A GENERALIZED AVERAGING OPERATOR
D. B. SUMNER

1. Introduction. The averaging operator Vf(2) = }[f(z + &) + f(2)] has
an extensive literature, the most detailed account being that of Nérlund
(4). In discussing solutions of the functional relation

(1.1) Vf(2) = ¢(2),

he defines a “principal solution’ (4, p. 41) by means of a summability process,
and later, working in terms of complex numbers, he obtains (4, p. 70) a
principal solution of (1.1) by means of a contour integral. He distinguishes his
principal solution from other solutions, by showing that it is continuous at
k = 0. His work includes a detailed account of the polynomial solutions
of

(1.2) Vf(z) = 2,

the Euler polynomials with assigned values at z = . Milne-Thomson (3,
pp. 5197521) gives an account of generalized Euler numbers arising from the
operator V¥, (N a positive integer) and of the generalized Euler numbers.

In this paper the ideas of Milne-Thomson are taken a step further. The
operator V* is defined for all real A, and is shown to be applicable to a wide
class of functions. Polynomials corresponding to the generalized Euler poly-
nomials of Milne-Thomson and a sequence of numbers corresponding to
Nérlund’s C-numbers (4, p. 27) are defined and some of their more important
properties established. The inverse operator V™ is defined, and is shown to
invert the operation V* and to give a unique solution in terms of the functions
to which V* is applicable.

2. Generalized power of the averaging operator. The averaging (or
mean) operator is defined for span % by

2.1) Vi(a) = 3lf(z + b + ()],

and its positive integer powers by

M

(2.2) V¥ (x) = V) = Zm(ff)f(z + hp) /2™,
To define V*f(2), where \ is related to the positive integer N by
(2.3) N—1<\<N,

we use the formal relation
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Vf(z) = 3(1 + exp kD). f(2),
and write

_ (1 + exp hD)"**
~2"1 + exp KD)* '’

v p=N+1-2
The operation in the numerator can be expressed by means of (2.2); and to
obtain a representation of the operation in the denominator, we use the fact
that

1 1 “tie exp (—tw)dw

(1 4 exp t)” T omdo E(a,w)
where ¢ is real, « is positive, 0 < ¢ < a and

(2.4) E(a, w) = T'(a)/T(w) T'(a — w).
Using the abbreviation
¢+ i
f for f ,
c ¢—ioo
we then have formally
Ny 1% <N + 1) w (" exp(—hDw)dw

@5 V@)= 72\ 5 ) ) e B w) @
3 ff <N + 1) f(z + ph — hw)dw
B P e 2m E(p,w) 2"

on using the shift operation exp (kD) . f(z) = f(z + k). We take (2.5) as the
definition of V(2), if \ satisfies (2.3), the span h is positive or negative and the
integrals exist.

Although less restrictive assumptions as to the nature of f(z) would be
sufficient to ensure the existence of the integrals in (2.5), we shall assume
throughout that

0

(2.6) f(2) is an entire function of exponential order k, kh < .

The following proposition is then an easy consequence of (2.6) and the
fact that

[T(c+ 40) T(g — ¢ — )| ~ 4 exp(—7[v]) . [o|", (Jo] = »):

if ¢(z, h) is the function defined by (2.5) and f(2) satisfies (2.6), then ¢(z, h)
is an entire function of exponential order k (in 2) and

@7) lim ¢(z, 2) = f(2).

Thus ¢(z, ) has the property (2.7) which was noted by Nérlund (4, p. 46)
as being characteristic of his principal solution of the functional equation
Vf(z) = ¢(z). It must be observed, however, that there do exist entire functions
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in z, for example, cos(wz/h) which satisfy neither (2.6) nor (2.7), but for which
the operation V* is defined when M\ is a positive integer but not otherwise.

In the particular case when A = N, the definition (2.5) gives for f(2)
satisfying (2.6),

Mern — o in (N (flz+ 2 —w)]+flz+h(p 41— w)]
VG =2 Eo( >f 9mi (1, ) dw

=2NZN;( ) {rf[z+h(zb—w)] }

= sin Tw
rof (V) st

which is the value given in (2.2).
We may confine ourselves to cases where & > 0 by reason of the following
extension property: if ¢(z, k) = V*f(2), then

(2.8) o(z + kN, —h) = ¢(z, h).
For reversing the summation, and making the change of variable w = u — £,
we have

= o v N+ 1) flz + hg — h§)dk
o(z + AN, —h) 2 ZO ( q y—e 2T E(u, u — £)

_ o N+1N+1) f(z + hg — hE)ds
=2 Zo: (q ¢ 2mEw,§)

by Cauchy’s theorem, since 0 < ¢ < u, 0 <p —c <y, and E(u, p — §) =
E(”: S) :

3. The exponential property of V*. We prove that

(3.1) VeVEf(z) = VtEf(z)
when «, 8 are positive. On account of (2.2) it is sufficient to give details for
the cases
3.2) 0<a+6<L1
(3.3) 1<a+p<2
For the proof in the case (3.2) write « + 8 = . Then
2 2> f(z + hn — hw) dw

¢ = VAS — ).

(34) vf(z) - "Z=O (n . 2727r1E(2 -, 'lU) (0 <c<2 7):

andfor0 <a <2 —a,0<b<2 -3,

vIViE) = p.:=o(§><2> f 2"2mE(2 o 5) fz =t ;Lfrf g(g - ;»:v)w)]dw

(3.5)
2 ds F(s + w) dw
7;)( > f 221 EQ2 —a,5) J,2m E2 — 8, w)’

™
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where F(§) = flz + h(n — §)] + 2flz + h(n + 1 — O] + flz + h(n + 2—9)].
By Cauchy’s theorem we may take 0 < a < b; then

F(s + w) dw J' F(¢) dt
22T E(2 — B, w) 21 E(2 — B, 8 — )’

Hypothesis (2.6) guarantees the absolute convergence of the integrals in
(3.5), so that

2w

IrG)T@—=—B—(+s5)TR—a—s)T(¢ —s)ds
227 T'(2 — a) I'(2 — B)

(2 I‘(E)I‘(4—v—£) F(£) dt
B Zo: (n> f 227 T4 — v) ’

by Barnes's Lemma (1, p. 155). Abbreviating this expression as

2
273 (721)[11 + 2L, + I4]

we let the lines of integration in I, and I3 be changed to b + 1 and b4 2
respectively; and since the only positive poles of the integrand are at
§=4—1v,56—14,...andsince4 — v > 3, nopolesliein the stripb < R(§) <
b + 2. Cauchy’s theorem may then be applied to give

ILi+2+ Is = f
[TETE—y=HF2PEFDTB—y— )+ TE+2) T 2=y —§)]flz+h(n—§)] di

21 T4 — v)
f PO T2 —v—8flz+h(n—§]dt
b 271'1 P(2 - 'Y)

Thus we have from (3.4)
VeVbf(z) = VHbf(z).

., 3 flz + h(n — w)] dw
V(=) = <n> f 2’2mE(3 -rw) '

2 fz+h(p+q—s—w)]dw
v véf(z) = 0<P>< ) f E(2 —a,s) 27(21”) E@2 - B,w)

f {f[z+k(n —s—= w)]+f[z+h(n+ 1—5 —w)]}dw
b 2m E(2 — B, w)

and the previous argument may then be used to establish the result.

In the case (3.3)
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4, The numbers g} and the polynomials g}(z). We digress here to
define certain fundamental numbers and polynomials associated with V.

Let

2* 2, gk i
(4.1) TFepd) - 20: _ (It] < =),
(42) 8@ = 3 (:;) £

On writing G(¢) = 2*(1 + exp {)~*, we obtain
[1 4 exp(—=H)]G'(t) + AG() = 0,

Z (2)[1 + exp(—t)](k)G (n+1—k)(t) + )\G(n)(t) — 0,

k=0

from which, on setting ¢ = 0, and using the definition g} = G®(0), we have
the recurrence relations

Z, (Z)(—)"gzﬂ_k +20u+ 2 =0

or
(43) ( ) Z )( ) g17+1 + 2gn+l + Agn = 0, n >0,
go =1
It is an easy calculation to establish for the polynomials g;*(z) the generating
relation
A
(4.4) 2'exp(st) Z g4 (2) .

(1 + exp O S R
The numbers gk have the following explicit value in terms of the Stirling
numbers:

(4.5) &= <—)"p2=1 IO+ )/T(N) 2.

For we have
— ®( — (=) [ whexp(—tw)dw
hm ¢mO 1;1’(1) 2 J. EQ\w)

- k ”I‘()\ + p) exp (—tw)dw
fim (-~ )2X T(\) 2w fE(x+p,>\—w)’

where
?.k
Ti=lim S
are the Stirling numbers of the second kind (2, p. 134), and use is made of
the identity

- ;:‘1 20w+ p)/T(w).
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Thus, using the notation (\), = T(A + p)/T(N),

g =lim ()2 3 10— Ly 3 S0,

We prove next that
(4.6) kk w(z/h) = 2.
Writing ¢ = z/k, we have from (4.4),

o EHn—w) o

k
G = L pldC+n—w +duE+r+1-w)l

Multiplying throughout by

(ZZ)/QWi QEWNV 41—\ w),

summing from # = 0 to N, and integrating with respect to w along the line
R(w) = ¢ makes the right-hand side equal to

© tk
Z’; 7 Ve(#),
and the left-hand side equal to
e’ 2 ( ) exp (—tw)dw
§! + A+ e 2m E(N 4+ 1 — \, w)

B e’g(l—l-et)N o
T Ta T T

Thus
© tk -
= 2 i V'a®,

and the result stated follows by comparing coefficients.
We note here that the function k*g}(z/k) has the property (2.7).

5. The inverse operator. A definition for negative powers of V is obtained
from the observation that formally
ot 2" (" exp(—hDw)dw

o " O T TFepir *® Taal. Eaw 0@

2 qs(z — hw)dw
T 2m E(\w) '

We take (5.1) as the definition of V¢ (z), and as before assume that ¢(z) is
of exponential order k, kh < m, as a sufficient condition for assuring the
existence of the integral in (5.1). This definition is valid for any real %, but

0<c< A
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we are justified in confining ourselves to the case £ > 0 by the following
extension property

(5.2) if f(3) = V¢(3), then f(z — b\, —h) = f(z, k).
For on setting w = A — £, and observing that

0<ZE =)—c <\,
we may apply Cauchy’s theorem to see that

- _ o(z — Ao + hw)dw
27f(z — kN, —h) = . 9w B\, ) 0O<c<N)
o [ etk
ree 21 EON, A — £)

= (2= hdE _ oo, gy,

¢ 2mE(N E)
The definition (5.1) is easily applied in special cases. Since
Y hw)m (m)
63 Vo) = 2 [ 72 w)m_o @)

I

( D™ . » T'(w + p)
$() + 21r1f E()\ ) ¢ )(Z),;y"‘ T(w)

m!
s +2 5 G g 7, 1N

I'(w 4+ p) T\ — w)dw
¢ 2mT@P+N)
s + 3 S gy 7 LD
© gm o gm (m)
=6+ X L em@ g = X G,

m=0 m!

I

by (4.5) when the series converge. Thus when ¢(2) = 2*,
k k
6o v =2+ 3 () iemg = 3 (B )i
1 m 0 m
Other simple cases would be
(5.5) Ve = 2% /(1 + )

e .k /( @)*
(5.6) v smz—sm(z 2) cosy ) .

That the operation (5.1) does indeed invert V*f(z) is shown in the theorem:

THEOREM. If ¢(2) = O(exp «[z]), (]3] = =), kb < w, and F(3) is defined
by (5.1), then F(2) is of exponential order «, and

(5.7 VAF(2) = ¢(2).
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That F(z) = O(exp «|z|) may be proved in a manner similar to that by which
(2.7) was established. To prove (5.7), let 0 <a < N+1—2X, 0<b <A,
and consider

o s (N + 1) F(z + ph — hs)ds
VIFG) =27 3 2m EQN + 1= \5)

B ’%I(N+1> ds
S 4\ p JJ2mENF1-15)

J‘ olz + ph — h(s + w)ldw
3 %1 (N + 1> ds é(z + ph — hE)d
= 2T EWN +1 =N 5) Jaso 2T E, £ — 5)

0
Since @ + b < ¢ + A, and the poles of the inner integrand lie on the lines
AE) =a,a—1,...,ZE =a+Na+r+1,....
Cauchy’s theorem may be applied to give

. ~ N+1(N+1> ds
V@ = 2 2HEN 1N

¢(z + ph — hE)dE
b 21I"LE()\, E - S) '
The exponential order of ¢(z) and the order properties on vertical lines of
the I-function (5, p. 151), are sufficient to establish the absolute convergence
of this iterated integral, and Fubini's theorem may be applied to give

N+1
Ve - 5 (N: 1> f o(z +z;f;i— ht)dg
fr(s) TMA\—t+s)T(IN4+1—\—5) T — s)ds
a 2m TN T(V+1 =)
_ ¥ (N + 1) 6(z + ph — ht)dt
0 P » 2m
P(s) TN — £+ s)T(N+1— X —5)T(E— s)ds
La 2 TN T(V+1—2)

by Cauchy’s theorem, where the contour L, is obtained by deforming R(s)=a
in such a way that the poles of T(V + 1 — A — 5) T'(¢ — ) lie to the right
of L,, while the poles of I'(s) T(A\ — £ + s) lie to the left. Then by Barnes’s
Lemma (1, p. 155),

N+‘N+1) olz — h(t — p)ldt
V'F() = ;( oM EWNF1Le —A4TE

N (N+1) ( élz— k- p)ldE
A‘Zo< » >f 2 E(N + 1,8

To evaluate
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Cauchy'’s theorem may be applied, since 0 < p < N, to give
N — —
4=3 (N + 1) ols — h(t — p)ldt
0 b4 so 27 E(NV + 1, §)

i (N + 1) ¢(z — he)dt
w2mi E(N + 1, p + £)

_ ¢<z—hs) (N+1>r<p+e>r<zv+1—p—s)ds
0 v +1)

2w
_ (z - hg) l)p(E)r
= ) E + 1, 5% 5 =,
where
X (=N = 1),(8), _ » [-N ~ Lk ] MO
};' pl(E—N), B £— i1 (¢ — N)yn
_ (=M1 _TV+1+¢)T(=§)
(¢ — Nyt TG r(v+1-4%)
_ TWV+148(=9
re)r(v+1-%-°
Thus A + B
_ f L) T(N+1-§) ¢[z—h(E—N—-1)] — T(N+1+¢§) T(—£) T'(z—h¢) d
27 T(N + 1)

_{f _ J‘}F(N+1+'w)1‘(—w) ¢(z — hw)dw
B b—N—1 » 2m T(V + 1)

o Re {P(N+1+;u21§(+;v))¢(z ) o4 e,

which completes the proof.

6. Remarks. Itis well known that the functional equation

(6.1) V¥ (2) = ¢(2), N=12..)
has solutions other than that given by (5.1). For example, if p(z) has the
property
(6.2) p(z+h) + p(2) =0,
it is a solution of the homogeneous equation

V*f(z) = 0;

and if it is added to the solution of (6.1) given by (5.1), the resulting function
is still a solution of (6.1). It does not, however, have the property (2.7), since
for example p(2) could be sin(r z/k) or cos(w z/k). Moreover it need not
satisfy requirement (2.6), since

cos(m z/k) = Olexp(x|y|/h)], (Iy] = =),
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and V* need not then be defined except when A\ = 1,2,.... These facts

suggest the possible existence of a set of eigenvalues A = 1,2,..., with a
family of eigenfunctions corresponding to each eigenvalue for the operator
VA
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