that TrFrObrig(QTQ®STq Sy) C Qpq. Now the
result follows, since Q ® Ly = (24 ®5Tq Sy) ® Lo, and € is finitely generated S,-module. A similar
argument works in the case k < 0. U

The operator theory of U heavily depends on whether it acts on the full space of convergent
modular forms or just on the subspace of overconvergent ones. It turns out that in the latter case,
apart from the kernel of U, the eigenspaces are all finite dimensional, whereas this does not hold
in the first case. The reason is, as we will see, that when v(r) > 0 the U operator is a completely
continuous operator of orthonormizable Ly-Banach spaces.

An operator of Lg-Banach spaces is called completely continuous if it is a limit of operators
whose images are finite dimensional over Lg. Serre [Ser62] defines a Fredholm determinant P,(T") =
det(1—Twu) for a completely continuous operator u : 2 — €, where € is an Lg-Banach space. This is
a generalization of the usual det(1 —7Tu) when w is of finite rank and enjoys similar properties. Let (3
be a rational number. An element f of €2 is said to be a generalized eigenform of slope § of u if there
exists a polynomial h(T') in Lo[T] such that h(u)(f) = 0 and all the roots of h(T") have valuation 3.
If h(T) = (T'— X\)™ we call f a generalized eigenform with eigenvalue A\. A X # 0 is an eigenvalue of
w if and only if P,(A~!) = 0 and the dimension of the generalized eigenspace corresponding to \ is
the multiplicity of A~ as a root of P,(T).

Coleman [Col97] has generalized Serre’s construction for general Banach algebras. Let S be a
Banach algebra and 2 be a Banach module over S. We say that () is orthonormizable if it has a
Banach basis over S. In other words if there is a set {f; : i € I'} of elements of §, for some index
set I, such that every element f € Q can be uniquely written as »_._;a;f; with a; € S such that
lim|a;| = 0 and |f| = sup{|a;|}icr-

el

Let u : Q1 — Qs be a continuous operator between Banach modules €27 and 5 over a Banach
algebra S. A completely continuous operator is one which is a limit of operators whose images are
finitely generated over S. Let u : 2 —  be completely continuous and assume {2 is orthonormizable.
Let a € S be a multiplicative element (i.e. |aad’| = |al.|a’| for all a’ € S). Assume that |u| is at most |a|.
Let SY denote the set of all elements of S of norm at most 1. Then Coleman shows that there is
a power series P,(T) € S°[aT] which is called the Fredholm determinant of u. It is entire in T
(e if Pu(T) = >, >0 amT™, lam|M™ — 0 for any real number M). This Fredholm determinant
has similar properties as the one defined by Serre and coincides with it when S = Lg. Its formation
commutes with contractive base changes. If u : 1 — €09 is a completely continuous operator of
Lo-Banach spaces and uy : Q) — Q1 and ug : Q2 — Q) are continuous operators then ug o u o uy
is also completely continuous. Also if u : 21 — 5 is completely continuous and v : Q9 — €y is
continuous, then both u o v and v o u are completely continuous and Pye,(T") = Pyoy(T). We will
use these results in the next section.

PROPOSITION 13.4. Let Ry be discretely valued. Then SP (R, r, K', k) ® L is an orthonormizable
Banach module over L.

Proof. We use Lemma A1.2. of [Col97]. First notice that S”(Rg,r, K’,0) ® Rg/mo is reduced since
it injects into H°(Y, ® Ro/m, ©) which is itself reduced by Lemma 8.2. Thus,

|SD(R077"7 Klv k) ® L0|sup = |SD(R077"7 Klvo) ® L0|sup = |L0|v

(see § A5 of [Col97] for example). By Proposition 13.1 we only need to show that SP(Rg,r, K', k) ®
Ry/mo is free over Ry/my which is clear. O
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PROPOSITION 13.5. Assume 0 < v(r) < 1/(q¢ + 1). Then U is a completely continuous operator of
SP(Ry,r9, K' k) ® Ly.
Proof. By definition U is the following composite:
D , D / (l/Q) TrFrobL0 D ,
S (R()vrqu 7k) ® Ly — S (R(],?",K 7k) ®@Ly —— 8 (R()vrqu 7k) ® Lo.
We have seen that the second arrow is continuous. Therefore, it is enough to show that
SD(R07 Tq7 Kl) k) ® LO — SD(R07 T, Klv k) ® LO

is a completely continuous homomorphism of Ly-Banach spaces.

For the case k = 0, we use Proposition A5.2. of [Col97]. We showed that S (Ry,r, K',0)® Ry /o
is reduced in Proposition 13.4. Therefore, we only need to show that the image of the above inclusion
is finite over Ry/m. It is enough to prove the same statement for the map

H°(Y,a ® Ro/mo,0) — H°(Y, ® Ro/m,O).
We will prove this by showing that the map
Y, ® Ry/mo — Yra @ Ry/mo

factors through M, ® Rg /.

To see this, we use our usual local Zariski picture (for example as in Lemma 8.2) to show that
for f: Y, ® Ry — Yra ® Ry, locally Zariski f* is the map R[z]/(ax —r?) — R[z]|/(axz — r) which
sends x to 797 'x and hence the reduction of f* mod 7y sends z to 0 and factors through R.

For general k, we argue as follows. For simplicity let €, denote S”(Rg,r, K', k) and let S, denote
SP(Rg,r, K',0). Therefore, the inclusion Q¢ ® Ly — €, ® Lg is indeed the natural map

Qra @ Lo — (Qra @ Lo)®s, 40105 ® Lo.

Now, we only need notice that €2, ® Lg is a finitely generated module over S,¢® Lg and therefore
this map can be written as a limit of maps with finite dimensional image, by the case k = 0. ]

As a corollary of the above, we see that if 0 < v(r) < 1/(¢ + 1), then there is a Fredholm
determinant Py(T) € Lo[T] for U, in any weight k. The next proposition shows that this power
series is indeed independent of r.

PROPOSITION 13.6. Assume that R is discretely valued. The Fredholm determinant of U is inde-
pendent of r, such that 0 < v(r) < 1/(q +1).

Proof. Let us denote SP (Ro,m, K', k) by €, for simplicity. We will also denote the natural map
Qpr @ Lo — Q. @ Lo by R;ﬁ’”/. We will include r in the notation for U and write U, in this proof.
Let " and r” be elements of Ry such that 0 < v(r’),v(r”) < 1/(q + 1). Without loss of generality,
we can assume v(r”) < v(r') < qu(r”). Hence, we can write ' = ar”, and (r")? = br' for a,b € Ry.

This implies that we have natural inclusions RE::,);Q and Rff,ﬂn)q. Denote Trgon Lo by Tr for simplicity.

Let T': Q) @ Lo — Q(rya @ Lo be given by Tr oRffﬁ)q. We have

To R, = TroR " o RS, = TroR[)" = qUg,.
On the other hand

T ()
Ring o T = Rpi)

q

L oTroRT " = TroRl, o RY = TroRY, " = qUjuna.

is completely continuous from Proposition 13.5. Therefore, we have

PU (r/)q :P(/q PU D

(rll)q R(:N))qOT/q - (T”)q ’

Furthermore, RE::,);,
he PT/qu
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DEFINITION 13.7. Let 8 be a rational number. Define d,.(K’, k, 3) to be the dimension of generalized
eigenforms of slope 3 of U acting on SP(Ry,r, K', k) ® Lo over any Lg in which r is a gth power.
By Proposition 13.5, d,.(K', k, 3) is finite. On the other hand, because of Proposition 13.6 we know
that d,(K', k, ) does not depend on r, as long as 0 < v(r) < q/(¢+ 1). We define d(K’, k, 3) to be
this common value.

14. Eigenforms of U

Coleman uses rigid geometry to study the overconvergent eigenforms of U over modular curves.
We will use this approach to obtain results about the eigenforms of U in this setting. As was
explained earlier, the fact that U is a completely continuous operator of the space of overconvergent
modular forms allows us to use the Fredholm theory of the U operator.

We let C,, denote the completion of an algebraic closure of Fp with normalized valuation such
that v(m) = 1, and the corresponding norm | |, = (1/q)". We assume that Lg is a finite extension
of Fp (embedded in C,), with ring of integers Ry.

We will need the following result for a construction. However this result is our first example of
a m-adic congruence between P-adic modular forms (of the same weight). In a future article we will
define and study a notion of congruence between P-adic modular forms of possibly different weights.
One has to remember that these modular forms lack g-expansions. In the case of modular curves, the
following result (for the classical E,_1) is proven essentially as a result of the g-expansion principle.

First we remark that Frob(E,_1) € HO(MJ.(|r],),w®?"!) is a nowhere vanishing section for any
r € Ry with v(r) < 1/(q¢ + 1). The reason is that by § 11.2 we have

|(Frob™®)*(Ey-1)(z)|o = |Eq-1(Frob™(2))|y > |r[

at any closed point = of My, (|r[,), and 79~ Frob(E,_1) is obtained as a pullback of the nowhere
vanishing differential form (Frob™®)*(E,—1) on A% (|r|y,)/Cy, under the étale map

fer(Irlo) = A (Irl2)/Cr
Define an element e € H° (M., (|r|,). (’)M;(,Om)) = SP(Ry,r,K',0) ® Lo by
e:=FE, 1/Frob(E,_1).
THEOREM 14.1. Let | |M;(,(1) denote the supremum norm on M., (1). We have
le =1, 1) < |7l

Proof. We may assume Lo = Fp throughout this proof. For notation see § 9. First we show that
Frob(E,_1) € HY(Y1,w®™ ) € HY (M}, (1),w®? ). By definition of Frob(FE,_1) we know that

7 Frob(E, 1) = (QE*)(FrOb (Ey_1)) € HO(Yy,w® ).
So we have to show that (¢°)(FFab (E, 1) is divisible by -1 in HO(T,,w5~1). Since locally

we can write Frob (E (Eq— 1) as a tensor product of q- 1 dlfferentlal forms on By / Cl, it suffices to show
that locally Zariski over Y, for any v e HY (IB%l/ C,Q the pullback ¢*(v) is divisible by

0 1
min H (IB%l,QB 3

(B /C1)/T )
) noting that Y is flat over Op.

Since C; (the canonical subgroup of B;) modulo 7 is the kernel of the (gth) Frobenius morphism
of By ® K, by reduction modulo m we get the following diagram from discussions of § 9:

B ®r B ® /@)/Cl,l =B ® K)(q) " B,
Y: ® & Frobs Y, ® &
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in which Frob; is the gth power morphism of Y; over &, 11 : (B ® /@)(q) — B ® K is the base
extension morphism, and Fry is the relative Frobenius morphism of By ® & (which is the reduction
of ¢ modulo 7). Denote the reduction modulo 7 of 7 by 4. We know that

Fr(5) = 0,
which shows that ¢*(v) is divisible by 7 in HO(B, Q% /& ) as desired.
1 1

By Proposition 4.5, ¢'*¢* = w91 on sections of w®?'and therefore we know that
¢'" (Frob(E,-1)) = (Frob™)*(E,_1) = Frob (E,1).
On the other hand, ¢'* is H°(M. (1), OM;(,(l))-invariant and hence
0" (By_1) = ¢* (e Frob(E, 1)) = ed/* (Frob(E,_1)).
Therefore, we have
¢ (Bq1) = e(Frob)"(Ey-1).

We will prove the theorem essentially by reducing this equality modulo 7. Since the desired
result is local on M, (1) we will henceforth work locally on Y; so that we can assume w to be a
trivial line bundle. Fix generators w (respectively w’) of wg e (respectively w (Frob) B, /§(1) such that
' reduces to w(@ modulo 7. Notice that this is possible as the reduction of (Frob)*B;/Y; modulo
mis (B ® k).

Let us denote (By,i,0,a”,w) by By for simplicity. Write

By1 = By1(B)w® ™,

(Frob)*(E,_1) = A.(w)®7 1.
We use ~ to denote reduction modulo 7. Since Frob reduces to the qth power morphism, we have
A=FE,1(B)=H(B; ®k)? mod .

On the other hand, by Proposition 4.5 ¢'* reduces to V* modulo . Hence, ¢/*(E,_1) =
¢ (Eg—1(B1)w®? 1) reduces to V*(H(B; ® £)w®?~1), which is equal to

H(B, © x) (H(B, © 1)o@
by the definition of the Hasse invariant (see § 6). Combining the above congruences we get
HB; ® x)! = eH(B; ® k)?
in HO(Y, Og,) ® £ and hence
e=1 modm.

This proves that |e — 1|M;(/(1) < |7y O

Let r € Ly be a gth power such that 0 < v(r) < 1/(¢ + 1). Consider the isomorphism of
Ly-Banach spaces defined by multiplication by E,_1,

SP(Ro,r, K' k) ® Lo — S”(Ro,r, K,k +q— 1) ® Lo
h +— th—l'

This is an isomorphism because E,_; is nowhere vanishing on M., (|r|,). The pullback of the
operator U ,_1) via this isomorphism is an operator on Sb (Ro,m, K', k) given by

h= B Uggo1)(hEg—).
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From Lemma 12.4 we have
E; 1 Ulhpq1)(hEg-1) = B U1y (Frob(Ey_1)eh) = U (eh).
In other words the pullback of U 4_1) via the above isomorphism can be written as
Uk © me,
where me denotes multiplication by e. This proves the following lemma.
LEMMA 14.2. Let the notation be as above. For each n > 0, we have
PUsnia-1y = PUgyomen-

So studying the operator theory of U in weight k+mn(g—1) is equivalent to studying the operator
theory of U omen in weight k. Coleman’s idea is to put all the U o men for varying n together in a
rigid analytic family of operators, producing a completely continuous operator of a Banach module.
The study of the Fredholm theory of the latter will give us information about that of each of
the original operators. We will use this idea to study d(K’, k, 3). By Definition 13.7 this equals
d,(K', k,(3) for any r such that 0 < v(r) < 1/(¢+ 1).

It is easy to check that there are ¢ > 0 and § < 1 such that (1 +2z)! = Zn>0 (i) x™ is convergent
for all ,t € C, with |z|, < ||, + €, and |t], < 0.

la+1) _

so < land[e—1[yp o (50) < |T|v+€. We can enlarge Lo to a finite extension of Fp such that there is
K/

Since |e — 1|M;<,(1) =lim,_,,- |e — 1|M;(/®Cp(8), there exists an sg € |Cpl, such that |r|

an element r € Ry which is a gth power with |r|, = s (which also implies that 0 < v(r) < 1/(g+1)).
Therefore, for this choice of r, we know that e’ is convergent on M., (|r|,) for any ¢ with [¢], < 6.

Let us fix an integer ko throughout the discussion. For any t € C,, with [t|, < ¢ define
up : H (Mo (|rlo), ) — H (Mo (|rl,), ™)
b= Uy (h - eh).
Let B = By,[0,d] denote the affinoid subset of the rigid space A} , given by [z], < 4. Define the

affinoid rigid space Z := B x M., (|r|,). Let us denote the pullback of w = WA (Irfo)/ML, (rl,) 8O Z
under the second projection again by w. Then we have

H°(Z,w®") = H°(B,0p)® 1, H* (M (Ir],), w™).

|r

Now consider the operator
1d®U )« HY(Z,w®k0) — HO(Z,w®).

This continuous H°(B, Op)-linear operator is obtained by base extension of U(g,) under the map
Lo — H°(B,0p). Since we can think of e’ as a rigid function on Z, there is a continuous operator

Mt : H'(Z,w™") — HO(Z,w%")
which is given by multiplication by ef. Define
Uy 7= id&U (1) 0 Mg
This is a continuous operator of the H%(B, Op)-Banach space H?(Z,w®*0). It is clear that for

any tg € C, with [tg], < 0 the restriction of U(ko) to the fibre of Z over t; is the already defined
operator .

We show that U, is completely continuous. We have seen in Proposition 13.5 that U, is
completely continuous. This shows that id®U(kO) is completely continuous as it is the base extension
of Ug,) under a contractive map of Banach algebras. Now since mes is continuous, we deduce that
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U(ky) 1s completely continuous. We also note that i 0(Z,w®*0) is orthonormizable over H*(B, Op).
This is because by Proposition 13.4 we know that HO(MJ.,(|r|,), w®*) is orthonormizable and hence
so is its base extension H%(Z, w®*0) (see Proposition A.1.3 of [Col97]). Let Py, (s, T) € Lo[s, T1]
denote the Fredholm determinant of U,y Let n be an integer such that |n|, < é. Letting s = n
corresponds to a base extension H’(B,Op) — Lo. Under this base extension U(x,) becomes

Un 2 HY (M ([rfo), w®*) — H (M ([r],), w®*).

Since the formation of Fredholm determinant commutes with contractive base change (see
Lemma A.2.5 of [Col97]) and by Lemma 14.2, we deduce that

By (0, 1) = P (T) = Pu gy (T):

This shows that the number of zeros of Py,  (n,T) over C, (counting multiplicities) which have
valuation —f is the same as d(K', kg + n(q — 1), ).
We study the zero locus of the entire series P = Py, (s, T). Enlarge Lo so that 3 € [Lol|o.

Let Az denote the affinoid subdomain of B x A}~ determined by [T, = |z|, B The subspace of
this affinoid determined by P(7") = 0 is an affinoid over B which we call Z3. The projection map
f: Z3 — B is quasi-finite as U is completely continuous. For any closed point = of B, f () isa
scheme of dimension 0 over the residue field of z. Denote the dimension of its ring of functions over
the residue field of z by deg(f~!(z)). By Proposition A.5.5 of [Col97] for each integer i > 0 the set
of closed points x of B such that deg(f~!(z)) > i is the set of closed points of an affinoid subdomain
B; of B. Furthermore, B; is empty for large 7. A standard argument shows that for any € BNZ,
there is a §, such that if 2/ € BNZ, and |x—2'|, < 0, then deg(f~*(z")) = deg(f~'(z)). Since Z, is
compact we can find a uniform ¢’ which works for any pair of elements of Z, which lie in B. Now for
any integer n such that |n|, < J the degree of f~!(n) is the number of zeros of Py, (n,T) over C,,
which is itself equal to d(K’, ko + n(q — 1), 3). Choose N such that [p|Y < min{d,d'}. Varying ko
modulo p™ (¢ — 1) implies the following.

THEOREM 14.3. Assume K’ is small enough, and q > 3. There exists an N > 0, depending only on
3, K', and D, such that if
k=K modp"(qg—1)
then
d(K' k,B) = d(K' K, j3).
Moreover, d(K', k, 3) is uniformly bounded for all k € Z.

As we explained in § 1, the key step to passage from this kind of result to results about (certain)
Hilbert modular forms is proving a criterion for classicality of overconvergent P-adic modular forms.
In presence of such a criterion in terms of slopes, one can prove a similar statement for dimension
of spaces of classical modular forms on Mj,,. That kind of statement could be translated for quater-
nionic modular forms over F' using Theorem 4.2. The Jacquet-Langlands correspondence then will
establish the connection with Hilbert modular forms.
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