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Abstract

Inf-sup conditions are proven for three finite-difference approximations of the Stokes equa-
tions. The finite-difference approximations use a staggered-mesh scheme and the schemes
resulting from the backward and the forward differencings.

1. Introduction

Inf-sup conditions, which have been introduced independently by Babugka [3] and
Brezzi [5], are important to study the linear boundary-value problems with a constraint
such as the following.

Find (u, p) € X x M satisfying

Au+Bf=f inX,
Bu=g inM, (1.1)

where X and M are two Hilbert spaces, X’ and M’ are their corresponding dual spaces,
and A € L(X; X’) and B € L(X; M’) are two linear operators with B’ € L(M; X’)
as the dual operator of B.

The linear operators A and B are associated with the bilinear forms

a(.,): X xX > R, b(.,): X xM-— R.
Let (., .) denote the duality pairing between the spaces X and X’ or M and M’. Then

(1.1) is equivalent to the following variational problem.
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Given f € X' and g € M’, find a pair (4, p) € X x M such that

a(u,v) +bv, p) = {f, v) Vve X,
b(u,q) =(g.q) VgqeM. (1.2)

The inf-sup condition related to (1.2) is

b
3C >0 suchthat inf sup—2P) 5. (1.3)

peM\0} yex [lullxllpllne —

The bilinear form a(., .) in (1.2) is related to the norm ||.||x in (1.3) for most problems.

The inf-sup conditions in the continuous problems and the finite-element problems
are studied extensively in many places, for example Aziz and Babu%ka [2] and Babuska
[3], Brezzi [5] and Girault and Raviart [6]. On the other hand, conditions for three
finite-difference approximations of the Stokes problem are proven for the first time
by Shin in his Ph.D thesis [10]. This result is simplified and shown in this paper.

The finite-difference schemes that we are interested in this paper are a staggered-
mesh scheme and the schemes that come from the backward and the forward differen-
cings. These schemes are rather simple and hence serve well to the theoretical point
of view. The proofs are done by setting a relation between a continuous space and its
finite-difference approximation space and uses the inf-sup condition of the continuous
space.

2. Definitions

Let  be in a domain in R and let T" be its boundary. For simplicity, we focus
on the case when d = 2, but the results in this paper will hold for any d > 2. We
denote by L%(2) the space of real functions defined on 2 which are integrable in the
L? sense with the usual inner product and norm

(u, v)aq 1= ff uvdA, |ull = (u, u)q.
Q

Let
H)(Q) := {u € L*(Q) | u, u, € L*(2) and u|r = 0}

have respectively the inner product and norm
@ hai= [[ Vu-Vvda, kg i= G
Q
and

L) :=={p € L*() | (p, Do = 0}

https://doi.org/10.1017/50334270000009255 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000009255

[3] Inf-sup conditions for finite-difference approximations of the Stokes equations 123

We use the notation u = (u;) for a vector. We shall often be concerned with
two-dimensional vector functions with components in L2(2) or H; (S2). The notation
L*(2)?, H} (2)* will be used for the product spaces. Define, foruand v € L2(Q2)?,

2
W, V=) (vde,  lulf:=@u)g

i=1

and for u and v € H}(Q)?,

2
(w, V)0 := Z(un Vi)ia, ||lll|f‘g = (u,u); 0.
i=1

We also make some definitions analogous to the above on discrete subsets of the
unit square S in R?. Let

S:={(x,y)eR?|0<x,y <1}

and T be a boundary. Let

1
h:= N for some N € N,
R?2 := {(lh,mh) € R* | I,m € N},
Sh = S N IR2,

where S is the closure of S. Define
Simi={x,yeS|(I-Dh<x<lh,(m—1h <y < mh}

forl,m=1,..., N. Figure 1 shows S;,, when N = 3.
For an arbitrary discrete set €2, of the form

Q= {(h,mh) € S |lp <! <land my <m < m,},
we define

Q= {(h,mh) € Sy | lh+1<I<li—1,mog+1<m=<m —1},
e(Q) :={(h,mh) € S, | h+1<I<l;,my<m=<my},
w(2) :={(h,mh) e S |lp <l <li—1,my<m < m},
s(2) :={Uh,mhy e Sy |y <l <li,my<m<m — 1},
n(2y) :={(lh,mh) e S | b <l <lj,mg+1<m=<m}
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FIGURE 1. §;,, when N =3

as the interior, east, west, south and the north sides of €2, and define

se(S2) :=s() Ne(),  sw(S2) = s(82) N w(S)
ne(Q) :=n(Q) Ne(Qy),  nw(y) = n(Q) Nw().

For the boundary '), of 2, we define
e(Ty), w(ls), s(Th), n(Ty)

as the east, west, south and north parts of I', including the end points.

In this paper, we want to study both standard and staggered grids. The staggered-
mesh schemes use different grids that are staggered for the pressure and the velocity.
A staggered grid is shown in Figure 2. The points marked by P, I, and /1 are where
the pressure and the first and the second components of the velocity are defined,

respectively.
Let
1 1
S, = 1-5 h, m—z hleS|lm=1,...,Ny},
1
S,:={(lh,(m—i)h)eSIl=1,...,N,m=0,...,N+1],
1
S,,:={((I—E)h,mh)eSll=O,...,N+1,m=1,...,N}.
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FIGURE 2. Staggered grid

Then these are the sets for P, I, and /1. Figure 2 shows S,, S; and §;; when N = 3.
Staggered-mesh schemes have been used by Amsden and Harlow [1], Brandt and
Dinar [4], Harlow and Welch [7], Patankar and Spalding [8], Raithby and Schneider
[9] and others.

Let L2(£2,) be the space of all discrete functions defined on €2, with inner product
and norm

U, Vg, :=h* Y U, WV(x,y), U, = (U, U,

(x,)EQ

respectively and let
L3(Q) :={P € LX) | (P, g, = 0}.

Then L%(S2,) and L2(2;) and the discrete analogies of L*(S2) and L3(S2).
For notational convenience, we introduce

Ui := U(lh, mh),
and define the forward, backward and central differencings on the x axis and y axis,

respectively, as
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U, m = U'm U,m - U.m
Ger Ui = i"T—’—, Gyr Ui = L“h—’

Ulm_UI—lm Ulm_Ulm-l
8X_U - = —'—'_’ 8 _ m = '_—'_,
(8:._U), p (5,-U), -

Usiim = Uit mit —Upm_1
Grol)pm = —*T’—— Byl 1= —2 - il

Define the discrete gradients as
Vo= @G b) Voi=(u8,0), Vo= (50, 850,

and let V} be the five-point discrete Laplacian, then V: = V_.V, =V, . V_.
The inner product and the norm of

Hy () := (U € L*(4) | Ulr, =0}
are defined as
W, Vg, =V, U, ViV)a,y, = VU, V_V)ay, HUllf,Qh = U, U,

which are the sums over all points in 2, where difference quotients are defined. The
inner product and the norm of the product spaces L*(£2;)? and H{(§2;)* are defined
naturally from L?(£2,) and H, ().

3. Inf-Sup conditions for finite-difference spaces

To show the inf-sup conditions for finite-difference spaces which come from ap-
proximations of the Stokes problem, we begin with the related theory for partial
differential equations. The steady-state Stokes equations in R? are

Viu+Vp=f
V.u=g inQCR?

where the velocity u is a vector of dimension d and the pressure p is a scalar. Refer
to Aziz and Babuska [2] for the proof of the next theorem.

THEOREM 1. Let 2 be a bounded domain with a Lipschitz-continuous boundary. Then
there exists a positive constant C, = C,() such that any p € L3(2) has a vector
u € H, (Q)? which satisfies

Vou=p in Q and |ul’g <C,lpl3
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7 Inf-sup conditions for finite-difference approximations of the Stokes equations 127
The above theorem implies the so-called inf-sup condition for the Stokes problem.
THEOREM 2.

. (V -, )2 -
PeLyENO wer o 10117l PG

By the next theorem, we will get the inf-sup conditions for finite-difference spaces.

THEOREM 3. There exist positive constant Cy, which is independent of h, such that
(1) any P € L3(Sp) has a vector U € H}(S;) x H}(S;) which satisfies

(Vo-U, P)s, = || PI5, 10T s, + 15, < CAIPIS,
(2) anyPe L (S°) has a vector U € H} (w(Sy)) X H (s(Sy)) which satisfies
(V--U, P)g = Cill Pll%, UL sy + 10205 s,y < CrlIP IS
(3) any P € Ly(SY) has a vector U € Hj(e(Sy)) x H, (n(Sy)) which satisfies
(V+-U, P)g = Cil|Pllg, UL sy + 1020 s,y < CrlIP IS

Setting C := 1/Cy, we get the following inf-sup conditions for some finite-
difference spaces.

THEOREM 4. There exists a positive constant C, which is independent of h, such

that
Vo U, P)2
1) sup Vo U P o cppiz,  vp e L)),
verisoxaisn 10T s, + ||U2||1 s,,
V_..-U,P
® s ( > CIPI, VP e LASD.
UeH] (w(Sk))x H} (s(Sh)) U || 1,w(Sy) +1 U2”1 ,5(Sh) "
(v+ g,, 2
3) sup > C|| P, VP e L3(S9),
UeH{ (e(Sh))x Hj (n(Sh)) U ” lLesy T ||U2"1 J(Sh) ’

PROOF OF THEOREM 3. We first prove (1). Let P € L}(Sp). Then we define the
piecewise-constant function p € L2(S) by

Plsin =Py m-1, (3.1)

fori,m=1,..., N. Note that

(p,Ds=(P,1)s, =0 and [iplls=1Pls,- (3.2)
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Since p € L2 ¢(S), by Theorem 1, there exists a vector u = (uy, u;) € Hy (S)? such
that

V-u=p in § and |uli; < Clpls. (3.3)

Fort € [0, 1], define the line segments

({—1t)h, ifl<l<N;
x(t) =40 ifl =0;

| N ifl=N+1,

(m —t)h, ifl <m<N,;
Y (t) == {0 ifm=0;

N ifm=N+1.

If we define ,
iy = [ wh, s d,
(4]

forl=0,..., Nandm =0,...,N +1, and

WUi—im = /Oluz(xz(t),mh) dt,
fori=0,...,N+1landm =0,..., N, then

U:= (U, Us) € H)(S;) x Hy(S11)
since u € H} ().

Let’s first show that
(Vo-U, P)s, = ||PJI},

By (3.2) and (3.3),
1P, = lpls = (V -u, p)s.

Hence it is sufficient to show that
(VO ‘U, P)SP = (V -, P)s-

Using change of variable and the definitions of U, and U,, one gets

CRIZ) ff -aﬂdA (3.4)
St.m
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9] Inf-sup conditions for finite-difference approximations of the Stokes equations 129
and

1
@Gyol2)i-tm-t = n /:/Sl,... Ky_ dA, (3.5)

forl,m =1,..., N. Hence, using (3.1), (3.4) and (3.5),

N
(Vo-U, P)s, =h* ) (Vo Uy Py

I,m=1

N
im Stm

Next we show that, for some constant Cy,
1U s, + 12013 s, < CAPIS,- (3.6

By (3.4) and the Schwarz inequality, we have

du
15:-nlsy = Wl l, = 3 (h2 / / _'dA)
m=1
1 3 aul Bul
< n Z area(S m) f ('—) dA = ff( ) . 3.7
1,m=1 Stm

To evaluate ||8,_U, [|a(s,), we need some definitions. Let

Dy = {(x (1), ym (1)) | £ € [0, 1]},

forl,m =1,..., N, then D,, is a diagonal line segment in S, ,, and generates an
upper and a lower triangles in S; ,,, which we denote by U, ,, and L, ,,, respectively.
Figure 3 shows D, ,, U, , and L;,, when N = 3. Define

1
WUPm :=f uy(x; (1), ym()) dt,
0

forl,m=1,...,N.
Note that

Gy-Uin-y
1
=+ (Wit = WDny)

1
= = (UDney = WPYn + UPIm = UPYmor + UPims = UPDin3)
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Uis Uy Us;
13 43 43
L3 Ly L3,
Uy, Un Uy,
{2 52 42
L, Ly Lj,
Uy, U Us
fi 51 41
Ly Ly L

FIGURE 3. D",,,, Ul,m and L; when N = 3.

forl=1,...,Nandm =2, ..., N. Similarly to (3.4), one gets

(//%dA+/[ %dA /f "_“.‘dA) (3.8)
Ly VU 1 Lim-1

By the way that u, and U, are defined, form = 1,

Gy-Uim-t =

1
Uiy =0= [ G0, 00,
0

and, form = N + 1,

1
Uiy = 0= f (1), 1) .
V]
Hence, form =1,

(8}'— U )l,m—%

1 1 1
=5 (/ ui(lh, y. (1)) dt —/ ur(x (1), O)dt)
0 0

1
= / 1k, Y (1)) — ur(xi (1), ym (1)) + w1 (x1 (1), Y (1)) — ur (22 (1), 0)) dt
3u|
hz(// —dA+/:/;m-—dA> 3.9
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Similarly, form = N + 1,

Uiy

1 1
- —1-(f 0 (0, l)dt—f u,(lh,ym(r))dt)
h 0 0

131

= l‘/‘(ul(xz(t), D) — ui(xi(t), ym (1)) + u1(x (1), Yy () — w1k, ym (1)) dt

=] 5o I 5 )

Note that, for any real numbers, x, y and z,

G+y+2 <2+ +22+2(xy+yz+x2) <3G+ y +725).

Applying the Schwarz inequality to (3.8) and using (3.11), one gets

6ty < (st [ (G an
le
auy \’
+ area(L;m U U; ) / / (—‘) dA
Ly mUUp ay
3u1
+area(L;m- n)ff ( ) )
Lim—1
(L Gy ensf] () e
Ly mUUpm-1
ff(5) o
Lim—1

forl=1,...,N—landm =2,..., N. Similarly (3.9) implies, form = 1,

(a,_Ul),m_-s,%(ffLm (%) aat // (%) dA)

and (3.10) implies, form = N + 1,

6ty =< ([ (G) anr [ (32 an)

Combining equations (3.12) to (3.14) gives

8,-U, ”n(s,) = 6"“1"1 s
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By (3.7) and (3.15), one gets
2 2 2 2
U, "|,s, = [18,-Uy ”e(S,) +118,-U; ",.(s,) = 7"“1"1,5-
It is similar to show that
2
||U2"1,s,, =< 7”“2"%,5-

Thus,
IV s, + 1021 5, < Tlall} s
By (3.1) and (3.3),
lulis < Glipls = G, PIIs.
Taking C; := 7C,, we get the inequality in (3.6), which completes the proof of

statement (1) in Theorem 3.
Now let’s prove the statement (2) in Theorem 3. Let P € L3(S}) and define

pISI,m = Pl.m
forl,m=1,..., N —1,then p € L3(S,,). Hence there exists a vector u € H} (S;,,)*
such that
V.u=pinS, ad [ul}, =<GClpl%,.
Define .
(- t)h, ifl<l<N-1;
x(t) =141, ifl =0;
1-h ifl=N,
[((m—t)h, ifl<m<N-1;
ym(®) =11, ifm=0;
1-nh, ifm=N.
We define

1
Ui = f urUh, yu(0)) dt
0
forl=0,.... N—landm =0,..., N,
1
(U2)im :=f us(x,(t), mh) dt
0
forl=0,..., Nandm =0,...,N — 1, and then

U = (U, U)) € Hy(w(Sy)) x Hy(s(Sh)),

since u € Hy (S;,,)?. The proof that U satisfies the required properties is similar to the
proof for statement (1). The proof for (3) is similar to the proof of (2).
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4. Conclusion

The inf-sup conditions are proved for three finite-difference approximations of the
Stokes problem. The finite-difference approximations use a staggered-mesh scheme
and the schemes resulting from the backward and the forward differencings.

If Qy is the Schur complement of the linear system generated by one of the finite-
difference approximations that we discussed in this paper, the inf-sup conditions that
we proved in this paper can be used to prove that the condition number « (Q}) is
independent of mesh size & and to prove the convergence estimation of the solution
generated by Q,, which we report in [12]. These results for @, support the use of
the pressure equation method, a new fast iterative method introduced by Shin and
Strikwerda [11], and other iterative methods to solve the finite-difference approxim-
ations of the Stokes and the incompressible Navier-Stokes equations, since the Schur
complement O, plays an important role in studying those equations.

Future research on the inf-sup conditions for other finite-difference approximations
and for other linear boundary-value problems with a constraint needs to be done.

5. Acknowledgements

The work of D. Shin was supported by the TGRC-KOSEF 1995. The work of
J. C. Strikwerda was supported by the U. S. Army Research Office under grants
DAALO03-87-K-0028 and DAAL03-91-G-0094.

References

[1]1 A. A. Amsden and F. H. Harlow, “The SMAC method: a numerical technique for calculating
incompressible fluid flows”, Los Alamos Scientific Laboratory Rept. LA-4370 Los Alamos N. M.,
(1970).

{2] A.K. Aziz and I. Babugka, “Survey lectures on the mathematical foundations of the finite element
method”, in The Mathematical Foundations of the Finite Element Method with Applications to
Partial Differential Equations (ed. A. K. Aziz) (Academic Press, New York, 1972) 1-362.

(3] L Babuika, “The finite element method with Lagrangian multipliers”, Numer. Math. 20 (1973)
179-192.

[4] A.Brandt and N. Dinar, “Multigrid solutions to elliptic flow problems”, in Numerical Methods for
Partial Differential Equations (ed. S. V. Parter) (Academic Press, New York, 1979) 53—148.

[5] F.Brezzi, “On the existence, uniqueness and approximation of saddle-point problems arising from
Lagrange multipliers”, R. A. I. R. O., Anal. Numer. R2 (1974) 129-151.

[6] V. Girault and P. A. Raviart, Finite Element Methods for Navier-Stokes Equations, Springer series
in Computational Mathematics, 5 (Springer, New York, 1986).

(7] F. H. Harlow and J. E. Welch, “A domain decomposition method for incompressible viscous flow
of fluid with free surface”, Phys. Fluids 8 (1965) 2182-2189.

https://doi.org/10.1017/50334270000009255 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000009255

134 Dongho Shin and John C. Strikwerda [14]

[8] S. V. Patankar and D. B. Spalding, “A calculation procedure for heat, mass, and momentum in
three dimensional parabolic flows”, Int. J. Heat Mass Trans. 15 (1972) 1787-1806.
[9]1 G.E. Raithby and G. D. Schneider, *Numerical solution of problems in incompressible fluid flow:
Treatment of the velocity-pressure coupling”, Num. Heat Trans. 2 (1979) 417-440.
[10] D. Shin, Fast solvers for finite difference approximations for the Stokes and Navier-Stokes equa-
tions, Ph. D. Dissertation, Unviersity of Wisconsin at Madison (1992).
[11] D.H. Shin and J. C. Strikwerda, “Fast solvers for finite difference approximations for the Stokes
and Navier-Stokes equations”, to appear.
[12] D. H. Shin and J. C. Strikwerda, “Convergence estimates for finite difference approximations of
the Stokes equations.”, J. Aust. Math. Soc. Ser. B 38 (1996) 274-290.

https://doi.org/10.1017/50334270000009255 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000009255

