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Abstract We give a construction of integral local Shimura varieties which are formal schemes that
generalise the well-known integral models of the Drinfeld p-adic upper half spaces. The construction
applies to all classical groups, at least for odd p. These formal schemes also generalise the formal schemes
defined by Rapoport-Zink via moduli of p-divisible groups, and are characterised purely in group-theoretic
terms.

More precisely, for a local p-adic Shimura datum (G,b,u) and a quasi-parahoric group scheme G for G,
Scholze has defined a functor on perfectoid spaces which parametrises p-adic shtukas. He conjectured that
this functor is representable by a normal formal scheme which is locally formally of finite type and flat
over O . Scholze-Weinstein proved this conjecture when (G,b, 1) is of (P)EL type by using Rapoport-Zink
formal schemes. We prove this conjecture for any (G,u) of abelian type when p # 2, and when p =2 and
G is of type A or C. We also relate the generic fibre of this formal scheme to the local Shimura variety,
a rigid-analytic space attached by Scholze to (G,b,u,G).
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1. Introduction

Recall the mechanism of Shimura varieties: to a Shimura datum (G,X) (here the first
entry is a reductive group over Q), there is associated a tower of algebraic varieties
(Shix (G, X) | K C G(Ay)) over the reflex field E = E(G,X). Here, K runs through the open
compact subgroups of G(Ay). Furthermore, at least if (G,X) is of PEL-type, there exist
integral p-adic models if K is of the form K = KPK,,, where K, satisfies some additional
conditions. More precisely, fix a prime number p and a p-adic place v of E. Then if
K, C G(Qp) is the stabiliser of a point in the extended Bruhat-Tits building of Gg,, there
exists in the PEL-type case an integral model .k (G,X) over Og, ,. The study of these
integral models has been the focus of interest for many years, with spectacular applications
in arithmetic. Furthermore, in recent years such models have been constructed even for
Shimura varieties of abelian type, comp. [KP18], [KZ21], see [Pal8]. In the present paper,
we are concerned with a local p-adic analogue of this mechanism.

We fix a prime number p. There is the notion of a local Shimura datum (G,b,u) [RV14],
a p-adic analogue of the notion of a (global) Shimura datum. Here G is a reductive
group over Q,,, and b € G(Qp) and p is a conjugacy class of minuscule cocharacters of G.
Let E = E(G,u) be the local reflex field. In [RV14], it is postulated that there should
be an associated tower of rigid-analytic varieties (Shtx(G,b,p) | K C G(Q,)) over the
completion E of the maximal unramified extension of E. This idea was put into reality by
P. Scholze, see [Sch18]. He defined functors on the category Perfd) of perfectoid spaces
over the residue field & of E and showed that they are representable by rigid-analytic
spaces. Furthermore, if G is a smooth model of G over Z,, Scholze defines a functor
/\/lig“fb, , on Perfd;,, which he shows to be a wv-sheaf. Let G be a quasi-parahoric group
scheme, in the sense of [SW20, §21.5]; see §2.2. This is a natural class of smooth group
scheme models over Z, of G. In the analogous function field case, T. Richarz [Ril6] has
proved that quasi-parahoric group schemes can be characterised as those smooth group
scheme models of G for which the corresponding affine Grassmannian is ind-proper.
Scholze has conjectured that Mig"fb’ ., 1s representable by a formal scheme MG, Which
is normal and flat and locally formally of finite type over O;. Assuming this conjecture,
Scholze-Weinstein [SW20] show that when G is a parahoric group scheme for G and
K =G(Z,), then gy, is an integral model of Shtx(G,b,u) where K = G(Z,), i.e.,
the rigid-analytic generic fibre .Z5¢ — of ig“fh . can be identified with Shtx (G,b,p).

g,b,p
In [SW20] the representability conjecture is proved when (G,b,u) is of EL-type, and in
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On integral local Shimura varieties 3
many cases when (G,b,u) is of PEL-type, by relating the functor Migfitb’ ., to Rapoport-
Zink formal schemes. The rigid-analytic variety Shtx (G,b,u) is called the local Shimura
variety (associated to the local Shimura datum (G,b,1) and the open compact subgroup
K of G(Qp)) and the functor MY, ,, resp. the formal scheme .#g.,,, the integral local
Shimura variety (for the quasi-parahoric group scheme G for G).

It is interesting to observe that the ‘classical’ approach of [RZ96] proceeds in the reverse
way compared to the approach in [SW20]. Namely, when (G,b,u) arises from (P)EL-
data, then for certain quasi-parahorics G for G one constructs a formal scheme .#g ,
by posing a certain moduli problem of p-divisible groups with additional structure on
the category Nilpoé. Then Shtgz,)(G,b,u) is defined to be the generic fibre of g s,
and the rest of the tower Shtx (G,b,u) is constructed by imposing level K structures
on the p-adic Tate module of the generic fibre of the universal p-divisible group over
AMg,p, ;.- This definition depends a priori on the choice of (P)EL data and is not obviously
functorial in the triple (G,b,u). On the other hand, this approach has the dividend that
the structure of the formal schemes .#g 1, can be studied by making use of the theory
of p-divisible groups. The model for such a structure result is Drinfeld’s description of
his integral model of the Drinfeld p-adic halfspace in [Dr77]. This approach has been
used in a number of problems of arithmetic, e.g., in applications to the Zhang Arithmetic
Fundamental Lemma conjecture [Zhal2] and the Arithmetic Transfer conjecture [RSZ18]
and to the Kudla-Rapoport Divisor Intersection conjecture [KR11]. The Rapoport-
Zink approach has been generalised to certain Hodge type cases by W. Kim [Kim18],
Howard-Pappas [HP17], Hamacher-Kim [HK19] and to some abelian type cases by Shen
[Sh20]. Also, under a mild condition on b, there is a purely group-theoretical definition
by Biiltel-Pappas [BP20] of the moduli problem on NilpOE for Mg, for hyperspecial
parahoric group schemes G. In the Hodge type case, it is shown in [BP20] that this
moduli problem, restricted to Noetherian test rings, is representable by a formal scheme.
It coincides with the formal schemes in [Kim18], [HP17] and [HK19].

The Scholze-Weinstein approach has the advantage that the input data are purely
group-theoretical and that the result is functorial. In this way, they are able in
certain cases to identify two RZ formal schemes for different (P)EL data which define
closely related group-theoretical data. For instance, using this approach they prove
the conjectures of Rapoport-Zink [RZ17] and of Kudla-Rapoport-Zink [KRZ20] which
postulated such hidden identifications, cf. [SW20, §25.4-25.5]. The downside of this
approach is that the global structure of the formal schemes .#g 1, , is harder to study.

We note that one expects a precise relation between integral local Shimura varieties and
formal completions of global Shimura varieties along isogeny loci of their reduction modulo
p. This is provided by the theory of non-archimedean uniformisation in the Rapoport-Zink
framework; something analogous is conjectured to hold in the general Scholze-Weinstein
context, and is known in the Hodge type case, cf. [PR24, Thm. 1.3.3].

In this paper, we are concerned with passing from the (P)EL case to the more general
case when the local Shimura datum (G,b,u) is of abelian type. Here the definition
of this last term is modeled on the case of (global) Shimura varieties, cf. [HPR20],
[HLR24]. Namely, (G,b,u) is of abelian type if the associated adjoint local Shimura
datum (Gaq,bad,ftad) is isomorphic to the associated adjoint local Shimura datum
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(G1,ad;b1,ad,141,2a) to a local Shimura datum (Gi,b1,p1), where (Gq,b1,11) is of Hodge
type (i-e., (G1,p1) admits an embedding into (GL,, pg), where pg4 is a minuscule coweight
of GL,,). In particular, G,q is a classical group. We prove that Scholze’s conjecture holds
true when (G,b,u) is of abelian type and either p # 2 or p =2 and G.q is of type A
or C. We allow here general quasi-parahoric group schemes, even those outside the class
singled out in [SW20, §25.3] (those for which the group IIg below is trivial). Allowing
general quasi-parahorics is important for two related reasons: moduli problems leading to
Rapoport-Zink spaces often correspond to quasi-parahorics, and allowing quasi-parahorics
is important for devissage in the proofs.

We also show that .#g  , is an integral model of Shtx (G,b,1), in the following sense.
Let

Ilg = ker(Hét (Zy,G) — Hét(vaG)) (1.0.1)

a finite abelian group, cf. [SW20, 25.3]. To every Be Hg, we associate a quas1 parahonc
group scheme Gg for G over Z, such that Kp = Gs(Z,) is conjugate to K=6(Z p) in
(Qp) and we prove that

M5~ || Sht, (Gb,p). (1.0.2)
Bellg

This formula is reminiscent of the formula of Kottwitz [K092], according to which
the generic fibre of a PEL-moduli scheme in [Ko092] is a disjoint sum of copies
of Shimura varieties enumerated by ker(H'(Q,G) — [[,H'(Q,,G)) (these copies are
mutually isomorphic in types A and C, but not necessarily in type D).

In fact, we prove that the decomposition (1.0.2) comes by passing to the generic fibre
of a decomposition of functors

MG, = |_| Mmo b #/Wo(gﬁ) (1.0.3)

Bellg

Here gg denotes the parahoric group scheme associated to the quasi-parahoric group
scheme Gg (the neutral connected component). This formula also gives a reduction of
Scholze’s conjecture from quasi-parahoric group schemes to parahoric group schemes.
We know quite a bit about the local structure of the formal scheme .# s, ,. Indeed,
let Mlgoi = Mlgoéi " be the local model associated to the parahoric group scheme G°
associated to G. Here the associated v-sheaf on Perfdy is defined in [SW20, §21] and
the representability by a weakly normal scheme Mlgof flat over O is established in the
case of a general local Shimura datum by J. Anschiitz, I Gleason, J. Lourenco, T. Richarz
in [AGLR22]. In fact, Mgs ., is always normal with reduced special fibre (by [AGLR22]
and [GLo24] which settled some remaining cases for p =2 and p = 3). When p # 2, this
local model also coincides for local Shimura data of abelian type with the local model in
the style of Pappas and Zhu [PZ13] (modified in [HPR20]), as extended to groups which
arise by restriction of scalars from wild extensions by B. Levin [Le01]. When p =2 and
Gaq is of type A or C, this local model also coincides with the local model obtained by
taking the closure of the generic fibre in the naive local model of [RZ96]. We also know
that, if p # 2, MIOC is Cohen-Macaulay [HR23]. Then, under our assumptions above, we
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prove that for every x € Mg, (k), there exists y € Mg¢, (k) and an isomorphism of formal
completions

int ~ Rrloc
G,bu/z — ngu/y'

When G is a parahoric group scheme, Gleason ([G125, G121]) has defined the formal
completion Mig‘”ttbw o 35 2 v-sheaf. In our approach, we first show that his definition
extends to the case of an arbitrary quasi-parahoric group scheme and then show that
Mg“bu Ja is representable (by the formal spectrum of a complete Noetherian local ring
which is the completion of a corresponding local model, as above). The representability of
Mig“fb, ) for all z is closely related to the representability of Mig“fb) .- In fact, in [PR24],
we show in the Hodge type case under certain hypotheses that, conversely, if all formal

int

completions are representable, then so is Mg5 . Using this statement, we prove in [PR24]
the representability of /\/lig“f@ , In many cases of Hodge type by using global methods.

By contrast, the approach in the present paper is purely local and direct, with more
general results. The key case for p > 2 occurs for (G,b,11,G) of Hodge type when the closed
immersion G < GL,, extends to a closed immersion G — GL(A) for a Z,-lattice A C Q}
and satisfies certain additional conditions. In this case, the representability of Mign’tbﬁ
is established by imitating the construction in [KP18], as extended in [KZ21], [KPZ24],
of integral models of global Shimura varieties of Hodge type. The crucial step here is
the construction of a suitable versal deformation of a p-divisible group equipped with
crystalline tensors. This is done by using Zink’s displays and requires the assumption
p > 2. The general Hodge type case is reduced to this case by devissage. In this devissage,
there are two steps. In a first step, one shows that the assertion is independent of the
quasi-parahoric G within the class of all quasi-parahorics sharing a fixed parahoric as their
neutral component. In a second step, one shows that the assertion is independent of the
group G within the class of all groups sharing the same adjoint group. In these devissage
steps one has to deal with affine Deligne-Lusztig varieties for quasi-parahorics, as already
considered by U. Gortz, X. He and S. Nie in [GHN24]. Finally, the general abelian type
is reduced to the Hodge type case by following Deligne’s analogous reduction [De79] in
the case of global Shimura varieties.

What remains to be done for the construction of integral local Shimura varieties and
Scholze’s representability conjecture in all generality? For local Shimura data of abelian
type, there are still cases open for p = 2. Some of these appear accessible but there are
several technical complications. Outside the abelian type cases, we have only cases that
involve exceptional groups of type Eg or E7, even orthogonal groups with cocharacters
which are ‘mixed’ of type D® with D, and trialitarian forms. These are more mysterious.
Especially the cases of exceptional groups are wide open, even though recently the
representability of the formal completions Mig“fb’ , has been proved in the case that
G is a hyperspecial parahoric by S. Bartling [Ba22, Thm. 1.4] (for p > 3) and K. Ito [[t25,
Thm. 5.3.5].

On the other hand, it is encouraging that the representability of ( ig“fb’ u)red is known in
general (even when p is not minuscule). More precisely, Gleason [G121] defines (/\/lig“f@ y)red
as a scheme-theoretic v-sheaf and proves that it is representable by a perfect k-scheme
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Xg(b,u™1) contained in the Witt vector affine Grassmannian Xg = LG/L*G (in [G121],
Gleason assumes that G is parahoric but the result holds for general quasi-parahorics, cf.
Proposition 3.3.1). Furthermore, Xg(b,u~1)(k) can be identified with the corresponding
affine Deligne-Lusztig set, cf. (3.3.2). When p is minuscule, one expects a natural
deperfection of Xg(b,u~1) as a scheme locally of finite type over k but this seems only
known as a consequence of the representability of Mig“fb’ e

We thank P. Scholze for helpful comments, and R. Zhou for useful discussions about

[KZ21]. The first author also acknowledges support by NSF grant #DMS-2100743.

2. Statements of the main results

2.1. Hodge and Abelian type

Let (G,b,{u}) be a local Shimura datum over Qp, cf. [RV14]. Recall that this means
that G is a reductive group, that b € G(@p) and that {u} is a conjugacy class of a
minuscule cocharacter p: G,,, /0, G@p. It is assumed that b is neutral acceptable, i.e., the
o-conjugacy class [b] lies in B(G,u~1). We will often omit the bracket and simply write
(G.b,p).

We will be concerned with local Shimura data of a particular type.

Definition 2.1.1. The local Shimura datum (G,b,u) is called of Hodge type if there is
an embedding

v <G7/~‘L) — (GLhaﬂd%

for some 0 < d < h, where pig(a) = diag(a(¥,1("=%) is the standard minuscule cocharacter
of GLh.

Remark 2.1.2. This is the local analogue of the corresponding terminology in the
classical theory of Shimura varieties, where one requires an embedding into a similitude
symplectic group.

Definition 2.1.3 ([HPR20, §2.7], [HLR24, Def. 9.6]). The local Shimura datum (G,b, 1)
is called of abelian type if there is a local Shimura datum (G1,b1,11) of Hodge type and
an isomorphism (G1,ad,01,ad,H1,ad) = (Gad,bad;fhad)- In this case, (G1,b1,p1) is called a
central lift of Hodge type for (G,b,u), cf. [HLR24, §9].

Note that the existence of by that lifts b,q is automatic since B(G, ) ~ B(Gad, tad) by
[Ko97, (6.5.1)], so this is really a property of the pair (G,u).

Remark 2.1.4. Note that this is weaker than the analogous notion in the global case,
where one asks that there is a morphism (Gi,u1) = (Gaq,ftaqd) such that the induced
morphism G ger — Gag admits a factorisation through Gger and induces an isomorphism
(G1,ad:11,0d) = (Gad, Had), comp. [KP18]. In [HPR20], it is this stronger version that is
imposed also in the local case; however, in the local case, this stronger notion seems
unnecessary, as pointed out in [HLR24].
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2.2. Quasi-parahoric subgroups

Let G be a reductive group over @p. By definition, a quasi-parahoric subgroup of G (Qp)
is a subgroup K which is squeezed as

G(Q,)° NStabg ¢ K ¢ G(Q,)* NStabg.
Here Stabg is the stabiliser of a facet § in the building ,%’(éad,(@p), and
G(Qy)° =ker(k : G(Q,) = m(G)1), G(Qp)! =ker(r: G(Q,) = m(G) Q).

Here, k is the Kottwitz homomorphism. Equivalently, it is a subgroup of finite index
in Cuv'((@p)1 N Stabg. Still another way of characterising quasi-parahoric subgroups is to
say that they are of finite index in the stabiliser of a point in the extended building
B (é Qp) In the case that the quasi-parahoric subgroup coincides with G (Qp)1 N Staby,
with x € B(G ad,Qp) (equivalently, if it coincides with the stabiliser subgroup in é(@p)
of a point in the extended bulldmg B (G Qp)), it is called a stabiliser quasi-parahoric.
The parahoric subgroup Ke = (Qp) N Stabg is called the parahoric subgroup associated
to the quasi-parahoric subgroup K. Note that if 7 (G) 1 is torsion-free, then any quasi-
parahoric is a parahoric.

By Bruhat-Tits theory [BlH] there is a unique smooth group scheme G over Z with
generic fibre G such that G(Z,) = K.

Now let G be a reductive group over @Q,. Then, in analogy with the Bruhat-Tits
definition of a Q,-parahoric subgroup [BTII, right after Def. 5.2.6], there is the notion of
a Qp-quasi-parahoric subgroup of G. It can be equivalently defined as a quasi-parahoric
subgroup K of G ((@p) which is invariant under Frobenius, or as a subgroup of finite index
in G((@p)1 NStabg, where Stabg is the stabiliser of a facet § in the building #(Gaq,Qp). By
descent from Zp to Zp, we have a corresponding smooth group scheme G over Spec (Z,).
Then G(Z,) = KNG(Q,).

In the sequel, we simply call G a quasi-parahoric group scheme for G. Note that a
parahoric group scheme for G is uniquely defined by its associated subgroup G(Z,) of

G(Qyp), cf. [BTII, Prop. 5.2.8]. However, for general quasi-parahoric group schemes for
G, the association G — G(Z,) ceases to be injective (for instance G°(Z,) = G(Z,) when
70(G)? is trivial, which may happen even when 7(G) is non-trivial). Still, we write
K =G(Z,) = KNG(Q,) and sometimes use the notation K to refer to our choice of G.
This does not lead to confusions.

2.3. The local model
Recall' the Scholze-Weinstein v-sheaf local model Mg , over Spd(Og) (in [SW20] it is
denoted by Grg spd(0s),<p)-

Assume g is minuscule. In this case, Grg spda(0s),<u = GTg,spd(0p),u and the v-sheaf
local model Mg u= Grg spd(0p),u 18 given as the closure inside the Beilinson-Drinfeld

In fact, in [SW20, §20] only the case where G is reductive is considered; in [SW20, §21] the
case where G is an arbitrary parahoric and where p is minuscule is considered. The general
case is treated in [AGLR22, §4.2].
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style affine Grassmannian Grg gpq(0,) of the v-sheaf X ,© associated to the symmetric
space X, = Grg,, of parabolics of type u over Spec (E). Then Mg ., 1s representable by a
normal flat projective Opg-scheme MIOC with reduced special ﬁbre Th1s was conjectured
by Scholze-Weinstein [SW20, Conj. 21 4.1] and was shown in [AGLR22] and [GLo024]
(which settled the normality in some remaining cases in characteristics 2 and 3). Here
MIQO‘L is uniquely determined. Assume in addition that (G, u) is of abelian type and satisfies
Condition (A) or (B), cf. Definition 2.5.2 below. Then the normality of Mlgoi is given
by [AGLR22, Thm. 7.23]. Furthermore, in the case (A) Mlé)‘; can be obtained by the
procedure of [PZ13], extended to restrictions of scalars from wild extensions in [Le01]
and as modified in [HPR20] when p | |71 (Gaer)|- This statement uses Remark 2.5.3. In
the case (B) of Definition 2.5.2, Mlgocﬂ can also be obtained by taking the closure of the
generic fibre in the naive local model of [RZ96]. There is no difference when discussing
quasi-parahorics because the natural map is an isomorphism,

Bop o MY, (2.3.1)

cf. [SW20, Prop. 21.4.3]. (This proposition assumes that p is minuscule, but the argument
applies to general pu, see also [AGLR22, §4]). If p is minuscule, this also yields an
isomorphism for the corresponding scheme local models,

Mloc Mloc
2.4. The integral local Shimura variety ignfh L

Let G be a smooth affine group scheme over Z, with generic fibre a reductive group G,
let b e G(@p), and let p be a conjugacy class of cocharacters of G. It is assumed that
the Frobenius-conjugacy class of b lies in B(G,u~1). We call the triple (G,b,u) an integral
local shtuka datum and (G,b,u) a rational local shtuka datum. As usual, we denote by E
the field of definition of y and by E the completion of the maximal unramified extension.

Then Scholze-Weinstein associate to (G,b,u) an ‘integral’ moduli space of shtukas
./\/lignfb’# over Op, [SW20, Def. 25.1.1]. It is given as a ‘v-sheaf moduli space’ of certain
G-shtukas with one leg bounded by p with a fixed associated Frobenius element, cf. [SW20,
§§23.1, 23.2, 23.3], as follows.

Definition 2.4.1. The integral moduli space of local shtuka ./\/lig‘lfbM is the functor that
sends S € Perfdy to the set of isomorphism classes of tuples

(S%,2,02,ir),
where
1) S*is an untilt of S over Spa(Op),
2) (Z,¢5) is a G-shtuka over S with one leg along S* bounded by u,
3) i, is a ‘framing’, i.e., an isomorphism of G-torsors
ir: Gy, (5) —)9‘3;“)0)( s) (2.4.1)

for large enough r (for an implicit choice of pseudouniformiser w), under which ¢ 4
is identified with ¢, = b x Frobg.
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Here, Y o) (S5) is as defined in [SW20], [[FS21, IT]. We have denoted by Gy, _ (s) the
trivial G-torsor over YV, »)(S) (denoted G x V| 5)(S) in [SW20, App. to §19]), and by

. b
P = a0 (Gy, )(9) =Gy, (9) = Gy (9) (24.2)

the isomorphism given by the ¢-linear isomorphism induced by right multiplication by b
(denoted by b x Frob in [SW20, Def. 23.1.1]). In 3) we mean more precisely an equivalence
class, where i, and /., are called equivalent if there exists v’/ > r,7’ such that i, Vit oo (8) =
il V1o (8)° Also, in 2) the precise definition of “bounded by u” is given via the local
model M&“ (see [SW20, Def. 25.1.1], [PR24, p. 46]).

Note that the formation of Mig“fbﬂ is functorial, i.e., for a morphism (G,b,u) — (G',0', 1)
we havg MG, o = MGy Xspa(o,) SPA(Oj). Tt s algo compatib.le with products,
e, MY Gy by xb. py xpup 18 iS0morphic to the product Mg*, < Mg, after base
changing to the compositum of the reflex fields (in this, we omit the base changes from
the notation, for simplicity). In addition, the ¢-centraliser group J;(Q,) acts on Mignfb) u
by changing the framing.

By loc. cit., Mg", , is a v-sheaf over Spd(Oj;). In fact, as in [G121, Prop. 2.23], Mg, |
is a small v-sheaf. In addition, Mg‘fb) . supports a Weil descent datum from O down
to O, as explained in [PR24, §3.1, §3.2]. In this paper, even though this is not always
pointed out explicitly, the smooth group scheme G will always be a quasi-parahoric group
scheme for G.

In fact, most of the time we are interested in the case that (G,b,u) is a local Shimura
datum, i.e., we also assume that g is minuscule. In addition, we take G to be a quasi-
parahoric group scheme for G. In this case we call Mg“b ., the integral local Shimura
variety associated to the local Shimura datum (G,b,u) and the quasi-parahoric group

scheme G.

2.5. Statement of the main results

Our concern is with the following conjecture.

Conjecture 2.5.1 (Scholze). Let (G,b,u) be a local Shimura datum and G a quasi-
parahoric group scheme for G. There exists a formal scheme M gy, which is normal
and flat locally formally of finite type over O with

Mign,tb,u = ///g’b’u
as v-sheaves over Spd(Op). Then, M g, is unique ([SW20, Prop. 18.4.1]).

Our main result is a proof of this conjecture when (G,b,u) is of abelian type under
certain mild hypotheses.

Definition 2.5.2. Let (G,b,u) be of abelian type. We introduce two kinds of conditions
on p, G and p.
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(A) p#2.

(B) p=2 and Gaq = [[;Resp, g, Hi, where for each i, H; = B /F;* with B; a simple
algebra with centre F;, or H; = PGSpy,,,, or the corresponding component fiaq,; of
Lad 1s trivial.

Note that if G =T is a torus, T trivially satisfies (A) or (B).

Remark 2.5.3. Recall from [PR24, §5], comp. [KPZ24, Def. 3.1.4], that G is called
essentially tamely ramified if Gaq >~ [[; Resp, g, Hi, where H; is absolutely simple and
splits over a tamely ramified extension of F;. Note that G is automatically essentially
tamely ramified if p > 5, cf. [PR24, §5]. Moreover, if p = 3, the condition of essentially tame
ramification only excludes groups whose adjoint groups contain a ramified triality group
(type Dflg) or D46)) as a factor. We note that by Serre [Se79, §3, Cor. 2] this last possibility
does not occur when (G,b,u) is of abelian type, unless the corresponding component of
lad is trivial. In other words, Condition (A) implies that the simple factors of Gn.q on
which the projections of u,q are non-trivial, are essentially tamely ramified. Indeed, let
(G1,p1) be a central lift of Hodge type for (G, ). Let G} be the minimal normal subgroup
of G1 containing the conjugacy class y1. Then by [Se79, §3, Cor. 2], G ,4 contains no
ramified triality group as a factor. On the other hand, G .4 = H{imm,ﬁél}ReSFi/@pHi’
which proves the claim.

Theorem 2.5.4. Let (G,b,u) be a local Shimura datum of abelian type satisfying
Condition (A) or (B), and let G be a quasi-parahoric group scheme for G. Then Mié],tb,,u.
satisfies Conjecture 2.5.1.

Theorem 2.5.4 is closely related to the following result. In fact, it was shown in [PR24]
that the following result implies Theorem 2.5.4 in the Hodge type case under some mild
additional hypotheses, cf. [PR24, proof of Thm. 3.7.1].

Theorem 2.5.5. Let (G,b,u) be a local Shimura datum of abelian type satisfying
Condition (A) or (B), and let G be a quasi-parahoric group scheme for G. For any Spd(k)-

int

valued point z of Mg, ., there is a k-valued point y of Mlgocﬂ such that

int

Gopfa = (MSS,/,)°, (2.5.1)

as v-sheaves over Spd(Op).

In this, y is a k-valued point of Mlgoi obtained by fixing a trivialisation of the G-torsor
underlying the G-shtuka at 2 (more precisely, y is in the orbit £(z) given by (3.4.2)). The
notation ./\/lignfb’u /o stands for the formal completion of the v-sheaf Miél,tb, . at 7, as defined
in [G125, Def. 4.18], cf. [PR24, §3.3.1], see also §3.4. On the RHS, (IMIlgO’CM/y)<> denotes the
v-sheaf attached to the adic space Spa(A4,A), where A is the completion of the local ring
of the scheme Mlgocu at y, taken with the topology defined by the maximal ideal.

The combination of these two results also gives

Corollary 2.5.6. Let (G,b,u) be a local Shimura datum of abelian type satisfying
Condition (A) or (B), and let G be a quasi-parahoric group scheme for G. Let # g, be
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the formal scheme that represents /\/lig“fbw by Theorem 2.5.4. For any k-valued point x of

MG b, there is a k-valued point y of Mlgocu such that M gy, 1/ ~ Mlgocu/y

Note here that, by the full-faithfulness result of [SW20, Prop. 18.4.1], the Weil descent
datum for the v-sheaf ./\/lignfb, . gives a corresponding Weil descent datum for the formal
scheme .# g 1, ., from O down to Op.

The following result shows that .#¢ s, , is an integral model of the local Shimura variety
in a certain sense. Recall from the introduction that to G is associated the finite abelian
group Ilg, and that to every § € Ilg, there is associated a quasi-parahoric group scheme
Gg over Z,, as well as its associated parahoric group scheme Qg, and the finite group
of its connected components my(Gg) with its action by the Frobenius ¢. Also we let

Kg=Gp(Zp).

Theorem 2.5.7. Let (G,b,u) be a local Shimura datum of abelian type satisfying
Condition (A) or (B), and let G be a quasi-parahoric group scheme for G. There is
an isomorphism of rigid-analytic varieties over E,

MG~ | | Shtx, (Gb,p).
Bellg

This isomorphism is induced by an isomorphism of formal schemes:

Moo= || Mo u/m0(Gs)°.

Bellg

We finally mention the following result. Let (G,b,u) be a local shtuka datum, and
let G be a quasi-parahoric group scheme for G. Consider the scheme-theoretic v-sheaf
( ign,tb,u)redv cf. [G121]. Then (/\/lig“fbju)red is representable by a perfect k-scheme X¢ (b, 1)
which can be identified with the admissible set (3.3.2) contained in the Witt vector affine
Grassmannian Xg = LG/LTG, cf. Proposition 3.3.1. The problem of determining the set
of connected components of Xg(b,uu~1) is of considerable interest.

Let G be a parahoric. Then there is a surjective map

Xg(bu™) = cpp+m(G)Y, (2.5.2)

where ¢, , € m1(G)r is a certain element unique up to m (G)?, cf. [HZ20, Lem. 6.1]. By a
recent result of Gleason-Lim-Xu [GLX22, Thm. 1.2], the fibres of (2.5.2) are the connected
components of X¢(b,u~!) when (b,11) is Hodge-Newton irreducible (proving a conjecture
of X. He). The map (2.5.2) is equivariant for the natural action of the ¢-centraliser group
Jp(Q,) on source and target. We prove the following result.

Proposition 2.5.8. Assume that the centre of G is connected. Then the action of
Jp(Qp) on Cb,u-i-?ﬁ(G)? is transitive. In particular, any two fibres of the map (2.5.2)
are isomorphic.

Composing (2.5.2) with the specialisation map (3.4.1) gives a J,(Qy)-equivariant map

MGy = e+ (G)Y, (25.3)
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where the target is the corresponding constant v-sheaf. Hence, if the centre of G is
connected, any two fibres of the map (2.5.3) are also isomorphic.

2.6. The plan of the proof

The proof of the main theorems proceeds in the following steps.

e Step 1. We develop a devissage procedure that allows us to pass
a) between G and G°.
b) between groups linked via an ad-isomorphism.
In most of the statements in this step, we deal with integral local shtuka data
(G,b,1), i.e., we do not assume that p is minuscule.

e Step 2. We show the results in ‘good’” Hodge type cases: In such cases, the proof
follows from the case of GL,, (already treated in [SW20] by relating to RZ formal
schemes) and from the constructions in [KP18], [KZ21], [KPZ24] (which use Zink
displays and Breuil-Kisin modules).

e Step 3. Using Step 1 we reduce the general case to:
a) the Hodge type cases handled in Step 2, (in case (A)),
b) EL/PEL cases for which we give directly .#¢; , as a Rapoport-Zink formal
scheme, (in case (B)).

2.7. The lay-out of the paper

In §3, we generalise the Anschiitz purity theorem from parahoric group schemes to
quasi-parahoric group schemes, and use this to transfer to this more general context
the formalism of specialisation, formal completion and v-sheaf local model diagram that
Gleason had established for hyperspecial parahoric G. We also make the link between
the reduced locus of Mig‘it@ u and affine Deligne-Lusztig varieties for quasi-parahorics. In
84, we study the devissage step of varying the quasi-parahorics with a given associated
parahoric. We also prove at this point Theorem 2.5.7. In §5, we study the devissage step
of varying the groups with a given adjoint group. In §6 we treat the case when piaq is
trivial. In §7 we consider the crucial Hodge type case mentioned in the introduction. In
§7.2, we develop methods to relate Hodge type cases and abelian type cases to the crucial
Hodge type case. Everything comes together in §8, where we give the proofs of Theorems
2.5.4 and 2.5.5; this is done separately for G satisfying Condition (A) and (B).

3. Preliminaries

3.1. Torsors under quasi-parahoric group schemes

Let Q = Qg = 7m1(G); (coinvariants of the algebraic fundamental group under the inertia
group, cf., e.g., [PRO8, §3]). We recall the Kottwitz homomorphism

K: G(Qp) — Q(;.

A parahoric subgroup lies in the kernel of x and in fact, the kernel of k is generated by
all parahoric subgroups, cf. [HR08, Lem. 17]. Also, for any quasi-parahoric subgroup K
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of G(Q,) with associated parahoric subgroup K° we have K° = ker (k| : K —Q). Let G
be the corresponding quasi-parahoric group scheme and consider the injective map

m0(G) = K/K° < Q¢. (3.1.1)
In [SW20, 25.3.1], Scholze-Weinstein point out the importance of the finite abelian group,
g :=ker(m(G)yp — Qo) (3.1.2)

(coinvariants under the action of ¢).

Lemma 3.1.1. There is a natural isomorphism

g = ker(Hiﬁt(vag) - H}at (Qp, G))

Proof. This is sketched in [SW20, 25.3]. The exact sequence 0 — K° — K — m(G) — 0
induces an exact sequence

H}et(vago) - H}at(Zimg) - Hét(ZPﬂTO(g))'

Here the left term vanishes by Lang’s theorem. The second map is surjective since
H} (Z,,G) = K /s K. We therefore obtain

Hei(Z,G) = Hyy (Fp,m0(G)) = H' ((9),10(G)) = m0(G) -
On the other hand, we have an injection
HE(@p,G) = H! ((6),G(Qy)) = B(G) (3.1.3)
with the image landing in the basic elements B(G)pasic C B(G), cf. [K097]. Now
B(G)pasic = m1(G)r = (m1(G)r1)g = Qg
and the map (3.1.3) induces an identification
Hel’rt (Qp,G) 2= Q. tors,

where Qg ors is the torsion subgroup of Q4. It remains to observe that the following
diagram is commutative,

Hét (vag) - Hlét (QpaG) — B(G)basic
| - o
70(G)gp ——— g, tors —— Q.

This commutativity follows from the fact that the vertical homomorphisms on the outer
left and the outer right are both induced by the Kottwitz homomorphism G(Qp) —
this is obvious from the construction for the outer left map and follows from [Ko097, §7.5]
for the outer right map. O
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3.2. Purity of torsors

The following purity/extension result is crucial. It is a quick generalisation of the
corresponding result for parahoric subgroups due to Anschiitz ([An22]).

Proposition 3.2.1. Suppose G is a quasi-parahoric group scheme over Z,, and con-
sider a pair (C,C%) with C an algebraically closed non-archimedean complete field
of characteristic p and CT an open and bounded valuation ring of C. Then every
G-torsor over U = Spec (W(CT))\ V(p,[w]) extends to a G-torsor over Spec (W (CT))
and hence s trivial.

Here w denotes a pseudouniformiser of CT.

Proof. We have an exact sequence

1—=G°—G—ium(G)) =1

v

of étale sheaves, where i : Spec (k) — Spec (Z,). Note U XSpec (7,) Spec (k) =
Spec (C*[1/w]) = Spec (C). This gives the exact sequence

H'(U,G%) = H'(U,G) = H'(U,i.(m(G))) = H' (Spec (C),m(G)) = (0).
By Anschiitz’s theorem [An22], H!(U,G°) = (0) and the result follows. O

This extends as follows to strictly totally disconnected affinoid perfectoids which are
given as ‘products of points’.

Proposition 3.2.2. Let (R,R*) be a “product of the points (C;,C;"), i € I”, with all
C; algebraically closed of characteristic p, i.e., RT =]],¢; Ct, R= R [1/w], with the
w-topology, where w = (w;);, with w; pseudouniformisers of C;". Then every G-torsor
over Spec (W(R™))\V(p,[w]) extends to a G-torsor over Spec (W (R™)) and is trivial.

Proof. In the parahoric case G = G°, the extension follows from [An22, Prop. 11.5], see
also [G121, Thm. 2.8]. Observe that all étale covers of

Spec (RT) = Spec (H cih)
iel
split. Indeed, as in the proof of [BS17, Lem. 6.2], we can consider
Spec (H CH) — mo(Spec (H C;h)) = mo(Spec (H k;))=pBI
i€l i i

where k; = C;t /m; is the (algebraically closed) residue field. Here, 3T is the Stone-Cech
compactification of the discrete set I. Each connected component of Spec (RT) (i.e., fibre
of this map) is the spectrum of a valuation ring V with algebraically closed fraction
field K; this valuation ring is an ultraproduct of C;". It follows that all étale covers of
Spec (V) and then also of Spec (RT) split. (We see that R is ‘strictly w-local’ in the
terminology of [BS15, 2.2], and, in fact, Spec (R™) is ‘w-contractible’, [BS15, Lem. 2.4.8].)

A similar picture holds for R = R*[1/w]: in this case, we have

mo(Spec (R)) ~ mo(Spec (RT)) ~ BI
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(by considering idempotents) and
Spec (R) — mo(Spec (R)) ~ A1,

has every fibre isomorphic to Spec (V[l/w]), with V[l/w]| a valuation ring with
(algebraically closed) fraction field K. Etale covers over each such Spec (V[1/w]) split,
and then étale covers over Spec (R) also split.

Now it also follows that every G-torsor over Spec (W (R™)) is trivial. Indeed, since G is
smooth and W (R™) is p-adically complete, it is enough to show that all G-torsors over
RT =T[;c; C} are trivial. As above, we see that all étale covers of Spec (RT) split and
so this follows using the smoothness of G; the same applies of course to G°-torsors. The
argument in the proof of Proposition 3.2.1 above now extends to U = Spec (W (R™)) \
V(p,[w]), to complete the proof. O

3.3. The affine Witt Grassmannian and affine Deligne-Lusztig varieties
Let

Xg:=GCry =LG/LTG (3.3.1)

be the Witt vector affine Grassmannian for G, cf. [BS17, Zhul7]. Here LG(R) =
G(W(R)[%]) and LTG(R) = G(W(R)) for any perfect k-algebra R. Note that here G is
only assumed to be a quasi-parahoric group scheme, whereas in loc. cit. it is assumed that
G is a parahoric group scheme. Also, note that k-points of Xg are given by isomorphism
classes of pairs (P,a) of a G-torsor P over W (k) with a trivialisation « of its restriction
to W(k)[1/p].

Let (G,b,ut) be an integral local shtuka datum such that G is a quasi-parahoric group
scheme for G. Inside the Witt vector affine Grassmannian we consider the affine Deligne-
Lusztig variety Xg(b,u~') (the g~ !-admissible locus). This is a perfect scheme which is
locally (perfectly) of finite type (cf. [Zhul7], [HV20]) over k with

Xg(bu ) (k) = {gK € G(Q,)/K | g7 'b(g) € Adm™ (™)} € Xg(k). (3.3.2)

Here Adm® (p~1) = KAdm(p 1)K, where Adm(p~) C W is the p~'-admissible subset
of the Iwahori Weyl group of G.

Proposition 3.3.1. Let (G,b,u) be an integral local shtuka datum such that G is a quasi-
int

parahoric group scheme for G. Then the reduced locus (Mg,b,p)red is represented by the
perfect k-scheme Xg(b,u~"), and hence

MG, ,(Spd(k)) = Xg (b.u™") (k).

Proof. Here, the reduced locus F.oq of a small v-sheaf F is a ‘scheme-theoretic’ v-sheaf
which is defined as in [G125, Def. 3.12]. For parahoric G the proposition is shown in
[G121], cf. [GI21, Prop. 2.30]. One main ingredient in the proof of this is the Anschiitz
purity theorem for G and its extension to products of points. By Propositions 3.2.1 and
3.2.2, these purity statements remain true for quasi-parahoric group schemes. Also, by
[AGLR22, Thm. 6.16] combined with (2.3.1), the reduced locus (Mg ,)red is represented
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by the perfect k-scheme which is the p-admissible locus in Xg. With these ingredients,
the proof in [G121] now extends to this case. O
Remark 3.3.2. In the identification of Prop. 3.3.1 above, the inverse u~! appears on the
RHS because of the convention in the definition of ‘bounded by g’ for G-shtuka, comp.
[PR24, 2.4.4].

3.4. The specialisation map and formal completions

Gleason explains certain conditions on a small v-sheaf F to construct a continuous
specialisation map on the underlying spaces,

Spr: |]:‘ - |-7:red|7

cf. [G125, §4.2], see also [AGLR22, §2.3].

Furthermore, he proves that these conditions are satisfied when F = Mg G with G
reductive (hyperspecial parahoric). This result is extended to parahoric G by [AGLRQZ
Prop. 4.14]. In view of (2.3.1), it also holds for quasi-parahoric G. The scheme-
theoretic v-sheaf (Mg ,)rea is represented by a perfect k-scheme (by [AGLR22] this is
the p-admissible locus) which is a closed subscheme of the Witt affine Grassmannian
Xg = GI"S/

By [GI21, Prop. 2.30], these conditions are also satisfied in the case when F = Miél,tb, L
where G is a hyperspecial parahoric subgroup. Again, one main ingredient is the Anschiitz
purity theorem for G and its extension to product of points. By Propositions 3.2.1 and
3.2.2, these purity statements remain true for quasi-parahoric group schemes, and the
proof extends.

In fact, by Proposition 3.3.1, ( ign’tb’ H)red is represented by the affine Deligne-Lusztig
variety (ADLV) Xg(b,u~1) in the Witt affine Grassmannian Xg. Hence we get a
continuous map

Dty * IMES = (M )veal = [ Xg (0,7 (3.4.1)

Using this, we define the formal completion of ./\/lignfb,# along a point z €
Mg, . (Spd(k)) = Xg(b,p~ ") (k) as the sub-v-sheaf of Mg, ,, with

MBS () = {y: S — MBS, [spagss ou(1S]) C {2},
Similarly, we can define the formal completion M&# Jy of Mg , along a point
y € Mg ,(Spd(k)) C Xg(k) = G(W(k)[1/p])/G(W (k).
Using the condition ‘bounded by p’, we obtain a map
0: Mg, ,(Spd(k)) — G(W (k))\Mg,,(Spd(k)). (34.2)
The set of orbits which appears as the target of ¢ is the p-admissible set for K. The

image of a point in ig“)tb) N(Spd(k)) under ¢ is obtained by choosing a trivialisation of the

G-shtuka and taking the coset given by the inverse of the Frobenius map.
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If 41 is minuscule, then Mg , is representable by the Op-scheme Mlgocu ([AGLR22]), and
the formal completion Mg )y is given as Spd(A,A), where A is the completion of the

loc

local ring of Mg, ®o, Op at the corresponding point, taken with the topology given by
the maximal ideal. In this case, we also have

G(W (k))\Mg,, (Spd(k)) = G(k)\Mg5, (k),

so {(x) above can be also considered as a G(k)-orbit in Mlgo‘z(k)

3.5. Change of base point
Note that, when b € Adm™ (1), then Mig“be has a canonical Spd(k)-valued ‘base point’
xo. Under the identification Mig’ttb,ﬂ(Spd(k)) = Xg(b,u 1) (k) C Xg(k) it corresponds to
the ‘base point’ of the ADLV given by the trivial coset.

In general, let z € ig“fb’u(Spd(k)) = Xg(b,u~1)(k) C Xg(k) correspond to the isomor-
phism class of a pair (P,«a), where P is a G-torsor over W (k) and

a:P[1/p] = G x Spec (W (k)[1/p])
is a trivialisation of the restriction P[1/p] of P to Spec (W (k)[1/p]) such that
¢p=a"" ¢y ¢"(a) 1 6"(P)[1/p] = P[1/p]

has pole at p =0 bounded by u. Choose a trivialisation of the G-torsor P over W (k). Then
acis given by g € G(W (k)[1/p]) and ¢p by b, x ¢: G[1/p] — G[1/p] such that b, = g~ Lbp(g).
Hence we have b, = g~ 'b¢(g) € Adm™ (u~1). We obtain an isomorphism

Tg: Mign,tb,p, — Mi(_?,tbw7u7 (@a¢.@air) = (,@,(ﬁg,irog_l)

which sends z to the base point xg of /\/lig“fbmﬂ, cf. [PR24, proof of Prop. 3.4.1]. This gives
an isomorphism (depending on our choices)

Matb,;t/x = Mign,tbm,u/zy (3.5.1)

In particular, /\/lig“tb )z is representable (by a normal complete Noetherian local ring) for
given G and any b in a given ¢-conjugacy class in B(G) and arbitrary z € ./\/lig“fb, . (Spd(k))
if and only if this holds for the base point xy of ig“fb’ . for given G and any b €

Adm® (p~') in the given ¢-conjugacy class. Note that, by He’s theorem [Hel6], any
¢-conjugacy class [b] € B(G, ") contains elements b € Adm®™ (p~1).

3.6. A v-sheaf ‘local model diagram’

Let H be an affine group scheme over Z,. For an affinoid perfectoid (R,RT) over
consider

WHH(Spa(R,RY)) = H(W(RT)),
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and
WHH(R,RT) = {h e H(W(R')) | h=1 mod [m,]},

(wy, stands for some pseudouniformiser of R that depends on h).
These definitions extend to perfectoid spaces over k and define v-sheaves of groups
WHH and WHH on Perfd;,,. We set

L H = WHH x Spd(Z,)

which is a v-sheaf of groups over Spd(Z,). (This definition appears in [G125, 2.3.15].) We
have

LiEH(S) = {((S%y).h) | he HW(R*)), h=1 mod [m]}, (3.6.1)

where S = Spa(R,R*) and (S*y) is an S-valued point of Spd(Z,), and where wy, is a
pseudouniformiser of R* (that depends on h). Here, S* = Spa(R¥, R¥") together with
y: (S = S is an untilt of S, see [SW20, Prop. 11.3.1].

We will later need the following lemma.

Lemma 3.6.1. For each h € TW\/'*‘H(R,R‘*‘), there is a unique \ € W"‘H(R,R"’) such that
h= A1 g(\).

Proof. The ring W(R") is complete and separated for the [z]-topology, where w is a
pseudouniformiser of Rt. Set inductively A\g =1, ng = h~!, and

I = )‘;1¢()‘n) : h_l, Ang1 = Ap 1,
Then we have
N1 =h-o(nn) - ht

Since 19 = 1 mod[cwy], this gives 1, =1 mod [wfbn]. Hence, 7, converges to 1 and A,
converges to an element A with

h=X""6(\),

(cf. [GI21, Lem. 2.15].) If A = ¢(\) with A =1 mod[w], then we easily see inductively
A =1 mod[w?"] for all n, so A =1, so uniqueness follows. O

Let (G,b,1t) be an integral local shtuka datum such that G is quasi-parahoric. We define
as follows a functor LGy, ,, on Perfd;, over Spd(O ), cf. [G121, §2.4]. It assigns to an affinoid
perfectoid S = Spa(R,R™") over k the set

I//?b,u(S) = {isomorphism classes of ((S*,y),P,1,0)}
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where

e (S%y) is an untilt of S over O,

e P is a G-torsor over Spec (W (R™T)),

o ¢ :P[1/Er:] — G x Spec (W(RF)[1/€gs]), and 0 : P = ¢*(G x Spec (W (R™)))
are both G-isomorphisms such that:
1) (P,%) is bounded by u along &gt =0,
2) there is a pseudouniformiser @ € R* such that ¢, oo = mod[w].

Here, we denote by &g: a generator of the map W(R') — R given by the untilt
(S%,5) of S. Also ‘bounded by u’ means, by definition, that the point of the Bygr-affine
Grassmannian Grg g 45, given by ((S%,y),P,v) factors through the v-sheaf local model

Mg, C Grg,Spd(OE)' More precisely, choose (locally) a section 7:G — P and consider
g=1vor(1); we ask that g~ 'G(BJ; (5%)) lies in My, (R¥).

As in [GI21], we can see that f@b,ﬂ is a v-sheaf over Spd(O}) (this v-sheaf is denoted

o SH in ;

by WSht in [GI21, Def. 2.34 (3), (4)], and by LMgY, . -in [PR24]).

It is useful to observe that by using the mapping

(Pp,0) = h= (oo™ ')(1) € G(W(RF)[1/Ers]),

we obtain the following simpler description:

LGyu(S) = {((S%y).h) | h € GW(RY)[1/€R:]), h=b mod[wy], [h~'] € My ,(S)},
(3.6.2)

where (S%,y) is an untilt of S over O, @, is a pseudouniformiser of RT, and [h~!] is the
S-point of the Bar-affine Grassmannian Grg o4,y defined by the coset h=1G (B (R%)).

Theorem 3.6.2. There is a diagram of v-sheaves over Spd(éE)

Lgb,u (363)
N
int
Mab7u/xo Mg,u/yo‘
where both m,e, T, are L%g-torsors (for the v-topology) for two corresponding actions (see

(d) below).
a) Here xg € MY, ,(Spd(k)) denotes the base point as in §3.5 above. Similarly
Yo € Mg ,(Spd(k)) denotes the corresponding point of Mg ,(Spd(k)) C Xg(k) given by

the pair (G,b™1), i.e., by the coset b= G(W (k)). Also, /\/lig“fb’u/wo, resp. Mg,u/yo’ denotes
the v-sheaf given by the formal completion of lgn,tb,w resp. Mg ,, at these points. (See

§3./ above.)
b) The map 7 is given by

W*(((Sﬁ’y)apv¢7o')) = ((Su7y)773,1/}),
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c) The map me is given by
To((S%,9),PY,0) = ((5%,9),(2,02).ir).
Here, (P, d5) is the G-shtuka over S with leg at y given as follows: The G-torsor & is
(¢~ 1)*(P) restricted to Vig o0\ (S), i-e.,
P = (") (P)yig,o0r(5)-

The Frobenius ¢ o is given by a similar restriction of the composition

¢—l *o -1 _ N
@ P[1/¢re] 2 G x Spec (W(RM[1/ge]) 22— (671)* (P)[1/é].
(Note that ¢*(2) =Py, .,(s)-) The framing i, is constructed in [GI21].
d) The v-sheaf of groups L%g acts on I//\gb,u on the right by

(7”%0)*9 = (77#%(?* (T¢*1(g)) OU)) (,vaﬁ-) g = (P,’I"g vagb*(rg) OU)7

where, T4 s the map given by right multiplication by a, and, for simplicity, we omit the
untilt (S*,y) from the notation.

Note that the composition @ : P[1/Eg:] — (¢~ 1)*(P)[1/€Re] in ¢), is fixed under the
e-action. This follows from the identity

(™) (8" (rg)00)) "t o(rgov) = (rgo (¢~ 1) o) Forgoyy = ((¢7) ) " oy

Proof. The statement of the theorem is shown by Gleason for G parahoric (see [Gl21,
Thm. 2.33, Lem. 2.35, Lem. 2.36]). The proof generalises to G quasi-parahoric by using
Proposition 3.2.1 and its extension Proposition 3.2.2 to products of points. O

It is convenient to express the torsors 7y, 7,, using the description (3.6.2) of L/ab, ue In
the description (3.6.2), 7, is given by projection to the coset [h~1] = h~1G(BI; (R¥)),
and m, is given by sending h to the shtuka Z(h) =G x V[0,00)(5) = Gy, _,(s) (the
trivial torsor) with Frobenius defined by ¢omy = ¢n =1h¢ 1 (0"Gy(, . (5))[1/ERs] =
G100y (5)[L/ERs]. To check this description of 7, note that, since ¢y = rn¢ = oo 1,
and ® = ((¢p~1)* (o))~ 01, the following diagram commutes

Pl1/Egs] —2— (¢71)*(P)[1/Eps]

| e
* Pn
@ (gW(R*'))[l/fR” — gW(R+)[1/§Rﬁ]-
Hence, the G-shtukas (2 (h), ¢z 1)) and (£,¢ %) given above, are isomorphic.

Under the above isomorphism, the framing 4, of (Z,¢ ) corresponds to a framing i, (h)
of (Z(h),d2(r)); this is given by the unique lift of the identity trivialisation modulo [cy],

cf. Lemma 3.6.1. More precisely, for ((Sy),h) € E\Qb’u(S), the framing of (Z(h),¢ 2 1))
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is given by the unique element i,(h) € G(BE%OEL)) with i(h) =1 mod[wy] and the
property

h=i.(h)~'-b-B(ir(h)),

(see [GI21, Lem. 2.15].) Finally, the actions correspond to hxg =g 'h and heg =
¢(g)~'hg. Note that [(hxg)~']=[(g7'h) | =[h""g]=[""].

Remark 3.6.3. a) Gleason calls the diagram (3.6.3) a (v-sheaf) ‘local model diagram’.
However, we warn the reader that (3.6.3) does not compare directly to the local model
diagrams in the theory of Shimura varieties and of Rapoport-Zink spaces; these are of
a different nature. In particular, the group ac/ti&g there is G which is, in a sense, ‘finite

dimensional’, while here we have torsors for LIJ/“VQ .

b) The existence of the diagram (3.6.3) with the properties listed in the above theorem,
does not imply the isomorphism (2.5.1) of Theorem 2.5.5: for example, we cannot deduce
from general principles that the torsors m, and 7, split, since the formal completions are
not ‘sufficiently local’ for the v-topology.

4. Parahoric vs Quasi-parahoric group schemes

4.1. The aim of this section

The aim of this section is to prove the following devissage result.

Theorem 4.1.1. Let (G,b,u) be a local Shimura datum. The following are equivalent:

1) Miél,tb,u satisfies the representability conjecture 2.5.1, for all parahoric G.

2) ./\/lignfb’u satisfies the representability conjecture 2.5.1, for all stabiliser group
schemes G,

3) /\/ligrftb7# satisfies the representability conjecture 2.5.1, for all quasi-parahoric G.

Here by a stabiliser group scheme we understand the BT-group scheme associated
to the stabiliser of a point in the extended building %°(G,Q,) (a particular type of
quasi-parahoric group schemes, cf. section 2.2). The proof proceeds by comparing formal
completions of Mig“fb’ ., and of Mign; b (cf. Section 4.2) and of their underlying reduced
schemes (cf. Section 4.3).

4.2. Formal completions

Let (G,b,u1) be an integral local shtuka datum such that G is quasi-parahoric. For simplicity
of notation, we set O = O with residue field k = kg. We consider the natural v-sheaf
morphism

T MES L MG, (4.2.1)

over Spd(0).
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Proposition 4.2.1. a) The map w is qcgs (quasi-compact quasi-separated [Sch17]).
b) The map 7 induces an isomorphism

int ~ int
Mge b e = Mo u/n(a)
for each x € MES,  (Spd(k)).

Proof. (a) Observe that G° — G is an isomorphism on the generic fibres and can be
identified with the dilation G4 of G along its closed subscheme given by the neutral
component (G ®z, ) of the special fibre G ®z, IF,. (Indeed, both G° and the dilation

G4l are smooth, have the same generic fibre and the same Zp—points.) In particular, we
have Og — Ogo = Og|f1,-- ., fm], and there is N > 1, such that p" f; € Og, for all i. Then
the argument in [PR24, proof of Prop. 3.6.2] applies to prove the claim.

(b) As in section 3.5 we have an isomorphism

Mi(jl,tb,u/w = Mign,tbmu/ﬂﬂo (4.2.2)
and similarly for G°. Hence it is enough to show the isomorphism for the base point
rT=x0 € Mg‘ﬁybyﬂ(Spd(k)) (at the cost of changing b = b,, to b,). By Theorem 3.6.2

7>° int
Lgb-,# = Mgo b o

is a WG x Spd(O)-torsor. Also, I/,Z]Z,” is a WHGe x Spd(O;)-torsor over Mg, /g 20
there are corresponding statements for G. By (2.3.1), the natural map G° — G induces an
isomorphism

v ~ v
Go,p HMQ:N'

On the other hand, it is easy to see that G° — G induces W+go = W"’Q and, hence,
LG, , = LG, The result follows. O

Remark 4.2.2. Suppose  is an algebraically closed field over £ and set O (k) = O 3 Q@ (1)
W (k). We can consider the base change

(MG )0 = MY, ,, Xspao) Spd(O(k)),
and similarly for G°. Given z € Mg‘ﬁ’b’#(Spd(m)), we obtain a corresponding point x €
(Migr‘§7b7#)0(n>(8pd(m)). The formal completions (./\/liélf7b7#)o(,€)/z and (Matb7u)o(n)/ﬂ(z)
now make sense and the argument in the proof of (b) above also applies to give

(MGE 4, )0y /e — (MGG )00 () (4.2.3)

4.3. ADLV for quasi-parahorics

In this subsection, we express the ADLV Xg(b,u) for a quasi-parahoric G in terms of
ADLV attached to parahoric subgroups. Note that the results will eventually be applied
for p1 replaced by p~!, to relate to integral local Shimura varieties via Prop. 3.3.1.
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Recall the Kottwitz map kg : G (Qp) — Q. This map can be enhanced to a morphism
LG — Qg which factors through Xgo = LG/L1G°, and induces a map with connected
fibres,

el Xgo — Qg, (431)

cf. [Zhul7, Prop. 1.21], comp. also [PROS, §5].

Recall mo(G) = K/K° C Q, cf. (3.1.1). Then m(G) acts on Xgo by gK®— g7K°, where
g€ K is a representative of a given element in m(G). This action is permuting connected
components and the quotient is Xg,

Xgo %Xg :Xgu/’/To(g).

Each connected component of Xgo maps isomorphically to a connected component of Xg.

Recall that there exists ¢, € Q with ¢(cp, ) — ¢ p = k(b)) — ke (1), comp. [HZ20, §6].
Here kg (p) € £ is the element associated to the conjugacy class p, i.e., the residue class of
{u} modulo the affine Weyl group. Furthermore, the class modulo Q¢ of ¢, u is uniquely
determined.

Now Xgo (b, i) lies in the union of certain connected components of Xgo. From —kg(g)+
d(kc(9)) = —ka(b) + ke (), we obtain kg (Xgo (b)) C cp,, + Q2. In fact, by [HZ20, Lem.
6.1], we have an equality,

ki (Xgo (b)) = cp o+ Q2. (4.3.2)

We now extend these considerations to quasi-parahorics. Let C = Cg = /mo(G). Then
the Kottwitz homomorphism induces a map

eR Xg — Cg. (4.3.3)
The image of Xg(b,u) in Cy is equal to the residue class of kg (b) — ka(p), so
ra(Xg(b,p)) C e+ C?, (4.3.4)

where ¢, , € Cg is the image of ¢ ,. This inclusion will turn out to be an equality, cf.
Corollary 4.3.6 below.

Recall IIg = ker(mo(G)y — ), cf. (3.1.2). From the exact sequence 0 — m(G) — Q —
Cg — 0 we have an exact sequence

0—Q%/m(G)? = Cg? — g — 0. (4.3.5)
Let 3 € Ilg. Take 8 € mo(G) C  lifting 3. Then
B=01-9¢)

for some v € Q. Note that, since ¢(y) — is in m9(G), the image ¥ of v in C' is ¢-invariant
and maps to B under the connecting homomorphism C? — IIg. Conversely, the image
of an element ¥ € C? in Ilg is described as follows. Let v € Q be a lift of 4. Then 3 is the
class of 8= ¢(y) —7 € mo(G)-
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Recall that the quasi-parahoric subgroup K is defined via a point x in the building
of G,q. Write the Iwahori-Weyl group as W =W, x Q and

1-T(Q,)° = N@Q,) =W =W, xQ—1

with T'= Z¢(Sp, ) as in [HRO8]. Here the choices are made such that x is in the base

alcove ag of the apartment of S. Then T(@p)0 C K°. When we consider  as a subset of
W, we write the group law in a multiplicative way.

Lemma 4.3.1. Let S € m0(G) be of the form B = ¢(y) —~, for v € Q. There is a lift
4 e N(Qp) of y€QC W such that

o) 'y e K.

Proof. Lift v € Q to ¥ € N(Q,). Then ¢(5) 14 lifts § € mo(G) C Q. Now we use the exact
sequence

1-T(Q,)° = N(Q,)NK = m(G) — 1.

This holds since, denoting by U = Uko. the pro-unipotent radical of K °. we have K cU-
N(Q,), cf. [HRO8, proof of Prop. 8]. We can lift 3 to 8 € N(Q,)NK. Then ¢(5)"*y8~ ! €
T(Q,)°. Since T(Q,)° C K?, the result follows. O
For 3, 7, 7 as above, it follows that
Kyt =Ko(3)™".
Consider now the conjugates of K, resp. Ko,
K, =3K4™', K$:=4K°y~ . (4.3.6)

These subgroups of G(Qp) depend only on 7. Indeed, if 4 is replaced by 75', with
§€T(Q,)° then ¥K°4~! is replaced by 40K°6~ 14~ =4 K°4~1. We have

SHEA ) =4K4 ! @(YE° ) = 4Ky
Hence, RZ, and Iu(iy’ are rational, i.e., correspond to subgroups of G(Q,). The parahorics

K¢ are conjugate to K° in G(Q,) but not necessarily in G(Q,).

Proposition 4.3.2. The G(Qp)-conjugacy class of Iv(y, resp. K"W’, only depends on the
class B of B in Ilg.

Proof. We go through all choices made in the construction.

e independence of : If 7 is replaced by 7' =y +¢, with § € %, then as choice for 4/
we can take 4’ = 0y, where § € N(Q,) (i.e., Q,-rational). This follows from [HR0S,
Rem. 9]. Hence 7]?01_1 is replaced by 57]?01_15_1, hence is conjugate under
G(Qp) to KS.
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e independence of §: If 3 is replaced by S+ (¢ —1)d with § € mo(G), then ~ is replaced
by v+ 6. Then we may replace 4 by 49, where ¢ € N(Q,) N K. Since ¢ normalises
K . the parahoric Iv(fy’ is unchanged.

This handles the case of [v(g, the case of RZ, is the same. O

Remark 4.3.3. The above proof seems to use that we multiply ¥ by § from the right
instead of from the left. However, {2 is an abelian group and what is being used here is
that § € T(Q,)° acts trivially on ag, and that § € N(Q,)NK preserves ag and fixes x and
hence also 4x, by the commutativity of €.

In the sequel, we make a fixed choice of 4, for each element 3 € IIg. We denote the
corresponding groups by K 3, Tesp. g 3, Tesp. Iu(g, resp. ég, by slightly abusing notation.
We consider the map

m,: Xg, =LG/LTK, =LG/L*(yK5~ ') —» LG/LTK = Xg,
. N (4.3.7)
gYEF ™) = giK.

Let us check the dependency of 4. If 7 is replaced by 4 =40 with 6 € T(Qp)o, then
gy Ky ~1e Xg_, is mapped under 7. to g% K = g%K; hence my = m under the identity
identification Xg = Xg_,. Similarly, if 7 is replaced by v+ 6 with § € Q?, then, choosing
4" = &% with § € N(Q,) N K, we can identify Xg, with Xg_ , via gIVC, — 95—113—7,' The
first element is mapped under m, to g"yf( , the second element is mapped under 7. to
(96*1)1’.?? = g¥K, hence 7y, = my. Note that 4 is not unique. But if § is replaced by

8 =be with e € T(@p)o7 then the identification of Xg_ and Xg_, is not affected. Finally,
if B is replaced by 8+ (¢ —1)d with d € mo(G), then 7 is replaced by v+ 4. Then we may
replace 4 by 4" = 49, where § € N(Q,) N K. Since 6 normalises K°, the spaces Xg_ and
ng, are identified compatibly with the maps 7, resp. 7.

Proposition 4.3.4. The above map defines by restriction a map
751 Xg,(bp) = Xg (b p).

Proof. Suppose that g[u(ﬂ € Xg,(b,p), ie.,

97 'bé(g) € KgAdm(p) Ky = 4K5 ™" Adm(u)y K5~
Since Adm(u) is stable under the conjugation action of €2, we see that

K4 'Adm(p)yK = KAdm(p) K.
Hence
g7 'bo(g) € YK Adm(u) K,

S0

g7 be(9)p(%) € KAdm(u) K4~ ¢(5) C KAdm(u)K,
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since K4~ 1¢(%) = K. Hence
(9%)""b(g) € KAdm(p)K,

i.e., gvK € Xg(b,pu), as had to be shown. O

Composing the above map with ng (b,u) = Xg,(b,p) and letting B vary, we obtain the
map

m: || Xog(bp) = Xg(bopn). (4.3.8)
Bellg

In the sequel, we call a component of Xge (b,), resp. of Xg(b,u), the non-empty fibres of
the Kottwitz map to €, resp. to Cg = Q/m(G). In other words, we partition the points
of ng (b,p), resp. of Xg(b,u), according to which connected component of ng, resp. of
Xg, they lie in.

Proposition 4.3.5. (i) For 3 # Ba, the images of ngl (b,p) and ngQ (b,u) under w fall
into different components of Xg(b,u).
(ii) The map 7 is surjective.

Proof. For (i), let 21 € Xgg (b,p) and x9 € Xgs, (b,t) be such that their images in Cg
are the same. We deduce that

ka(x1) +71 = ke (z2) + 72 mod 7o (G).
On the other hand, k() = ¢, — A with A; € 0%, for i = 1,2. We therefore get
M—v2=A—Xe+pu pem(9).
Applying 1 — ¢ to this identity, we obtain
p1—PB2=(1-9)u,

i.e., 1 = Ba, as desired.
For (ii), let gK € Xg(b,u). By [GHN24, Lem. 5.10, (iii)],

K°Adm(p)K = KAdm(p)K. (4.3.9)
Hence g~ 'b¢(g) € KAdm(p)K = K°Adm(u) K. Write accordingly
979 (g) = kjwk.
Apply : G(@p) — Q) to get

(@ —1D)r(g) +r(b) = K(k) + K1)

Hence we get

(¢ —1)r(g) = K(k) — (¢ —1)cp - (4.3.10)
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Let 8= —k(k) € m(G) and denote by B € mo(G), its image. Then the last equation
shows that 3 € Ilg. We write 8 = (1 — ¢)y with v € Q and choose a lift % € N(Qp) as
in Lemma 4.3.1. Then g5 *(¥K°y~1) is in X xos-1(b,p) and maps to gK € X (b,p).
Indeed, (g7~ 1)~ *bop(gy1) lies in (YK 1) Adm(u)(7K°5~1) because

(g7 1) 1b(gy ) =49 b (g)p( ) = Akfwke (7
= (YRS 1) Gy ™) (ko (37 1)).

The middle factor lies in Adm(u) because conjugation by an element in  preserves
Adm(p). The last factor lies in ¥K%~!. The result follows because the last factor lies
even in YK°¥~! because k(¥kd(771)) = (1—¢)y— B =0. O

Corollary 4.3.6. The map x induces a surjective map Xg(b,u) — ¢, +C?.

Proof. Let x =&, , +y, where y € Cg?. Let us first assume that the image of y in Ilg is
trivial, then there exists § € Q¢ mapping to y. Then

Cb’u-i-ileQ

is a lift of « which, by (4.3.2), can be lifted to a point of Xgo which then maps to a lift
of z in Xg, as required.

In general, let 3 € Ilg be the image of x. Let C? — IIg be the natural surjective map
from (4.3.5), and let (C?)5 be the fibre of this map over § € Ilg. Via our fixed choice
of 7y for B, this can be identified with Q¢ /m(Gz)?. By (4.3.2), the set of components of
the inverse image of &, , 4 (C?)j in Xgg (b,p) can then be identified with c,,, +Q?. The
assertion follows. O

We introduce the intermediate group K° C K’ C K, corresponding to the subgroup
70(G)? of m(G). We denote the corresponding group scheme by G’. Then we obtain a
factorisation

Xgo — Xg/ — Xg.

Each of the maps induces an isomorphism of a component onto its image. In fact, the first
map is the quotient by the finite abelian group mo(G)?, the second map is the quotient
by the finite abelian group 7 (G)/m(G)?, and the composed map is the quotient by the
finite abelian group m(G). Here the actions of these covering groups are trivial, in the
sense that they only permute connected components.

Similarly, for arbitrary § € Ilg, we introduce the intermediate subgroup KiCK /B C Kp,
corresponding to the subgroup mo(Gg)? of m(Gs). We obtain a sequence of maps,

ng — Xg/ﬁ — nga (4.3.11)

where the first map is the quotient by the finite group my(Gs)?, the second map is
the quotient by the finite abelian group m(Gs)/m0(G5)?, and the composed map is the
quotient by the finite abelian group my(Gg).
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Proposition 4.3.7. Let (G,b,i) be an integral local shtuka datum such that G is a quasi-
parahoric group scheme for G.

(i) The ADLV Xgq(b,) is invariant under the action of 70(Gg)?.

(ii) The map (4.3.8) induces an isomorphism

7 || Xag(bp)/m0(Gp)? = Xg(b,p)-
Bellg

Proof. (i) Let h € IV(’ﬂ Then ¢(h) = hk, with k € Rg The invariance follows from

(gh) " be(gh) =™ g™ b (g)(h) = h™ g ' bo(g)hk,

because the last element lies in Iv{gh*IAdm(u)th{g = R’gAdm(u)f{g.

(ii) The surjectivity follows from Proposition 4.3.5, (ii). For the injectivity, we note
that by Proposition 4.3.5, (i), this becomes a question one 3 at the time. But if the
components of ng (b,) corresponding to A1 and Ay in £ go to the same component of

Xg(b,p), it follows that A; — \o € mo(G). But by (4.3.2), this element lies in %, hence
also in mo(G)?. O

Remark 4.3.8. Proposition 4.3.5 and Corollary 4.3.6 imply that the map Xgo(b,u) —
Xg(b,p) is surjective if and only if IIg is trivial. The question of the surjectivity of this
map is also analysed in [GHN24, §5]. By [GHN24, Prop. 5.11] it holds if there is a product
decomposition 2 = m(G) x C into subgroups stable under ¢ (then, of course, IIg = (0)). In
[GHN24, §5] it is also analysed when Xgo(b,p) is the full inverse image of Xg(b,u) under
Xgo — Xg. By [GHN24, Prop. 5.13] this holds when 7(G)? = m9(G) and Q¢ — Cg?® is
surjective (again, these conditions imply IIg = (0)).

4.4. Integral moduli spaces of local shtukas
We first define a morphism of integral LSV
MGt 4= M - (4.4.1)
Recall that
Mign;bW(S) = {isomorphism classes of (Sﬁ,Pﬁ,¢PB,i7-7ﬂ)}.

Starting with a point (Sﬁ,PB,prﬁ,ir”B) of g‘ we define a G-torsor P by twisting

t
: ) B:b 2
the Gg-action by 7,
grz=(y97"") -z, g€g,

where 4 is the fixed choice above. This makes sense since ¥g7~! € Gg. Let £ = ¢(¥) 4.
Then ¢ € G(Z,), cf. Lemma 4.3.1. We define the new Frobenius ¢p as

¢p(x) =E*dp, (2). (4.4.2)
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This is indeed a morphism of G-torsors: on the one hand
(b’P(Q*-T) = g*d)Pg (g*x) = ':Yf;)/_l(bPB ((797_1)'73)
=3(6(1) ') (0(1)(9) ¢ () op, (2) = ¥6(9)d(7) " dp, (2).
On the other hand,

d(g9)*op(x) = (Y0(9)y ") (36 ") dp, ()

= (
= ’Y(b(g) (¢(’.}/)71’y)’.}/71¢73ﬁ (CL’) = ’y(b(g)(ﬁ(’y)ilqspﬁ (.’E),

which proves the claim.
We define the framing i, as

ir(2) = ir. s (7). (4.4.3)

This is indeed an isomorphism of G-bundles i, : Gy[mo] — PD’[T,OO]: on the one hand

ir(hg) = Z'T,B("th) = ;}/hir,ﬁ(g>'
On the other hand,

hxir(g) = (Y3~ )ir,5(79) = (FhA ) Fir,5(9) = Fhir,5(9)-
The framing i, is also compatible with the Frobenius: on the one hand,
¢p(ir(9)) = Exp, (ir,5(79)) = H(S(N) T )3 dp, (ir,5(79))
= (10(1) )6 (V)ir,5(bd(9)) = Fir, 5 (bd(9))-
On the other hand,

ir(bp(9)) = ir,3(Y0P(g)) = Yir, 5 (bd(g)).

The morphism (4.4.1) is now defined by sending (Su,Pﬁ,(]S'pfs,ir’ﬁ) to (S*,P,¢p,ir). We
precompose (4.4.1) with the natural morphism Min;;b’ u ig“;b, ., to obtain a morphism
of integral LSV

int int
Mo b, = Mg,
and hence a morphism
. int int
Y/ |_| Mg&b“u —>Mg,b,u. (444)
Bellg

This morphism is compatible, via the bijective map of Proposition 3.3.1, with the
morphism (4.3.8) for p~!. Indeed, let (Ps,¢p,,ip) be an object of ./\/ligr‘;lw(Spd(k;))7 which
gives a Gg-torsor Pg over W (k), a Frobenius and a trivialisation of Ps over W (k)[1/p]. The
image of (Pg,¢p,,ig) in Xg,(b,u~") is given by the unique element gz € LG(k)/L*Gs(k)
such that igl(PB) = ggl -Gg. Let (P,¢p,i) € /\/lignfb’u(k) be the image of (Pg,¢p,,ig) under

(4.4.1). Then i~Y(P) = "y’ligl(Pg). Hence the image g € LG(k)/LTG(k) of (P,¢p,i) is
equal to g = gg7y, as required.
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Theorem 4.4.1. Let (G,b,u) be an integral local shtuka datum such that G is a
quasi-parahoric group scheme for G. The morphism (4.4.4) induces an isomorphism

|_| Mg b,u/TrO gﬁ)¢ - Mlgmb,w
Bellg

where the quotient is for an action of mo(Gz)? which permutes connected components.

Let us first define the action of m(Gs)? on Mig“;»ﬁ,b,u- We use the exactness of the
sequence

0 G5(Z,) = Gn(Z,) — m0(Gs)* — 0.
Let § € G(Qp) be in the normaliser of G3. Recall that
Migng’b’u(S) = {isomorphism classes of (S*,P,¢p,i,)},
where P is a Gj-torsor, etc. We define a new Gj-torsor P’ = Ps by twisting the
-action by 9,
gxx=(0g6~ 1)

The new Frobenius ¢p/ is taken to be identical to ¢p. This is indeed a morphism of
g%—torsors since

¢p(gxz) = ¢p((6907") ) = (66(9)8~ ") - op(x) = d(g) * Ppr (2),

where we used that § € G(Q,). Finally, the framing ¢/ is given by i/.(g) = i,(dg). This is
indeed an isomorphism of G3-bundles, since

ir.(hg) =i, (Shg) =i, ((6h6~")(6g)) = (Shd ") i (8g) = h*i.(g).

The compatibility with the Frobenius follows from

op(ir(9)) = ¢p(ir(99)) = 6 (ir(g)) = 0ir(be(g)) =i (bd(9))-

Note that if 6 € G3(Zj), then the tuple (S%, P’ ¢pr,i') is isomorphic to (S, P,pp,i,).
Indeed, the map x + 0 - x defines an isomorphism «a : P — P’ compatible with ¢p and ¢p-,
and with ¢, and 4... For instance

op(a(z)) = op(d-x) = ¢(d) - dp(x) =06 -dp(x) = a(pp()).

Therefore we obtain an action of the factor group Ng(q,)(95)/G5(Zp) on MG, .-
Restricting this action to Gs(Z,)/G%(Zy), we obtain the desired action of 7o(G)? on
Mgl‘:c,b”u'

The same argument as the one above shows that § € G5(Z,) induces an isomorphism
between the images of (S*,P,¢p 4,) and (S¥, P/ ¢p,i’) in ./\/lignfb’u under (4.4.1), hence
we obtain a morphism Mg% bu/wo(gﬁyﬁ — Mignbe" Letting now (3 vary, we obtain a
morphism from the LHS to the RHS in Theorem 4.4.1.
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Proof of Theorem /./4.1. We deduce from Proposition 3.3.1 and Proposition 4.3.7 that
the morphism induces a bijection on the set of Spd(k)-points, for all algebraically closed
extensions k/k. Also it is qcgqs by Proposition 4.2.1 (a). Using relative properness and
[SW20, Cor. 17.4.10] we see it is enough to check that it gives a bijection on Spa(C,O¢)-
points. Note that any Spa(C,0¢)-point Z of ./\/llnt factors through the formal completion
(MG, )o(ke)z of the base change of lél,tb,u by O(kc) = Op @wwy W(ke), at its
specialisation at Z = sp(Z). Here, k¢ = Oc/mc¢ is the residue field. The corresponding
fact is also true for Spa(C,O¢)-points of Mig"gybyﬂ.

We can now complete the proof. First we show injectivity: Suppose z;, i = 1,2, are
two points in (I_IBeHQMigng’b’H/ﬂo(gB)d’)(C,Oc), mapping by 7 to the same point in

ig“,th(C,Oc). By Proposition 4.3.7, these two points have the same specialisation
T = Ty = Zo. By the above, they factor through the formal completion of (the base change)
of Mign;:,b,u at a corresponding 7, for some common f3 € Ilg. By (4.2.3) for k = k¢, we
see that these two points agree in the formal completion of Mglgt b, &b T, and therefore

int

Z1 = Z2. The proof of surjectivity onto MQJW(C,OC) is by a similar argument. O

We define a map of v-sheaves
KGosp: ./\/lignfbﬂ — Cg,
where sp: |./\/ligntb u‘ — | Xg(b,u™1)| denotes the (continuous) specialisation map under the
identification (M‘g b, )red = Xg(b,u~1), cf. Proposition 3.3.1. For 7 € Cg, we denote by

Mg’f,;; =M xog {THC MES (4.4.5)

the fibre over 7. This is an open and closed v-subsheaf of Mg, . We call Mgltbz he

component of /\/llnt ., corresponding to 7.

Corollary 4.4.2. Let (G,b,u) be an integral local shtuka datum such that G is a quasi-
parahoric group scheme for G and let G — G’ be a morphism extending the identity
morphism of G in the generic fibres of quasi-parahoric group schemes for G with the
same associated parahoric group scheme. Then for every T € Qg /mo(G), with image

7 € Qa/mo(G), the natural morphism ME", s Mgt . induces an isomorphism

int,7 ~ int, 7’
Mg = Mgl
of v-sheaves.

Proof of Theorem /.1.1. For the representability conjecture, we assume that (G,b,u)
is a local Shimura datum, i.e., ¢ is minuscule. Now Mig“)tby s representable if and only

if /\/lignt}fu is representable for every 7 € Qg /m(G). Hence the assertion follows from

Corollary 4.4.2 and the fact that every component /\/lg by 18 isomorphic to a component

int, 7

Mgl‘il:,u of Mg”,b,,u, for 7 € Q¢ mapping to 7 and, conversely, every component /\/lg,,,b,H
int, 7

is isomorphic to the component Mg " of ./\/lg b, Where T € Q¢ /m0(G) is the image of
T. O
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We also mention the following naturality statement which is used in §8. It concerns
the action of the Frobenius centraliser J,(Q,) on /\/lig“fb, .- Recall that this action is via
changes of the framing, i.e.,

g: (8,P,¢pir) = (S',P,dp,irog™), g€ Jb(Qy).
This action is compatible with the action of J,(Q,) on &, , +C?, via
g:7—=T+E(g),
where 7 is induced by the composition of maps J5(Q,) = G(Q,) == Q.

Proposition 4.4.3. Assume that the centre of G is connected. Then the action of J,(Qp)
on Qg is transitive. In particular, if G is a parahoric, for any two 7,7’ € G, —|—Qg, the

int, T int, 7’ . .
v-sheaves Mg, and Mg " are isomorphic.

Proof. If b is basic, then J; is an inner twist of G. Hence 7r1(Jb)ﬁs =m (G)?, and the
assertion follows from the surjectivity of the map kg : H(Qp) — m(H )?, valid for any
reductive group H over Q,, cf. [Ko97, §7.1].

Now let b be arbitrary. Let us first assume that G is quasisplit, and fix a maximal split
torus A and a Borel subgroup of G containing A, so that we have the notion of standard
parabolics and standard Levi subgroups of G. Then there exists a standard Levi subgroup
M and a basic element by € M (@p) which is ¢-conjugate to b and such that we have
an equality of ¢-centraliser groups Jasp,, = Jp, cf. [Ko85, Prop. 6.2]. By the basic case
treated above, we are reduced to proving the surjectivity of the map 7T1(M)}¢ — T (G)?

Consider the surjective map
771(M) — Tl'l(G).

The kernel of this map is equal to @ := coker(X.(Tas,sc) = X«(Tsc)), where T, resp. Ty,
denotes the centraliser of A in G, resp. in M, and where the index ‘sc’ denotes the inverse
image in the simply connected cover of the derived group of G, resp. M. But X, (Ty.),
resp. X.(Tar,sc), has as basis the set of coroots of G, resp. of M. The coroots of G which
are not coroots of M give a permutation basis for the representation of Gal(Q,/Q,) on
Q. It now follows that the above map continues to be surjective after first taking the
coinvariants under the inertia I and then the invariants under ¢.

Finally, let us drop the assumption that G is quasi-split. Let Gy be the quasi-split inner
form of G. Since the centre of G is connected, there exists v € Go(Qp) and an isomorphism
U:Gy® Qp = G®Qp such that the bijection g — ¥(yg) is equivariant for the action
of the Frobenius on Gy ((@p), resp. G(Qp). Let by be the preimage of b. Then this map
induces an isomorphism of the ¢-centralizers Jgp, and J,. From the quasi-split case, we
deduce a surjection

To(Qp) = Jo,6, (Qp) = m1(Go)] = m1(G)S,

as desired. O
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4.5. Generic fibres

In this subsection, we interpret the induced decomposition in Theorem 4.4.1 in the generic
fibres, in the case when p is minuscule. Let (G,b, ) be a local Shimura datum and let G
be a quasi-parahoric for G. We consider the generic fibre

(Mign,tb,#)n = Mign,tb,u XSpd(0p) Spd(E)
of ./\/lignytby#. Theorem 4.4.1 implies
(Mign,tb,u)n = |_| (Migngt,b,u)n/ﬂ-o(gﬁ)¢ (451)
Bellg

Since G is parahoric, it follows that
(MEE 1) = Shtge 7,1 (G.b,p),

cf. [SW20, §23.3, §25.3]. Here, Sht%(G,b,u) denotes, for any compact open subgroup
K C G(Qp), the diamond local Shimura variety, represented by a smooth rigid analytic
variety over Sp(E), cf. [SW20, §24.1]. We use the notation Shtg(G,b,u) for the
representing rigid-analytic variety. The morphism

Shtgg(zp) (G,b,u) — Shtgﬂ(zp) (G,b,p)
is a Galois étale cover for the finite abelian group

gﬂ(Zp)/g% (Zp) = (gﬂ(zp)/g% (Zp))(b = 7TO(Q,fa’)(b7

cf. [SW20, 23.3]. We deduce the following identification which is the desired interpretation
of the decomposition in Theorem 4.4.1 in the generic fibre.

Theorem 4.5.1. Let (G,b,i) be a local Shimura datum and let G be a quasi-parahoric
for G. Then

(Mign,tb,u)n: |_| Shtgﬁ(Zp)(Gvbau)u
Bellg

In particular, if Mglfb’u is representable by the formal scheme M gy, over O, then

./%rgi:gb7#2 I—l Shtgﬁ(zp)(G7b7/1,>.
Bellg

4.6. Interpretation in terms of local systems

Consider a perfectoid S — Spd(E), i.e., with untilt S* in char. 0. Suppose r > 0 is
sufficiently small, so that Y[ ,(S) avoids the divisor corresponding to the untilt. A
G-shtuka over S with leg at St restricts to a vector bundle over y[oyr](s*) with an
isomorphism covering the action of ¢~! on Vio,r(S); as in [SW20, §22.1], we call this
a ¢~! — module over Vio,r)(5). We see that an S-point of /\/lig’tth over Spd(E) gives an
exact tensor functor

Repy, (G) = ¢~' —mod/ Vjo,(S)
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On the other hand, by [SW20, Prop. 22.3.2], we have an exact equivalence of tensor
categories,

¢! —mod/ Vio,r(S) =5 Zp-Loc(9).

Here, Z,-Loc(S) stands for the category of pro-étale local systems for Z, over S, i.e.,
Zp-torsors for the pro-étale topology on S.
Composing these two functors, we obtain an exact tensor functor

Repy, (G) — Zy-Loc(S). (4.6.1)

The composition of this functor with Z,-Loc(S) — Q,-Loc(S) is pro-étale locally on S
isomorphic to the forgetful functor (so, pro-étale locally, it gives the trivial torsor), cf.
[SW20, Thm. 22.5.2).

This leads to an alternative description of the generic fibre analogous to [SW20, Prop.
23.3.1]. In the statement below, Xpp g := V(0 00)(5)/¢” denotes the Fargues-Fontaine
curve over S, [FS21]. We will denote by &° Xgpd(k) S, or simply &b, the descent of
(Gy(,.or(5):9b) t0 XFF 5.

Proposition 4.6.1. The S-points of ( ig“fb’u),, over Spd(E) are in bijection with
isomorphism classes of 5-tuples (S*,E,a,P,1) where
e S% s an untilt of S over E’;

& is a G-torsor over Xpp, g, trivial at every geometric point of S;
a is a G-torsor isomorphism

~_ cob
‘c/‘IXFF,S\Sn € | XFprp,s\S*

which is meromorphic along S* and bounded by y;
e P is an exact tensor functor

Repzp(g) — Zy-Loc(S);

e 1 is an isomorphism of the base change of P to Q, with the functor given by the
G(Q,)-torsor associated to € by [SW20, Thm. 22.5.2].

Proof. This follows by the argument in the proof of [SW20, Prop. 23.3.1]. Observe that,
since we do not assume that G has connected fibres, G-torsors over Spec (Zp) are not
necessarily trivial. So instead of G(Z,)-torsors as in loc. cit., we just obtain functors P as
above, compare also to [SW20, proof of Prop. 22.6.1]. O

We can use Proposition 4.6.1 to reinterpret the isomorphism in Theorem 4.5.1. For S
perfectoid over k, we can consider the fibre functor at s: Spa(C,0¢) — S,
F, :Zy-Loc(S) = Z,, —mod.
Given an S-point of ./\/lignfb’# over Spd(E) as above, the composition of (4.6.1) and Fj
defines an exact tensor functor

Repy, () — Z, —mod. (4.6.2)
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It defines a G-torsor 7 s and we can consider the contracted product
Gs == Aut(T,) =GN T,
where G acts on itself by conjugation. Since G is smooth, we have
G:®z, Zp ~G®z, Zp.

The class [Ts] of the torsor T, lies in ker(H'(Z,,G) — H'(Q,,G)) = Ilg,, comp.
Lemma 3.1.1.
A 4-tuple (S%,€,a,P) € (Mig’ttb’u)n(S) defines now the function

S—Ig, s— [Tl (4.6.3)

Assuming a theory of pro-étale systems in this situation that resembles the classical theory
of (étale) Zy-local systems, it would follow that the isomorphism class of the torsor 7
is constant on connected components of S. More precisely, if we choose another point s’
of S, then Fy ~ F,/ (by a “path connecting s to s’) and this should give T~ T s and
Gs(Zp) =G (Zy) as subgroups of G(Q,). This would explain how to associate to a point
se( ig“fbju),,(C,Oc) the index 3(s) € Ilg on the RHS of (4.5.1). It would also explain
how to associate to s the point of Shtgﬁ(zp)(G,b,,u) on the RHS of (4.5.1) (note that
Gs= gﬁ(s))

4.7. Comparison with Wintenberger’s theorem

Let us discuss ‘classical’ points x : Spd(F) — (M4, ,),, where F/E is a finite field
extension. Consider the crystalline period map

mam: ( ign,tb,u)n — (Xp Xsp(E) SP(E))O~

Under the identification of Theorem 4.5.1, it is the disjoint sum of the period maps, one
for each g €1lg,

TGM,8 - Shtgﬁ(zp)(G,b,,u,) — X[L XSp(E) Sp(E) (471)

On the image of mgm, g (the admissible locus), there is the corresponding local G(Q,)-
system. Let x € Shtg, z,)(G,b,11)(F). Specialising this local system at 7wg, () defines a
Galois representation

pe: Gal(F/F) = K = G5(Z,) C G(Qp). (4.7.2)

Recall the theorem of Wintenberger (comp. [KP18, Prop. 3.3.4]), according to which the
image of the Galois representation p, lies in the neutral component gg(zp), ie.,

pe: Gal(F/F) = G5(Z,) C G(Qy). (4.7.3)

This may be surprising at first glance, given the construction of (4.7.2). However, consider
the Galois étale cover for the group my(G)®?,

T Shtgg(zp)(G,b,,u) — Shtgﬁ(zp)(G,b,u).
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By our earlier discussion on connected components, this cover is totally split. This fits
with the above result of Wintenberger which directly implies that, for every F-valued
point of Shtg,(z,)(G,b,u), the inverse image 7~ (x) is split over F.

5. Ad-isomorphisms and integral moduli spaces of local shtukas

5.1. Ad-isomorphisms

Recall from [K097] that a homomorphism f: G — G’ is an ad-isomorphism if the centre
Zg of G is mapped to the centre Zg of G’ and the induced homomorphism Gaq — Gly4
between the adjoint groups is an isomorphism. Equivalently, ker f is a central subgroup
and Imf is a normal subgroup of G’ with torus cokernel.

Lemma 5.1.1. An ad-isomorphism is the composition of ad-isomorphisms of one of the
following types.

(i) f:G— G is the inclusion of a normal subgroup with torus cokernel.

(i) f:G— G’ is a surjection with kernel a central torus which is a product of induced
tori (a ‘quasi-trivial’ torus).

Proof. Let f: G — G’ be an ad-isomorphism, and let Z = ker f. Find an embedding
Z — T where T is a quasi-trivial torus. Consider the push out of

1-Z2—-G—-G/Z—1
by Z — T'. This gives
1-T—-G"—-G/Z—1
and we can view G — G’ as a composition of ad-isomorphisms
G—G"—>G/Z—G

where the first map is of type (i), the second map of type (ii) and the third map of
type (i). O

In this section, we consider an ad-isomorphism f:G — G’ and an extension of f to
a morphism f:G — G’ between quasi-parahoric group schemes. It is assumed that the
corresponding parahoric group schemes (the neutral connected components) G° and G'°
correspond to the same point in the common building of G.q and G.,. Let (G,b,1) and
(G",V', 1) be two integral local shtuka data such that f(b) =b" and {'} = f({i}). In this
case, we have an inclusion of reflex fields E’ C E. We then say that f is an ad-isomorphism
of integral local shtuka data. We obtain a morphism

f : Mign’tb’u — Mign/t’b/’#/ X8pd(0) Spd(O) (511)
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where O = O and O' = Og,. Consider the commutative diagram
int
|Mg,b,u
SPi iSp (5.1.2)

[ Xg(bpu™)]  ————[Xg (V).

—— Mgy v Xspacor) Spd(O))]

Composing with the Kottwitz homomorphisms (4.3.3) gives a commutative diagram
ign,tb,u Mign't,b’,;u XSpd(O) Spd(Ol)

nospl \LWOSP (513)
Cg Cyr.

)

Recall the components Miélfé; for 7 € Cg, resp. Mign,t)’bT,TN, for 7/ € Cg/, cf. (4.4.5). The
aim of this section is to prove the following theorem.

Theorem 5.1.2. Let f: (G,b,u) — (G0, 1) be an ad-isomorphism of integral local shtuka
data. The morphism (5.1.1) induces an isomorphism,
int, ~ int, 7’
f : Mlg’b;b — Mlg/’b?#/ ><Spd(O/) Spd<0)a
where 7' = f(1) € Cgr.
The proof proceeds in three steps. In subsection 5.3 we show that f induces an

isomorphism of formal completions; in subsection 5.4 we analyse the map on ADLV
induced by f; in subsection 5.5 we complete the proof by showing that the map in question

is qcgs.
We note first that for ad-isomorphisms of type (i) and for the claim of qcgs, there is no
need to consider components separately.

Proposition 5.1.3. Assume that f is of type (i). Then the morphism
f : Mign’tb’u — Mign/t:b/’#/ XSpd(0) Spd(O)

is qegs. If in addition G(Z,) = G(@p)ﬂffl(g’(Zp)), it is a closed immersion of
v-sheaves.

Proof. We first show that the morphism is qcgs. Quasi-separateness follows from
Lemma 5.5.3 below and the fact that /\/lig“fb’u — Spd(Op) is gs (cf. [GI21, Prop.
2.25]). It remains to show quasi-compactness and the additional statement about closed
immersions. Under our assumption of type (i), we have a short exact sequence

1G>G —>T—1
with T a torus. This gives an exact sequence

1= m(G) = m(G) — X.(T)—0.
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By taking I-coinvariants we obtain an exact sequence
QG = 7T1(G>] — QG/ = 7T1(G/)] — X*(T)] —0

where the kernel of the first map is a finite abelian group. Hence, the inverse image Y of
m0(G") C Qg in Qg is a finite group which contains the subgroup mo(G)

Wo(g) cY CcQg.
Using this and Bruhat-Tits theory, cf. the construction of [BTII, Prop. (4.6.18)], we

obtain a quasi-parahoric G; for G with neutral component G = G° and 7o(G1) =Y.
Then, G1(Z,) = G(Q,) N f~1(G'(Z,)). We have
Gi=6°Ccgcg;

and G — G’ factors as G C G; — G'. By applying Proposition 4.2.1 to G and G, we see that
it is enough to show quasi-compactness for the morphism induced by G; — G’. Hence we
may assume from the start that Q(Zp) = G(Qp) ﬂfﬁl(g’(zp)). Then, as in [PR24, Lem.
3.6.1], f:G — G is a dilated immersion of smooth group schemes, i.e., f identifies G
with the Neron smoothening of the Zariski closure G of f(G) in G'. Now the proof of
[PR24, Prop. 3.6.2] applies to show that under this assumption the morphism is a closed
immersion. O

5.2. Ad-isomorphisms and generic fibres

If (G,b,u) is a rational local shtuka datum and G is a smooth group scheme model over
Z,, with connected special fibre, we set, for K = G(Z,),

ShtK(Gabvu) = ( ign,tb,u>77'

This is a locally spatial diamond over Spd(E)7 cf. [SW20, §23.3]. Note that here, in
contrast to section 4.5, Shtx (G,b,1) denotes a diamond which is not representable by a
rigid-analytic space, unless p is minuscule. We also set

Sht oo (G,b, 1) = y?mShtK(G,b, 1),

as in [SW20, §23.3].
Proposition 5.2.1. Let f: (G,b,u) = (G',b',1') be an ad-isomorphism of rational local
shtuka data. The natural morphism
Shtoo (G,b, 1) = Shteo (G0, 1) X gy q iy SPA(E)
induces an isomorphism of v-sheaves over Spd(E),

(@) .
Shtee (Gibu) ~ % G'(Qp) =5 Shtee (G V' 1') X 51y SPA(E).

Proof. In the case of minuscule p this is given by [PR24, Prop. 3.1.2]. The argument
extends provided we explain that the corresponding admissible loci in the ‘Schubert
varieties’ GrG.spd(E) <0 Tesp. Grg, Spd(B), <’ XSpd(E) Spd(E) agree. Recall that the
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latter objects are spatial diamonds [SW20, Thm. 19.2.4] which are proper over Spd(E),
cf. [SW20, Prop. 19.2.3]. The admissible loci are open subobjects, cf. [SW20, §23.3].
Since G — G’ is an ad-isomorphism, the morphism

GrrG,Spd(E) - GrG’ﬁSpd(Ev'/) XSpd(E) Spd(E)

induces an isomorphism between corresponding connected components. In particular, the
morphism

16, spagi), <u — OTar spacisn, <ur Xspagir) SPA(E)

is an isomorphism. Therefore, by [Sch17, Prop. 11.15, or Prop. 12.9], it remains to show
that the induced map on admissible loci is bijective on points with values in Spa(C,C™T),
for any algebraically closed non-archimedean field C' and open bounded valuation ring C*.
Consider the following commutative diagram of (pro-systems of) locally spatial diamonds
over I, in which the vertical arrows are the period maps ([SW20, §23.3)),

Shtoo (G,b, 1) —— Shtoo (G',V, 1) X g0 5y SPA(E)

|

Gre spac), <p — GTer spa(i), < X Spa(e’) SPa(E).

The images of the vertical maps are the admissible sets. We claim that under the lower hor-
izontal map the admissible sets correspond to each other. We have Sht i (G,b,u)(C,CT) =
Shtx (G,b,11)(C,0¢) and Sht g (G0, u')(C,CF) = Sht g (G0, 1) (C,O¢), by their defi-
nitions in terms of shtuka. Hence, it is enough to check that the Spa(C,O¢)-points of
the admissible sets coincide. Now a point z of Grg g4 <, With values in Spa(C,0¢)
lies in the admissible locus if and only if the corresponding modification €2 at oo of the
G-bundle £ over the FF curve is trivial, cf. [SW20, Thm. 22.6.2]. This in turn is equivalent
to £ being a semi-stable G-bundle on the FF curve (use [b] € B(G,u~1), cf. [PR24, proof
of Prop. 3.1.1]). The image of z lies in the admissible set in Grg, g4z <, if and only

if the G’-bundle El}; @ = f+(EL) is a semi-stable G’-bundle on the FF curve. But since f

induces a bijection between parabolic subgroups of G, resp. G/, the semi-stability of f.(£%)
is equivalent to the semi-stability of £ (apply this bijection to the Harder-Narasimhan
parabolics and the fact that semi-stability is equivalent to the fact that the HN-parabolic
is the whole group). Our claim follows. Now consider the following diagram, where in the
lower line appears the isomorphism between admissible sets,

G(Qy) y
Shtoo(Gibyp) X G'(Qy) —— Shte (G', V1) X g3 SPA(E)

|

" = (G spaqin, <) Xspacer) SPA(E).

(Gre spacizy, <u)
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Now the fibres of the left vertical arrow are identified with G(Q,) x%(@) G'(Q,) = G'(Q,),
and hence map bijectively to the fibres of the right vertical arrow. O

Remark 5.2.2. In [PR24, proof of Prop. 3.1.1], there is a different argument for the
proof of the isomorphism between the admissible loci of the lower horizontal map in the
last diagram.

5.3. Ad-isomorphisms and formal completions

Proposition 5.3.1. Let f: (G,b,u) — (G',0',1') be an ad-isomorphism of integral local
shtuka data. For each x € Mignfb)H(Spd(k)), finduces an isomorphism

FeMBy S MBS, L Xspacor) SPA(O),
where ' = f(x).
Proof. As in [PR24, proof of Prop. 3.4.1] we have

int ~ int
MG btz = Mg, /o

and it is enough to show the isomorphism for the base point = zg. By Lemma 5.1.1, it
is enough to show this when f is of type (i) or of type (ii).
Assume first that f is of type (ii). Then we have an exact sequence

1-72—-G—=G =1,

with Z =T a quasi-trivial central torus. In this case, we have an exact sequence, where
Z, is the flat closure of Z,

1225640

Note that since Z =T is quasi-trivial, i.e., Z ~ [, Resk, /g, Gm, we have that Q7 =71(Z);
is torsion free and Z is an R-smooth torus in the sense of [KZ21, Def. 2.4.3]. By [KZ21,
Prop. 2.4.12], cf. [PRO8, Lem. 6.7], we conclude that Z is smooth and connected and, in
fact, is the connected Neron model of the torus T and that we have a short fppf exact
sequence of smooth connected group schemes between the parahoric neutral components,

15Z-5G°—>3g° 1.

Note that in this situation Z ~ ], Reso,. /2, Gy The image of m0(G) C Q¢ under Qg —
Qg is a finite subgroup Y’ of Qg/. We can find a short fppf exact sequence of (smooth)
group schemes

1=-Z=2G-G)—1,

where G} C G’ is a quasi-parahoric group scheme with the same neutral component G’° and
AN 7 o . . . int ~ int

m0(G}) =Y’. By Proposition 4.2.1, there is an isomorphism g bty Mlgnﬁb;,u’/w(,'

Hence we may replace G’ by G/, i.e., we may assume from the beginning that G — G’ is

surjective.
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Note that
Wtg =Wtg".

We obtain a short exact sequence of group v-sheaves

15WHZ 5 WHGg - WHg' — 1. (5.3.1)
The local models for (G,u) and (G',i) ‘agree’; i.e.,

fiMg , = Mg/ v Xspa o’ Spd O,
([SW20, 21.5.1]), so we have

Fo MY y0 = My i 40 Xspa o Spd O,

for the completions of the local models at their common base point yg.
We now use Theorem 3.6.2 for G and G’: The morphism

I/’Eb*# = Mg /4 = Mg 1y, Xspd 0 Spd O
is a WTG x Spd(O)-torsor and
LAQ;',/L' Xspd(0) SPA(0) = Mg, /. = Mg 11 7y Xspa 07 Spd O,
a WH¢/ Xspd(0r) Spd(O)-torsor. Hence, we have an isomorphism of W:Q'—torsors,
LGy Xspa(or) SpA(0) = LGy, x " OWHG'. (5.3.2)
It follows that, v-locally,
I//\gbyu =90 ‘W+ga Eé;/,ﬂ/ = 9(/) ‘W—i_gI?

(after we choose a section gg of the first torsor). By Theorem 3.6.2 also, we can recover
igmb )z BS the quotient of LGy, , by the ¢-conjugation action of WG x Spd(O). More
precisely,

7 int
LGy = MGy 1/,

is a W"’Q x Spd(O)-torsor for the ¢-conjugation action. The corresponding statement for
(g',t/,p') also holds. The exact sequence (5.3.1) and the above now implies that the map
fo is v-locally surjective.

To show that fA’o is injective, it is enough to check injectivity for ¢-conjugacy classes as
follows (for simplicity, we omit the base change to O from the notation). Suppose that
go-g1 and gg-go € Z\Qbyu(R, R™) map, after replacing (R, RT) by a vw-cover, to the same

¢-conjugacy class (by W“‘Q’(R,R"’)) in I/E;,’H,(R,R*‘). Then

g0 g1 = (") "+ (90-92) 9" € LGy (RRY) < G'(W(RH)[1/€]), (5.3.3)
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for some ¢’ € W*g'(R, R™). Using (5.3.1), after further replacing (R,R™") by a v-cover,
we can lift ¢'" to g™ € WTG(R,RT). The identity (5.3.3) gives

z=1lg1-(g") " 9290 8(9T) g0 (5.3.4)

in G(W(RT)[1/€]) with z € Z(W (RT)[1/€]) (cen‘ir\al in G(W(RT)[1/£])). In this, the term
kt:=g1-(g7)" 1 g5 " in the bracket belongs to WHG(R, RT). Write the above

2=k" (95" ¢(97) - 90)-
We claim that this implies that z = 21 ¢ W“‘Z(R,R*‘). Indeed, for all m > 1, we obtain
2= (kF)™ (95 ¢g™)™ - go)-

Hence, there is N > 1 depending on gq only, such that 2™ € Z(W(R')[1/£]) has matrix
entries (after applying some faithful representation of G) with denominators which are
powers of & bounded by N, for all m. This implies that z € Z(W(R™")). Indeed, write
Z =]];Reso,, /z,Gm. Then, if 2™ € (Ok, @z, W(R™)[1/€])* has bounded denominators
for all m > 1, then z € (O, ®z, W(R™))*. We can see using (5.3.4) that we also have
2 =1 mod[w], for some pseudouniformiser w of R*. Hence, we conclude z = 27 €
W+Z(R,RT). By applying Lemma 3.6.1 for Z to z*, we can write 2T = 2z ¢(2F) 1.
Set ht =gT 2] Using that Z is central, we can rewrite (5.3.4) as

gog1 =d(hT) ™ - goga-h*.

This gives that gog; and gogo are ¢-conjugate by ht € W+G(R, R*). This shows injectivity
and concludes the proof.

Assume now that f is of type (i). Using Proposition 4.2.1, we can replace G, G’ by their
parahoric neutral components G°, G'°. For these we have QO(ZP) C G(@p) ﬁf‘l(g’o(zp))
with the intersection the Zp—points of a quasi-parahoric G with G° = G. The morphism f
factors

./\/lign,tbyu — Miﬁn,tb,u L) Min’tvb/,u’ XSpd(0) Spd(O)-

By Proposition 5.1.3 applied to G—¢ , the morphism f is a closed immersion. Using

(G125, Prop. 4.20] we see that the base change of f along the completion MY, a7

ig“,t,b,yu, is the completion of f at the base points

fo : Miél,tb,/,l,/fg — Min’t,b/,u//xé XSpd(O') Spd(O)

Hence, this is also a closed immersion. By Proposition 4.2.1 applied to the quasi-parahoric

QN we see that the source of this morphism can be identified with Mig“tb i and the
RN

morphism with fy. Hence, fj is also a closed immersion.

Lemma 5.3.2. Suppose Ty, Tg € (Mlgnf )n(C,0¢) have the same image w(Z1) =

sbo /o
7(Z2) under the period map. Then there is g € G(Q,)° such that To =g 7.
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Proof. Since the period map w: (Mgt, ), — Grédg‘pd(g) <, 1s étale with geometric

fibres G(Q,)/K°, there is g € G(Qp) with Ty = ¢g- 1. We have sp(Z1) =sp(Z2) = and it
remains to show that kg (g) = 1. We first observe that the statement is true when G =T
is a torus. Indeed, in this case the period map is °

(M%r—lg,b,,u)n — Spd(E')

with geometric fibres given by rr : T(Qp)/T°(Z,) — Qr while (MBS, y )y =~ Spd(E),
50y xo

see [SW20, 25.2]. Then, the result follows when Gge, is simply connected by applying
functoriality to G — G, = D and observing that, in this case, Qg ~ Qp. Finally, we reduce
the general case to the case when the derived group is simply connected by employing a
z-extension

157256061

and lifting (G°,b, ) to a corresponding triple (QNO,FI;,JZ). Here, Gaer is simply connected and
Z is a quasi-trivial torus. By case (ii) applied to G — G we obtain
int ~ int
(Mléloygyﬁ/wo)n - ( lgo7b’/‘/x0)n7

and the admissible sets for G and G coincide by the proof of Proposition 5.2.1. Since we
are assuming that the result holds for G, we deduce it for G. O

Lemma 5.3.3. The map f induces a surjection G(Q,)°/K° — G'(Q,)°/K"°.

Proof. For any reductive group G over Q, we have

G(Qp)o = K"P(GSC(QP)),

where K is an arbitrary parahoric subgroup of G(Q,) and ¢ : Gsc = Gaer — G is the
natural map. Note that both factors on the RHS are contained in the LHS, and the
second factor is a normal subgroup, so the inclusion of the RHS into the LHS is clear.
For the other inclusion, we choose an apartment A% of the building over Q, as in [BTII]
such that K fixes a facet in A%. Associated to A? is the smooth connected group scheme
Z° over Z,. Now Bruhat-Tits [BTII] prove the following two facts:

o G(Q,)°=2°Zy) p(Gsc(Qp)), cf. last line of [BTII, (5.2.11)].
Z°(Z,) C K, cf. first display in [BTII, (5.2.4)].

Hence, we also obtain the other inclusion. By applying the above to G’ and K'° and G,
noting that ¢’ : Gs. = G, — G’ factors through f: G — G’, we obtain

G'(@)° = f(G(Q,)") - K",
which gives the result. O

The above two lemmas, together with Proposition 5.2.1, imply that the map

(fo)n = (MG 1 /ao)n = (Mign't,b’,u’/wg)ﬁ
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induced by f, gives a surjection on (C,0¢)-points. Since it is also a closed immersion
between partially proper v-sheaves, it then follows that it is an isomorphism.
. Both.the source X := ./\/lig“fb#/xo and the target X' := Mign’t,b’,u’/zg of the closed
immersion

fo: X =X

are topologically flat by [PR24, Prop. 3.4.9], as extended in [PR24, Rem. 3.4.12] also for
the non-minuscule case (this extension uses the results of [AGLR22]). By the definition
of topological flatness, this implies that | X[, resp. | X[, is dense in | X, resp. | X'|. Since
(]?0)77 : X,y = X, is an isomorphism, we obtain |X|~ |X’|. The result that Jo: X = X' is
an isomorphism now follows from [SW20, Lem. 17.4.1]. O

5.4. Ad-isomorphisms and ADLV

Let f: (G,b,u) — (G',0/,1) be an ad-isomorphism of integral local shtuka data. We have
a commutative diagram with surjective vertical arrows,

Xgo — Xgro
Kcl J/KG/ (5.4.1)
Qe —— Qo
where the lower row are discrete schemes (which we treat like sets).

Lemma 5.4.1. The wupper arrow induces an isomorphism between corresponding
connected components. The diagram is cartesian.

Proof. An ad-isomorphism induces an isomorphism fs. : Gse — GZ.. This easily
implies the first assertion. The second assertion follows since 7p(Xgo) = Q¢ and
FQ(Xg/o)ZQG/. ]

Let us consider the effect of an ad- 1bom0rphlbm on Iwahori Weyl groups. An ad-
isomorphism induces maps N (Q,) — N’(Q,), and T(Qp) —T'(Q,)°, and W — W’ and
an identification of affine Weyl groups W, = W, compatible with the semi-direct product
decompositions,

W:WGXQg—)WaXQ(y:W/.

Denoting by K°, resp. K'° the parahoric subgroups of G(Qp) resp. G'(Qp), we have

subgroups W&° ¢ W, and WX c W,. These subgroups of W resp. W’ can be identified.
The admissible sets are contained in a single W,-coset and hence the map W — W
induces a bijection

Adm(p) = Adm(y).

Similarly denoting by Admpgo(p), resp. Admpgo(u'), the image of Adm(p) in
WENW /WK resp. of Adm(y') in WE\W'/WX" | we have a bijection
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The commutative diagram (5.4.1) induces a commutative diagram, cf. (4.3.2),
Xgo(b,'u) - Xg/o (blvul)
mi incf (5.4.3)

Cout e —— e+

Lemma 5.4.2. The upper arrow induces an isomorphism between corresponding
components. The diagram is cartesian, with surjective vertical arrows.

Proof. Here recall that by a component of Xg(b,ut), we mean an intersection of X¢(b,u)
with a connected component of Xg. The surjectivity of the vertical arrows follows from
(4.3.2).

Let 7 € chJrQG, with image 7/ = f(7) € ey +Qg, By Lemma 5.4.1, for every

'K’O € Xgro(V, 11 )ﬂXg,o, there exists a unique point gK° € Xgo lying over it. We have
to compare the double cosets of h:= g tbp(g) in KO\G(QP)/K" WKO\W/WK and of
f(h) =g W e(g) in K'\G(Q,)/K" =WK" \W’/WE" But by (5.4.2) it follows that
the class of h lies in Admgo (i ) if and only if the class of f(h) lies in Admgo(p'). Hence
gK° € Xgo(b,u)7, as desired. O

Now we pass from the parahorics G° and G’° to the quasi-parahorics G and G’. The
homomorphism f: G — G’ induces homomorphisms

QGi)QGw, ’/To(g)—)ﬂ'o(gl), Cg*)Cg/, Hg*)Hg/.

Here recall that Cg = Q¢ /m0(G) and Cgr = Q¢ /m0(G’), and IIg =ker(mo(G)y — Qg 4) and
g =ker(mo(G")p — Qar,¢). We obtain from Corollary 4.3.6 a diagram with surjective
vertical arrows,

Xg (b,,U/) - X_C/' (b/a/’[’/)
HG\L l“c’ (5.4.4)
G+ Oy ——= Gy +Ch.

Proposition 5.4.3. The upper arrow in (5.4.4) induces an isomorphism between
corresponding components. The diagram is cartesian, with surjective vertical arrows.

Proof. By Theorem 4.4.1 and the proof of Corollary 4.3.6, the diagram can be
rewritten as

Usen, Xag (b:1)/70(G5)* —— Ugren,, Xz, (V'.1')/70(G5)*

Usery (€0 +928)/m0(Gs)?  —— Upreny (v +96)/m0(Gj)?-

The maps in this diagram respect the disjoint sum decompositions. Hence the assertion
follows from Lemma 5.4.2. O
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5.5. Proof of Theorem 5.1.2

The plan of the proof is as follows. We will show in Proposition 5.5.2 below that

int, int
fT : gl,b::;, — Mlgn’,b/,/_ﬂ XSpd(O’) Spd(O)

. . int, 7’ : . . .
is qcgs. Since Mlgn/ W W /\/llg“,t v, 18 an open and closed immersion,

! int, int, 7’
f’r,‘r :Mlgn,b,‘; N MlgII/JLM, X Spd(07) Spd(O)

is also qegs (cf. the proof of Lemma 5.5.3 below). Assuming this, by [SW20, Cor. 17.4.10]
and the partial properness of Mzt,;; and ./\/llgn,t)’bT,,M, over Spd(0O), resp. Spd(0Q’), it is
enough to show the following statement.

Proposition 5.5.1. Under the above assumptions, fT’T/ induces a bijection on
Spa(C,0¢)-points.

Proof. By Proposition 3.3.1, if  is a discrete, algebraically closed field of characteristic
p, we have bijections

G (Spd(R)) = XG(bp~ ") (r), Mgl (Spd(k)) = Xg (¥4~ ") (k)
and fm7 (Spd(k)) is identified with the corresponding map
XG(b,u™ ") (k) = X5 (V™) (). (5.5.1)

But this map is a bijection by Proposition 5.4.3. Hence, fT*T' induces a bijection on
Spd(k)-points. We still have to treat Spa(C,O¢)-points.

Set O(k) = O @w ) W(x), and similarly for O’(x). Note that the reduced locus of the
base change

(Mg57)o00) = Mg, Xspao) SpA(O(x))

is XG(b,u™ ) = XG(b,pt) XSpec (k) Spec (k), and similarly fgr (/\/lign,t,’l;#,)oz(,i).

Now note that any Spa(C,O¢)-point Z : Spa(C,O¢) — Mgl’tl;fu factors through the
formal completion (Migritl;;)o(ﬁ)/w of (Mg’fg;)o(m) at = :=sp(Z), where k is the residue
field k(C') = Oc/mc. (Observe that z now gives a closed point of the reduced locus
of (Mgltb’l)o(ﬁ) which is XZ(b,u~!)..) Similarly, the corresponding fact is true for
Spa(C,O¢)-points of ./\/lign,t)’bT,:H,. If x, resp. 2/, is a Spd(k)-point of ./\/lign)tl;);, resp. Mgﬁt”bT,:H,,

we have
( gl,t(;L)O(n)/m ~ (Mign’tb’“)o(,ﬁ)/m, resp. (Mgi,bt7u/)0/(n)/r, ~ (Mign/t’b/’#/)o/(ﬁ)/x/.
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The result now follows from a simple extension of Proposition 5.3.1 to the base changes
by W (k). Indeed, this gives

FoT (MGt ot e = (Mgl )0r)/ (@) Xspacor) SPA(O).
This, combined with the bijection (5.5.1) above for k = k(C'), implies the result. O

It remains to show the following statement.

Proposition 5.5.2. The map of v-sheaves
fT e MGST, — Mgy Xspa(or) SpA(O)
18 qcgs.

Proof. In the following, we occasionally just write M2t MPF, etc., for notational
simplicity. First we show that f: /\/liélt — ./\/lig“,t Xspa(0r) Spd(0) is quasi-separated (qs).
This quickly implies that the same is true for f7. For this we use that f : /\/lig’rlt — Spd(0)
is gs ([G121, Prop. 2.25]) and the following lemma.

Lemma 5.5.3. Consider morphisms of small v-sheaves
xLyvz

1) If go f is qc and g is gs, then fis qc.
2) If go f is gs, then so is f.

Proof. Note that, by definition, f: X — Y is called gqs when the diagonal X — X xy X
is qe, cf. [Sch17, §8]. Also note that compositions and base changes of qc, resp. gs, maps
are also qc, resp. gs.

Part 1): Write f as the composition X — X Xz Y — Y, where the first map is id x f
and the second the projection. The projection is qc as the base change of the qc map
X — Z, while the first map is a section of the projection X x z Y — X this projection is
gs as the base change of Y — Z. It remains to observe that a section s:S — T of a gs
map T — S is qc since it can be viewed as the base change of the qc diagonal T — T xgT
by sxid: T=8xgT —-TxgT.

Part 2): Since go f : X — Z is gs, the map X — X Xz X is qc. We can write this as a
composition

X > Xxy X > XxzX.

Here X xy X — X xz X is an injection and hence it is gs, since then the diagonal map
is an isomorphism. We now apply (a) to this composition to deduce that X — X xy X
is qc, hence X — Y is gs. O

It remains to show that f7 is qc. For this we write again G — G’ as a composition
of ad-isomorphisms which are either of type (i), i.e., closed embeddings (with cokernel a
torus), or type (ii), i.e., fppf surjections with kernel a central quasi-trivial torus Z =T.
Using functoriality and the fact that compositions of qcqs morphisms are again qcqs, we
see that it is enough to treat these two cases separately. In the type (i) case the result
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follows from Proposition 5.1.3. It remains to deal with cases of type (ii). Then we have
an exact

1-7Z—-G->G —1

with Z =T a quasi-trivial torus. For a morphism G} — G’ of quasi-parahoric group
schemes corresponding to a fixed parahoric group scheme for G’, the morphism ./\/llnt

M is qc. Hence the argument in the proof of Proposition 5.3.1 (for type (ii)) bhOWb
that we may assume that the sequence

12566 —1

is exact.

To establish quasi-compactness we use a ‘sequence of points’ argument (compare to
[SW20, proof of Thm. 21.2.1]). Let Y = Spa(R,R™) be affinoid perfectoid over k and let

Y — MEy i Xspdo) Spd(0)

be a morphism given by an untilt of ¥ over O and a G’-shtuka over Y|y »)(R,R") with
a framing. Consider also the small v-sheaf

int, T
X =Y X (mine xgpaionspd(0) Mg = Y-
Take I = |X| and, for each i € I, choose a point of X given by z; : Spa(C;,C;") — /\/llgnthM
and y; : Spa(C;,C;") — Y = Spa(R, R*), with matching compositions to ./\/lig“,t’b,w, X Spd(0")
Spd(O), which corresponds to i € I =|X|. Consider the product of points

(D, DY) =(([[eH/ (@)L [[CH.

iel el

Here the pseudouniformisers w; € C; are given by a pseudouniformiser of R*. The
collection of y; extends to y : Spa(D,D¥) — Spa(R,R™"). The compositions

Spa(C’i,Ci‘") — Spa(D,D™") — Spa(R,R") — Spd(0O)

specify untilts of (C;,C;") given by & € W(C;"). So, we have a G’-shtuka P’ with framing
over Spa(D, D) obtained from

Spa(D,DT) — Spa(R,R*) = Mgy . Xspacor) Spd(0),

and a collection of G-shtukas P; with framings over each (C;,C;"), and with legs at &,
given by x;. These are compatible via the pushout of torsors by G — G’. We want to show
that (z;) extend to

int,
z:Spa(D, D) - MG"T.
Since the resulting map
+ _ int, T
Spa(D, D7) = X =Y X (pime - xqaonSpd(0) Mg

is a v-cover, this fact will imply the quasi-compactness of X and hence of f7.
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In the above, using the partial properness of ./\/l”ﬂt and /\/l”“t, we can replace C;r
by Oc¢,. Using Proposition 3.2.1, we see that the pairs (®;,4,,) of G-shtuka with
framings given by z;, are described by pairs (®;,g;), where ®;, € G(W(O¢,)[1/&:]) and
9i € G(Vr,,5](Ci,0¢;)). We denote by (®;,g;) the images of these pairs under the map
induced by G — G'. We have

i =g; b d(gi). (5.5.2)
Set
- eHg D/ =g Jw(oc) /&)

Since the &;-denominators of ®; are uniformly bounded in terms of the coweight u, we
see that

®eg(( Hoc /&) < I JW(Oc) /&)
This says
e GW(DN)[1/¢]), with &= (&)

The element ® defines a G-shtuka P(®) over Spa(D, D). We claim that the corresponding
G’'-shtuka P(®’) given by @’ is isomorphic to the G’-shtuka P’, given by Spa(D,D*) —
ME above. Indeed, let P’ be given by ¥’ € G/(W(D¥)[1/£]) (Note that all G-torsors,
resp. G'-torsors, over W (D) are trivial by Prop. 3.2.2.) By construction, the images @/,
U or @, W', under the projections W (D1)[1/¢] — W (Oc,)[1/&:] satisty

S
with h; € G'(W(Oc,)). Since
W(D")[1/¢] = H DIL/&])-

this gives & =h'- W' -¢(h')~!, for ' = (h}); in G'(W(DT)) =[[,G'(W(Oc,)), and the
claim follows.

It remains to show that the framings (i,,); extend to a framing of P(®) which lifts the
framing i of P(®’) given by our Spa(D,DT)-point of MEF. We can understand framings
as isomorphisms of corresponding G-bundles &, resp. G -bundles &’ over the Fargues-
Fontaine curve. Denote by £?, resp. Eb/, the G-bundle, resp. G’-bundle, over Xpp spd(k)
given by b, resp. . Then we have isomorphisms of G-bundles on Xpp spa(p,p+), T€SP.

XFF,Spa(Ci,Oci)7
g & 5 Y Xspam Spa(D,DT),  gi: Ei =5 €Y xspagy Spa(Ci,Oc,),
and we would like to find

g: £ gb X Spd(k) Spa(D,DJr)
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which lifts ¢’ and projects to g; by Spa(C;,O¢,) — Spa(D,D™), for all i € I. (Here, we
denote these framings again by ¢’, g;, hopefully this does not introduce confusion.) We
first show that the G-bundle £ over Xpg gpa(p, p+) has all its geometric fibres isomorphic
to £°: The G-bundle £ gives f : Spa(D,D%) — Bung and the desired statement follows
if we show that f(|Spa(D,D%)|) = {b} C |Bung| = B(G).

Let T = Spa(D,D%). For i € I, the projection (D,D") — (C;,Oc,) gives
Spa(C;,0¢;) — T. These combine to give an injection

I—1T|.

This identifies the discrete set I with a dense subspace of |T'| and of m(|T|). As in the
proof of [G125, Prop. 1.5], we see that

mo(|T]) ~ BI

is the Stone-Cech compactification of the discrete set I.

Consider the composition f’: Spa(D,D") — Bung of f with the natural map Bung —
Bung induced by G — G’. The construction of &€ gives that f'(|T|) = {b'} C B(G’) and
that f(|Spa(C;,O¢;)|) = {b}, for all i € I. As above, the points |Spa(C;,O¢;,)|, i € I, are
dense in |T| = [Spa(D,D%)|. The result will follow if we establish that any two points of
|Bung| 2 B(G) which map to the same b’ € |Bung| = B(G’) and lie in the same connected
component of |Bung| as b, are equal to each other. To see this, we use the commutative
diagram

|[Bunz| & B(Z) —— |Bung| = B(G) —— |Bung/| = B(G')

lmz lm lm,
0——X(Z)r —————m(@r —————m(G')r ——0.

Under our assumptions, the second row is exact. The vertical arrows Kz, kg, kg’ are the
Kottwitz invariant maps which are locally constant by [FFS21, Thm II1.2.7]. Also, xz is a
bijection B(Z) = X.(Z)r, the map B(G) — B(G’) in the top row is surjective and its
fibres are identified with X.(Z)r, see [Ko97, Prop. 4.10], cf. [FS21, Lem. I11.2.10 and the
comment below that lemma]. The result now follows.

For a perfectoid space S over k£ and a G-torsor £ over the FF curve Xpr g which has all

geometric fibres isomorphic to £ b we can consider the torsors over S under Gy = Aut(EP),
resp. G, = Aut(£"%),

Qs = Isomg (£, Xgpagy S), Qs := Isomg (E',E" Xspack) S),

cf. [FS21, Thm. II1.0.2(v)]. Note here that there is a HN filtration on & and &', see
[F'S21, proof of Prop. III. 5.3], and we ask the isomorphisms to respect the filtrations.
This preservation is automatic over a point S = Spa(C,O¢), and also for & over
S = Spa(D,D™) since all the fibres have the same HN polygon given by ¥/, cf. [FS21,
Thm. I1.2.19]. We have a map of torsors Qg — Qs covering the homomorphism éb — ég/
By [F'S21, proof of Prop. I11.5.3], these are éb—7 resp. G}, -torsors which are trivial pro-étale
locally on S.
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In the description of G} and ég, given by [FS21, Prop. IIL.5.1], we see that Gy — G,
induces an isomorphism Gb>0 = G§),>O. Indeed, the central torus Z acts trivially on Lie(G)
with the adjoint action and so for A > 0, we have

(Lie(G) @, Qp Ad(b)o) ™ = (Lie(G") ®q, Qp Ad(V)o)

with the notations as in loc. cit.. It follows by loc. cit. that the kernel of éb — ég, is
Z(Qyp). This is also the kernel of G4(Q,) — G}, (Qp).

Recall we let T = Spa(D,D™"). By pulling back the map of torsors f: Qr — Q% over T
along

q:T—)Q’T

given by g, we obtain a Z(Q,)-torsor @ =T X @, Qr — T Since the perfectoid space T'
is strictly totally disconnected, the Z(Q,)-torsor Q is trivial, cf. [FS21, Lem. II1.2.6] (see
also the argument on top of loc. cit. p. 90.). The framings corresponding to g;, i € I, give
Spa(C;,0¢; )-points g; of Q. We can think of (¢;)icr as giving a section of Q over L

On the other hand, we have a morphism y: Q — /\/lig“’tb’ ., which lifts the T-point y of

MGFy s L., it fits in a commutative diagram

y int
Q——> ML,

l l ; (5.5.3)

y .
THMIH/tbl /.
;00 1

The morphism ¥ is obtained by combining the G-shtuka P(®) with the framing provided
by the universal point of Q. We claim that there is an extension of the given section of Q
over I to a section of @ over T. This would give the desired lift g of the framing ¢’ and
finish the proof.

Since Q is the trivial torsor, such a section is given by a continuous function
T — Z(Qp) extending the given function I — Z(Q,). To construct it, we use a
compactness argument. Consider the composition

[yl in KGOS
w3 |Q] =5 Mg, .| =5 Cg =9/ (G).
Note that
w(z-q) = ka(z) +w(q)
for z € Z(Qy). .

Now observe that, since the points z; in our construction lie in /\/lgltl;;(Spa(Oi,Oci)),
the corresponding points ¢; of Q satisfy w(q;) =7, for all i € I. Set T:=w~1({r}) C|Q|.
This is a quasi-compact subset of |Q| since | Q| ~ |T'| x Z(Q),), where |T'| is quasi-compact,
and where the restriction Z(Qp,) — Cg of kg has compact fibres. The last fact follows

because Qz = Z(Q,)/Z(Z,) and Q7 — Qg — Cg has finite kernel, so each fibre is given
by a finite union of cosets of Z(Z,) in Z(Qp).
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Since (%) is compact, by the universal property of the Stone-Cech compactification
we see that the composed map I — T — (%), given by i — ¢;, uniquely extends to a
continuous map SI ~ my(|T|) = mo(T) C mo(|T|) X Z(Qp). This corresponds to the desired
continuous extension |T| — mo(|T'|) — Z(Q,). As above, this produces a section T'— Q
whose composition with §: Q@ — M@, | gives T — M", . This factors through the open

and closed ./\/lgltb; < MY, , and provides the desired z: T — MglthM O

6. The case of trivial p,q

In this section we prove Theorems 2.5.4 and 2.5.5 in the case when p,q =1 is trivial. Note
that when p,q = 1 is trivial, B(G, 1) consists of the unique basic element contained in
it. In this section, b denotes a representative of this unique element.

6.1. The case of trivial

Let first G be a parahoric for G. It follows from the definition that Mg$ = Spec (Zp).
Furthermore, we have

MGh1 =~ G(Q)/9(Zy) (6.1.1)

over Spd(Zp)7 cf. [SW20, Prop. 25.2.1] (in loc. cit. only the case of a torus group

is considered but the proof is valid in the general case). It follows that M‘g“tl 1 is

representable by the formal scheme

M= ] Spt(Zy),
G(Qp)/9(Zp)
and that the formal completion at a k-point is isomorphic to Zp. This proves Theo-
rems 2.5.4 and 2.5.5 in the case when G is a parahoric group scheme. The case of a
general quasi-parahoric follows from Theorem 4.1.1, Proposition 4.2.1 and (2.3.1).

6.2. The general case

The case when p,q =1 is reduced to the case of the adjoint group, as follows. Choose an
extension G — G’ to quasi-parahorics of the natural morphism G — G’ := G.4. Consider
the corresponding morphism of v-sheaves

MGl = MGy
We now use the following functorialities:

e there is an isomorphism f : Mg‘tbl - /\/li;,tfl X spa(z,) SPA(Oy), for each 7 € Cg,,
cf. Theorem 5.1.2. Hence the representability of /\/lg, 1,1 implies the representabil-
ity of ./\/l}jitb’ - R

e there i.s an isomorphism f : Miéltb /e = Mt L1/2 Xspd(2, ) Spd(Oj), for each
x € MEY, ,(Spd k), cf. Proposition 5.3.1.

e there is an isomorphism Mg , = Mg, 1 Xspd(z,) SPA(OE), cf. [SW20, Prop. 21.5.1]
(attributed in loc. cit. to J. Lourenco).

Hence the case (G',1,1) implies the case (G,b,u).
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7. The Hodge type case

We now give the first non-banal cases when we can show the isomorphism of Theorem 2.5.5
and show representability of the formal completions. Let (G,b,u) be a local Shimura
datum. Also, throughout this section, we let G = G4 be a stabiliser Bruhat-Tits group
scheme for a corresponding point x in the extended building. We denote by G° the
corresponding parahoric. We assume we are in case (A), so in particular p > 2.

7.1. The crucial Hodge type case

Let ¢ : (G,p) — (GLp,1q) be a Hodge embedding. We assume that there is a Z,-lattice
AC QZ such that the homomorphism ¢ extends to a closed immersion ¢ : G — GL(A). We
then say that ¢ : (G,u) — (GL(A),11q) is an integral Hodge embedding. Then we also have

g(Zp) = G(@p) N L_l(GL(A ®z, Zp))-
By [PR24, Prop. 3.6.2], this gives a closed immersion
L ignfw - (Mgi(/\),b(b),w)o = Mi(r?rli(A),L(b)7ud Xspd(W (k) SPA(O),

where O = Oj,. The formal completion ./\/ligntb w/zo AL the base point xg fits in a cartesian

diagram

int i int
MG o~ MELAYL(0), o /1(20))O

| |

int L int
MGy == (MEL (), u(b).0) O

Hence, we also have a closed immersion
£ MY 10 = MEL(A),0(0)1afo0) XSpa(W (k) SPA(O).

Here, by [SW20, Thm. 25.1.2] (relating MiGni(A)M(b))M to the RZ-space of EL-type My of
p-divisible groups of dimension d and height h) and the definition of formal completion,

we have

GL(A,(8), pa f1(0) ¥ Spad(W (k) SPA(O) = Spd(R B (r) O), (T.12)
where R~ W (k)[x1,...,zm], for m =d(h—d). The point ¢(z() gives a p-divisible group

% of height h over k and R is naturally identified with the universal formal deformation
ring of Y.
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Proposition 7.1.1. There is a commutative diagram of morphisms of smooth rigid
analytic spaces over Sp(E),

(M, Jn —— SPE(R)E

G,b,u/x0
ﬂgl lWGLh (7.1.3)
X — s Gr(d, ).

The vertical maps are the restrictions of the étale period maps to the tubular neighbor-
hoods. The bottom horizontal map is the analytification of the Zariski closed immersion

X, — Gr(d,h)g,
which is obtained from v : G — GLy. The top horizontal map is a closed immersion.

Here Spf(R)™® is the rigid analytic generic fibre of Spf(R) (in Berthelot’s sense). For
simplicity, we use the same symbol for the v-sheaf (/\/lig“tb /70 ), and for the smooth rigid

9

analytic space over Sp(FE) that represents it.

Proof. Consider the commutative diagram of v-sheaves
: . . N
(MG n ——= MEL, (5), 0 XSpd(2,) SPA(E)

ng lmh (7.1.4)
X;? — GrI‘(d,h)<> XSpd(Qp) Spd(E)

In this, the two horizontal maps are closed immersions. In particular, the bottom
horizontal map is represented by a Zariski closed immersion. The two vertical period maps
are given by the étale period maps (on the left side we combine the period maps on the
components, as in Theorem 4.5.1). Their images are the corresponding open admissible
sets and we have

X329 = (Gr(d,h) Xspa(o,) SPA(E))*™ N X,

cf. [PR24, proof of Prop. 3.1.1]. Note that ( ig“’tb’#/xo)n — (MY, ,)n is an open immersion
by the argument of [G125, Prop. 4.22], cf. [GI21, Lem. 2.31 and its proof]. Hence, all the
v-sheaves in (7.1.3) are representable by smooth rigid analytic spaces. By full-faithfulness
[SW20, Prop. 10.2.3] the top horizontal map is also representable by a morphism of rigid
analytic spaces and the result follows. O

Theorem 7.1.2. Let (G,b,u) be a local Shimura datum and let G be a quasi-parahoric
stabiliser group scheme for G. Suppose p > 2 and assume that there exists a Hodge
embedding ¢ : (G,p) = (GLp,ptq) and a Zy-lattice A C QZ such that:

a) The homomorphism ¢ extends to a closed immersion ¢ : G — GL(A).
b) The Zariski closure X, of X,, C Gr(d,h)g in Gr(d,A)o, is normal.

c¢) The image 1(G) contains the scalars.
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Then the following statements hold:
1) Mlg“# ~X,.
2) For any x € ./\/lig“’tb’#(Spd(k)) there is y € Mg"; (k), such that
Mign,tb,u/fﬁ =~ ( 1goit/y)o’ (7.1.5)
provided that ¢ : (G,p) = (GL(A),1q) is a very good integral Hodge embedding in the sense
of [KPZ24], see below. In the above, the orbit G(k)-y is equal to £(x), cf. (5.4.2).

Proof. By section 3.5, we may assume that x = x( is the base point. For simplicity, we
write

int __ int loc __ loc
Mizo = MG pujwgr M7 =Mgh.

/o

We first show 1), i.e., M'°¢ ~ X ,. By [SW20, Thm. 21.2.1], ¢ induces a closed immersion
of v-sheaves over Spd(Z,),

L2 Grg spaz,) = Grar, spd(z,)-
This gives a closed immersion of v-sheaves over Spd(Op),
MY — Gr(d,h)g, -
Indeed, M" = Mg , is, by definition, the v-sheaf closure of Xff in
Gr(d,h)$,, — GraL, Xspa(z,) Spd(Og).

(See [AGLR22, 2.1] for a discussion of v-sheaf closures.) Since MY = (M!°¢)® and M!°° is
normal, we deduce from full-faithfulness (using [SW20, Prop. 18.4.1] and formal GAGA)
that the closed immersion M" — Gr(d,h)gE is represented by a morphism of schemes,

M — Gr(d,h)o,,.

This morphism extends X,, < Gr(d,h)g on the generic fibres. Now (YH)<> is topologically
flat ([PR24, Lem. 3.4.2]) and so it is the v-sheaf closure of the generic fibre X in
Gr(d,h)g, . We obtain an isomorphism

~ L =F

MY = (M"°)® = (X )¢ < Gr(d,h)$, -

Since M'°¢ is normal and we are also assuming that Y,L is normal, the isomorphism
(M°)® = (X )¢ is obtained from an isomorphism M =5 X, of Op-schemes, as
claimed.

We now proceed to show 2). By [Kil0, Prop. 1.3.2], there is a finite set of tensors

{8a}a C A®, such that G is the scheme theoretic pointwise stabiliser of s,,
G={g€GL(A) | g-54 = 8q,Va}.

By the Tannakian formalism applied to G — GL(A), each G-torsor over an affine Z,-
scheme Spec (A) gives a finite projective A-module N of rank equal to rankz, (A) with
tensors s,(N) € N®.
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Consider the universal G-shtuka over Mi/rgo; its push-out by G — GL(A) is the shtuka
which is obtained from the Breuil-Kisin-Fargues module of the universal p-divisible group,
as in the proof of [SW20, Theorem 25.1.2]. By specialising to the base point zy and using
the Tannakian formalism we see that the G-shtuka over Spd(k) that corresponds to xg
equips the Dieudonné module D := D(%o)(Zp) of 4y with Frobenius invariant tensors
Sa,0 € D®.

Write Rg for the completion of M!°° @5, O at the corresponding point 3y with orbit
£(zp) and denote by mg the maximal ideal of Rg. The O-algebra Rg is normal and
is a quotient of the formal completion Rg ~ R®w O of the local ring of Gr(d,A)o at
yo. Note that, since X w2 M°¢ we see that M'o¢ ®oy O is identified with the reduced
Zariski closure of a G-orbit G-y in Gr(d,h)o, where y is an F-point that corresponds to
a filtration induced by a G-valued cocharacter y, conjugate to u~!. Here F is a finite
extension of Q.

Let us now briefly review certain constructions of [KP18], [KZ21], [KPZ24], and in
particular the notion of a very good integral Hodge embedding; we will use the notations
of these papers. We continue to assume p > 2 and that (a), (b), (c) are satisfied.

Set M = A®z, Rp and denote by fREM C My C M the unique W(RE)—submodule
corresponding to the universal Rpg-valued point of the Grassmannian. This gives a
‘Dieudonné pair’ (M,M;). We will denote by (Mg,,Mp. 1) the Dieudonné pair of

o~

W (R¢)-modules which is obtained by base changing (M, M;) along Rg — Rg. We set
Mpg,1 = Im(¢* Mpg1 — ¢* Mpy,).
Then MRG’l is a finite free /W(Rg)—module and

Mpea[1/p] = (6" Mpg)[1/p).

By the argument of [KP18, Cor. 3.2.11] (which extends to this situation using also the
main result of [An22], cf. Remark 7.1.5), the tensors

Sai=5a®1=0"(s4®1) € A¥ @5, W(Rg) = (6" Mpy)® C (¢" Mr)®[1/p] = Mf;,, 1[1/p]
lie in MI‘?GJ and the scheme
T:ISﬂ(ga),(sa)(MRg,hA ®z, W(RG))

of isomorphisms that preserve the tensors is a (trivial) G-torsor over W\(Rg). The scheme
T is independent of the choice of the set of tensors (s,) C A® that cut out G.
Set ag = m2G +mpRa C Re. There is a canonical isomorphism

C=Cy,: MO,I ®W(k) W(RG/C[G) l) MR@,I ®W(Rc) /W(RG/C(G) (716)

([KP18, Lem. 3.1.9], [KPZ24, §5.2.1]). Here, (Mo, Moy,1) is the Dieudonné pair of W (k)-
modules obtained from (Mpg,,Mg.,1) by the base change given by y§ : Rg — k and
Mo,1 =Im(¢*Mo,1 — ¢* Mp).
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We say that the tensors (8,) are preserved by c if we have ¢(5,,0®1) =35,®1, for all a.
Then the isomorphism ¢ uniquely descends to an isomorphism of G-torsors

I To@wm W(Ra/ae) = T @ p,, W (Ra/aa)-

We say that the integral Hodge embedding (G,u) < (GL(A),uq) is very good at yo,
if there are tensors (s,) C A® cutting out G in GL(A) such that (5,) are preserved by
€ =cy,, see [KPZ24, §5.2]. This is equivalent to asking that ¢ descends to an isomorphism
of G-torsors ¢¥, as above, and this property does not depend on the choice of (s,). We
say that (G,u) — (GL(A),uq) is very good, if it is very good at all y € Mlgocﬂ(k)

The following statement encapsulates a construction of [KP18], as extended in [KZ21],
[KPZ24].

Proposition 7.1.3. Let (G,u) — (GL(A),uq) be an integral Hodge embedding which
satisfies (a), (b), (c) of Theorem 7.1.2 and which is very good” at a point yo € Mlgocu(k‘)
corresponding to the base point xq € ./\/lig“fb’u(Spd(k)). Let Rg be the formal completion of
the local ring of Gr(d,A)o at yo. There exists a p-divisible group 4™V over R which is
a versal formal deformation of 9o and which satisfies the following property:

Let K/E be a finite field extension and T : Rg — Ok a local O-algebra homomorphism
satisfying:

a) The filtration on D®Zp K which corresponds to the deformation 9z = T*(4"™V) of

the p-divisible group 9o to Ok given by base change of 9™ via T*, is induced by

a G-valued cocharacter which is G-conjugate to p~';

b) The tensors sq.0 € D® correspond to tensors Sa,ét € Tpg;f@ under the p-adic (étale-
crystalline) comparison isomorphism.

Then the homomorphism x* : Rg — O factors through the quotient R — Rg.

Proof. Let us give a very quick overview to orient the reader. The construction of
@univ yses Zink’s theory of displays. By the argument of [KP18, §3.2.12] we obtain a
‘Dieudonné display triple’ (Mg,,MRrs,1,¥YR.), as in loc. cit. (see Remark 7.1.5 below
and the proof of [KZ21, Prop. 3.2.7] for the removal of Condition 3.2.2 in [KP18]). This
triple gives, by [KP18, Lem. 3.1.5], a Dieudonné display over R and then one constructs
also a versal display (Mg, Mg 1,VR) over Rg which lifts (Mg, Mp.,1,VR.)- The display
(Mg,Mpg, 1,%R) gives the desired versal formal deformation GV of G over Spf(Rg).
We can then see that the p-divisible group 4"V, as constructed as above, has the
property stated in the proposition. For this first note that, by [KZ21, Prop. 3.2.7], a
deformation ¥z of ¢, which satisfies (a) and (b) is a ‘(G,u~!)-adapted lifting’ in the
sense of [KZ21, Def. 3.2.4]. Then the claim follows from [KZ21, Prop. 3.3.4] (the same
statement under additional tameness hypotheses on G also appears in [KP18], see [KP18,
Prop. 3.3.13]). O

2this condition was erroneously omitted in [KP18], and the first version of [KZ21]; the fact that
it is satisfied in all cases of interest is shown in [KPZ24].
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The versal formal deformation 9"V over Ry of the p-divisible group %, induces
an identification of Spd(Rg) with Mgi(A)’L(b)’MMzo) Xspa(w) Spd(0). We will now use
Proposition 7.1.3 to check that the rigid analytic closed subspace

Spf(Rg)"™ < Spf(Rp)"® = Spf(R)'#

agrees with the rigid analytic closed subspace ( i/r;to)n, under the identification induced
by diagram (7.1.3).
Let K/E be a finite extension. We will compare (Ml/rgo)n(K) and Spf(Rg)"8(K) as

subsets of Spf(R)gg (K).

Proposition 7.1.4. For all finite field extensions K/E, there is an inclusion
(M), (K) C Spf(R)"®(K).

Proof. A K-point x of (./\/l‘/rgfo),7 gives, after composing with (./\/ll/r;to)n — Spf(Rp)'e, a
formal scheme morphism Z : Spf(Og) — Spf(Rg). The point z also gives a crystalline
representation

po: Gal(K/K) — GL(T,(95)") (7.1.7)

on the linear dual of the Tate module gf the p-divisible group ¢z obtained from ¥"™V as
above, by pulling back by Z. Take C' = K which supports a Gal(K /K )-action and consider
the corresponding point Z : Spa(C,O¢) — Spd(K) — (/\/ll/r;to)n which gives a (G, u)-shtuka
(P3,0%.) with framing. By Proposition 4.6.1 we obtain a functor

Pz : Repy, (G) — Zy-Loc (Spa(C,Oc¢)) = Zy-mod

such that Pz(A) = T,(¥9z)". For v € Gal(K/K), there is an isomorphism R, (v) : Pz ~
Pz, =Pz giving the Galois action (7.1.7), i.e., Ry (7)(A) = pz (7).

The G-invariant tensors s, € A® give, by applying the functor P, corresponding tensors
Sa60 € Tp(9z)V®; these are invariant under the action of Gal(K/K) through p,. As in
§4.7, we see that the Galois representation p, factors

Pz * Gal(K/K) — g%(zp) - gﬂ(ZP) - G(Qp)v

where 3 € IIg is such that z lies in the component Shg,z,)(G,b,u) of (/\/lignfb’u)n, cf.
Theorem 4.5.1. Note that

gB ®ZP Zp o~ g@Zp Zp-

Choose a uniformiser mx of K and a collection of roots 71'}(/’7 "in K ¢ C. We can
now see, as in [PR24, §3.5], [KP18, (3.3.3)], that the Breuil-Kisin module 2z of ¥z
obtained using these choices can be refined to a G3-Breuil-Kisin module. By definition,
this is a Gg-torsor over Spec (W (k)[u]) with meromorphic Frobenius structure, see
loc. cit.. Refined here is meant in the sense that the push-out by G§ ®z, W(k) —
G®z, W (k) — GL(A®z, W(k)) recovers the GL(A®z, W (k))-torsor over Spec (W (k)[u]])
which corresponds to 9z. By pushing out the torsor by G ®@z, W(k) — G ®z, W (k),
we obtain a G-Breuil-Kisin module &gk over Spec (W (k)[[u]]). The tensors s, induce
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tensors 3, € M2 over W (k)[u], comp. [KP18, (3.3.3)]. (Note that after base changing
by W (k)[u] = W(O¢) given by (ﬂ'%pn)n, Pk gives a G-Breuil-Kisin-Fargues module.
By the proof of [PR24, Prop. 3.5.1], the restriction of this G-Breuil-Kisin-Fargues
module from Spec (W(Oc¢)) to Vi,00)(C,O¢) is isomorphic to the initial (G,u)-shtuka
(Pz,02,) which corresponds to the point z.) Recall that the tensors s, also induce
Sa,0 € D®, where, as above, D = D(%O)(Zp) is the Dieudonné module of the special
fibre Y9 = 9 ®o, k. The existence of s, above, together with the compatibility
properties of the Breuil-Kisin functor (see for example, [KP18, Thm. 3.3.2, Prop. 3.3.8]),
implies that s, 4 and s,o correspond under the comparison isomorphism between
p-adic-étale and crystalline cohomology. It also implies that the Hodge filtration on
D®Zp K which corresponds to the deformation ¢3 is induced by a G-cocharacter. The
above compatibility of the G-Breuil-Kisin module gk with the initial (G,u)-shtuka
(P 3,02, ) implies that this cocharacter is conjugate to p=!.

The conditions a) and b) of Proposition 7.1.3 are now satisfied for z* (the p-divisible
group ¥z is ‘(G,u~1)-adapted’, in the terminology of [KZ21]). It follows that the morphism
T* : Rp — Ok inducing ¥; factors through Rg — Op. This gives a K-valued point of
Spf(Rg)™& and hence z belongs to Spf(Rg)™8(K). O

Now (./\/ll/r;to)n and Spf(Rg)"¢ are both smooth rigid analytic spaces over Sp(E) of the

same dimension, both closed in Spf(R)gg. Since R is normal, Spf(R¢)'# is connected, cf.
[deJ95, Lem. 7.3.5]. From Proposition 7.1.4 it now follows that, under our identifications,

(M )y = Spf(Re) ™. (7.1.8)

/zo

Let us now complete the proof. Both Spd(Rg) < Spd(Rg) and M’/“wto — Spd(Rg) are
closed immersions of v-sheaves. By Proposition 4.2.1 (b) and [PR24, Prop. 3.4.9], ( i/r;to)n
is ‘topologically flat’, i.e., |(M‘/I;to)n| is dense in |M‘/I;to| Similarly, Spd(R¢) is topologically
flat by [PR24, Lem. 3.4.2]. Since by (7.1.8), \(Ml/rgo)n\ = |Spd(R¢),|, we deduce that

M1t | = |Spd(Rg)|. Hence, by [SW20, Lem. 17.4.1], comp. also [Sch17, Prop. 12.15

[To
(iil)], we have

M = Spd(Re),

/o

under the identification of Spd(Rg) with EE(A)’L(b)’#d/b(zo) X spa(w) Spd(0) induced by
@univ _ (Compare to the argument in the proof of Prop. 5.3.1, case (i).) O

Remark 7.1.5. In [KP18, §§3.2, 3.3], there is always the blanket assumption that G
splits over a tamely ramified extension of QQ,. This is because essential use is made of
‘purity’ of G°-torsors over Spec (W (k)[[u]]) \ {(u,p)} which was shown in [KP18, Prop.
1.4.3] under this tameness hypothesis on G. This purity is now proven in all cases by
Anschiitz [An22]. With this additional ingredient, the proofs go through, see [KZ21],
[KPZ24]. Note that when G is essentially tamely ramified, then in [PR24, §5] there is a
simpler proof of the purity statement in question.
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7.2. Reduction to the (very) good Hodge type case

Proposition 7.2.1. Let (G,b,u) be a local Shimura datum of abelian type and p > 2. Let
G be a quasi-parahoric group scheme of G and let x be a point in the building #°(G,Qp)
such that G° =G5 C G C Gx. Write

ada/j/ad H ReSF /Qp Z’Mz) (721)
1=1

with all H; absolutely simple. Assume that all p; are non-trivial. Then there exists
a central lift (G1,b1,11) of Hodge type for (G,b,u) as in Definition 2.1.3 and a point
X1 € B°(G1,Qp) with stabiliser group scheme G = Gx, 1, with the following properties:

1) The images of the points x1 and x in B(Gaqa,Qp) define the same parahoric subgroup
scheme of G.q.

9) Ey = Ep.
3) There is an integral Hodge embedding (G1,p1) = (GL(A),puq) which satisfies (a), (b),
(¢) of Theorem 7.1.2 and which is very good.

Proof. We first observe that we may assume that G,.q is Qp-simple. Indeed, we can
construct first (G,u1) and then G; and the integral Hodge embedding, by taking the
product over the factors in (7.2.1). From now on let Gaq = Resp/q, (H), with H absolutely
simple over F.

We index by I the set {¢, }yer of embeddings ¢, : F < Q,. For each v € I, we set 2,
for the Dynkin diagram of H ®F, 4, Q,. Also write

w:Gm g, = Respyo, H)®g, Qp = [[H®rp, Qpy 1= (1t0)ver-
vel

By the arguments in [De79, 1.3.6, 1.3.8], the condition that (Gaq,ptad) is of abelian type
implies that for each v € I, p, is either trivial, or it corresponds to a node s, in the
Dynkin diagram &, which is among the ‘encircled nodes’ of the diagrams displayed in
the table [De79, 1.3.9]. In fact, (Gaq,paq) is one of types A, B, C, D D as described
in [De79, 2.3.8], see also [Se79, §3, Annexe]. For example, if n > 4, D™ means that each
(non-trivial) factor is (Dp,wy) or (Dp,wy ;) and D® means that each factor is (Dy,wY),
cf. [HLR24, §5]. Note that, by [Se79, §3, Cor. 2], since p is not trivial, H cannot be a
trialitarian form Dé(lg) or DSLG). Recall that we assume p > 2. Hence, it follows that H splits
over a tamely ramified extension of F.
Denote by 1. the set of v € I for which p, is trivial and set I,,. = I'\ I... Set

.@ = uUEI@’U-

The Galois group I' = Gal(Q,/Q,) acts on & compatibly with its action on the set of
embeddings L.
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By our assumption p is not trivial, so I,,. # 0. Let S C 2 be a Galois stable subset such
that, for each v € I,,c, SNZ, = {s, }, a node in Z,, from the underlined nodes in the table
[De79, 1.3.9] for (Zy,s,).> A node s € SNZ, gives an irreducible representation

Ps qu@p — Hsc ®F,¢U @p — GL(V(S))

over @p. Here, Gs. and Hg. are the simply connected covers.

If (Gag,ftad) is of type A, we can choose s, for v € I, to be one of the two endpoint
nodes; these correspond to the standard representation of Hy. ®p 4, @p ~ SL,4+1 and
its dual. In fact, if H ~ PGL,,(D), with D a division algebra over F, then we can
and will choose every s,, for v € I,., to be the node that corresponds to the standard
representation. Then, s, is the node corresponding to the standard representation for
all v. If (Gaq,ptaa) is of type DY then S, for each v, is the node given by the simple
endpoint of the type D,, Dynkin diagram.

In all cases, consider
D
sES

which, for sufficiently divisible n, gives a representation V' of G, defined over Q,; denote
by Vs the unique irreducible factor of Vi, isomorphic to V(s)®"; the Galois group T
permutes the factors Vi by an action compatible with its action on S C 2. There is a finite
étale Qp-algebra Kg such that Homg, (K 5,Qp) = S as I-sets and so the decomposition

Ve, @ ~EPV.
s€S
is induced by a corresponding Kg-module structure on V which is such that on Vy, Kg
acts via the map Kg — @p that corresponds to s. Note that since S — I is I'-equivariant,
Ks is naturally an F-algebra. It is a product Kg = []; K of field extensions K; of F
which are all at most tamely ramified over F. The units Kg = ][, K are the points of
a torus T = Resp/q, [ [; T; with Tj/F splitting over the tame extension K;/F. We have
Kl c GL(V), i.e., T" < GL(V), and this centralises the map Gsc — GL(V'). Denote by
Gl the quotient of Gg. which acts faithfully on V; then

Gse — GL.— GL(V).

The group G, is the restriction of scalars Gi. = Resp/q, H{., with H]. a quotient of Hy.
In fact, we see that H!. = Hy. in all cases, except for groups of type D. In the case of
type D, the kernel of Hy. — H.. is either trivial in type DX, or of order 2 in type DE.

n’
Set

Gy:=G.-T < GL(V).

3The table in [De79, 1.3.9] requires a small correction which is explained in the translation
of the paper on Milne’s webpage: on the first line (case A) all nodes should be underlined if
p = 1. But in our construction we do not use these omitted nodes anyway.
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We have G1 = Resp/q, H1, with Hy = H{ - ([]; 7j). As in [De79], we see that p: G /g, —
(Gad)@p lifts to a fractional cocharacter u’ of G;C’ 9, The composition of this fractional
0d, GL(Vg,) — GL(V;) is trivial when s maps to v € I, in which
case we set V; = V;(0). When s maps to v € I,,., then this composition has exactly two
distinct weights r,, and r, — 1, with 7, as indicated in the table [De79, 1.3.9], so that

Vs - Vs(rv - 1)@‘/‘3(TU)

cocharacter with G;

We can now consider the direct sum decomposition of Vg —into two summands: one,
Vg, (0), given as the sum of all V;(0) and all Vi(r, —1), and the other, Vg (1), given as

weights 0 and 1 on these two summands and p factors through (G1)g, = (G- .
Then G; — GL(V) gives a Hodge embedding for (G1,11) and (Gad,1,/ad,1) = (Gad,ftad)-

We will see that the above construction produces a desired (Gi,u1) but we also need
to explain how to choose x; and hence the corresponding stabiliser group scheme G; for
G1. We let x,4q be the point corresponding to x in the building Z(G,Q,) = B°(Gad,Qp).
Choose a ‘nearby’ point x,q € #B(G,Q,) which is generic in its facet and is such that the
parahoric group schemes of Gnq for x/; and x,q coincide, i.e., have the same Zp—points.
Now lift x/; to x; under the canonical map #°(G1,Q,) = B(Gaq,Qp). This defines the
stabiliser group scheme G = Gx, 1.

We now verify that the pair (Gi,u1) and the point x; € %°(G1,Qp) satisfy the
desired conditions (1), (2) and (3). Conditions (1) and (2) follow immediately from the
construction, and it remains to explain Condition (3). This calls for the construction of
a suitable integral Hodge embedding ¢ : (G1,p1) < (GL(A),1q); we will explain how this
can be done by choosing the lattice A in a representation obtained from V above.

If (Gag,phaa) is of type A and H ~PGL,,(D), with D a division algebra over F, then
for the above choices, V is isomorphic to a direct sum of copies of the representation of
SL,, (D) given by the action on D™, considered as a Q,-vector space; this extends to a
representation of Gy = Resp/q, GLy, (D).

If (Gagsptaa) is of type DE| then for the above choices, G; = Resp/q, H1, with H; the
neutral component of an orthogonal similitude group over F' and V is isomorphic to the
restriction of scalars of its standard representation. More precisely, as in [PZ13, §5.3.8],
[T79], we see that Hy and V are as in one of the following cases:

a) There is an F-vector space V' =~ F?" and a perfect symmetric F-bilinear h’: V' x V' —
F such that Hy = GO (V’,h/) where, as usual, for an F-algebra R,

GOV, h)(R) = {GLr(V'®@r R) | b (gw,guw’) = c(g)y(w,w’), c(g) € R},

and T signifies taking the neutral component. Then the representation space V is a direct
sum of copies of V' considered as an Q,-vector space by restriction of scalars.

b) There is a (left) D-module W ~ D™ for a division quaternion F-algebra D and a
non-degenerate anti-Hermitian form ¢ : W x W — D for the main involution on D, such
that H; = GU"(W,¢), where GU(W,¢) is a unitary similitude group defined as follows:
Consider the alternating F-bilinear form ¢ : W x W — F' given by

P(wi,ws) = Tr (¢(wr,ws)).
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where Tt? : D — F is the reduced trace (cf. [PZ13, §5.3.8], [RZ96, Prop. A.53], applied to
n=1.) For an F-algebra R,

GU(W,)(R) ={GLpe,r(W) | d(gw,guw’) = c(g)t(w,w'), c(g) € R*}.

The representation space V is a direct sum of copies of W considered as a Q,-vector
space of dimension 4n by restriction of scalars.

The existence of an integral Hodge embedding ¢ : (G1,u1) < (GL(A),11q) satisfying (a),
(b) and (c) of Theorem 7.1.2 and which is very good now follows from [KPZ24, §6]:
see [KPZ24, Thm. 6.1.1] (for ‘non-exceptional cases’, see loc. cit. Remark 6.1.10) and
[KPZ24, Thm. 6.3.2] (for the remaining cases of type A), and [KPZ24, Thm. 6.2.3] (for
type D). In all cases, A = @7_;A; C VO is a lattice in a direct sum of r copies of the
representation V as given above, for some r > 1. The lattice A is obtained by summing
up lattices A; C V in a suitable lattice chain in V. O

8. Proofs of Theorems 2.5.5 and 2.5.4

In this section we prove our main theorems. We treat the cases (A) and (B) separately.

8.1. Proof of Theorem 2.5.5 in case (A)

Let (G,b,u) be of abelian type and of type (A), and let G be quasi-parahoric.
Write (Gad,bad,ptad) = [[;(Resp, jq, Hisbispi), where H; is absolutely simple. We split
(Gad,bad, ftaq) into the product of two factors: in the first factor we lump together all
components (Resp, /QpHi,bi,,ui) where p; is trivial, and in the second factor we lump
together all components (Resp, /QpHi,bi,yi) where p; is non-trivial. Let us first assume
that the first factor is trivial.

Write GY C G C Gy, with Gx(Z,) the stabiliser in G(Q,) of a point x in the extended
building %°(G,Q,) of G(Q,). Using Proposition 7.2.1 we construct (G1,b1,u1) of Hodge
type with G; a stabiliser group scheme of G; such that there is a (very good) integral
Hodge embedding

(G1,11) = (GL(A), pa)

satisfying all the conditions of Theorem 7.1.2. By the construction, we have a group

scheme homomorphism G; — g;d = gad,xgd extending G; — G,q. We similarly have G —

Gad := Gad,x,q, giving G — Gaq. Note G5y = G12,.
First note the natural isomorphisms

loc ~_ prloc ~ Trloc
Mg5, = MG, s XSpec (0.q) SPEC (O) =2 MGY ., XSpec (0, Spec (O) (8.1.1)

obtained from [SW20, Prop. 21.5.1], and Mlgoi?’m ~ Mlgof’m, Mlgof’ﬂ ~ Mlgo’cw from [SW20,
Prop. 21.4.3]. These induce isomorphisms of corresponding formal completions.
We now apply Theorem 7.1.2 to (G1,b1,41) and obtain, for each z; € M}

(Spd(k)), an isomorphism

nt
1,b1, 01

Mint ~ (Mloc )<>7

G1,b1,p1 /1 G1,m1 /11
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where y; is a corresponding point in Mg¢ , (k) ~ Mlgoi?ym(k) whose G1(k)-orbit £(x1) is
well-defined and determined by x1, see (3.4.2). It then follows from Proposition 4.2.1 (b)

that, for 21 € Mg, . (Spd(k)), we also have

int ~ loc <
G9,b1,pr /1 — (Mg(f,ﬂl/yl) :

On the other hand, Proposition 5.3.1 applied to the map (G$,b1,11) — (G2, bad; fad)
induced by G1 — G/, gives

MG b 1 MG bosiaa s, = M buasiaa ot
where 27 is the image of z1. Here, the last equality follows from G2, = G/2,. Combining
these we obtain isomorphisms,
MG2 bupinafat, = MGy ) = (MGE, ) (8.1.2)
for all points 2/ of Migngtd,bad,uad (Spd(k)) which are in the image of ./\/ligngtybl’m(Spd(k))

under the natural map induced by G — G2,. Here, yi and yaq correspond to
y1 above under the isomorphisms given by (8.1.1). By §5.4, this set of points of
Mg‘éﬁ baaopiag (SPA(K)) 15 the set of Spd(k)-points of a union of ‘components’ ./\/lglgf Tbld’md,
for a certain set of 7. Using Proposition 4.4.3 applied to G.q and the fact “fhat the
map ¢ of (3.4.2) is constant on each J,(Qp)-orbit, we see that the same conclusion,
i.e., the isomorphism (8.1.2), follows for points in all components of Mgl;td,bad, fina and,
therefore, for all points in igni’fd,bad,uad (Spd(k)). We obtain that Theorem 2.5.5 holds for
(Gad,bads ttaq) and all parahorié subgroups of G,4. Therefore, by the argument in the proof
of Theorem 4.1.1 (which uses Theorem 4.4.1), the result also holds for (Gaq,bad;ttaa) and
all quasi-parahoric subgroups of G.q4. In particular, it holds for G,q. Theorem 2.5.5 for
(G,b,p), G and z € M, ,(Spd(k)) now follows from the above combined with Proposition
5.3.1 applied to (G,b,1) = (Gad,bad, ttaa) and (8.1.1).

This concludes the proof of Theorem 2.5.5 when the first factor of (Gad,bad,ttad) is
trivial.

Now let us consider the general adjoint case. Using the compatibility of Mgttb’ u and
Mg ,, with products (cf. §2.4), it suffices to consider each factor separately. The second
factor has been treated above. For the first factor the assertion follows from section 6.
Now the passage from the adjoint case to the general case follows by the same argument
as above.

8.2. Proof of Theorem 2.5.4 in case (A)
Via the ad-isomorphism G — Gaq it follows using Theorem 5.1.2 that Mg  is

representable by a normal formal scheme locally formally of finite type over O, provided
this representability holds for the adjoint group. As in the above proof, we may consider
separately the case where p,q is trivial and the case where all components of p.q are
non-trivial. The first case follows from section 6. Let us consider the second case.
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As in the above proof, using Proposition 7.2.1 we construct (G1,b1,u1) of Hodge type
with G; a stabiliser group scheme such that there is a (very good) integral Hodge
embedding

(G1,111) = (GL(A), pa)

satisfying all the conditions of Theorem 7.1.2. Then, using Theorem 7.1.2 we deduce that
int Jo is representable by the formal spectrum of a Noetherian normal complete

G1,b1,1 ;
local ring, for any z € &+ by, (Spd(k)). The proof of [PR24, Thm. 3.7.1] now applies
and we obtain that g‘ibh 18 representable by a formal scheme which is normal and flat

locally formally of finite type over 0. (Note that [PR24, Thm. 3.7.1] is stated for parahoric
G. However, given the construction of the specialisation map for quasi-parahorics as in
§3.4 above, the argument extends in a straightforward fashion to our situation, in which
G4 is quasi-parahoric. The argument in loc. cit. requires gl(Zp) =GL(A ®z, Zp) NGy (@p)
and this holds here since G; < GL(A) is a closed immersion.) Since the maps G — G4 and
G1 — Gaq are both ad-isomorphisms, it now follows using Theorem 5.1.2 twice, together
with Proposition 4.4.3 applied to G,q, that Mgltbzb, for each 7 € )¢, is representable by

such a formal scheme. It follows that Mig“,tb, w= I_ITMigr:tb’; is representable by a formal

scheme which is normal and flat locally formally of finite type over 0.

8.3. Proof of Theorems 2.5.5, 2.5.4 in case (B)

Recall that in case (B) we have p =2 and Gaq = [[;-; Resg, g, Hi, with H; = B /F*,
or H; = PGSp,,,, or p; trivial. As in the proofs of Theorems 2.5.4 and 2.5.5 in the case
(A), we can easily reduce to the case that m =1 and assume Gaq = Resp/q,H with
H = B*/F*, or H=PGSp,y,. In the first subcase, we take G = Resp/g, B*. In the
second subcase, we first set

<an> = TrF/Qz (v,w)

where (v,w) is the standard perfect alternating F-bilinear form on F?". Then we take
G1 = J, with the group J defined by

J(R) = {g € GL2,,(F ®q, R) | (gv,gw) = c(g)(v,w), c(g) € R*}.

In each subcase, we lift 11,9 to a corresponding minuscule p;.

The quasi-parahoric G gives a corresponding point x in the extended Bruhat-Tits
building %¢(G,Q,), so that G° = G%(Zy) C G(Za) C Gx(Zs). Consider the stabiliser group
scheme Gp := G x, of G which corresponds to a point x; in #°(G1,Q2) that lifts the
point X,q in the building B(G.q,Q2), as in the argument in the proof for the case (A)
above. The devissage results of §4 (Theorem 4.1.1 and its proof), allows us to replace
G1,x, by the stabiliser group scheme of a point which is generic in the smallest facet
that contains it, and still has the same parahoric neutral component. Therefore, we can
assume that x; already has this ‘genericity’ property. We can now see, using [RZ96,
App. to Chapt. 3] and the standard explicit description of the buildings for these groups
([BT84], [BT8T]), that there is a lattice chain (L), resp. a self-dual lattice chain (£), such
that the stabiliser group scheme above is given as a scheme theoretic stabiliser of (L)
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in Gy. The data (Gy,b1,u1) together with the lattice chain (£) determine integral EL-,
resp. PEL-data D as in [RZ96], see also [SW20, Def. 24.3.3].

Consider the corresponding RZ formal scheme M3V (as defined in [RZ96]; the
hypothesis p # 2 is not needed in this case). Then MV is a formal scheme locally
formally of finite type over Oj. Under our assumptions, MB2ive has formal completions
at closed points which agree with those of the naive local model MIgve ([RZ96, Prop.
3.33]); recall that this follows by Grothendieck-Messing deformation theory which applies
for p=2. Note that in general, Mi§"® and MV are not flat over O (this accounts for
the terminology ‘naive’.)

Set Mp := M2t to be the closed formal subscheme of M2V given by chains of 2-
divisible groups which are ‘Mg’f m—admissible’ in the sense of [SW20, Lect. 24, 25]. Note
that under our assumptions, Mlgof 4, is a closed subscheme of the ‘naive’ local model
MIE¥ve which is identified with the flat closure of its generic fibre; in particular, this flat
closure has reduced special fibre. Indeed, in the case where G = Resg/q, B*, this follows
from [PRO5, Thm. 7.3] (based on Gortz [G01]). In the case where G1 = J, this follows
from [PRO5, Thm. 12.4] (based on [G03, GO05]). (These two results also follow from the
proof of the coherence conjecture by Zhu [Zhul4].)

By [SW20, Cor. 25.1.3], we have

(Mp)® ~ ML,

as v-sheaves over Spd(Op,). It follows that Mig“ibh u, is represented by the formal scheme

Mop. By its construction and the above discussion, we obtain that the formal scheme

Mp has formal completions at closed points which agree with those of Mlgoﬁ pos D
particular, Myp is normal and flat over O, since these properties hold for Mlgoﬁ ., - Hence

the representability conjecture 2.5.1 holds and .# g, p, ., = Mp. We can now pass from
(G1,b1,p1) and Gy, to (G,b,u) and G, by the same devissage as in the proofs in case (A).
This completes the proofs of Theorems 2.5.5 and 2.5.4 in case (B).

Remark 8.3.1. Our strategy for the proofs of Theorems 2.5.5 and 2.5.4 in case (B)
could be applied to more EL/PEL cases than the ones currently given, provided that in
the corresponding cases the results of [RZ96, App. to Chapt. 3] can be suitably modified
for p=2. An example is given by the unramified unitary group, cf. [RSZ21, App. A]. On
the other hand, it is also reasonable to expect that the strategy of the proof in case (A)
could be extended to p =2 (at least assuming that G is essentially tamely ramified), if
the constructions of [KP18], [KPZ24] can be extended to cover p = 2. Such an extension
was given in [KMP16] in the hyperspecial case, i.e., when G is reductive over Zsy, and in
[Ya25] in some parahoric cases.
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