BULL. AUSTRAL. MATH. SOC. 57D70
VOL. 20 (1979), 281-283. (57D60)

On the Morse-Smale characteristic
of a differentiable manifold

George M. Rassias

In this note, the Morse-Smale characteristic of a differentiable

manifold is defined and certain of its properties are studied.

Let M be a closed (that is, compact without boundary) ¢
differentiable manifold and f : M - R be a C00 differentiable function
on M . Apoint p € M is a eritical point of §f , if and only if, the

induced map

Fx TMp - TRf(p)

is zero, where IWP is the tangent space of M at p . A real number

a €R is a eritical value of f if f-l(a) contains a critical point of
f. If f‘-l(a) contains no critical points, then a is a regular value
of f . A critical point p of f is said to be non-degenerate if and
only if the matrix

[[Bef/ax.ax .](p))

v JJ

is non-singular. This matrix defines a symmetric bilinear form on the
tangent space TMp . This bilinear form is the Hessian of f at p . The
index of a critical point p of f is the maximal dimension of a subspace

of TMp on which the Hessian of f is negative definite.

A C differentiable function f : M+ R is said to be a Morse

function if f has only non-degenerate critical points.
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DEFINITION. Let M be a closed C  differentiable manifold of
dimension »n . The Morse-Smale characteristic of M , denoted by wu(¥) ,
is

u(M) = min Z e, M, ) ,
feq i=0
where § is the space of Morse functions on ¥ , and ci(M, f) is the
number of critical points of index Z7 of f in @ .

THEOREM. Let M be a closed C~ differentiable manifold,
dimM =n<h . Then

u(M) = min Z , ) = 5‘ min ¢, (M, ) .
feQ =0 i=0 feq

Proof. If 7» =1 it is obviously true. If »n = 2 , it can be also

proved that the equality holds.

If n =3, then by Smale [1], [?], there exists a Morse function f
on M3 having a single critical point of index O , and a single one of
index 3 ; that is,

e, (P, 1) = e, 1) =

However, the Euler characteristic of M3 equals zero. Thus
e, (3, f) = c2[M3, f) because of the last (equality) of the Morse
inequalities. Hence

3 4 . 3 _ . 3
I}ZS tZO e, (M, f) = nio [2+201(M . f)) =2+2 nin e, (, 1)
3
= Y mine, (M f)
i20 feq

PROBLEM. Find necessary and sufficient conditions on M" , n= b,
so that

U(ﬂﬂ) = min )“ c. [ﬁf f) min c, (1/‘ f)
f& i=0 —0 e

Using an argument similar to that of the previous theorem, in particular
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the fact that the Buler characteristic of any closed odd-dimensional

manifold equals zero, the following proposition can be proved.

PROPOSITION. The Morse-Smale characteristic of any closed c”
differentiable odd-dimensional manifold is an even integer greater than or
equal to 2.

REMARK. It is not known yet for which closed Cm differentiable
manifolds M, N ,

(M x N) = w(M)u(n) .

(Of course, u(M x N) = u(M)-u(n) .) If this is the case, then u(H3] =2
where H3 is any homotopy 3-sphere and so the Poincaré conjecture would
be true since u(H3 x H3) = L4 . 1In particular, the Poincaré conjecture is

true, if and only if, w(#3) < u(#> x #9)
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