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Abstract
‘We formulate Guo—Jacquet type fundamental lemma conjectures and arithmetic transfer conjectures for inner forms
of G Ly,;,. Our main results confirm these conjectures for division algebras of invariant 1/4 and 3/4.

Contents
1 Introduction 2
1.1 Background . . . . . . . . . e e e e e e e e e 2
1.2 Arithmetic transfer for central simple algebras . . . . . ... ... ... ... ..... 4
1.3 The fundamental lemma conjecture . . . . . . . . . . .. ... L oo 4
1.4 The arithmetic transfer conjecture . . . . . . . . . . . . . . oo 5
1.5 TInvariant 1/4and 3/4 . . . . . . . e e e e e e e e 7
1.6 Key aspects . . . . v v v v i i e e e e e e e e e e e e e e e 7
1.7 Opendirections . . . . . . . . . o i i i i e e e e e e e e e e 8
1.8 Layoutofthepaper . . . . .. . . . . . . ... 9
I The arithmetic transfer conjecture 9
2 Invariants 9
3 Fundamental lemma 13
3.1 Setting . . . . . . e 13
3.2 Orbitalintegrals . . . . . . . . . e 13
3.3 The fundamental lemma conjecture . . . . . . . . . . .. ... 15
3.4 Functional equation for Orb(y, f/,s) . . ... ... ... ... .. ... ... .. .. 19
4 Arithmetic transfer 23
4.1 Local Shimuradata . . . . . . . . . . .. it e e 23
42 Moduli SPaces . . . . . . i e e e e e e e e e e e e e 27
43 QuadraticCMcycles . . . . .. ... e 28
4.4 Intersectionnumbers . . . . . . .. L Lo e e e e e 30
4.5 The Arithmetic Transfer Conjecture . . . . . . . ... . ... ... ... ....... 33
IT Orbital integrals for GL4 34
5 Main results 34

© The Author(s), 2025. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution-NonCommercial-NoDerivatives licence (https://creativecommons.org/licenses/by-nc-nd/4.0), which permits non-commercial
re-use, distribution, and reproduction in any medium, provided that no alterations are made and the original article is properly cited. The written
permission of Cambridge University Press must be obtained prior to any commercial use and/or adaptation of the article.

https://doi.org/10.1017/fms.2025.10034 Published online by Cambridge University Press


doi:10.1017/fms.2025.10034
https://orcid.org/0000-0002-6042-1291
https://orcid.org/0000-0003-2959-1660
https://creativecommons.org/licenses/by-nc-nd/4.0
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2025.10034&domain=pdf
https://doi.org/10.1017/fms.2025.10034

2 Q. Li and A. Mihatsch

6 Hyperbolic orbits 36
6.1 Lattice decomposition. . . . . . . . . . ..o e e e e e e e 36
6.2 Latticechains . . . . . . . . . . e e e e 38
6.3 Orbitalintegrals . . . . . . . . . . e e e e e e e 40

7 Germ expansion 42
7.1 Simplified lattice counting . . . . . . . ... oL e e 42
7.2 The germ eXpansion . . . . v v v v v v e e e e e e e e e e e e e e e e e 43
7.3 Theprincipal germ . . . . . . ... L. e 46
7.4 The parahoric Case . . . . . v v v v v i i e e e e e e e e e e e e e 50

8 Orb(y, fp,)s Orb(y, fi,) and O0rb(y, f;,) 52
8.1 Thecentral values . . . . . . . . . . . e e e 52
8.2 Thecentral derivative . . . . . . . . . ... L 54

III Intersection numbers on M, 4 and M3y 55

9 Main results 55

10 Surface intersections 56

11 Multiplicity functions 58

12 Invariant 1/4 63
12.1 Drinfeld’stheorem . . . . . . . . . . . . e e e 63
12.2 The basic construction . . . . . . . . . . . ..o e e 65
123 Conormalbundle . . . . .. . . . . .. e e 67
12.4 Intersection nUMbErs . . . . . . . . . oot L e e e e e e 68

13 Invariant 3/4 74
13.1 Conormalbundle . . . . .. .. . ... .. e 74
13.2 Intersection locus (simplified formulation) . . . . . . ... ... ... ... ... .. 76
13.3 Intersection locus (set-theoretic support) . . . . . . . . . . .. ... .. 77
13.4 Cartier theory . . . . . o v v i i e e e e e e e e e e e e e e e e e e 80
13.5 Intersection locus (superspecial points) . . . . . . . . .. .. ... 82
13.6 Intersection locus (non-special points) . . . . . . . . . ... ... . oo 91
13.7 Intersection NUMDbETS . . . . . . o v v v v it e e e e e e e e e e e e e e e e 94

References 99

1. Introduction
1.1. Background

Even though our paper will be purely local in nature, we begin by describing its global motivation.
Let F be a totally real number field, let K/F be a quadratic CM extension, and let D/K be a central
simple algebra (CSA) of degree 2n. Let * : D — D be an involution of the second kind. Recall that this
means that (xy)* = y*x* and that = restricts to the complex conjugation on K. We further assume that
* is positive in the sense that trdp g (x*x) > O for all x # 0. Let 8 € D* be a skew-hermitian element,
meaning that §* = —B. Then the algebraic group (over Q)

G = {x € D°»* | x*Bx = v(x) for some v(x) € G,,} (1.1)

is an inner form of a unitary similitude group in 2n variables and the above data can be completed into
a PEL type Shimura datum (G, X ). The resulting Shimura variety Shg can be described as a moduli
space of polarized abelian varieties with D-action and level structure.

For example, we may take (D, *) as the matrix algebra M>,, (K) with transpose conjugation x* = x’.
Then 8 € GLy,(K) can be any skew-hermitian matrix and G is the corresponding unitary similitude
group GU(K?", B).
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Coming back to the general situation, we assume that the signatures of 8 are (2n — 1, 1) at a unique
archimedean place and (2n, 0) at all others. Then Shg is of dimension 2n — 1, and our interest lies in
algebraic cycles in the arithmetic middle dimensionn—1 = | (2n—1)/2]. By work of Li—Liu [25, 26] for
D = M, (K), it is known in many cases that the height pairings of such cycles are related to the leading
terms of the Taylor expansions of certain L-functions. This relation can be understood as a generalization
of the Gross—Zagier formula [14, 43] to higher dimensions. It is moreover parallel to the arithmetic
Gan—Gross—Prasad conjectures [12], and it also represents an instance of the Beilinson—Bloch height
conjectures [3, 4].

We are thus lead to the problem of constructing algebraic cycles in arithmetic middle dimension on
Shg, and of relating their height pairings to the Taylor expansions of L-functions. One construction
of such cycles, going back to W. Zhang, is given by imposing additional quadratic multiplication. The
resulting cycles differ from the ones in [25, 26] which are instead closely related to Kudla—Rapoport
divisors. We next describe this construction in more detail:

Let E/F be a totally real quadratic extension and let E < D be an F-linear embedding such that
x* = x for all x € E. The centralizer C = Centp (E) then has center EK and is preserved by *. If we
further choose these data such that g lies in C*, then we can define the algebraic group (over Q)

H := {x € C°"* | x*Bx = v(x)p for some v(x) € G, }. (1.2)

This is an inner form of a unitary similitude group in n variables for the quadratic extension EK/E. One
may always find a PEL type Shimura datum X for H such that (H, Xy) — (G, X¢) is a morphism of
Shimura data. Then we obtain a closed immersion Shy < Shg of Shimura varieties. Moreover, Shy
is of the desired middle dimension n — 1.

The existence of the Beilinson—Bloch height pairing is still conjectural. It is expected, however, that it
decomposes into a sum of local heights whose non-archimedean terms are closely related to intersection
numbers on integral models. For this reason, we consider integral models Shy — ShG of the given
Shimura varieties. Our interest then lies in the intersection numbers I( f) = (Sh H, f*Sh H) for varying
Hecke operators f € CZ(G(Ay)), and their relations with leading terms of L-functions.

In this context, there is a relative trace formula (RTF) comparison approach due to Leslie-Xiao—
Zhang [24] that goes back to work of Guo [13] and Friedberg—Jacquet [11]: One RTF is formulated
for the given pair of groups (G, H), and the other one is formulated for the pair (G’, H’) defined as
(GLy,, GL, X GLy). The significance of the pair (G’, H’) is that the L-functions of interest occur on
the spectral side of its RTF. The problem thus becomes to relate the intersection numbers 7( f) with
(H’ x H')(A)-orbital integrals on G’ (A).

This relation is made precise by factoring the global orbital integral into local ones and analogously
decomposing the global intersection number into place-by-place contributions. The latter relies on
Rapoport-Zink (RZ) uniformization. One then, finally, arrives at a purely local question — namely, that
of expressing intersection numbers on moduli spaces of p-divisible groups (RZ spaces) in terms of local
orbital integrals.

These ideas have recently lead to the discovery of new arithmetic fundamental lemma (AFL) iden-
tities: the linear AFL of the first author [27], the variants from his joint work with B. Howard [19] and
with the second author [30], and the AFL for unitary groups of Leslie-Xiao—Zhang [24]. The termi-
nology ‘AFL’ here refers to the fact that all these are identities of intersection numbers on RZ spaces
with good reduction and central derivatives of local orbital integrals for spherical Hecke functions. Put
differently, they concern the places of good reduction of Shy and Shg.

We mention that the above ideas were first proposed by W. Zhang in the context of the unitary
arithmetic Gan—Gross—Prasad conjecture [45]. He deduced an AFL for unitary groups that he later
proved with contributions of the second author and Z. Zhang [48, 31, 32, 49]. We refer to his ICM report
[47] for a survey.

Arithmetic transfer (AT) identities extend the realm of AFL identities in the sense that they express
intersection numbers on RZ spaces with bad reduction in terms of orbital integrals. Their role in
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the global setting is similar to that of AFL identities, but for the places of bad reduction of the
Shimura varieties in question. This idea was first studied systematically by Rapoport—Smithling—Zhang
[34, 35, 36] in the context of the unitary arithmetic Gan—Gross—Prasad conjecture. Z. Zhang [49]
generalized and solved one of their cases by proving AT identities in arbitrary dimension for maximal
parahoric level for unramified quadratic extensions. His result has found global applications in the
work of Disegni—Zhang [8] who prove a p-adic variant of the arithmetic Gan—Gross—Prasad conjecture.
Another application of AT in the global setting can be found in the work of C. Qiu [33], who proved AT
identities for all places and level structures to show an analog of the Gross—Zagier formula over function
fields.

1.2. Arithmetic transfer for central simple algebras

Consider again the above intersection numbers /( f) = (§l;;i, f* §};;1). The AT identities in the present
paper provide an expression for the contributions to 7( f) from places of F that are split in K and inert
in E. The completions of G and H at such places are essentially inner forms of general linear groups.
Correspondingly, we consider an intersection problem of EL type RZ spaces for central simple algebras
(CSA). It is worth singling out two special cases:

If the CSAs in question split, then the resulting moduli spaces are Lubin—Tate spaces, which leads
to the intersection problem of the linear AFL mentioned above. If, however, the Hasse invariants of
the CSAs in question are 1/2n and 1/n, then the intersection problem is formulated for Drinfeld’s half
spaces and the cycles arise from Drinfeld’s ‘basic construction’ [10, §3]. This situation comes up when
the two Shimura varieties have p-adic uniformization [38, §6.40].

We will now give a precise formulation of our AT conjecture and our results.

1.3. The fundamental lemma conjecture

Let F be a p-adic local field," let E/F be an unramified quadratic field extension and let : F* — {1}
be the corresponding quadratic character. Let G’ = G Ly, (F) with subgroup H = GL,(F X F). For a
test function f’ € C.°(G’), an element y € G’ that is regular semi-simple with respect to the (H’ X H')-
action, and for a complex parameter s € C, we consider Guo’s [13] orbital integral

Orb(y, f',5) = Q(y.5) f (] yho) ko n(ha) diydh. (1.3)

H'xH

(H'xH’)y

Here, the so-called transfer factor Q(y,s) € +¢** is defined in a way that ensures that Orb(y, f7, s)

only depends on the double coset H’yH’; detailed definitions will be given in §3. Our interest lies in
the central value and the first derivative which we denote by

Orb(y, f') := Orb(y, f',0), d0rb(y, ') = % 0Orb(y, f'ss).
Let D/F be a CSA of degree 2n and let E C D be a fixed embedding. The centralizer C = Centp (E)
is again a CSA but over E. The Hasse invariants of D and C are related by invg (C) = 2invg (D)
(combine [9, Corollary 9.1] with [39, Proposition XIII.7]). Define (G, H) = (D°P-*, C°-*). The reason
for passing to the opposite algebra here is that DP is isomorphic to the ring of left endomorphisms of
D as left D-module. Given a test function f € C°(G) and an element g € G that is regular semi-simple
with respect to the (H x H)-action, we consider the orbital integral

Orb(g, f) := /m f(hy'gha)dhydhs. (1.4)

(HxH)g

1We allow local function fields in the main text with one exception: Section 13.6 relies on the theory of O -displays from [1]
which has only been developed for p-adic local fields.
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It evidently only depends on the double coset HgH. Let Op € D be a maximal order such that
O¢ := CNOp is amaximal order of C and put fp = 10;3 . One can show that all such orders O p form a
single H-conjugation orbit (Lemma 3.6), so the orbital integrals Orb(g, fp) do not depend on the choice
of Op. In dependence on the order ¢ of D in the Brauer group of F, we will define a specific parahoric
subgroup K’ C GLy,(OF). It corresponds to a parabolic of (2n/¢ X 2n/{)-block upper triangular
matrices and is chosen compatibly with the subgroup H” € G'. Let f}5 = vol(K’ N H )72 . 1k, and
define f7, as a certain H'-translate of f};’; see Definition 3.9 for details. The orbital integrals O (y, f},, s)
have a simple functional equation with respect to s «— —s (Proposition 3.19).

Two regular semi-simple elements y € G’ and g € G are said to match if the invariants (in the sense
of geometric invariant theory) of the orbits H'yH’ and HgH agree. This notion defines an injection
[Gis] — [Gy,] of the regular semi-simple orbits of G into those of G’, which allows to compare orbital
integrals on the two groups. Assuming all Haar measures are chosen compatibly, we conjecture that f},
is a smooth transfer of fp in the following sense:

Conjecture 1.1 (Fundamental Lemma, Conjecture 3.10). Let v € G’ be an element that is regular
semi-simple with respect to the (H' X H')-action. Then

, Orb(g, if there exists an element g € G that matches
Orb(y, f5) = { (8./p) & & Y (1.5)

0 if there is no such g.

The theorem about existence of smooth transfer of C. Zhang and H. Xue [44, 41] already states that
there exists some test function f’ € C2°(G’) such that Orb(y, f’) is given by the right-hand side of (1.5)
for all y. The new aspect of Conjecture 1.1 is that it provides f7, as a specific candidate. The choice of
f}, is motivated by Z. Zhang’s transfer result [49]. We explain this in more detail in Remark 3.14.

Conjecture 1.1 specializes to the Guo-Jacquet fundamental lemma (FL) from [13] if D = My, (F).
By work of N. Hultberg and the second author [20, Theorem A], Conjecture 1.1 is also known if the
Hasse invariant of D is 1/2: The proof in this case is by reduction to the base change FL and to the
Guo—Jacquet FL. Our main result on Conjecture 1.1 in the present paper is as follows.

Theorem 1.2 (Theorem 8.2). Assume that D is a division algebra of degree 4. Then Conjecture 1.1 holds.

Note that if D is a division algebra of degree 2n, then Orb(g, fp) is either O or an integer divisor of n
(Proposition 3.13). In the case of Theorem 1.2, for example, Orb(y, f},) is either 0 or 1 (Theorem 8.2).

1.4. The arithmetic transfer conjecture

Denote by F the completion of a maximal unramified extension of F and fix an embedding E c F.
Choose an isomorphism F ®¢ CP = M, (F x F) that restricts to (id, ) ® 1,, on the center E of C, where
7 : E — E is the Galois conjugation. Consider the conjugacy class of the ‘Drinfeld type’ minuscule
cocharacter

e Gy — Hp =2 (GL, X GLy)p, t+— ((t,...,1,1), (¢,...,1)).

Let ug : G,,, = G denote its composition with H — G. Then every element b € B(H, ug ) defines a
morphism

(H’ b’ /JH)_)(G’ b’ ,LlG) (16)

of local Shimura data in the sense of [37]. We denote by H;, — G}, the automorphism groups of the
H-isocrystal (resp. G-isocrystal) defined by b. In analogy with our definition of fp as the characteristic
function of O, we consider integral models M¢ and M for the local Shimura varieties for (1.6) at
levels OF and O7;. Their definition is as follows.

The elements of B(H, py) are in bijection with isogeny classes of pairs (Y, ), where Y is a strict
O r-module of height 2n?% and dimension 7 over the residue field F of F, and where ¢ : O¢ — End(Y)
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is an Oc-action. The set B(G, ug) is similarly in bijection with pairs (X, «), where X/F is a strict
O r-module of height 4n? and dimension 2n, and where k : Op — End(X) is an Op-action. Under
these bijections, the map B(H, ug) — B(G, ug) corresponds to the Serre tensor construction

(Y,0) = (Op ®o. Y, «(x) :=x ®idy). (1.7)

Let M¢ and Mp be the RZ spaces for (Y,¢) and (X,«) = Op ®o. (Y,t). These are certain EL
type moduli spaces of p-divisible groups with Oc-action resp. Op-action. They are formal schemes
over Spf O that are regular with semi-stable reduction and such that dim Mp = 2dim M¢ = 2n.
Furthermore, the groups Hy, and G, act from the right on M ¢ resp. M p and there is a closed immersion

Mc — Mp

that is equivariant with respect to H, — Gp. This closed immersion can be defined by a Serre tensor
construction as in (1.7).

Definition 1.3. Let g¢ € G;, be a regular semi-simple element and let I' € Hj, N g 'H,g be a free,
discrete subgroup of covolume 1. Define the intersection number

Int(g) = (MM, I'\g - Mc)rmy € Z.

Taking the quotient by I' in this definition is the natural analog of taking the quotient by the
stabilizer in the orbital integrals (1.3) and (1.4). The restriction to regular semi-simple g ensures that
MN(Mcng-Mc)is aproper scheme over Spec O i with empty generic fiber. The definition is moreover
independent of I".

The quantity Int(g) only depends on the (H}p, X Hp, )-orbit of g, so we can use orbit matching to view it
as a function on a subset of the (H’ X H’)-orbits in G’. In this context, there is the following uniqueness
and vanishing result.

Proposition 1.4 (Proposition 4.6). (1) Let y € G’ be a regular semi-simple element. There exists at
most one isogeny class b € B(H, uy) such that there exists an element g € Gy, that matches y.

(2) Assume that such a pair (b, g) exists. Then the sign of the functional equation of Orb(y, f},, s) is
negative, and in particular, Orb(y, f7,) = 0.

The second statement already hints that Int(g) might be related to the first derivative dOrb(y, f},)
for matching g and y. This is made precise by the AT Conjecture in its explicit form:

Conjecture 1.5 (ATC — explicit form). There exists a correction function fl,.. € CZ(G") such that for

every regular semi-simple y € G|,

if there exists some b € B(H,
’ ’ 2 Int(g) log(q) c{nd some g € Gy, that magche/slH)
d0r1b(y, fp) + Orb(y, feor) = § <0 Y (1.8)
0 otherwise.

Conjecture 1.5 builds on our FL Conjecture. There is also a weaker form that postulates the existence
of atest function f” € C2°(G’) whose orbital integral derivatives dOrb(y, f’) agree with the intersection
numbers Int(g) on the nose. We formulate and compare such variants in §4.5.

The AT Conjecture is currently known in some low-dimensional cases: Consider first the case of
D = M5, (F). Then f], = 1G1,, (o), and it is conjectured that one may take f., = 0. This is precisely
the linear AFL conjecture from [30]. By the main results of [28] and [30], it is known to hold whenever
the connected part of Y has height < 4.

Assume next that the Hasse invariant of D is 1/2. Then it is again expected that one may take f/,. = 0.
The main result of [20] states that Conjecture 1.5 for such D follows from the linear AFL.

The main result of the present paper, to be formulated in the next section, states that Conjecture 1.5
holds for division algebras of degree 4. Here, f/,,. can be chosen from the Iwahori Hecke algebra.
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We speculate that this is a general phenomenon, meaning that f . can always be chosen as a linear
combination of indicator functions of standard parahoric subgroups. In this context, we mention related
work of He—Shi—Yang [16] and He-Li—Shi—Yang [17]: There, the authors prove intersection number
identities for Kudla—Rapoport divisors in the presence of bad reduction. Their result involves a unique
characterization of certain occurring correction terms. It would be interesting to know if similar ideas
apply in the context of Conjecture 1.5.

1.5. Invariant 1/4 and 3/4

Assume from now on that n = 2 and that D denotes a central division algebra (CDA) of Hasse invariant
A € {1/4, 3/4}. Then C is a quaternion division algebra over E. The test function f, € C°(G’) is an
H'-translate of a scalar multiple f; of the characteristic function of an Iwahori in G" = GL4(F). We
will also consider a test function f7, that is the characteristic function of a (2 X 2)-block parahoric in
GL4(F).

The set B(H, ug) is a singleton in this situation, and the moduli space M is Drinfeld’s half
plane [10]. If 2 = 1/4, then M, is the four-dimensional Drinfeld half space. If 2 = 3/4, however, then
no explicit description of Mp is known. The two groups Hj, and G, are given by

Hy = GL,(E), Gp= {GL4(F) A= 174
GLy(B) ifa=3/4.

Here, B/F denotes a quaternion division algebra.

Theorem 1.6 (Theorem 9.1). The AT conjecture holds for D. More precisely, let f!,,. be given by

, —4qlog(q) - fp,, fA=1/4
Joore = S e (1.9)
0 if A =3/4.
Then, for every regular semi-simple y € G|,
, , 2 Int(g) log(q) if there exists a g € Gp that matches
d0rb(y, £5) +Orb(y, flowr) = 8)log(q) i there 8 7 .10
0 otherwise.

Why and how it is that the two cases differ by a parahoric type orbital integral is a mystery to us. The
difference only emerges during the proof of Theorem 1.6 and is encoded in the 0-dimensional embedded
components of the intersection locus.

1.6. Key aspects

Our proof of Theorem 1.6 is by determining explicitly and comparing both sides in (1.10). Key aspects
are as follows:

(1) Concerning the orbital integral side, we combine three techniques to determine all occurring
Orb(y, f3,,)> Orb(y, f;,) and O0rb(y, f;, ). First, we work out these orbital integrals for all hyperbolic
orbits. In this situation, the computation can be reduced to a Levi subgroup and hence to G L,. Second, we
establish a germ expansion principle (Proposition 7.4) that allows to write each orbital integral as a linear
combination of a principal germ and a unipotent germ. The principal germ can be described explicitly
in all situations. Third and finally, we use the results for hyperbolic orbits and the linear relations among
the various germs to also determine the remaining orbital integrals. A summary of the final results can
be found in §5. In particular, Proposition 5.4 gives a formula for the derivatives Orb(y, f},) when D
is a division algebra of degree 4. The basis for all mentioned results is a combinatorial expression for
Orb(y, f},) in terms of lattices; see (3.25).
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(2) Concerning the intersection-theoretic side, we first prove a general formula for intersection
numbers of surfaces in a 4-dimensional space:

Proposition 1.7 (see Corollary 10.3). Let X be a regular 4-dimensional formal scheme that is locally
Sformally of finite type over Spf Op. Let Y1, Y>» C X be two regular 2-dimensional closed formal
subschemes. Assume that Z = Y| NY, is a proper scheme over Spec O i with empty generic fiber and
of dimension < 1. Let ZP*™®, Z*" C Z be its purely 1-dimensional locus and the artinian subscheme of
0-dimensional embedded components. Then

(Y1, Y2)x = len(Ozan) — deg(det Cy|zpue) — (ZPMC, ZPHC)y, . (1.11)

Here, Cy is the conormal bundle of Y| C X, and the intersection number on the very right is that of
divisors on Y,.

(3) In order to compute the occurring intersection numbers Int(g), we determine the three quantities
on the right-hand side of (1.11). The most important input here is Drinfeld’s theorem [10], which
provides an explicit description for M¢ and, if A = 1/4, for Mp. This in particular enables us to
compute the degree of the conormal bundle:

Proposition 1.8 (see Propositions 12.6 and 13.1). Let P C F ®o, Mc be an irreducible component of
the special fiber of Mc. Let C be the conormal bundle of Mc € Mp. Then, for both Hasse invariants
A e{l/4,3/4},

deg(Clp) = ¢° - 1.

SetZ(g) = Mc Ng - Mc. Itis left to describe Z(g)P"" and Z(g)™", where the notation is meant in
the sense of Proposition 1.7.

(4) The description of Z(g)P"* is in terms of the Bruhat-Tits stratification of the special fiber of M:
Each of its irreducible components is isomorphic to P!. Restricting to a fixed connected component M%
of M, the dual graph of its special fiber is the Bruhat-Tits tree B for PG L, . This is a (¢*+1)-regular
tree whose vertices are in bijection with homothety classes of O g-lattices A € E2. Thus, we may write

MENZ(P™ = > m(g,A)[PAl. (1.12)
A€eVert(B)
One of our main auxiliary results (Theorem 11.10) describes the coefficient function A + m(g, A) in

terms of g.

(5) The artinian locus Z(g)™" is where the two cases 4 = 1/4 and A = 3/4 are substantially different.
If A = 1/4, then /\/1% N Z(g)™" consists of at most a single point of length 1. If A = 3/4, however, then
every stratum P, that occurs in (1.12) contributes artinian embedded components of total length g. The
individual lengths and positions of these components depend on g and A; see Table 2 for all possibilities.
The total length of ['\Z(g)*" will, however, always match the orbital integral 4 Orb(y, f, ) that makes
up the difference of the two analytic sides for 4 = 1/4 and A = 3/4 in (1.10).

(6) As mentioned before, there is no explicit description of Mp when A = 3/4 which makes the
computation of Z(g) trickier than in the case A = 1/4. We use a mix of Dieudonné theory, Cartier theory
and display theory, as well as the previous results for the case of invariant 1/4, to achieve a precise
description; see the results in §13.3 and §13.5 as well as Proposition 13.22.

1.7. Open directions
There is, of course, the question of how to prove Conjectures 3.10 and 1.5 resp. the linear AFL [30] in
general. We mention here three further problems of interest.

(1) The AT conjecture of the present article concerns inner forms of G Ly, and their moduli spaces.
An equally interesting question would be to study moduli spaces for G Ly, (Lubin-Tate spaces), but
with parahoric level structure. The global motivation from §1.1 applies verbatim to that situation.
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(2) Another question would be for an extension of our results to the biquadratic situation in the
following sense: Instead of a single quadratic extension E/F, one considers two such extensions
E1, E,/F, fixes embeddings E|, E; — D, and defines intersection numbers from the corresponding
cycles on M p. For the linear AFL, such a biquadratic generalization has been formulated by B. Howard
and the first author [19].

(3) Finally, there is the problem of relating the local quantities of the present article with global
intersection numbers and L-functions. We hope to return to this question in the future.

1.8. Layout of the paper

We now give an overview of the contents of this paper. The paper consists of three parts.

In Part 1, we first give the group-theoretic setup (invariant theory, matching). We next define the
orbital integrals of interest and formulate our FL conjecture. Then we introduce the moduli spaces of
strict O p-modules in question and the intersection numbers Int(g). We state and compare three variants
of the AT conjecture.

In Part 2, we consider the case G = GL4(F) and determine the quantities Orb(y, fp,.), Orb(y, f{\.)
and dOrb(y, fi). A summary of our results can be found in §5, the main one being the proof of the FL
conjecture for f{, . The further contents of Part 2 have been described at the beginning of §1.6.

In Part 3, we consider the case of a CDA D/F of degree 4 and compute the intersection numbers
Int(g). Our main result is the proof of the AT conjecture in this situation. There are four main sections:
In §10, we prove the intersection number formula in Proposition 1.7. In §11, we study the functions
m(g,A) on B that will later describe the multiplicities of curves in the intersection locus; see (1.12).
Then, in §12, we prove the AT conjecture for A = 1/4. Because of Drinfeld’s description of both M¢
and M p in this situation, this does not involve any w-divisible groups at all. Finally, in §13, we extend
these results to A = 3/4.

Part I
The arithmetic transfer conjecture

2. Invariants

Let F be a field, let E/F be an étale quadratic extension and let D/F be a CSA of degree 2n. Assume

that there exists, and fix, an F-algebra embedding E — D that makes D into a free E-module. (The latter

condition is only relevant if E = F X F.) Since E/F is étale, E ¢ E = E X E. So the left and right

multiplication actions of E on D provide an eigenspace decomposition D = D, & D_ into E-linear and

E-conjugate linear elements. That is, D, = Centp (E) which is the E-algebra C from the introduction.

Note that dimg (D4) = dimg (D-). We denote the two components of an element g € D by g, and g_.
Write G = D* and H = D7 in the following. We consider the right-action

(HxH)xG — G, (h,hy)-g=hi'gh. 2.1

Anelement g € G is called regular semi-simple if its (H x H)-orbit is Zariski closed and if its stabilizer
is of the minimal possible dimension. We denote these elements by G. The regular semi-simple orbits
have been classified by Jacquet—Rallis [21] and Guo [13, §1]. We work with the variant of their results
that best suits our purposes.

Definition 2.1. Let g¢ € G be an element such that also g, lies in G. Then we define z, = g;'g_ which
lies in D_. It can be thought of as the normalized conjugate-linear part of g. It is easily checked after
base change to F' that the reduced characteristic polynomial® of zé is a square; see (2.3) below. We define

2Recall that the reduced characteristic polynomial of an element x € D is defined by charredp,r(x;T) :=
chary, o 77 (@(x ® 1):T), where F/F is an algebraic closure and @ : D ®+ F — Mo, (F) any choice of F-algebra
isomorphism.
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the invariant of g as its unique monic square root:
5 12
Inv(g;T) = charredp,/r (zg; T) € F[T]. 2.2)

This is a monic polynomial of degree n. It satisfies Inv(g; 1) # 0 because 1+ g;'g_ and 1 — g;'g_
are both invertible, so g;'g_ does not have eigenvalues +1. Indeed, 1 + g;'g_ = g;'g is invertible by
assumption. Let & € EX satisfy & = —£. The identity 1 —g;'g_ = £(1+g;'g_)¢ " implies that 1 —g;'g_
is invertible as well.

It is clear by definition that Inv(g;T) only depends on the orbit HgH. The next lemma provides a
converse for regular semi-simple elements.

Lemma 2.2 (Guo [13, §1]). An element g € G is regular semi-simple if and only if both g, g_ belong to
G and if the invariant Inv(g; T) is a separable polynomial. Moreover, two regular semi-simple elements
g1, & € G lie in the same (H X H)-orbit if and only if their invariants agree.

Example 2.3. Consider the split quadratic extension F X F, the CSA M, (F) and the embedding
t: FXF — D thatis given by (a, b) — diag(al,, bl,). A (2x2)-block matrix g = (» % ) with blocks
v, w,x, y € M, (F) can only be regular semi-simple with respect to ¢ if all its four blocks are invertible.
In this case, we have

~1y,y-1
2 (viiwyTx
g = ( y Lol ) (2.3)
The invariant of g is hence Inv(g; T) = char(v~'wy~'x; T). Moreover, if g is regular semi-simple and if
w € GL,(F) is any element with char(w;T) = Inv(g; T), then

HgH = H(i Y)H 2.4)

Remark 2.4. A slightly different definition of invariant is given in [27, Definition 1.1]. It is defined for
every g € G and again a monic polynomial of degree n; let us call it Inv’(g; 7). Assuming that g, lies
in G, the two definitions are related by the Moebius transformation

T-1
Inv'(g;T) =T" Inv(g; D! Inv(g; T) 2.5)

Definition 2.5. Let g € G, be regular semi-simple. We denote by B, C D the F-subalgebra that is
generated by E and g~! Eg. We denote by L ¢ C By its center. Up to isomorphism, these objects as well
as z, only depend on the orbit HgH because

B(hl’hZ)g = hngth» L(hl,hg)g = hgngh29 Z(hl,hz)g = hngth. (26)

The next proposition summarizes their most important properties.

Proposition 2.6. Let g € G be a regular semi-simple element.

(1) The square zé lies in Lg. In fact, Lg equals F [zé] and is, in particular, an étale F-algebra of
degree n that is isomorphic to F[T]/(Inv(g;T)).

(2) The composite ELg of E and Lg in D is isomorphic to E ®f Lg and, in particular, an étale
quadratic Lg-algebra.

(3) The algebra By equals ELg[z,] and is, in particular, a quaternion algebra over L. It coincides
with the centralizer Centp(Lg).

Proof. This is a special case of [ 19, Proposition 2.5.4]. Since the argument is short and instructive, and
since our notation is slightly different from that in [19], we include a proof for convenience.
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Choose an F-algebra generator { € E to write B, = F[{, g '¢g]. We make this choice with
tre/p () =1 (e. { =1-¢.) Then we obtain (put z = Zg)

g'¢e =(1+27"¢(1+2)

z 2.7
= {4 (1220,
It always holds that 1 -2/ € E*: This is clear if E is a field and can be verified directly if E = F X F. The
fraction z/(1 + z) is a Moebius transformation that is defined at z. The inverse Moebius transformation
is then defined at z/(1 + z), so we obtain B, = F[{, z]. It is evident from definitions that z? commutes
with both £ and z, and hence lies in the center L, of By.

Claim: The elements 1,z,...,72" 1, 0,02, .., {zz"’] Jform an F-vector space basis of Bg. This may
be shown after base change to F which puts us into the situation of Example 2.3. Then we may assume
that g is given as a block matrix g = (] ) as in (2.4). In this specific case, we have

Zg = (1 W) and B, = (F X F)[z,]. 2.8)

The claim then follows from the fact that the characteristic polynomial of w, which equals Inv(g; T), is
separable by Lemma 2.2 and hence agrees with the minimal polynomial. The identities Ly = F [zé] as
wellas ELy = E ®r Lg and By = ELg[z,] all follow from the claim.

It remains to show the statement B, = Centp(L,). We have already seen that EL, is an étale
F-algebra of degree 2n = (dimy D)'/2. The only possibility for D is then to be free as E Lg-module.
This implies that D is free as Lg-module, so the centralizer Centp (L) is a quaternion algebra over L.
It also contains By, however, and hence equals By. O

We call a polynomial § € F[T] regular semi-simple if it is monic, separable and satisfies
6(0)6(1) # 0. Example 2.3 shows that the regular semi-simple polynomials of degree n are in bijection
with the regular semi-simple GL,(F X F)-double cosets on G Lj, (F). The following construction is
taken from [ 19, Proposition 2.5.6].

Definition 2.7. Let § € F[T] be regular semi-simple. We define the two F-algebras
Ls = F[’]/(8(z*)) and Bs :=(E ®F Ls)[z]

with commutator relation (a ® b)z = z(a ® b) fora € E, b € Ls. Note that if g € G is a regular
semi-simple element, then B, = B by Proposition 2.6. We call B the universal quaternion algebra for
invariant ¢ because it detects orbits of invariant ¢ in the following sense.

Corollary 2.8. Let 6 € F[T] be regular semi-simple of degree n. The following three conditions are
equivalent.

(1) There exists an element g € G5 of invariant 6.
(2) There exists an F-algebra embedding Bs — D.
(3) The identity [Bs]| = [Ls ®F D] holds in the Brauer group of L.

Proof. Assume that (1) holds and let g € Gy be such that Inv(g;T) = 6(T). Then Proposition 2.6
states that B, = B, so (2) holds. Conversely, assume that there exists an embedding ¢ : Bs — D.
Then «(E ®f Ls) C D is a commutative F-subalgebra of F-dimension 2n = [D : F]. It is hence a
maximal commutative subalgebra, so D is a free ((E ®f Ls)-module. In particular, D is free both as
t(E)-module and as ¢(Ls)-module. It then follows from the Skolem—Noether Theorem that the given
embedding E — D and ¢|g : E — D are conjugate. We may hence find ¢ such that ¢|g agrees with the
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given embedding of E. Then g = 1 + ¢(z) has the property that g, = 1 and g_ = ¢(z), and consequently
that zz, = 1(z?). Since D is free over ¢(Lg), it holds that

charredD/F(zz; T)= charLd/F(zz; T)?

and hence that Inv(g; T') = 6(T'). This shows that (2) implies (1).

We now prove the equivalence of (2) and (3), which holds more generally. Let B be a quaternion
algebra over an étale F-algebra L of degree n. We claim the equivalence of

(2) There exists an embedding ¢ : B — D.

(3) It holds that [B] = [L ®f D] in the Brauer group of L.

Assume that there exists an embedding ¢ : B — D. Then D is necessarily free as ¢(L)-module and
t(B) = Centp (¢(L)) for dimension reasons. The identity [B] = [L ®F D] follows from (a mild extension
of) the centralizer theorem [9, Theorem 9.6]. This shows that (2) implies (3).

Assume conversely that [B] = [L ®F D] holds. Let M /L be a quadratic étale extension that splits B.
Then it also holds that M ® z D = M>,(M). Let

Lzl_[Ll-, Mani, le_[Bi 2.9)

iel iel iel

denote the factorizations of L, M and B that correspond to the idempotents of L. Also pick an isomorphism
D = M,,(Dy) for a central division algebra (CDA) Dy. Each factor M; splits Dy, so d = dimg (Dg)'/?
divides dimg (M;) = 2[L; : F] by [9, Corollary 9.4]. For every i, we define D; = M|ss,.r1/4(Do). By
[9, Corollary 9.3], there exists an F-algebra embedding M; — D;. Note that };c; [M; : F|/d = m, so
we can form a block diagonal embedding

It follows from [M : F] = dimg (D)'/? that D is free as «(M)-module and hence also free over ¢(L). The
centralizer Centp (¢(L)) satisfies the identity [Centp (¢(L))] = [L ®f D] and is hence isomorphic to B.
Any choice of such an isomorphism defines an embedding B — D. This shows that (3) implies (2). O

We will also require a definition of invariant for semi-simple F-algebras. Assume in what follows
that D/F is a finite-dimensional semi-simple F-algebra with center Z. Write Z = [],<; Z; as a product
of fields and also decompose D accordingly, D = [];c; D;. We assume that D is of total degree 2n in
the sense that

2n = Z[z,- . F]-[D; : Z]. (2.10)
iel

Finally, we assume the existence of, and fix, an embedding £ — D such that each component D;
becomes a free E-module. Then there is an eigenspace decomposition D = D, @ D_ as before, and we
continue to write g = g4 + g— for the corresponding decomposition of elements g € D. We also write
gi for the i-th component of g.

Definition 2.9. Let g € G be an element with g, € G. The invariant of g is defined as
Inv(g;T) = l_llnv(g,-;T) € F[T]. (2.11)
iel
It is a monic polynomial of degree n. We call g regular semi-simple if Inv(g; T) is regular semi-simple
in the same sense as before.

For example, the element 1 + z € B from Definition 2.7 has invariant Inv(1 + z; T) = § with respect
to the embedding £ — B, that comes by construction.

Definition 2.5 and the statements of Proposition 2.6 apply and remain true without change for semi-
simple D. In Corollary 2.8, the equivalence of (1) and (2) remains true as well.
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3. Fundamental lemma
3.1. Setting

We maintain the following setting throughout the paper.

(1) We denote by F' a non-archimedean local field with ring of integers O ¢, uniformizer 7 and residue
cardinality g. We let E/F be an unramified quadratic field extension with ring of integers OF.

(2) We let K = F X F denote the split quadratic extension of F. We view it as a subring of My, (F)
by the diagonal embedding (a, b) +— diag(al,, bl,), and we define

G’ = GLy,(F), H'=GL,(K).

Given y € M,,(F), we write y = vy, + y_ for its decomposition into K-linear and conjugate-linear
components. Whenever we speak of regular semi-simple elements of G’ or of their invariants, then this
is meant with respect to the (H’ X H’)-action. In fact, this is precisely the setting from Example 2.3,
albeit in different terminology.

(3) We denote by D a CSA of degree 2n over F. We fix an embedding E — D and use the the
notations D = D, ® D_ as well as g = g, + g_ like before. We interchangeably write C = D, and define

G=D*, H=C"

(We will switch to opposed CSAs in §4.) Whenever we speak of regular semi-simple elements of G or
of their invariants, then this is meant with respect to the (H X H)-action.

(4) Our normalization of the Hasse invariant is as follows. Let F,, /F be an unramified field extension
of degree 2n with Frobenius o. Then there is a unique integer O < r < 2n such that D is isomorphic to
the cyclic F-algebra

Fo [/ (1?" = 2", Mla = o (a)Il for a € Fay).

The Hasse invariant of D is defined as r/2n € Q/Z. For 1 € Q/Z, we write D, to denote a CDA of
Hasse invariant A over F.

3.2. Orbital integrals

Letn : F* — {x1} be the nontrivial unramified quadratic character. In this section, we define and
compare two kinds of orbital integrals. The first kind are n-twisted orbital integralson [G'] = H'\G'/H’.
The second kind are orbital integrals on [G] = H\G/H. In fact, the orbital integrals will only be defined
on the regular semi-simple orbits [G},] and [Gy].

3.2.1. Orbital integrals on [G’]
Given y € G’, we denote its stabilizer by

(H' x H'), = {(h1, h2) | h{'yhy = v}. (3.1)

The stabilizer of a regular semi-simple element 7 is isomorphic to the torus L, where L, = L[zi] is
the étale F-algebra of degree n from Proposition 2.6 (1). Indeed, we may rewrite (3.1) as

(H'xH')y ={(yhy™'.h) | he H' Ny 'H'y}.
The intersection H' N y~'H’y is by definition the centralizer of B, = FIK U Y~ 'Ky] in G’ (see

Definition 2.5). Since [L, : F] = n and since B, /L, is a quaternion algebra, this centralizer equals the
units of L,, C B,.
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We endow (H’ x H'), with the Haar measures such that 0X has volume 1. We also normalize the
Haar measure on H’ X H’ such that a maximal compact subgroup has volume 1.

Let|-|: FX > R, x = ¢~ be the normalized absolute value on F. We define 77 and | - | on H’ in
the following way,

n, |-|:H — R, n(diag(a, b)) = n(det(ab™)), |diag(a, b)| = |det(ab™h)|. (3.2)

Definition 3.1. For y € Gy, a test function f’ € C2°(G’) and s € C, we define the orbital integral

Is?

O f'os)i= [ 7' yho) halnha) i (33)

’
(H'xH’)y

The support of the integrand in (3.3) is compact because the (H’ x H’)-orbit of a regular semi-simple
element is Zariski closed. This ensures convergence, and the resulting expression O(y, f”,s) lies in
Clq®,q~°]. However, as a function of vy, the orbital integral does not yet descend to the orbit space [Gy,]
because it transforms by the character n( - )| - |* under the (H’ x H’)-action. We next modify it in the
simplest possible way that makes it H’ X H’-invariant.

Definition 3.2. Let s € C. Define the transfer factor Q( -, s) : G/, — +q** by
Q((25).s) = n(det(cd™)) - [det(b c)|*.

It satisfies Q(h[lyhz, s) = |h1hy|"n(hy)Q(y, s), so we can modify and rewrite (3.3) as
Orb(y, f',5) = Q(y,s) - O(y, f',s) = /H/XH/ J/(hi'yhy) - Q(hy ' yha, s) dhydhs. (3.4)
HxHy,

Then Orb(y, f”,s) is (H' X H’)-invariant and descends to the orbit space [G/]. Note that we still have

Orb(y, (hl, h2)*(f,)’ S) = |h1h2|_s77(h2) Orb(y, f,’ S) (35)

for all (hy, hy) € H' x H'. We will mostly be interested in the central value and the central derivative
of Orb(y, f’, s) which we denote by

d
Orb(y, f’) := Orb(y, f’,0), 00rb(y, 1) := = Orb(y, f/,s). (3.6)
s=0

3.2.2. Orbital integrals on [G]
The definition of orbital integrals on [Gy] is more straightforward because it does not involve any
characters. Given g € G, we denote its stabilizer by

(Hx H)g = {(h1, h2) | hi'ghy = g}.

As before, the stabilizer of a regular semi-simple element g is isomorphic to the torus L3. Again, we
endow H x H and (H x H), with the Haar measures such that a maximal compact subgroup has volume 1.
Note that all maximal compact subgroups of H X H are conjugate, so this Haar measure is well defined.

Definition 3.3. For g € G regular semi-simple and f € C2°(G), we define the orbital integral

Orb(g, f) = / o f(hi'gha) dhidhs. 3.7)

(HxH)g

This function evidently descends to [G].
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3.2.3. Transfer of orbital integrals
We now compare orbital integrals on [Gy] and [Gys].

Definition 3.4 [41]. (1) Two regular semi-simple elements y € Gy, and g € G, (resp. their orbits) are
said to match if Inv(y) = Inv(g). Note that in this case also L, = L, so that we have chosen compatible
Haar measures on the stabilizers (H’ X H'), and (H x H),.

(2) A test function f” € C2°(G’) is called a transfer of f € C2°(G) if, for all y € G

Is?

Orb(g, f) if there is a matching g € G (3.8)
0 otherwise. '

Orb(y, f') = {

Transfers in this sense exist by a result of C. Zhang [44]; also see [41, Proposition 2.9].

We note that Definition 3.4 is analogous to that of transfer in the context of the Jacquet—Rallis relative
trace formula comparison; see, for example, [46, §2.4] or [35, Definition 2.2]. However, a difference in
our setting is that the matching relation does not yield a partitioning of [G/,] into sets of the form [Gy].
We illustrate this for n = 2:

Example 3.5. Assume that G’ = GL4(F) and let y € G/, be a regular semi-simple element with
invariant 6. Our aim is to describe all possibilities for the CSA D such that there exists a matching
element g € G. To this end, set Ls = F[z?]/(6(z%)) and let Bs = (E ®F Lgs)[z] be the universal
quaternion algebra for invariant § (with respect to E/F) that was constructed in Definition 2.7. By
Corollary 2.8, there exists an element g € Gy of invariant ¢ if and only if there exists an embedding
Bs — D. The following lists all the possibilities for this situation, each of which can occur.

3.3. The fundamental lemma conjecture

Recall that C = D, = Centp (E).

Lemma 3.6. Let O1,0, C D be two maximal orders that have the property that O1 N C and O, N C
are maximal orders in C. Then O1 N C = O, N C implies O = O. In particular, the maximal orders
O C D such that O N C is also a maximal order form a single C*-conjugation orbit.

Proof. The second statement follows directly from the first one because all maximal orders in C are
C*-conjugate. We focus on the first statement from now on.

LetOc =01 NC =0,NnC.Note that Og C O because it is the ring of integers of the center of C.
Choose a suitable skew-field Q and an isomorphism D = M,,(Q). Let I1 € Q be a uniformizer. Recall
that Q has a unique maximal order O and that the maximal orders in D are precisely the subrings
of the form O, = Endoon(A) where A C Q™ is an Og-lattice. Moreover, Op = O if and only if

A’ € ATIZ. In this way, classifying maximal orders in D that contain O is equivalent to classifying
R := Of ®o, OOQp—stable lattices in Q™ up to scaling by I1%.

There are two cases for the ring R, depending on the parity of the degree £ = 2n/m of Q over F.
Let M/F be an unramified field extension of degree £. With a suitable choice of IT and for a suitable
generator T € Gal(L/F), we may find a presentation of O as

0g = O], N=n, Ma=t(a)lforalla € M. (3.9)

If £ is odd, then Of ®¢,. O is the maximal order in an unramified field extension of F of degree 2¢.
Then R = (O ®o, On)[I1] is again of the form (3.9) and hence the maximal order in the skew field
E ®F Q°. The Q° vector space Q™ is isomorphic to (E ®F Q°)"/? as (E ®F Q°)-module; hence,
its R-stable lattices form a single orbit under GLg (Q™) = C*. This shows that any two maximal orders
in D that contain O are C*-conjugate. In particular, we have proven the lemma whenever ¢ is odd.
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The situation is a little different when ¢ is even. To simplify notation in the following, we make the
further assumption that E is contained in M. (This is meant with respect to the inclusions M € Q € D.)
Starting from the presentation (3.9) again, we then obtain

R — (O[] x O [TIP))[1],  TI(a, b) = (7(b), 7(a))II forall a,b € Oy [112]. (3.10)
a®m +— (am,am) '

Here, we have extended 7 to M[I1?] by 7(I1?) = IT>. The ring O, [I1?] is the maximal order in the
skew field M [I1%], and we can decompose Q" = V, x V; as M[I1%] x M [I12]-module. The operator IT
is homogeneous of degree 1 with respect to that decomposition, so Vj and V; are both of dimension m
over M [IT?]. Moreover, every R-stable lattice A ¢ Q™ is of the form A = Ag x A, where A; C V; is an
Om [Hz]-stable lattice and where A;IT € A4 for both i = 0, 1. Conversely, the direct sum of any such
pair (Ag, A1) is an R-stable lattice in Q.

After this general description, we now prove the statement of the lemma. The centralizer C acts
diagonally on Vj X V;. Given an R-stable lattice A = Ag X Ay, we find that

Stabc (A) = Stabe (Ag) N Stabe (Ag).

Moreover, since the C-action commutes with I1, we may write Stabc (A}) = Stabe (A(IT). We see that
Stabc (A) is a maximal order in C if and only if Ag € A{IT - IT?%, which holds if and only if

A0=A1H or A1=AOH. (311)

The set of O, [T1%]-lattices in Vj form a single C*-orbit. Thus, the set of R-stable lattices A such that
Stabe (A) is a maximal order form two C*-orbits that are distinguished by (3.11). However, they are
interchanged by multiplication by IT € Q°P and, in particular, define the same C*-conjugation orbit of
maximal orders in C and D. The proof of the lemma is now complete. O

Example 3.7. One byproduct of the above proof is the following statement: Assume that ¢ is odd and
that O C D is a maximal order that contains O g. Then the intersection O N C is a maximal order in C.
Consider, for example, an embedding E — M5, (F).If O c End(A) for some O g-lattice A ¢ F",
then A is an Og-lattice and Endp,. (A) N Endg (V) = Endp,. (A) is a maximal order.
The statement does not hold true if £ is even: Let Q = D/, be a quaternion division algebra over
F with uniformizer IT and let E — Q be a fixed embedding. Let D = M,(Q) and let E — D be the
diagonal embedding. The centralizer C = Centp (E) is then simply M, (E). Both the maximal orders
01 = M2(0p) and O, = diag(11, 1)"'0, diag(I1, 1) contain O g. However, they do not both intersect C
in a maximal order:
01N My(E) = Mx(Og), 02N My(E) = ((OE OE)~
n) O

Fix some maximal order Op C D such that O¢c = Op N C is a maximal order in C and consider the
indicator function fp = 10;)~ Lemma 3.6 implies that the orbital integrals O(g, fp) are independent of
the choice of Op. The purpose of the next definition is to provide a (conjectural) transfer f;, of fp in
the sense of Definition 3.4.

Definition 3.8. Let A = k/¢, with (k, ) = 1, be the Hasse invariant of D. Let £ be the set of Ok -stable
lattice chains in F2" that have the form

Ae=[AoD A1 D...0Apy D Ar =1 (3.12)
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and that furthermore satisfy the following property:

o If £ is odd, then we demand that each quotient A;/A;+ is a free Ok /(7)-module of rank n/¢.

o If ¢ is even, then we instead require A;/A;4 is an O g /(7)-vector space of dimension 2n/¢ and that
the Ok /(mr)-action on A; /A4 factors through the first projection Ox = O X O — O ifiis even,
and through the second projection if 7 is odd.

The stabilizer in G’ of a lattice chain A, € L is by definition the subgroup
Stabg' (As) = {y € G’ | yA; = A; for all i}.

The group H’ acts transitively on £ by translation, so these stabilizers form a single H’-conjugation
orbit. However, because of the character (- )| - |* in the definition of orbital integrals on G’, we have
to be more specific about our desired test function than in the case of G.

Definition 3.9. Pick any lattice chain A{® € £ such that A% = 02" and define
1y = vol(Staby (AY)) g, (aze)- (3.13)

Any two choices for ASY differ by Stab(O%,") NH =GL,(Of) X GL,(OF), so f}5 is defined up to
conjugation by GL,,(Or) XGL, (OF). Also note that if G = G Ly, (F), then £ = 1 and the only possible
standard chain is O%' > 703" — we recover fy = 1G1,,(0r) as in Guo’s case. Let hy € H’ be any
element with |h1|™ = g72"/* and define f}, € CZ(G’) by

, > if £ is odd
=0 (3.14)
1 (h'y) if £iseven.
By (3.5), the orbital integrals of f;7 and f7, are related by
1 if £ is odd
Orb(y, f5,s) = Orb(y, fy,s) - 3.15
(v.fp-9) - fp>9) {anS/f if £ is even (3-15)

and, in particular, have the same central value. The advantage of the normalized function f}, is that
its functional equation is completely symmetric; cf. Proposition 3.19 below. Examples for A3 and S
when n =2 and ¢ € {2,4} can be found at the beginning of §5.

Conjecture 3.10 (Fundamental lemma for CSAs). The function f}, is a transfer of fp in the sense of

Definition 3.4. That is, for regular semi-simple y € G/,

Orb(g, if th st. tchi G
Orb(y,fé)z{ rb(g, fp) if there exists a matching g € G (3.16)

0 otherwise.

Conjecture 3.10 complements the Guo—Jacquet Fundamental Lemma which is formulated for the
case D = M,,(F) and for the full Hecke algebra. We recall it here for comparison:

Conjecture 3.11 (Guo—Jacquet Fundamental Lemma [13, (1.12)]). Assume that D = M, (F) and
that the embedding E — D satisfies Op C M, (OFp). Then every GLy, (O r)-biinvariant compactly

supported function fis a transfer of itself: For regular semi-simple y € Gy,

Orb(y, f) = {Orb(g,f) if there exists a matching g € Gy (3.17)

0 otherwise.
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Conjecture 3.10 and Conjecture 3.11 precisely overlap for the unit Hecke function 1Gy,, (o) This
is also the case that was proved by Guo; see [13, (1.12)]. We mention that Guo’s formulation does not
involve the transfer factor. Instead, he works with an orbit representative of the form

(Iw
Y=li1)

where each entry is an (n X n)-matrix (see the line after [13, (1.10)]). Such a representative satisfies
Q(y,0) = 1 which gives the link of his result with our formulation.

For Hasse invariant A = 1/2, the CSA D is isomorphic to M, (D). In this case, Conjecture 3.10
can be reduced to Guo’s result and is hence known; we refer to [20].

The following is our main result in this setting. Its proof will be given as Theorem 8.2 below.

Theorem 3.12. Conjecture 3.10 holds whenever D is a division algebra of degree 4.

Note that the orbital integrals on the right-hand side of (3.16) have a particularly simple form if D is
a division algebra:

Proposition 3.13. Assume that D is a division algebra; denote by vp : D* — Zits normalized valuation.
Assume that g € Gy is regular semi-simple and denote by f(Lg/F) the inertia degree of Ly [F. Then

f(Lg/F) ifvp(g) €22

. (3.18)
0 otherwise.

Orb(g, fp) = {

Proof. In the given situation, fp is the indicator function of the units O, of the unique maximal order
in D. The centralizer C = Centp (E) is a CDA of degree n over E, so vp(C*) = 2Z. It moreover holds
that vp (D-\{0}) = 2Z + 1 and hence follows that (O g OF) N OF, # 0 if and only if vp(g) € 2Z. By
the triangle inequality, this is equivalent to vp(g-) > vp(g+), which is equivalent to vp (1 +z5) = 0
We obtain from Definition 3.3 that

Ombis. )= [ o (e(1+z)c”) de = ol (LF\C Loy )
8

The Haar measures were defined such that vol(Of) = vol(Oig) = 1 and, in particular, satisfy
Vol(LZ\C™) = f(Lg/F). This proves (3.18). ' m|

It is possible that the FL conjecture for D a division algebra is related to Kottwitz’s Euler—Poincaré
functions [22]. Our proof of Theorem 1.2 is not along such lines, however, but rather a byproduct of our
calculation of dOrb O(y, f},) when n = 2.

Remark 3.14. The original motivation for our definition of f/, was the following. Let F be the com-
pletion of a maximal unramified field extension of F. Denote by O its ring of integers and by F its
residue field. The scalar extension F* ®p D is isomorphic to My, (F), and under any such isomorphism,
10} p = O3 ®o, Op gets identified with the stabilizer of a lattice chain

A.Z[AUDAlD...DAg_lDAKZHAo]

such that dimp(A; /A1) = 2n/¢€. The action of R = Oy ®o OF C OD on the quotients Ai/A;s has
the characteristics from Definition 3.8: If £ is odd, then every quotient A; /A, is free over R/ () of rank
n/C. If € is even, then the R-action on A; /A, alternatingly factors through one of the two projections
R — Op.

A similar phenomenon occurs for the parahoric level fundamental lemma of Z. Zhang [49, Theorem
4.1] in the Gan—Gross—Prasad setting (also see [35, Conjecture 10.3] for an earlier formulation in a
special case). The two group-theoretic data there that define the two test functions also have the property
that they become isomorphic after scalar extension to F.
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3.4. Functional equation for Orb(y, f},, s)

Our aim in this section is to prove a functional equation for Orb(y, f,, s). The motivation for this is
twofold: First, it will imply the vanishing part of the fundamental lemma (Conjecture 3.10) in many
cases. Second, it will imply that the derivatives that will occur in our AT conjecture are indeed the
leading terms of the Taylor expansion of the orbital integral in question. We begin by defining the sign
of the functional equation.

Definition 3.15. Let A € (2n)'Z/Z be the Hasse invariant of D and let § € F[T] be regular semi-simple
of degree n. Let Ls = F[z%]/(6(z%)) and Bs = (E ®F Ls)[z] be the universal algebras for E and § from
Definition 2.7. Write Ls = [];¢; L; for the decomposition of L into fields and let Bs = [];¢; B; be the
corresponding decomposition of B s. Denoting by 8; € 27'Z/Z the Hasse invariant of B;/L;, we define

ep(0) = n/l+2ﬁ,~ €2712/7 = {+1}. (3.19)

iel

We define ep(y) = ep(Inv(y)) and ep(g) = ep(Inv(g)) whenever y € G’ and g € G are regular
semi-simple.

Lemma 3.16. An equivalent description of p(8) is given as follows. Let 9 € F* be the constant
coefficient of 6 and let £, = nA € {£1}. Then

ep(6) =n(do) - &p- (3.20)

’

In particular, if 6 = Inv(y;T) for some y € G, then ep(y) = n(detr(z,))ep,.

Proof. With notation as in Definition 3.15, we need to see that };.; Bi = n(dp). Let z; denote the
component of z € B in the factor B;. Then (—1)"0g = [[;er NLi/F(z?), so it suffices to show that
Bi =n(Np,F (z%)). This follows directly from the compatibility of the local reciprocity map with the
norm of field extensions; see, for example, [39, §2.4].

If § = Inv(y;T), then &y is (by definition) a square root of detF(zgy), and hence, the last formula
holds. O

Lemma 3.17. Let g € G5 be a regular semi-simple element. Then ep(g) = 1.

Proof. Put§ = Inv(g). By Corollary 2.8, the existence of an element g € G, of invariant § is equivalent
to the identity [Bs] = [Ls ®F D] in the Brauer group of Ls. Writing Ls = [];¢; L; as a product of
fields as before and taking the sum of the Hasse invariants on both sides, we obtain

Zﬁi=Z[Li:F]/l=n/l. 0
iel iel
Remark 3.18. Table | illustrates that the converse to Lemma 3.17 does not hold. Its rows 3 and 4 show

cases where the sign ep (6) is positive for D = M4(F) or M>(D12), but where there is no g € Gy of
invariant 6. Row 5 shows the existence of such cases when D is a division algebra of degree 4.

Proposition 3.19. The orbital integrals of f}, satisfy the functional equation

Orb(y. fh.~5) = £0(7) Ob(y. fp. 5). (3.21)

The proof will be given at the end of this section. We first establish some auxiliary results that provide
a combinatorial expression for Orb(y, f},,s). Everything relies on the following simple observation:
Assume that hy, hp € H’ are two elements and that A; . = hiAftd are the two corresponding lattice
chains in £. Then

h'yhy € Stabg/ (AYY) &= yAre=Al.. (3.22)
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Table 1. Matching to |G| for n = 2. Here, D, denotes a CDA of Hasse invariant A
over F. Moreover, £,(6) denotes ep (S8) for D a CSA of degree 4 and Hasse invariant A.
These are the signs of the functional equation for f;, and will be defined in §3.4.

Ls Bs D s.th. there is some g € G &0(0) £1/4(0)
with Inv(g) = 6 £1)2(6) £3/4(6)
Field Mz(L) M4(F) and MQ(D]/z) + -
Field Division D4 and D34 - +
FxF M,(F) X M, (F) M4 (F) + -
FxF D|/2XD]/2 M2(D1/2) + -
FxF M (F) x Dy none - +

Definition 3.20. Motivated by (3.22), we make the following two definitions. First, we let
L(>y) :={Ae € L ]| yAs € L}. (3.23)

Second, for every lattice A ¢ F?" such that both A and yA are (O x OF)-stable, we put
Q(y, A, s) = Q(h]'yha, 5), (3.24)

where hy, hy € H' are chosen such that A = h; - O%" and and yA = hy - O3". (The lattice O%' comes
up here because we have normalized the test function f7, by the requirement A(S)td = 0%".)

Assume that y € Gy, is regular semi-simple. The torus L;f C G’ acts on L(y) by multiplication and
we write

Stab(A.) = {x € L | xA; = A; foralli =0,...,{~ 1}

for the stabilizer a lattice chain A, € L£(y). Taking into account the volume factor in the definition of f},
(see Definition 3.9) as well as the normalization in (3.15), we can then write the orbital integral of f}, as

Orb(y, ff.8) =g~ ™ Z [Ozy : Stab(Al)] Q(v, Ao, 5), (3.25)
Ac€LA\L()

where m = 0 if € is odd and m = 2n/¢ if € is even. The next few lemmas study this expression in more
detail.

Lemma 3.21. Let y € Gy, be a regular semi-simple element and let 7 = z,,.

(1) Let A be an Ok -lattice. Then yA is an Ok -lattice as well if and only if z/(1+2z) - A C A If z is
topologically nilpotent, then this is furthermore equivalent to zA C A.
(2) Assume that € is odd and that 7 is topologically nilpotent. Then

L&y)={Ae€L|zA; CA;foralli=0,...,¢—1}. (3.26)

(3) Assume that € is even. Then L(y) # 0 only for y such that 7 is topologically nilpotent. More
precisely,

L(y)={Ae € L | zA; C Aiyy foralli=0,...,€—1}. (3.27)

Proof. (1) Write Ox = O[], where ¢ satisfies C =1 —¢. Theny™'¢y = +z/(1+2) - (1 —=20) as
in (2.7). Hence, given an O -lattice A, the lattice yA is {-stable if and only if

(C+z/(1+2)- (1 =20))A CA.
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It is checked directly that 1 — 2 € O%, so this inclusion holds if and only if z/(1 +z) - A € A. If zis
moreover topologically nilpotent, then Or[z] = Or[z/(1 + z)], and this condition becomes equivalent
to zA C A.

(2) Assume that ¢ is odd. Any lattice chain A, € L(y) has the property that each A; is both
O -stable and y~! O g y-stable. By Part (1) and under our assumption that z is topologically nilpotent,
this is equivalent to z - A; € A; which proves the relation C in (3.26). Assume conversely that A, € £
has the property that each A; is z-stable. We need to show and claim that each (yA;)/(yA;+1) is a free
Ok /(m)-module. Since . is O -linear, this is equivalent to each quotient

YA (A = (L +2)A) /(1 +2)Agar)

being a free O /(7r)-module. But it was assumed that z is topologically nilpotent and that each A; is
z-stable, so (1 + z)A; = A; for all i, and the claim follows because A, € L.

(3) Assume that ¢ is even and that A, € L£(7y) is any lattice chain. Then by definition of L(y), the
action of Ok on (yA;)/(yAi+1) factors over the first factor of Ox = Op X Op if i is even and over
the second factor if 7 is odd. Equivalently (apply the isomorphism vy), the y-conjugated action of Ok
on A;/A;4 factors over the first factor if i is even and over the second factor if i is odd. This is yet
equivalent to / and y~!/y = £ +z/(1+2z) - (1 —2() defining the same endomorphism of A;/A;;. Since
1 -2 € O%., this happens if and only if z/(1 + z) - A; € A;;1. Given that this holds for all 7 and that
A¢ = g, we deduce that z/(1 + z) is topologically nilpotent. Then z is topologically nilpotent as well,
as claimed in the lemma. Identity (3.27) follows easily from the given arguments. O

Lemma 3.22. (1) The following operator Z,, defined on lattice chains in F 2 defines an automorphism
of L(y):

Zy, - [AoDAID...DA7] = [2yA1 D2y A2 D ... D 2 Ar Dz Aq]. (3.28)

(2) Moreover, Z,, commutes with the L)X,—action on L(y) and satisfies

1 if € is odd
Q(y’ (Z),A.)O, S) =€&D (7)9(7’ AO’ _S) : {q4n.\‘/l’ f (329)

if € is even.

Proof. (1) A direct computation shows that yz,y~! = y,z,¥;', so both elements z, and yz,y~! are
K-conjugate linear elements of G’. It follows that if a lattice A has the property that both A and yA are
Ok -stable, then also z, A and yz, A are O -stable. Thus, given any A, € L(y), the new chains Z, A,
and yZ, A, are again chains of O -lattices. Taking into account the shift by one in (3.28), both Z, A,
and yZ, A, again satisfy the eigenvalue condition in the definition of £ (see Definition 3.8). Hence,
Z,A, € L(y) as claimed.

(2) Proposition 2.6 states that L, = F [z%], which implies that multiplication by z, and by elements
from L§ commute. It is left to prove Identity (3.29). It is easily checked that both sides of that identity are
invariant under left-multiplication of H’ ony. So we may assume thaty = 1+z with z = z,.. This implies
that y and z commute which will simplify some expressions below. It furthermore allows for a more
convenient description of Q(y, A, s). In its formulation, we write A = A, & A_ for the decomposition
of an Ok -lattice A into its O g -eigenspaces.

Lemma 3.23. Assume that y = 1 + z with z = z,,. Assume that A is an O -lattice such that also yA is
an Ok -lattice. Then

Q(y, A, 5) = (=D)L OD-ZAHOAN AL (N)zA =[N 2AD)s (3.30)
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Proof. This follows directly from the definition of Q(y, A,s): Assume that A = hQOZF" and that
yA = hi0% . Let (¢5) = hi'yh;. Recall that now by (3.24) and by Definition 3.2,

Q(v, A, s) = Q((f Z)’ 5) = (_I)V(C)+V(d)q(v(b)—V(C))'S, (3.31)
where v : F* — Z is the normalized valuation. Translating to A, we have

V(a) = [(')’A)+ : A+] V(b) = [(YA)+ : ZA—] (3 32)
v(c) = [(yA)-:zA:] v(d) = [(yA)- 1 A-]. )
Substituting (3.32) in (3.3 1) proves the lemma. ]

Let A be an Og-lattice such that also yA is an Og-lattice. Since z is K-conjugate linear and
furthermore commutes with 7, it holds that

(zM): = zA5,  (yzA): = 2(yN)5.
We obtain from (3.30) that
Q(y,zA, 5) = (_1)[z(7/\)+:zzl\-]+[z(7/\)+:z/\+]q([z(w\)-:zzm]—[Z(V/\)+:zzl\-])s. (3.33)
The exponents of the signs of (3.30) and (3.33) are related by
[2(yA)s : Z2A] + [2(yA)s s AL ] = [YA s 2A] = [(YA)- 1 ZA ] + [yA: Al = [yA_: AL], (3.34)
those for the g-powers by
[2(yA)- s 2A4] = [2(yA)s s A = =[(¥A)s - 2A-] + [(YA)- : ZAL]. (3.35)
Note that [yA : zA] + [yA : A] = [A : zA] mod 2 in (3.34), so we obtain
Q(y, zA, s) = n(det(2))Q(y, A, —5). (3.36)

It is left to take care of the shift in (3.28). Assume that A’ C A is a sublattice that also has the property
that both A” and yA’ are Ok -stable. Define integers a. and b. by the identities

az = [A:: ALl and  bi = [(yA): : (YA):].

Then we obtain from (3.30) that
Q(y, N 5) = (-1)4Hglabmatblsq(y, A, s). (3.37)
Apply this to the two lattices zA; C zAq that arise from zA, with A, € L£(y). Depending on the parity
of ¢, the following two cases occur. If £ is odd, then zAy/zA; is free over Ok /(7)) so a, = a_ and

+ = b_. We obtain that

Q(y.zA1,5) = Q(y, 270, 5). (3.38)
If ¢ is even, then zAy/zA and yzAg/yz/A| are both free over O /(7) of rank 2n/¢ with Ok acting via
the second projection. (Indeed, O acts via the first projection on Ag/A; and (yAg)/(yA1), but z is

Ok -conjugate linear.) In particular, ay = b, = 0and a— = b_ = 2n/¢. Identity (3.37) then specializes to

Q(y,zA1, 5) = (=) g* 1 Q(y, zAo, 5). (3.39)
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Combining (3.36), (3.38) and (3.39), it follows that

1 if € is odd

sl (3.40)

Qy, (ZyAa)o, $) = (=1)*"“n(det(2)Q(y, Ao, =) - { if £ is even.

Recall that the constant coefficient of Inv(y) is a square root of det(z?). The sign (—1)>"/¢5(det(z))
from (3.40) hence equals p (y) by Lemma 3.16, and the proof of (3.29) is complete. O

Proof of the functional equation (Proposition 3.19). Let m = 0 if € is odd and m = 2n/¢ if € is even.
Using the combinatorial description (3.25) together with Lemma 3.22, we have

’ ms X . —
Orb(y, fh,=5) = ¢™ Y. [0} : Stab(As)] Q(y, Ao, —5)
Ae€LZ\L(y)

ep(M@™q ™™ Y. [0} : Stab(A)] (. (ZyAdo, 5)
AveL\L(y)

8D(7) Orb()’? fb’ S),

as was to be shown. m]

4. Arithmetic transfer

The setting is the same as in §3.1 except that, from now on, we take
G =D, H=C%*, “4.1)

Note that G and G°P have the same underlying topological space, which implies that C2°(G) = C2°(G®P).
Moreover, H and H°P have the same underlying topological space as well, and the definitions of g € G
being regular semi-simple, of the invariant Inv(g;T), and of the orbital integral Orb(f,g) are all
unchanged when taking them for opposed CSAs.

4.1. Local Shimura data

Let F be the completion of a maximal unramified extension of F. Let O ; denote its ring of integers and
let FF be its residue field. The Frobenius automorphism of F is the unique F-automorphism inducing
g-Frobenius x + x7 on F; we denote it by o : F — F.Let v : F* — Z be the normalized valuation.

By F-isocrystal, or simply isocrystal, we mean a pair N = (N, F) that consists of a finite-dimensional
F-vector space N and a o-linear automorphism F. The Verschiebung of N is defined as V = 7F~!.
Height, dimension and slope of N are all meant in the relative sense with respect to F: The height ht(N)
is the F-dimension of N, the dimension dim(N) is the integer v 5 (detV), and the slope is their ratio
dim(N) /ht(N). Note that dim(IN) might be negative.

The Dieudonné—Manin classification [7] states that the (F-linear) category of isocrystals is semi-
simple and that the isomorphism classes of its simple objects are in bijection with Q: For every u = r/s,
where (7, s) = 1, there is a unique (up to isomorphism) simple isocrystal N,, of height s and dimension
r. The endomorphism ring End(N,,) is a CDA over F' of Hasse invariant .

Definition 4.1. (1) By C-isocrystal, we mean a pair (N, ¢) that consists of an isocrystal N, and an
F-linear C-action ¢ : C — End(N,) with the following numerical conditions: The height of N, is
2n? = dimp (C), the dimension of N, is n, and the slopes of all subisocrystals of N lie in the interval
[0, 1].

(2) By D-isocrystal, we mean a pair (N, «) that consists of an isocrystal N and an F-linear D-action
k : D — End(N) with the following numerical conditions: The height of N is 4n?> = dimz (D), the
dimension of N is 2n, and the slopes of all subisocrystals of N lie in the interval [0, 1].
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Remark 4.2. Recall that by covariant Dieudonné theory p-divisible groups over F together with
quasi-homomorphisms are equivalent to Q,-isocrystals that have the slopes of all subisocrystals in
the interval [0, 1]. Under this equivalence, height and dimension of the p-divisible equal height and
dimension of the corresponding Q,,-isocrystal. The analogous statement holds for strict O p-modules
over F (see Definition 4.8) and F-isocrystals. This motivates the slope condition in Definition 4.1.

The Serre tensor construction defines a functor

{C-isocrystals} — {D-isocrystals}

) “4.2)
(N4,t) — (N=D ®c Ny, «(x) =x ®1idn,).

Lemma 4.3. (1) Two C-isocrystals (resp. two D-isocrystals) are isomorphic if and only if the underlying
isocrystals are isomorpic. In particular, the functor (4.2) defines an injective map on isomorphism
classes.

(2) A D-isocrystal (N, k) lies in the essential image of (4.2) if and only if there exists an F-algebra
map E — Endp (N, k).

Proof. (1) Let N be any isocrystal. By the Dieudonné—Manin classification, End(N) is a product of
CSAs over F. It then follows from the Skolem—Noether Theorem applied factor by factor that any two
F-algebra homomorphisms C — End(N) are conjugate. In other words, there is at most one way (up to
C-linear isomorphism) to define a C-action on N. The same argument applies to D-isocrystals. The
injectivity of (4.2) on isomorphism classes follows directly because D ®c N, = Nj‘?2 as isocrystal.

(2) The category of C-isocrystals is E-linear because the center of C is E. The Serre tensor construction
is functorial, so every object in its image has a D-linear E-action. Explicitly, E acts on (N,«) =
D ®c (N4, ) by

tlg : E— Endp(N,x), av+—> 1®(a).

Assume conversely that there exists an embedding ¢ : E — Endp (N, x). Then N has an action by
k(E) ®F t(E) and thus decomposes into C-stable eigenspaces N = N, & N_. Let us write ¢ for the
resulting C-action C — End(N,) on the first factor. The natural D-linear map D ®¢ (N, ¢) — Nis the
desired isomorphism. O

We next place the above definitions into a group-theoretic context, following the EL formalism in
[38, Definition 3.18]. For this, we consider H and G as algebraic groups over F. Our convention is that
Endp (D) acts on the left of D and is hence isomorphic to DP. In light of (4.1), we have an isomorphism

G — Endp(D)*, g+ [x — xg].
Recall that the Kottwitz set of G is defined as the set of o-conjugacy classes in G (F):
B(G) = G(F)/{b ~ gbo ()"},

It is a standard fact (see [38, §1.7]) that this set is in bijection with isomorphism classes of isocrystals
of height dimg (D) with D-action:

k : D — End(N) a D-action /=

[6] — (Np, k) = (F ®F D,0 ®b).

B(G) = {(N, K)‘N an F-isocrystal of height dlmF(D)}

(4.3)

After scalar extension to F, there is an isomorphism « : F ®F D = M,, (F ) of F -algebras from which
one obtains an isomorphism Gy = GL,, 7. Consider the F-conjugacy class of the cocharacter

G G — Gp —> GLy, 7, > diag(t,...,1,1). (4.4)
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Via 4.1, the subset B(G, ug) € B(G) of u-admissible elements is in bijection with the isomorphism
classes of D-isocrystals from Definition 4.1. (For the purposes of our article, the reader may take
that as the definition of B(G, u).) Namely, by the Dieudonné classification from Remark 4.2, every
D-isocrystal (N, k) is the isocrystal of a strict O p-module X over F together with a rational action
k : D — F ®o, End(X). By [38, §3.19] which also holds for F-isocrystals, this implies that (N, k)
lies in B(G, ). Conversely, an F-isocrystal with D-action (N, k) € B(G, u¢g) is necessarily u-weakly
admissible. By definition (see [38, Definition 1.18 and §1.3]), the latter is equivalent to N being of
dimension 2n and with the slopes of all subisocrystals in [0, 1].

To make the analogous definitions for H, we need to fix an embedding E ¢ F. Also choose an
isomorphism B : F ®r C°° = M, (F) x M,(F) such that 8(a) = (a,a) for all a € E. Consider the
H(F)-conjugacy class of

pp Gy — Hp % GL,7XGL, 7, t+—> diag((r,....1,1), (t,....0). 4.5)

Then B(H,upy) is in bijection with the isomorphism classes of C-isocrystals in the sense of
Definition 4.1. Moreover, the natural map B(H, uy) — B(G, ug) is given by (4.2).

Definition 4.4. For b € H(F), we denote by (N, ,, ) the C-isocrystal given by (F ®¢ C,o ® b) with
its natural C-action. We write Cp, = End¢(Np 4+, ¢) and Hp, = CZ. We further define

(Nb9K) = D ®C (N+,b’L)

as well as Dy, = Endp (Np, k) and G, = le. Note that there is an inclusion H, — Gp, g — idp ® g
by functoriality of the Serre tensor construction.

It follows from the Dieudonné—Manin classification that D; is a semi-simple F-algebra of total
degree 2n in the sense of (2.10). By construction, there is an embedding E — Dy, and C;, = Centp, (E).
The more precise description of D, is as follows: Let Nj, = €P uel0,1] NZ" be the slope decomposition,
where N, denotes a simple isocrystal of slope . Then

D[,E 1—[ Mm,,(Dy—/l)s
pel0,1]

where A is the Hasse invariant of D, where D,,_, denotes a CDA over F of Hasse invariant u — 4, and
where m,, is characterized by

Mmﬂ (Du—/l) ®F Dy = Mn,, (DH)'

It is a well-known and curious phenomenon that the number of elements of B(H, uy) and B(G, ug)
strongly depends on 1. We give some examples:

Example 4.5. (1) Assume that D = M,,,(Dy), where D is a CDA over F. Then, by Morita equivalence,
the category of isocrystals with D-action is equivalent to that of isocrystals with Dy-action: To a
pair (No, ko : Do — End(Np)), one associates the m-th power Ni' with its natural extension of
ko to M,,(Dg). Under this equivalence, D-isocrystals in the sense of Definition 4.1 correspond to
isocrystals with Dg-action (N, ) such that Ny is of height dimg (D) /m = m-dimg (D), of dimension
[D: F]/m = [Dy: F], and has all its slopes within [0, 1]. Note that [D : F| =m-[D : Fy], explaining
why N is required to have dimension [Dy : F].)

(2) Consider the special case D = My, (F). By (1), the Kottwitz set B(G, ug) is in bijection with
isomorphism classes of isocrystals of height 2n, dimension 1 and with all slopes within [0, 1]. The
slope vector of such an isocrystal is of the form (02*=0) 1 /ng) for a unique integer 1 < ny < 2n, and
every such ng can occur. The endomorphism ring in this case is isomorphic to Mp,_,, (F) X Dy,
which admits an embedding of E if and only if ng is even. This characterizes the image of the map
B(H,uy) — B(G, ug) by Lemma 4.3.
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(3) Assume that A € {1/2n, (n+ 1)/2n}. Then the Hasse invariant (over E) of C is 21 = 1/n. In this
case, B(H, up) consists of a single element [5] (cf. [38, Lemma 3.60]), which is known as the Drinfeld
case. The corresponding isocrystals N, ;, and Nj, are isoclinic of slope 1/2n. This applies in particular
when n =2 and A € {1/4,3/4} which is the main case of interest of the paper.

(4) Assume that n = 3 and A € {1/3,5/6}. Then the Hasse invariant of C is 2/3 and B(H, uy)
consists of two elements. By Lemma 4.3, they may be characterized uniquely by the slope vector
of the underlying isocrystal. One possibility is (1/6,1/6,1/6), which is the basic case; the other is
(1/12,1/3,1/3).

Recall that we have given a definition of invariant for double cosets Hy\Gp/Hp; see (2.11).

Proposition 4.6. Let 6 € F[T] be a regular semi-simple invariant of degree n. Then there is at most
one [b] € B(H, uy) such that there exists an element g € Gy, of invariant 6. In case of existence, all
such elements g form a single Hy, X Hp,-orbit. Furthermore, in this case, ep(0) = —1.

Note that the statement about the set of such g forming a single orbit is nontrivial because D}, may
not be simple, so the Skolem—Noether Theorem does not immediately apply.

Corollary 4.7. Let v € G/, be a regular semi-simple element such that there exists an isogeny class
[b] € B(H, up) and an element g € Gy, that matches y. Then Orb(y, f],) = 0.

Proof of the corollary. Proposition 4.6 states that the sign in the functional equation of Orb(y, f},, s) is
negative. (See Proposition 3.19 for that functional equation.) O

Proof of Proposition 4.6. We write B = Bs and L = L in the following. Let L = [];c; L; denote
the decomposition of L into fields and let B = [];¢; B; be the corresponding decomposition of B. The
tensor product P = D ®F B has center L and a similar decomposition P = [];c; P;. The i-th factor P;
is a CSA of degree 4n over L;. Let p; € (4n)~'Z/Z be its Hasse invariant, and write n; = [L; : F]. Let
B; be the Hasse invariant of B;/L;. These invariants are related by p; = n; A + 3; because

invy, (D ®F L;) ®r, B;) =invy, (D ®F L;) +invy, (B;) 46)
=[L;: F]-1+p;. '

Let b € B(G, ug) be any isomorphism class; denote by (N, «) the corresponding D-isocrystal.
Giving an embedding £ — D, and an orbit HygH, C G} of invariant § is the same as lifting « to
a faithful action ¥ : P — End(N) up to Gp-conjugacy by (2.6) and because necessarily By = By
(via zg + z) if such an orbit exists (Proposition 2.6). The uniqueness of the pair (b, H,gH}) is thus
equivalent to the uniqueness (up to P-linear isomorphism) of an isocrystal N of height 412, of dimension
2n, with all slopes within [0, 1] and with a faithful P-action k.

Assume (N, k) is such a pair. Then N decomposes, N = [];; N;, into a product of isocrystals with
faithful P;-action. The i-th factor P; is a CSA over L; of degree 4n so the height of N; has to be an
integer multiple of 4nn;. Since ;c; 4nn; = 4n> = ht(N), the height of N; has to be exactly 4nn;.
Furthermore, N; is necessarily isoclinic, say of slope u; = d;/4nn;. The uniqueness of (N, k) up to
P-linear isomorphism is then equivalent to the vector (d;);e; being uniquely determined by P.

The i-th endomorphism ring End(N;) is a CSA over F of Hasse invariant y; and degree 4nn;. Since
[P; : F]1[L; : F] = 4nn;, it follows from the centralizer theorem that x(P;) equals the centralizer of
k(L;) in End(N;). This implies that

pi =i =d;/4n. 4.7)
Here, the integer d; is the dimension of N; and we know that };.; d; = 2n. Because all slopes are

assumed to lie within the interval [0, 1], we in particular obtain that 0 < d; < 2n and hence see that
(d;)ier is uniquely determined by P. This shows the uniqueness of b and the orbit H,gH).
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It is still left to prove that e (§) = —1 if b and such an orbit exist. To this end, we take up the identity
pi = Bi +n;A from the beginning of the proof. Combining with (4.7), we see that 8; + n;A = d;/4n.
Taking the sum over all i € [, it follows that

di 1 _
gD(é‘):ZE:EEZ 1727 = {x1}, (4.8)
iel

as claimed. O

4.2. Moduli spaces

Let [b] € B(H, ug) be an isogeny class. Then (H, b, ug ) and (G, b, u) are local Shimura data triples.
Our aim in this section is to define integral models of the corresponding local Shimura varieties (over F)
at maximal level.

Fix an embedding E — F as well as maximal orders Oc ¢ C and Op C D. By definition, a
Spf O j-scheme is an O jz-scheme S such that 7 € Oy is locally nilpotent.

Definition 4.8. Let S be a Spf O ;z-scheme.

(1) Assume that F is of characteristic 0. A strict O p-module over S is a pair (X, «) that consists of a
p-divisible group X over S and an action @ : O — End(X) that is strict in the sense that Lie(a(a)) = a
for all @ € OF. Height and slope of a strict Ofr-module are meant in the relative sense, meaning
[F : Qp] - ht(X) is the height of X as p-divisible group.

(2) Assume that F' = F,((m)) is of characteristic p. A strict O p-module over S is a n-divisible group
(X, @) over S in the sense of [15, Definition 7.1] such that Lie(a(a)) = a for all a € Op. (In other
words, we demand d = 1 in part (iv) of [15, Definition 7.1].) Height, dimension and slope are defined
asin [15, §7].

Definition 4.9. Let S be a Spf O jz-scheme.

(1) A special O¢-module over S is a pair (Y,:) that consists of a strict Op-module Y and an
Oc-action ¢ : O¢ — End(Y) such that the following conditions are satisfied. The height of Y is 212, its
dimension is n, and the O c-action is special in the sense that for all x € O¢,

char(¢(x) | Lie(Y); T) = charredc/g (x; T). 4.9)

Here, the right-hand side is considered as an element of Og[T] via the fixed embedding E  F and the
structure map O iz — Os.

(2) A special Op-module over S is a pair (X, «) that consists of a strict Op-module X and an
Op-action k : Op — End(X) such that the following conditions are satisfied. The height of X is 412,
its dimension is 2n, and the O p-action is special in the sense that for all x € Op,

char(x(x) | Lie(X);T) = charredp,r (x;T). (4.10)

Here, the right-hand side is considered as an element of Og[7'] via the structure map O — Os.

Remark 4.10. By [38, 3.58], an equivalent way to formulate (4.9) and (4.10) is as follows. Let L/E
be an unramified field extension of degree n and fix an embedding Oy — Oc. Then, given an action
t:0¢c — End(Y) ork : Op — End(X), the Lie algebra Lie(Y) resp. Lie(X) becomes an O ®¢,. Os-
module. Since S was assumed to be an O jz-scheme, there is an eigenspace decomposition

Lie(Y) = @ Lie(Y), resp. Lie(X)= @ Lie(X),.

@eHomg (L,F) @eHomp (L,F)

Then (4.9) resp. (4.10) holds for all x € O¢ (resp. all x € Op) if and only if each summand Lie(Y),,
(resp. each summand Lie(X),,) is locally free of rank 1 as O s-module.
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Remark 4.11 (Morita equivalence). It is possible to reformulate Definition 4.9 in terms of division
algebras only. For brevity, we only consider the case of D: Assume that Op = M,,(Op,), where O p,
denotes the maximal order in a CDA Dy. Then special Op-modules over S are equivalent to pairs
(Xo, ko), where X is a strict O p-module over S of height m - dimg (Dy), dimension [Dg : F], and
where ko : Op, — End(Xp) is special in the sense that for all x € Op,,

char(xo(x)| Lie(Xo); T) = charredp,/r (x;T).

The equivalence is given by (Xo, kg) — (X", M, (x0)).

We fix a special O¢-module (Y, ¢) and a special O p-module (X, «) over F for the next definition.
These are the so-called framing objects.

Definition 4.12. The RZ moduli space M is defined as the following functor on the category of
schemes over Spf O,

3 B (Y, 1) a special Oc-module over S

Mc($) = {(Y’ L p)‘p 0§ XspecF Y — § X Y an Oc-linear quasi-isogeny |

We define a moduli space of Mp in the exact same way,

B ~ (X, k) a special O p-module over §
Mp(8) = {(X’ “ p)‘p 8 XspecF X — § Xg X an O p-linear quasi-isogeny |
Proposition 4.13. The functors Mc and Mp are representable by formal schemes that are locally
formally of finite type over Spf O iz. The irreducible components of the maximal reduced subschemes of
M and Mp are projective over Spec F. Both formal schemes are regular with semi-stable reduction
over Spf O jz. Moreover, Mc has dimension n, and M p has dimension 2n.

Proof. The representability of M¢ and Mp by a locally formally finite type formal scheme, and
the fact that the irreducible components of their reduced loci are projective over SpecF, are general
properties of (P)EL type RZ spaces; see [38, Theorem 3.25]. (The analogous result in the equal char-
acteristic setting is [2, Theorem 4.18].) The regularity follows with the standard local model argument:
[38, Proposition 3.33] states that regularity of the two spaces follows from that of the local models for
the data (H, up, OF.) and (G, ug, OF,). After base extension to O j, these local models are isomorphic
to parahoric type local models for GL,, resp. G Ly, with cocharacter 4 = (1,...,1,0). It is well known
that these are of dimension n (resp. 2n) with semi-stable reduction [18, Theorem 5.6]. (The assumption
p # 2 is not needed for this part of the theorem. The result is originally due to Drinfeld [10].) O

4.3. Quadratic CM cycles

Assume from now on that the maximal orders O¢ and Op are chosen such that Oc = C N Op. (See
Lemma 3.6 for a uniqueness statement in this context.) Let S be a scheme over Spf O and let (Y, ¢)
be a strict O p-module with Oc-action ¢ over S. Then Op ®¢,. Y is a strict O p-module over S with a
natural O p-action. It will be useful to have a more explicit description of this construction.

The ring Op is an O ®p, Og-module via left and right multiplication and decomposes into
eigenspaces with respect to this action: Op = O¢c & (D_NOp). We have used here that E is unramified
over F. The space of conjugation linear element D_ N Op is an O c-module via left multiplication and
takes the form O - IT for some generator IT. With respect to the O¢-basis (1,II), there is then the
presentation

Op ®0. Y =Y &I, @.11)
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where I1Y is our notation for the summand Il ® ¥, which we identify with Y. Note that In? e Oc¢ and
that II"'O ¢TI = O¢. The Op-action on Op ®0. Y has the matrix description

Op —> End(Y & 11Y)

a4 511 I~ all)’
Lemma 4.14. Let (Y, 1) be a special Oc-module over a (Spf O)-scheme S. Then the Serre tensor
construction (Op ®o. Y, k(x) =x ® idy) is a special O p-module.

Proof. Let L denote an unramified extension of degree 2n of F; fix an embedding £ — L. We claim
that for any choice of two E-linear embeddings i1,i : Op — O¢, the two images i;(Oy,) and i2(Op)
are O.-conjugate. To prove this, we consider the decomposition

oc= P A,

¢€eGal(L/E)

into eigenspaces with respect to the action i} ® i» of O ®¢,. O by left and right multiplication. Our
task is to show that there exists an index ¢ and an element x € OF N A,. Namely, any such element
satisfies x™! 0 j ox =iy o ¢ and hence x~'i1(O1)x = i»(OL).

Each A, is an i1 (O )-module of rank 1 and AyAy S Agyy. It follows that every nonzero homo-
geneous element x, € A, lies in C*, and that if x, € A, is topologically nilpotent and 0 # x,, € Ay
any other homogeneous element, then xwxwxlp‘l is again topologically nilpotent. Thus, given any two
topologically nilpotent homogeneous elements x,,xy in degrees ¢ and ¥, say, their product x,xy, is
again topologically nilpotent. Since O¢ contains elements that are not topologically nilpotent, it fol-
lows that there also exists a homogeneous element x, € A, that is not topologically nilpotent. Then
xﬁ“ €i1(0L)*x, implies that x,, € OE, and we have proved the claim.

We now come to the main arguments. Let X = Op ®¢,. Y. The above claim implies that there exists an
embedding i : Op — O¢ and a choice of IT in (4.11) such that [T1i(O) = i(Op)II. Let ¥ € Gal(L/F)
be defined by IT™! o7 o IT = i o . Note that i satisfies /|g # idg because IT is E-conjugate linear and
consider the decompositions of Lie(Y) and Lie(X) into O -eigenspaces,

Lie(Y) = @ Lie(Y),, Lie(X)= @ Lie(X),.

@eHomg (L,F) @eHomp (L,F)

Then (4.11) and (4.12) for our specific choices of i and IT imply that

I3

Lie(X),

{Lie(Y)‘p if gl = idg @13

Lie(Y),y-1 if gle # idg.

It follows that if Lie(Y), is of rank 1 for all ¢ € Homg (L, F), then Lie(X), is of rank 1 for all
¢ € Homg (L, F). By Remark 4.1 1, this precisely means that X as a special O p-module if Y is a special
O c-module. ]

From now on, we assume that the two framing objects are related by the Serre tensor construction
(X,x) =0p ®o, (Y,0). (4.14)
In this situation, Lemma 4.14 states that there is a morphism of formal schemes given by

Mc — Mp

. . 4.15)
(Y,t,p) — (Op ®o. Y, «(x) =x®idy, ido, ® p).
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Given any subset T C End’(Y) of the quasi-endomorphisms of Y, we define a subfunctor Z(T) C M¢
by

Z(T)(S) :=={(Y,1,p) € Mc(S) | pTp~" C End(Y)}. (4.16)

Here, the condition is meant in the sense that pTp~! is always a subset of the quasi-endomorphisms
End’(Y) because p is a quasi-isogeny. The functor Z(T) is representable by a closed formal subscheme
of Mc; see [38, Proposition 2.9]. In exactly the same way, we define a closed formal subscheme
Z(T) € Mp whenever T C End®(X). We apply this construction to the subring ((Og) C End(X) to
obtain the closed formal subscheme Z(:(Og)) € Mp.

Consider an S-valued point (X, «, p) € Z(¢(Og))(S). Then X is equipped with the two commuting
Og-actions k|o,, and p otop~!. Since E/F is unramified, (id-id,id-7) : Of ®o, OFE 5 O xO0p. We
denote by X = X, @ X_ the resulting eigenspace decomposition of X. In particular, X, is the summand
on which the two Og-actions agree.

The purpose of the above definitions was that we can now give a description of the image of

MC — MD.

Proposition 4.15. The morphism Mc — Mp is a closed immersion. Its image consists of all those
points (X, k,p) € Z(((Og)) with the following two additional properties. Let X = X, & X_ be the
eigenspace decomposition as explained before.

(1) The k(Oc¢)-action on X is special in the sense of (4.9).

(2) The endomorphism k(I1) defines an isomorphism k(I1) : X, — X_.

Proof. Let Z C Z(1«(Og)) be the subfunctor defined by the conditions (1) and (2). Condition (1) is
a Zariski closed condition on Z(:(Of)) because it is given by the equality of the two polynomials in
(4.9). Condition (2) is an open and closed condition: The map «(IT) : X, — X_ is always an isogeny
because p~'x(IT)p : X, — X_ is an isogeny. Condition (2) then describes the locus where the height
of x(IT) is 0, which is open and closed. We conclude that Z is a closed formal subscheme of Z(:(OEg)).
It is clear from definitions that the map M — Mp factors through Z. Conversely, given a point
(X, k,p) € Z(S), let (X4, k|oc, p+) be the direct summand where the k(O ) and (pt(Og)p~")-actions
coincide. Then (X4, k|o., p+) € Mc(S) because of Condition (1). Condition (2) ensures that

OD ®Oc (X+’K|O(;’p+) i) (X, K, P)

via the natural O p-linear map Op ®o. X+ — X. This constructs an inverse Z — Mc. O

4.4. Intersection numbers

Let [b] € B(H, uy) be the isogeny class defined by the framing object (Y, ¢). After a suitable choice
of identification, we may simply write (or redefine) H; = End(é (Y,0)* and G, = EndOD (X, k). Then
Hj, and G}, act from the right on M resp. M p by composition in the framing. The closed immersion
M — Mp is equivariant with respect to H, — Gp.

Definition 4.16. Let g € G, ;s be a regular semi-simple element. The intersection locus for g is
I(g) :==Mcn(g-Mc).

Let g € Gp 15 be regular semi-simple. Recall from Definition 2.5 that B, C D), denotes the subring
F[«(E), g "«(E)g] and that Lg C B, denotes its center. In particular, it holds that L, = C; N g 'Cpg,
and we obtain the following lemma.

Lemma 4.17. The action of Ly C Gp on Mp preserves both Mc and g - Mc. In particular, it
preserves Z(g).
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One consequence is that Z(g) is never quasi-compact if it is nonempty. (Consider, for example, the
action of 7% ¢ Ly.) However, taking the quotient by L solves this issue:

Proposition 4.18. Assume that F is p-adic. Let g € G rs be regular semi-simple and let I" C L; be a
discrete cocompact subgroup with Ly = T" X OEK. Then L(g) is a scheme and the quotient T\Z(g) is
proper over Spec O . '

Remark 4.19. The only reason for the restriction to p-adic F is that our proof relies on [6, Lemma
4.3.15], which is only stated for p-divisible groups. The statement should also be true when F = F, (7)),
however, and we assume this for later definitions.

Note that any I" as in Proposition 4.18 acts without fixed points on M p, by [38, Corollary 2.35]. The
quotient I'\Z(g) can be constructed in the following way. First choose a finite index subgroup I’ c T’
that acts properly discontinuously on Mp. The quotient I'"\Z(g) can be constructed in the Zariski
topology. Then pass to (I'/T”)\(I""\Z(g)), which is a quotient of a formal scheme by a finite group that
acts without fixed points.

In the following, we write L = L, and B = Bg.

Proof. The proof will even show that Z(¢«(Og)) N gZ(«(Og)) is a scheme and that the quotient
I\ (Z(«(OE)) N g- Z(«(OEg))) is quasi-compact. It is based on the observation that

Z(W(0p) Ng- Z(U0E)) = Z((0) Vg™ (0E)g) = Z(R), (4.17)

where R is defined as the ring R = O [1(Og), 7' t(OE)g] ®0,. Op. This is an order in the semi-simple
F-algebra P = B®F D.

It follows that the generic fiber of Z(g) is empty: The algebra P is a CSA of degree 4n over L. It can
only act faithfully on an étale n-divisible O z-module of height 4n” if P = My,(L). But this would
mean that B splits D, which would imply that £ (g) = 1 by Lemma 3.17. However, this is excluded by
Proposition 4.6.

We next prove that I'\Z(g) is quasi-compact. This is equivalent to proving that the set of closed
points Z(R)(F) is bounded modulo T in the following sense. The set Z(R)(F) identifies with the set
of R-stable Dieudonné lattices M in the isocrystal N = (N, F) of X that are special. Let M(X) c N
be the Dieudonné lattice defined by X. We need to see that there exists an integer ¢ > 0 such that for
every M € Z(R)(F), there is some x € I" with 7°M(X) € xM C n~“M(X). (The condition of points
in Z(R)(FF) being special will not play a role for the argument.)

Let L = [];¢; L; and P = [];; P; be the decompositions that correspond to the idempotents in L.
Then P; is a CSA over L; of degree 4n, and the corresponding summand N; of N has height 4n[L; : F].
In this situation, the set of Dieudonné lattices M; C N; that are stable under some choice of maximal
order O p, C P; is bounded modulo 7Z. (Indeed, O P, =0p ®o,, Op, isan order in My, (F). The set of

0 p,-stable lattices in F*" is bounded.) Thus, the set of Op = [];¢; O p,-stable Dieudonné lattices in N
is bounded modulo I'. For every R-stable Dieudonné lattice M, the lattice Op - M is O p-stable and the
index [Op - M : M] is bounded in terms the index [Op : R]. It follows that I'\ Z(R)(F) is bounded as
claimed.

It is left to show that Z(g) is a scheme. A priori, it is known to be a locally noetherian formal scheme.
We thus need to see that for every noetherian, adic, m-adically complete O ;-algebra A, every morphism
f : Spf A — Z(g) extends to a map Spec A — Z(g). Equivalently, we need to see that for every such
f, the ideal J(f) = f~! (O%"(g))A that is generated by the inverse images of all topologically nilpotent
elements in Oz g is nilpotent. We claim that it suffices to consider the case of a DVR: Indeed, assume
that there exists a prime ideal p C A such that J(f) ¢ p and let m be a maximal ideal containing
p. It necessarily holds that J(f) € m because J(f) is nilpotent. Since A is noetherian, there exists a
complete DVR B and a map g : Spec B — Spec A such that the generic point of Spec B maps to p
and the special point to m. In particular, J(f o g) = g~'(J(f))B would be a nontrivial ideal of B. This
proves the claim and allows us to henceforth assume that A is a DVR. We will even assume that A is
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complete with algebraically closed residue field. We already know that Z(g) has empty generic fiber, so
it holds that 7A = 0. We write Spec A = {s, 7}, where s is the special and 7 the generic point.

Let (X, «, p) be the point that defines the morphism f : Spf A — Z(g). The datum X algebraizes
to a strict O p-module over Spec A with R-action. Our task is to show that p algebraizes as well. The
key observation for this is that, by Proposition 4.6, the geometric isogeny class of the generic fiber X,
is uniquely determined by Inv(g; 7)) and hence equal to that of X. In other words, the point-wise slope
vector of X on Spec A is constant. The perfection AP = colim,,_,,» A of A is again strictly henselian.

Lemma 4.20 [6, Lemma 4.3.15]. Let k be the residue field of AP™. The functor Y + k ® gpert Y from
strict O p-modules Y up to isogeny over AP to strict O p-modules up to isogeny over k is an equivalence.

Proof. The cited lemma states this when F' = Q,,. The general case follows immediately because strict
O r-modules are nothing but p-divisible groups with strict O p-action. O

By Lemma 4.20, there exists a quasi-isogeny p’ : AP ®; X — X such that k ® perr p” = k ®4 p.
By the rigidity of quasi-isogenies [38, (2.1)], this implies p” = AP @4 p, which shows that AP @4 p
is algebraic. The map A — AP is faithfully flat, so this implies that p is algebraic. O

Definition 4.21. For g € G} 15, we define

— L
Int(g) := x(N\I(9), Orinee 85, Orgmc) € Z

Here, by the regularity of M¢ and M p from Proposition 4.13, the complex on the right-hand side is
perfect. It is supported on I'\Z(g), which is a projective O j:-scheme with 7V Oz () = 0 for N > 0 by
Proposition 4.18. This explains why Int(g) is well defined. Note that the passage to the quotient by I"
is completely analogous to taking the quotient by the stabilizer in the definition of the orbital integrals
in §3.1.

We end this section with some auxiliary results about the intersection locus Z(g) that will be useful
in later sections.

Lemma 4.22. Let N be an isocrystal with E-action and let g = g, +g— € End(N)* be an automorphism
such that g, lies again in End(N)*, where g, and g_ denote the E-linear resp. E-conjugate linear
components of g. Assume that there exists an Og-stable Dieudonné lattice M C N such that gM is
OEg-stable as well. Assume furthermore that the Verschiebung V on N is topologically nilpotent and that
the O g-action on both M/VM and gM/V (gM) is strict. Then 74 = g;'g_ is topologically nilpotent.

Proof. Considering g;'gM instead, we may assume that g is of the form g = 1 +z with z = Zg. Let
M =M., @ M_ and gM = M, @ M be the bigradings that come from the O g-action. Claim: It holds
that zM, C M_. Assume this claim holds. The strictness condition for M means that VM, = M_. Thus,
we obtain zM, C VM, and hence z2"M, C V>*M, for every n > 0. The Verschiebung is topologically
nilpotent by assumption, so it follows that z is topologically nilpotent, as claimed. It is only left to prove
the claim.

Proof of the Claim. First note that
M, =M, +zM_ and M’ =M_ +zM,. (4.18)

Moreover, the O g-action on gM was assumed to be strict as well, meaning that VM, = M”.. Substituting
this in (4.18), it follows that

M_+zM, =M_+zVM_.
In particular, zM, € M_ + zV>M, and hence, for all i > 1,

ZVZ2M, € ML + ZVZM,. (4.19)
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Since V is topologically nilpotent by assumption, there exists an integer i such that zV¥M, ¢ M_.
Descending induction on i with the help of (4.19) proves that zM, C M_, as claimed. O

By definition, for every regular semi-simple g € Gy, the element z, = g;'g- liesin EndOD (X, ). So
the definition in (4.16) applies and defines a closed formal subscheme Z(z,) € Mp.

Proposition 4.23. (1) Assume that [b] € B(H, ug) is such that Ny, has no étale part and assume that
8 € Gy is regular semi-simple. If T(g) # 0, then z4 is topologically nilpotent.

(2) Let [b] € B(H, up) be any and let g € Gy, s be an element such that 74 is topologically nilpotent.
Then I(g) = Mc N Z(zq).

Proof. (1) The assumption that Nj, has no étale part precisely says that V is topologically nilpotent.
Then any point (X, «, p) € Z(g)(M) defines a Dieudonné lattice M C N, that satisfies the conditions
of Lemma 4.22.

(2) Let £ € O be an O -algebra generator of trace 1. It always holds that 1 -2/ € O because E/F
is unramified. Using that z, is topologically nilpotent, identity (2.7) then implies the following equality
of subrings of EndOD (X):

R=0r[(0F), 8" (0E)g] = Of[z,]. (4.20)

We obtain from (4.17) that Mc N g - Mc S Mc N Z(zg). Assume conversely that (X, «,p) €
Mc N Z(zg). We need to show that (X, «, p) € g - Mc. Equivalently, by the Hj-equivariance of the
embedding Mc — Mp, we need to show that (X, «, p) € (g;'g)Mc = (1 + Zg)Mc. So we may
assume that ¢ = 1 + z, from now on. Using that (X, «, p) € Z(z,) and also that z, is topologically
nilpotent by assumption, pgp~' = 1+ Pg p~! defines an automorphism of X. Thus, (X, «, p) is a g-fixed
point of M that also lies in M, and hence lies in g - M. O

4.5. The Arithmetic Transfer Conjecture

We can now formulate our AT conjecture. Recall that fp = 10}3 € C2(G) denotes the standard test
function on the CSA side; see §3.3.

Conjecture 4.24 (ATC). There exists a transfer 5 € CZ(G’) of fp in the sense of Definition 3.4 with
the following additional property. For every regular semi-simple element y € G/,

if there exists some [b] € B(H, pug)
2 Int(g) log(q)
a0rb(y, f)) = and some g € Gp s that matches y 4.21)

0 otherwise.

Conjecture 4.25 (ATC — equivalent form). For every transfer f/; € C(G’) of fp in the sense of
Definition 3.4, there exists a correction function fl;.. € C2(G’) such that for every regular semi-simple

element y € G,

if there exists some [b] € B(H, pug)
2 Int(g) lo
d0rb(y, f1}) + Orb(y, f12) = (g)log(q) and some g € Gy rs that matches y (4.22)

corr
0 otherwise.

Proof of the equivalence of Conjectures 4.24 and 4.25. One direction is completely elementary: Let
¢’ € CZ(G’) be any test function. Fix some h € H’ that satisfies |h|™® = ¢°. The function
0(¢’) = ¢" — (h,1)"(¢’) then satisfies Orb(y, 0(¢’),s) = (1 — g%) Orb(y, ¢’, s) for all y € G} (see
(3.5)) and hence

Orb(77 9(¢,)) = O’ 601'b(% 9(¢,)) = - Ofb(% ¢,) IOg(‘Z)
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Soif f}; and f5, are as in Conjecture 4.25, then f/; — 6( fi5.;)/10g(q) has all the properties required in
Conjecture 4.24.

The converse direction relies on the density principle for orbital integrals on G’, which is due to H.
Xue [42, Theorem 8.3]. It states that any test function f’ € C2°(G’) such that Orb(y, f’) = 0 for all

v € Gy, lies in the space
V=A{¢" —n(h2)(h1. h2)*(¢') | ¢" € CZ(G"), h1. hy € H'}.

We apply this as follows: Assume that f;] has all the properties that are required in Conjecture 4.24 and
assume that f” € C°(G’) is any transfer of fp. Then f/] — f” lies in V. Since

90rb(y, ¢" —n(h2) (hi, h2)"(¢")) = Orb(y, ¢’) log |h1 ha|,

we deduce that there exists a correction function f5. with Orb(y, fi5..) = dOrb(y, f/; — f’) for all
v € G},. Then (f’, f%,.) has all the properties that are required in Conjecture 4.25. ]

Taking into account our FL (Conjecture 3.10), we have the following explicit form of the AT:

Conjecture 4.26 (ATC — explicit form). Let f}, be the test function from Definition 3.9. There exists a
correction function f!.. € C(G’) such that for every regular semi-simple element y € G,

if there exists some [b] € B(H,
’ ’ 2 Int(g) log(q) t{nd some g € G ~[th111 mafchelgH)
00rb(y, f1) + Orb(y, fion) = § b,rs Y (4.23)
0 otherwise.

The status of Conjecture 4.26 is as follows:

(1) Consider the case that D = M, (F). Then it is conjectured that one may take f,. = 0 (AFL
conjecture). The AFL conjecture first appeared in [27]° and has been verified forn = 1 and n = 2 in
[27] and [29].

For general n, at least the vanishing part of (4.23) is known by [30, Corollary 2.14]. Furthermore,
[30, Theorem 1.2] states that it is enough to consider (4.23) for all basic isogeny classes.

(2) Consider next the case that D = M,,(D1,). Then [20, Theorem B] reduces Conjecture (4.26) to
the linear AFL conjecture for M, (F). In particular, the case D = M,(D13) is known by [29].

(3) The main result of the present paper is a verification of Conjecture 4.26 for D = D4 and
D = D3/4. In particular, Conjecture 4.26 is known in all cases with n < 2.

Part 11
Orbital integrals for GL4

5. Main results

We now specialize to the case n = 2 (i.e., G’ = GL4(F)). Consider the following two subgroups of
GL4(OF):

0% () (m) (m)
. [GL2(OF) m My(OF) w = | OF OF Or (m)
"\ M2(0F) GL2(OF)) " |OF (m) OF (m) ]
OF OF Or O%

Par G.D

The first is the stabilizer of the lattice chain
@2 @2 o2 @2
O " @0 D ()™ &0,
3The version in [30] includes a correction that is related to the counting of connected components of T\Z(g).
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and the second is the stabilizer of

02?002 5> (1)@ 0F ® O ® O
O (m)®Ofp & (7)) ®OF
> (mye(n)e (n)® OF.

These are standard lattice chains in the sense of Definition 3.9. Set f7. = lpy and f;, = (¢ + D* 1qy.

These define the functions fl’)° from Definition 3.9 — that is,

lgr,op) if D = M4(F)
I = four it D = My(D1)2) (5.2)
e if D division.

In this section, D will always be a division algebra of degree 4 and f}, the corresponding test function.
The relation of f}, and f/;’ from (3.15) specializes to

Orb(y, fp,5) = g7 Orb(y, fy, $)- (5.3)

The aim of this chapter is to compute the central values and the central derivatives Orb(y, f3, ),
Orb(y, fy,) and 90rb(y, f, ). Our results on Orb(y, f;;,) will, in particular, prove the FL conjecture
for D. The results about Orb(y, f7, ) and dOrb(y, f;,) in turn will be used to verify the AT conjecture
later.

We now define the so-called numerical invariant of an element y € Gy, or g € Gy. It simplifies
the invariant Inv(y; T) resp. Inv(g; T) in the sense that it only records a certain valuation and a certain
conductor. Its significance lies in the fact that all orbital integrals and all intersection numbers in this
article only depend on the numerical invariant.

Recall the definition of the conductor: Assume L/F is an étale quadratic extension and O C L an
O p-order. The conductor cond(O) is the unique integer ¢ > O such that O = O + 70

Definition 5.1. Let § = 7% + 6,T + 8¢ € F[T] be a regular semi-simple invariant of degree 2. Recall
that this means that ¢ is separable with §(0)6(1) # 0. The numerical invariant of § is the triple (L, r, d),
where

L:=F[T]/(8(T)), r=v(), d=cond(Op[r*-1])—-r/2-k. (5.4)

Here, t := T mod (5(T)) is the image of T in L. The étale quadratic F-algebra L is only considered up to
isomorphism. In fact, everything will only depend on whether L/F is inert, ramified or split. Moreover,
the integer k in (5.4) is chosen sufficiently large so that 78¢ € O ; the definition of d is independent of
this choice.

The numerical invariant of a regular semi-simple element y € G/, or g € Gy is the numerical
invariant of Inv(y; T') resp. Inv(g; T'). For example, the numerical invariant of an element y € G}, may
also be written as

(Ly, v(det(z,)), cond(Op[7*22]) - v(det(z,))/2 — k), k> 0. (5.5)

Note that Lemma 3.16 expresses the sign of the functional equations of f; and f;' directly in terms
of r:

Emy(pyp) () = (1), ep(y) = (=)™ (5.6)

The following three are our main results in this chapter and will all be proved in §8.

Proposition 5.2. Let y € G| be regular semi-simple with numerical invariant (L, r, d). The parahoric
orbital integral Orb(y, fp. ) vanishes if r is odd, or if r < 0, or if r/2+d < 0. In all other cases, it is
given by
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1+¢%+...+q"?2 if L ramified and r € 4Z
(I+@+...+¢"H+ (¢ +q P+ + g if L ramified and r € 2 +4Z
2(1+g*+...+4q"1*?) if L inertandr € 47
20+ q%*+ ... +q" ) +2(¢" P 4 g P+ 4+ g7 4 g 24N i Linertand r € 2 +4Z
0 if L splitandr € 4Z
ikt if L splitandr € 2 +47Z.
5.7

Theorem 5.3. The fundamental lemma (Conjecture 3.10) holds. In other words, for every regular semi-
’

simple y € G,

, Orb(g, fp) if there exists a matching g € G
Orb(y, fi,) ={ & /o) ¥ &8 (5.8)

0 otherwise.

Let (L, 7, d) be the numerical invariant of an element y € G/, and let § = Inv(y; T). We remark that
by Corollary 2.8, the matching element g in (5.8) exists if and only if Bs (constructed for E/F) is a
division algebra, which is if and only if Ls ® E is a field and 72 € Ls not anorm from Ls ®F E, which

is if and only if L/F is a ramified field extension and r odd. (Recall that L = L.)

Proposition 5.4. Let y € G/, be regular semi-simple with numerical invariants (L,r,d). Assume first
that r is odd, meaning that the sign ep (y) of the functional equation of Orb(y, f;,. s) is positive. Then

dOrb(y. f) =0 and  8Orb(y. fi,) = Orb(y. fi,) log(q). (59

Assume now that r is even, which implies dOrb(y, f],) = dOrb(y, f,). If r < 0, then dOrb(y, /) = 0.
Ifr > 0, it is given by

r if L ramified

A0rb(y, fiy,) = 4qlog(q) Orb(y, fp,,) +10g(q) {2r if L inert (5.10)
0 if L split.

6. Hyperbolic orbits

We call a regular semi-simple element y € G/ hyperbolic if L, = F x F. In this situation, the orbital
integrals Orb(y, f{,,, s) and Orb(y, f7, . s) can be expressed in terms of much simpler orbital integrals
for the Levi that is defined by L, .

In the following, we fix a hyperbolic element y € Gy, of the form y = 1 + z,; set z = z,. We also fix
an isomorphism L, = F' x F. Recall from §3.1 that K = {diag(a, a, b, b) € M4(F) | a,b € F} denotes
the diagonal copy of F x F, and recall from Proposition 2.6 that V := F* is free as K ® L,-module.

Let V = V9 @ V! be the eigenspace decomposition as L,-module. It is preserved by y because y
and z commute under our assumption y = 1 + z. It also has the property that both V° and V! are free
K-modules of rank 1. Thus, we are precisely in the setting of the Levi reduction formula from [30] and
we begin by recalling the relevant results from [30].

6.1. Lattice decomposition
The reduction to the Levi is based on the fact that there is a bijection of lattices X C V and the set

X% cvO, X! c v!both Op—lattices}

6.1
s : X' — V9/X° any Op-linear map ©.1)

{(XO,X‘,s) ’
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It is given by sending X to (XO, xt s), where
X0=xnv’ X'=Xx+V)/V s=[x'-Xx->Vx°. (6.2)

Here, the map X — V°/X0 is the projection to the first component, and the map X' — X is defined
by any choice of splitting for X = X'. Moreover, there is a criterion for lattice inclusions. Assume that
X0 c Y% cV%and X' c Y! ¢ V! are sublattices and that sy : Y! — VO/¥Y0 resp. sx : X! — V9/x0
are maps as in (6.1). Let X,Y c V be the corresponding lattices in V. Then

Yl l> VO /YO
XCY <= thediagram T commutes. (6.3)
Xl i> VO / XO
The following lemma is immediately clear and stated here for later application.

Lemma 6.1. Consider two lattices X° c Y° and X' c Y as in Diagram (6.3).

(1) Assume that X° = YO, Then for every map sy : Y' — V°/YO, there is a unique map sx such that
(6.3) commutes.

(2) Assume that X' = Y. Then for every map sx : X' — V°/X0, there is a unique map sy such that
(6.3) commutes.

In the situation of the fixed hyperbolic element 7y, there is the following numerical result. Write
¥% = y|yo and y! = y|y1 for the two components. Then y° and ! are regular semi-simple (in the sense
of §2) as endomorphisms of the K-modules V° and V!, respectively, and

Inv(y;T) = Inv(y°; T)Inv(y"; 7).

Thus, if we define @/ € F by Inv(y/;T) = T — o/, then o, a' ¢ {0,1} and o® # o' by regular
semi-simpleness of y. We also define z/ as the j-component of z. Equivalently, z/ = Zyi-

Proposition 6.2. Assume that X° c VO and X' c V! are two O -lattices that are 7/ -stable. Then there
are |a°® — '™ many lattices X c V such that

M XNV =X0and (X +V%) /v =X,

(2) X is Ok -stable and z-stable.

This is essentially a very special case of [30, Proposition 4.5]. There are, however, some boundary
cases which are not covered by that result (especially if the residue cardinality is 2), which is why we
include a short proof.

Proof. Fix Ok-linear isomorphisms Og = X/ for both Jj =0, 1. Via these coordinates, we understand
7" and z! as Ok -conjugate linear endomorphisms of O . By (6.3), the lattices X C V that satisfy the
conditions (1) and (2) are in bijection with the set

{s € Homo, (Ok.K/Ok) | 2°s = sz'}. (6.4)

Also fix an isomorphism Ox = O X O . In this basis, z° and z! are given by anti-diagonal matrices
because they are O g -conjugate linear, say
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Here, a, b, candd all liein O while ab = o’ and ¢d = a'. Anelement (s,,s_) € Homg,. (OF, F/OF)?
lies in the set (6.4) if and only if

asy =cs_, bs_=ds,. (6.5)

Thus, we need to count the solutions (s4, s_) € (F/Or)? of (6.5). By symmetry of the expression, we
may assume that a is the coefficient with minimal valuation. Dividing (6.5) by a, we first note that the
solutions to

Sy = a_lcs_, albs_ = a_lds+

are precisely the pairs of the form (a~'cs_, s_) with (a™'b —a~?cd)s_ = 0. There are |a~'b —a%cd|™!
many such pairs. It follows that the solution count for (6.5) is

|a2|_1|a_1b - a_2c‘d|_1 = |ab - cd|_1 = |a0 - a1|_1,

and the proposition is proved. O

6.2. Lattice chains
‘We now extend Proposition 6.2 to the lattice chains from Definitions 3.8 and 3.20 when n < 2.

Definition 6.3. Define the following sets of lattice chains.
(1) Let P be the set of chains of O -lattices in V of the form

AO D (7‘[, 1)[\0 D 7TAO.
Here, (7, 1) is meant as the element in Ok . Moreover, define
P(y) ={Ae € P | zA; C Ajy fori =0,1}. (6.6)
By Lemma 3.21 (3), the set P(y) agrees (up to notation) with the set defined in Definition 3.20 for
(n,€) =(2,2).
(2) Let L be the set of chains of Ok -lattices in V of the form

Ao DAL DAy D A3 DAy

and such that Ok acts on A;/A;4; via the first projection Ox — Op if i = 0,2, resp. via the second
projection if i = 1, 3. Furthermore, let

L(y)={Ae € L|zA; C Ay foralli=0,...,3}. (6.7)

By Lemma 3.21 (3), the set £(y) is the set defined in Definition 3.20 for (n, £) = (2,4).
(3) For j =0, 1, let £/ be the set of chains of Ok -lattices in V/ of the form

A} > (. D)A] > 7).
Let £/ be the set of chains of Ok -lattices in V7 of the form

Al > (1, M)A o 7.
Denote by z° and z! the two components of z and define

Ll ={M e LLo) | 7A] € AL, fori = 0,1} (6.8)
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By Lemma 3.21 (3), the set Ei(yj ) agrees (up to notation) with the set defined in Definition 3.20 for
(n,€) = (1,2). The set £/ (y/) is a variant.

Next, let A, lie in P or £. Applying the map (6.2) to each term, we construct a pair of lattice chains
in V0 and V! by

AV:=A.nVY and Al = (AL + VOV, (6.9)

The situation is straightforward for P: If A, € P, then in particular, A; = (7, 1)Ag and hence also
A{ = (m, 1)A for both j =0, 1. Tt follows that (A, Al) € £I x L}.

The situation is more subtle for £: For each index i = 0,.. ., 3, precisely one out of the following
two possibilities occurs:

0. AO — 1 _ Al
{[Ai A 1=1 and Al=Al, 6.10)
0 _ AO 1. Al — '
A=A and [Al:AL =1

We define the type of A, as the vector #(A,) € {0, 1}* with 7(A,); = 0 precisely if the first case occurs
in (6.10). Since A4 = Ay and since Ao, Ag and A(l) are all free over O, the type ¢(A,) can take the
four values

(0,0,1,1), (1,1,0,0), (0,1,1,0) and (1,0,0, 1). (6.11)

In particular, for each A, € L, each case in (6.10) occurs precisely twice. So there is a natural way to
view A and A! as 2-term lattice chains. With this indexing convention,

LYx Ll ifr(Al.) =(0,0,1,1) or (1,1,0,0)
(AL A €{L0x Ll ifr(Ay) =(0,1,1,0) (6.12)
L£0x Ll ifr(A) = (1,0,0,1).

Lemma 6.4. The map in (6.9) restricts to a surjection
P(y) — LG xLi(yh) (6.13)
all of whose fibers have cardinality g~"|a® — ' |~'. Similarly, the map in (6.12) restricts to a surjection
L) — LG x L") U L2G0) x Liyh) b L2600 x LL(h (6.14)

such that fibers over L2(y°) x L1 (y") have cardinality 2 |a® — a'|™! and fibers over its complement
have cardinality |@® — o' |~'. Moreover, both (6.13) and (6.14) commute with the action of L)X,.

Proof. 1tis clear that if A, is z-stable in the sense of (6.6) or (6.7), then A{ is z/-stable in the sense of
(6.8). In other words, the two maps (6.13) and (6.14) are defined as claimed. Moreover, the inclusion
and projection maps VO < V — V/V are L, -linear by definition, so it is clear that both maps (6.13)
and (6.14) commute with the Li—action. Our main task is to prove the claims on their fiber cardinalities.
We will assume v(a?), v(a') > 0 for this because otherwise both the sources and targets in (6.13) and
(6.14) are empty.

We begin with the case of P(y). Define the auxiliary operator 7 = (x,1)"!z. Then the pairs
(A2 AY) € LY(Y*) X LL(y") are in bijection with pairs of Ok [Z]-lattices (AJ, A}) in V% and V. (Indeed,
an O [7]-lattice Ag in V/ can be uniquely extended to the lattice chain (Aj , (7, 1)Ag) € L_{(yj ).)
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1

Note that 72 = n7'z2, so the eigenvalues of z> are 7~ '@ and 7~ 'a!. By Proposition 6.2, there are

g 'a® — a'|7! many O [Z]-stable lattices A such that
AoNVP=A) and (AgnVO)/VO=A[.

For any of these possibilities, Ag D (r, 1)Ag D mAg defines a unique extension to an element A, € P(y).
This A, is then a preimage of (A%, Al), and all claims about (6.13) are proved.

Now we turn to £(y). Assume we are given a pair (A%, Al) in the right-hand side of (6.14) as well
as a type t € {0, 1}* that is compatible with the pair in the sense of (6.12). We claim that there are
|a®—a'|~! many lattice chains A, € £(y) of type ¢ that map to (A%, Al) under (6.14). We first prove this
for the type = (0,0, 1, 1). By (6.3), the set of four term Ok [z]-lattice chains A, such that A, N V" = A?
and (A, +V?)/V? = Al is in bijection with the set of tuples (sg, 1,52, 53) of z-linear maps that give
rise to a commutative ladder of the form

A} A} A oAl oA}
s()l S1 \L Szl/ »Bl S()l (615)
VO/A) <— VO/AY <— VO (nA)) == V'/(nA)) == V°/(nA)).

By Lemma 6.1 (or by direct inspection), these tuples are in bijection with just the datum of the
Ok [z]-linear map s,. By Proposition 6.2, there are precisely |@® — '|~! many of those. Moreover, the
corresponding chain A, necessarily lies in £(y) because for every i, there are j and k with A; /A1 =
A{( / Af( - So the condition zA;/A;41 = 0 follows from the assumption that the same kind of condition
holds for A and Al. Our claim is now proved for ¢+ = (0,0, 1, 1). For the other three possibilities

for 7, the argument is completely identical. Namely, all of the involved lattice chains may be extended
(uniquely) to a 7%-periodic chain, and the four possibilities for the type ¢ differ by rotation permutations;
see (6.11). O

6.3. Orbital integrals

We next define suitably normalized orbital integrals on GL(V®) and GL(V'). Choose K-bases V/ =
F x F such that

05nV’=0% and (0% +V°)/V'=0%.

Assume that A/ C V/ is a lattice such that both A/ and y/ A/ are O -stable. Specializing the definition
in (3.24) to this situation, we have defined

QY N, 5) = Q) i, s),

where h{ , hé € K* are such that héOfF = A/ and h{OzF = y/AJ. Tt is immediate that whenever
(A% AD = (AN VO, (A +V9)/V0) for some O -lattice A ¢ F* such that also yA is O -stable, then

Q(y, A, 5) =Q(°, A%, 5)Q(y', AL, 5). (6.16)

Consider the two standard parahoric subgroups of GL;(F),

_ (0% (m) _[OF OF
1+_(0F O;) and 1__((7r) 0;) (6.17)
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Let ¢. denote the indicator function of I.. These two functions are related by the conjugation
I_ = diag(n, 1)~ - I, - diag(n, 1), so their orbital integrals satisfy

Orb(y/, ¢—,5) = (=g>*) Orb(y’, §s, 5). (6.18)

Here, y’ € GL,(F)s denotes a regular semi-simple element. Let us write £, (") for the analog of (6.8)
for the vector space F2. The combinatorial interpretation of orbital integrals (3.25) specializes to

Orb(y’, ¢+, 5) = Z Q> Ao, 5). (6.19)
AeeF\L1(y")
Proposition 6.5. Lety’ € G Lo (F ) be a regular semi-simple element of invariant T —a. Put X = —q~>5.
Then the orbital integrals of ¢ is given by

p 0 ifv(ia) <0
+5 = via -2
OG- ) {|a|-s—";§ff1 ifv(a) > 0. ©:20)

Proof. The orbital integral only depends on the orbit of y’, so we may choose y’ = (} ¢ ) for the
computation. Let & = diag(a, 1) and h, = diag(c, d). Then

hfly’hz el, < v(d)=0,v(c) =0, v(a)=v(c), v(a) > v(a).

Assuming these equivalent conditions are met, the transfer factor is given by Q(y”, s) = ¢*(®)%, and the
character that occurs in the integrand is

|hihal n(h) = (—1)7 () g2v (s,
A direct evaluation of the definition in (3.4) now gives

v(a)-1

Orb(y', ¢en8) = 4" Y (=g
i=0

as was to be shown. O
Proposition 6.6. Let y € G/, be regular semi-simple and hyperbolic with Inv(y;T) = (T — a)(T - ).
Set X = —q~%.

(1) The parahoric orbital integral Orb(y, f,., s) vanishes if v(a) < 0 or v(B) < 0. Otherwise, it is
given by

s (X@-DEE -1
(X -1)?

Orb(Y, frass) = ¢ a = BI™" apl” (6.21)

(2) The Iwahori orbital integral Orb(y, fi. . s) vanishes if v(a) < 0 or v(B) < 0. Otherwise, it is
given by

Orb(y, fl,8) = 2 (X +1) Orb(y, fry 5)- (6.22)

Proof. If v(a) < 0orv(B) <0, then z = z, is not topologically nilpotent. It follows that L(7y) = 0 and
P(y) = 0, so both orbital integrals vanish by (3.25).
Now assume that v(), v(8) > 0. We first deal with the function fy . Let I' C L7 be the subgroup

(mr, 1)%x (1, )%. It has the property that vol(L%/T") = 1, so we may rewrite the combinatorial description
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of the orbital integral (3.25) as
Orb(y, fpyS) = Z Q(vy, Ao, ).
Ae€l\P(y)
By (6.13) and (6.16), this equals
g7l = B Q¥ A% 5) @[y Al s),
(AXAD €(FXA\LYL(Y) )X (F\LL(YD)

which coincides with g~'|a — B! Orb(y?, ¢, 5) Orb(y!, ¢, s) by (6.19). Substituting (6.20) yields
(6.21).

Now we turn to the test function f;/ . Arguing as before and using (3.25), we obtain the combinatorial
formula

Orb(y, fiy.5) = Z Q(v, Ao, 5).
Ae€D\L(y)

By (6.14) and (6.16), this expression may be rewritten as the following sum of three terms:

2 |a - ,B|’1 Q(yo, A, s) Q(yl,Al, s)
(AIxAD e(FX\LI(YO))x(FX\LL(YY)

+ > = I (", A 5) @(y', Al s)
(AIXAD €(FX\L2(y0) ) x(FX\LL(y))
+ Z |a/—ﬁ|_1 Q()/O,Ag,s) Q(yl,/\l,s).

(AIXAL) e(FX\L2 (¥0))x (FX\LL(¥)
So we obtain from (6.18) and (6.19) that
Orb(y, fl.,s) =2]a - BI™" (X +1) Orb(°, ¢4, 5) Orb(y', ¢, 5).

Substituting (6.20) again and comparing the result with the formula for Orb(y, £, s) yields (6.22). O

7. Germ expansion

In this section, we prove a germ expansion principle for the parahoric and Iwahori orbital integrals.
Together with the results from §6, this will allow us to compute Orb(y, f, .. s) and Orb(y, f;,,s) in all
cases. We will first focus on the case of fI’W ; the case of fI:ar is much simpler and will be treated in §7.4.

7.1. Simplified lattice counting

Our first aim is to give a more concrete description of the set £L(7y) from Definition 6.3. (Note that its
definition does not require y to be hyperbolic.) Throughout, w € G L, (F) denotes an element such that
y(w) := (] 1) lies in G,. In other words, we assume that L := F[w] is a quadratic étale extension of F
and that w, 1 — w € L*. In this situation, zi(w) = diag(w, w), so L (w) can be identified with L. More
precisely, L, () equals the image of the diagonal embedding L — M (F) x My (F) C M4(F).

Definition 7.1. Let £(w) be the set of quadruples (A, Ag, Ay, A*l’) of Of-lattices in L that have the
following three properties.

(1) It holds that Ag C Ag and Atl’ C Ay, and each of these two inclusions is of index 1.
(2) It holds that Oy, - Ag = Op..
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(3) The four lattices fit into the diagram

Ao D> AV 2 A; 2 whAg
U U U (7.1

Ay 2 A? 2 wA(I’).

U
g

For the next statement, choose a free discrete subgroup I' ¢ L* such that vol(L*/T") = 1. Concretely,
take I' = @w? with some uniformizer @ € L if L is a field or I' = (wlZ, wéz) for two uniformizers
wi,wr € FiIfL=FXF.

Also let (L, r,d) be the numerical triple of y(w) from 5.1: The quadratic F-algebra L = F[w] is
already given while

r=v(Npr(w)) and d=cond(Of[n*w])—k~-r/2, k> 0. (7.2)
Lemma 7.2. Given (Ao, Ag, A1, A?) € L(w), the following lattice chain lies in L(y(w)):
Ao®Ar D A@dA D A@A) o arg@ A o n(Ag@®Ay).
This assignment defines a bijection
Y1 L(w) — T\L(y(w)) (7.3)
which has the property that
Qy(w), (Ao, A ALY 5) = (=°) () (=g ) o], (7.4)

In particular, the Iwahori orbital integral has the expressions

Orb(y(w), fy»8) = (=g*)7" ™) D (=genl (7.5)
(Ao A% AL AN €L (W)

Proof. The well-definedness and bijectivity of (7.3) follows directly from definitions. For the description
of the transfer factor (7.4), we first note that £(w) # 0 implies that w and hence z, are topologically
nilpotent. The element y = y(w) has the formy = 1+2z,,s0if A C F*is both O g-stable and y 'O y-
stable, then already yA = A by Lemma 3.21. In this case, (3.30) simplifies to

Q()/, A, S) — (_1)[A,:zAJr]q([A+:ZA,]—[A,:ZA+])S-

Then (7.4) is obtained from evaluating this with Ay = Ag@®0and A- =0® A withz = (,, ' ). Finally,
(7.5) follows from the previous two statements and (3.25). m]

7.2. The germ expansion

Any Op-lattice A C L defines an order Op = {x € L | xA C A}. We define the conductor of A as the
conductor of its order,

cond(A) :=cond(Oy).

Definition 7.3. We define the principal germ orbital integral of w as

P(w,s) = Z (—g*) Aol (7.6)

(Ao, A, A LAY €L (W), cond(Ag) = cond(AD) =0
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Note that cond(Ag) = 0 just says Ag = Or. Let i(L) denote the index [OF : (O +701)*]. Define the
unipotent germ orbital integral as

Uw,s) =i(L)™" Z (—g%)Aoi], (1.7)

(Ao A A LAY €L (W), (cond(Ag).cond(AD)) # (0,0)

Proposition 7.4. The Iwahori orbital integral, the principal germ, and the unipotent germ are related
by the following identity. For every w € G Ly (F) such that y(w) € GJ,

Orb(y (W), fity»5) = (=¢*) " [P(w, 5) +i(L)U (w, 5)]. (7.8)

Proof. This follows directly from the combinatorial description in (7.5) and the definition of the two
germs. ]

Proposition 7.5. The principal germ P(w, s) depends only on the triple (L,r(w), d(w)). The unipotent
germ is independent of L and only depends on the pair (r(w), d(w)).

Proof. The claim about the principal germ will be proved as part of Proposition 7.9 below. We only
deal with the unipotent germ here, which relies on the following lemmas.

Lemma 7.6 (Classification of numerical invariants). Let r = r(w) and d = d(w) in the following.

(1) Assume that d > 0 and let { € O, be an Op-algebra generator. Then r is even, d € Z, and
" Pwe O . Moreover, w is of the form 7" (a + n?b¢) for suitable elements a € Op and b € O%.

(2) Assume that d < 0. Then L is either ramified or split.

(3) Assume that d < 0 and that L is ramified. Then ris odd, d = —=1/2 and 7" ~V/?w is a uniformizer
of L.

(4) Assume that d < 0 and that L = F X F. Then w = (x, y) for two element x,y € F* such that

vix)+v(y)=r and |v(x)—-v(y)|=-2d.

Proof. This is proved by an easy case-by-case analysis.

(a) Assume that L/F is an unramified field extension. Then r = 2vp(w) is even. The element
wo = n"?w lies in O7 . By definition (see (7.2)), d = cond(Op[wo]) is > 0. Moreover, given a
generator O, = Of|[{], there obviously are a,b € OF such that wo = a + nb¢. This proves (2), as
well as (1) whenever L is an unramified field extension.

(b1) Assume that L/ F is a ramified field extension. Then » = vy, (w). First assume that r is even. Then
wo = 1"?w lies in OE and, justasin (a), d = cond(Of [wg]) is = 0. Given a generator Oy, = O[], it
is again clear that there are a, b € O? such that wg = a + n‘lb§ . This shows (1) whenever L is ramified.

(b2) Now assume r is odd. Then w = 7" ~1/2 for a uniformizer @ € L. We find that

d=cond(Op[n " D2+ (r=1)/2-7r/2
=cond(Op)—-1/2=-1/2.
This proves (3).

(c1) Now assume that L = F X F and w = (x, y) with v(x) < v(y). The identity r = v(x) + v(y) is
clear from definition. Set wg = 77" ®)w. Then

d = cond(OF [wo]) +v(x) = (v(x) +v(¥))/2

7.9
— cond(O [wol) + (v(x) = v(¥)/2. 79)

Assume that v(x) = v(y). Then we get d = cond(Ofr[wgp]) > 0. Given a generator { € Oy, there are
a,b € O% such that wo = a + 7?b¢. Since v(x) = r/2, this shows (1).

(c2) Finally, assume that v(x) < v(y). Then O [wg] = OL, so (7.9) gives —2d = v(y) — v(x) which
shows (4). |
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Lemma 7.7. Let Ly and L, be two quadratic étale F-algebras. Let R; . = O +n°Oy, denote the order
of conductor c in L;. Let furthermore w, € LlX \ Fandw, € L;‘ \ F be elements with

r(wi) =r(w2) and d(wy) =d(wr).
Then there exists an F-linear map ¢ : L1 — Lo that has the following property. For every ¢ > 0, both
$(Ric) =Rae and ¢(wiRic) =waRop.
Proof. Givenx,y € O;, there is a unique F-linear map ¢, , : L1 — L such that

¢x,y(1)=x and ¢x,y(wl)=yw2~

We will show that there are x, y € O suchthat ¢ = ¢ , has the properties claimed in the lemma. (In fact,
¢ is necessarily of such a form.) Note that for all x, y as above, ¢ ,(Of) = Of and ¢, ,(w1OF) =
w2OF. Since R; . = Op + m°Oy,, our task is thus to find x and y such that also ¢ ,(Or,) = O, and
¢x,y(W10r,) =w20p,. Putr = r(w;) and d = d(wy) in the following.

First assume that d > 0. Let {; € O, be two O p-algebra generators. Using Lemma 7.6 (1), there
are a; € O and b; € O} such that

wi =1 a1 +79b181),  wa=a"(ar+19b205).
Consider first the case d = 0. Then we claim that ¢ = ¢;,; satisfies the assertion of the lemma. Indeed,
P ) _ -1 -1
(&) =by (77" wa—a1) = by (a2 —a1) + by baln

is an O-algebra generator of Op,. Furthermore, w;0p, = 720 1, because d > 0, so it also follows
that #(w10r,) = w201p,.

Consider now the case d > 0. Then ay,a; € O%, and we claim that ¢ = ¢,y With x = a;laz and
y = 1 satisfies the assertion of the lemma. Indeed, we obtain

¢(&1) = (a7 Pws - a) = by ba o,

which is again an Op-algebra generator of Op,. Hence, ¢(Or,) = Op,, and the desired statement
¢(w10r,) = w0y, is obtained just as in the previous case. This proves the lemma in case d > 0.

Now assume that d < 0. No matter which of the two cases (3) and (4) of Lemma 7.6 occur for
w1 and w», it always holds that {; = gr/2d w; is an Op-algebra generator of Op,. So take ¢ = ¢ ;.
Then ¢(£1) = & and hence ¢(Or,) = Op,. Furthermore, the element 772 /; is again an O p-algebra
generator of Oy, ; see Lemma 7.6 (4). We obtain

$(w10L,) = 7" G5 (OF + 7721 610F)) = 7" (L0 +7720F) = w201,
as desired, and the proof of the lemma is complete. O

We now come to the main part of the proof of Proposition 7.5. Let B be the PG L-building for L
viewed as F-vector space. Concretely, B is the graph (a tree in fact) with the following description. Its
vertices are in bijection with O g-lattices A C Op such that Oy /A is a cyclic O r-module. Its edges are
given by unordered pairs {A, A’} such that one lattice is a sublattice of index 1 of the other. We write
d(A, A\’) for the distance between two vertices A and A’. Consider the subtree £ C B that is spanned by
the vertices

E={Ae€B|OL-A=0_}. (7.10)
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(An equivalent description is as follows: Let C = {A € B | Or - A = A} be the subtree spanned by all
O/ -lattices. It equals {O} }, the edge {O, @O} or the apartment {(7*, 1)0, (1,75)0; | k > 0},
depending on whether L is inert, ramified with uniformizer @, or isomorphic to F x F. Then &
consists of all points of B whose shortest path to Oy does not contain any other point of C.) Let
Ec={A €& |d(OL,A) =c}. The following statements hold in this situation:

(1) For any vertex A € £, we have that cond(A) = d(Op, A).

(2) The group O7 acts transitively on & with stabilizer R;:. Here, R, = O + 1O again denotes
the order of conductor c. In particular, #£. = [0} : RX] which equals i (Lyg*Vife > 1.

(3) Since & is a tree, OF then also acts transitively on the set of edges of £ with distance ¢ from O.
In particular, every edge of distance ¢ from Oy is an OZ-translate of the edge {R., Rc+1}-

Consider now a pair (A, Ag) of lattices in L with Ag € £ and such that Ag C Ag with index 1.
Assume that cond (Ao, Ag) # (0,0). This is equivalent to { Ay, A‘(’)} ¢ C, which means that {Ay, A'(’)} isan
edge of £. In particular, Ay and A'(’) have different conductors. So if ¢ = min{cond(Ay), cond(Ag)}, then

cond(Ag, A%) € {(c,c+1), (c+1,¢)}. (7.11)

In the first case, A(b) lies in B. In the second case, it is instead ﬂ‘lA(b) that lies in 5. Depending on which

case occurs, {Ag, Ag} or {Ag, JT‘IA'(’)} defines an edge of B that lies in £ (because Ay € £) and that has
distance ¢ from Op.

For a fixed pair (Ao, Ag), let £(W;A0,Ag) denote the set of quadruples (A, Al(’), Al,Al]’) e L(w).
Assuming that N 7o) L, there is the symmetry
L(w; Ao, AY) — L(w;n AL, Ag)
(Ao, Ag. AL AY) +— (7 A Ag, 7 AL AY).

We deduce that no matter which case occurs in (7.11), #£(w; Ao, Ag) = #L(w; R, Re41). It follows
that we can rewrite the definition of the unipotent germ in (7.7) as

Ulw,s) = 2 Z ¢© Z (—g*)Reii], (7.12)

c20 (R Rer1,ALAY) €L (W)

It now follows from Lemma 7.7 that the outer diagram in (7.1),

RC D Rc+] D ... 2 WRC
U U
R, 2 ... 2 wR¢4,

only depends on the invariants r(w) and d(w) up to F-linear isomorphism. We conclude that the
Expression (7.12) only depends on (r(w), d(w)) and not on L, as was to be shown. O

7.3. The principal germ

The purpose of this section is to explicitly compute the principal germ. The relative position
(My : My) € 77 of two lattices My, M| C F2is, by definition, the pair (a, b) with a < b that consists of
the valuations of their elementary divisors (Cartan decomposition). For example, (M, : M) = (0, k)
with k > 0 if and only if My 2 M; with cyclic quotient Mo/ M of length k. By lattice pair in F2, we
mean a pair of lattices (M, M") such that (M : M®) = (0, 1).

For nonnegative integers 0 < a < b and a third integer 0 < k < a + b, we define the quantity

Ex(a,b) = 1+2g + ... +2gmntkaarb=k} (7.13)
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The boundary cases here are understood as Ey (a, b) = 1 whenever min{k,a,a + b — k} = 0. We also
need a slight modification of Zy (a, b) which will only be considered for a > 1:

1+2g+...+2gmintka+b=k} if k < gorb <k

» ) (7.14)
1+2g+...+2¢ +¢° ifa<k<b

o

with boundary cases E; (a, b) = 1 whenever k € {0,a + b}.

Lemma 7.8. Let (M, Mg) and (M, Mlb) be two lattice pairs in F? such that My 2 My and Mg 2 M'l’.
Let 0 < a < b be such that (My : My) = (a : b). Then the number of lattice pairs (A, A) that fit into
the diagram

My 2 A 2 M
U U U (7.15)
My 2 A" 2 M}
and furthermore satisfy [My : A] = k is given by
Ex(a, b) if (M) : M) = (a: b)
g, (a,b) if (M) :M>)=(a—1:b+1) (7.16)

E(a+1,b—1) ifa+2<band (M) :M})=(a+1:b-1).

FPart 1 of the proof: Auxiliary results. We begin with a few easier counting formulas. Let 0 < a < b and
0 < k < a + b be integers and let My 2 M, be two lattices of relative position (a : b). Put

P (a,b) = #{Mo 2 A 2 My | [Mo : A] = k, Mo/A cyclic}. (7.17)
We have
1 iftk=0
2k _ g2k=2 ifl<k<a
#Surjections (O ‘90 b o ky =14 a -7
j (OF/(m) F/(m)°, OF/(1)") 2(g* —g*Y) ifa<k<b
0 if b < k.
Since # Aut (OF /(7)*) = g¥ — g*~1, it follows that
1 ifk=0
. k=lygk ifl <k <
(g, py =41 T NI =rsd (7.18)
q“ ifa<k<b
0 ifb < k.
We next consider the quantities
@i (a,b) =#{Mo 2 A2 My | [My: A] = k}. (7.19)
It holds that ®y(a, b) = 1 and that
0 ifa=b=0
@ (a,b) =41 ifa=0and 1 <b (7.20)

l+g ifl<a.
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A sublattice A € My has the property that My/A is not cyclic if and only if it is contained in 7M.
So there is a recursion formula for 2 < k:

Dy (a,b) = Dya(a—1,b—1) + D" (a, b). (7.21)
It follows from this and (7.18) that
Op(a,b)=1+q+...+gmnlkaarbok} (7.22)
We next count lattice pairs that lie between M, and M;. More precisely, we consider the quantity
Wy (a,b) =#{Mo 2 AD> A" 2 My | [My: Al =k, [A:A"] =1}. (7.23)
If we are given My 2 A® 2 M|, then there are either 1 or 1 + ¢ possibilities for finding a lattice A as in

(7.23), depending on whether M) /AP is cyclic or not. We obtain that

Wi (a,b) = @ (a,b) + (1 +q)Pr_1(a— 1,b - 1).

Evaluating this expression with (7.22), it follows that

1+2g+...+2¢% + gk ifk <a
Ye(a,b) =41+2g+...+2q¢° ifa<k<b (7.24)
a+b—k-1

14+2g+...+2q +qPk ifb<k<a+b-1.

Part 2 of the proof: Main result. We now come back to the setting of the lemma. That is, (M, Mg) and
(M, M;’) denote lattice pairs with (Mo : M) = (a : b) and Mg 2 M;’; our aim is to show (7.16). We
begin by noting that diagrams of the form (7.15) have the symmetry

My2 A 2 M, My 2 A" > M
U U U +— U U U
MggAbQMlb aMy 2 A 2 M.

Thus, the third case in (7.16) follows directly from the second one and will not be considered anymore.

Next, we settle the case a = 0: Then My/M is cyclic. The second case cannot occur (and the third
case has already been dealt with), so we are in the first case meaning that the quotient MOI’ /M lb is cyclic
as well. It follows that for every 0 < k < b, there is a unique lattice pair (A, A?) that fits (7.15) and
satisfies [M : A] = k. This fits the special case E¢ (0, b) = 1in (7.13).

From now on, we can and do assume that 1 < a, which implies that Mg D M. The set of lattice pairs
(A, A?) in question is then in bijection with the following disjoint union. (The condition [My : A] = k
is understood without explicit mentioning.)

(Mo2 A2 M | MJ2AY U {(MY2A DM |AD 2 M} U {(MJ2ADA" 2 M}, (725)

Indeed, for every lattice A from the first set or A? from the second set, there is a unique way to complete

the diagram (7.15). It is given by setting A = A N M([)’ or A = A? + M, respectively. Furthermore, the

cardinalities of all three sets in (7.25) are easily expressed in terms of @ and ¥':

#H{Mo2 A2 My | My B Ay =#{My2 A2 M} —#{M) 2 A2 M}
= D (a,b) = Py-1 (Mg : My)
H{ME 2 A" 2 MY | AY 2 My = #{MD DAY 2 MV} —#{M) 2 A° 2 M} (7.26)
= @ (M) - MY) — (M) = My)
#H{M) 2 AD A2 M} =W (M) My).
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More precisely, we obtain from (7.26) that the number of (A, A”) in question is
i (a,b) + Dp(My - MP) = gy (MY 2 My) — (MY = My) + iy (M) = My). (7.27)

We have already reduced to the first and second case in (7.16), so there are the following three possibilities
left, none of which poses any difficulties:

(M) : M) = (a,b), (M) :My)=(a,b-1), a<b-1 Case (1)
(M : M) = (a,b), (M) : My) = (a—1,b) Case (2)
(M) M) =(a-1,b+1), (M): M) =(a—1,b) Case (3).

Let <I>t,ftal denote the sum of the four ®-terms in (7.27). Using (7.22), one sees that in Case (1),

q* if0<k<a
o =10 ifa<k<b
gtk ifb <k <a+b,
in Case (2),
q* if0<k<a
O =132¢%  ifa<k<b
gtk ifb <k <a+b,
and in Case (3),
q* if0<k<a
oLl = 4§ 4@ ifa<k<b

gtk ifb <k <a+b.

Adding these to Wi_(a, b—1) in Case (1) resp. to Px_;(a — 1, b) in Cases (2) and (3), and using (7.24),
proves (7.16).

Proposition 7.9. Let w € M,(F) and P(w, s) be as in Definition 7.3. Let (L,r,d) be the numerical
invariants of w; see (7.2). For integers 0 < a < b and 0 < k < a+ b, let E¢(a, b) and E (a, b) denote
the quantities from (7.13) and (7.14); set X = —q_z“'.

(1) If L is an unramified field extension or if r < 0, then P(w, s) = 0.

(2) Assume that L is ramified and r > 1. Then either d > 0 and r is even or d = —1/2 and r is odd.
The principal germ P(w, s) only depends on (r, d) and equals

r-1m —k-1 -
= 2-1,7r/2)X d=>0
P(Lord.s) = { 22 = L% ¥

7.28
10Bk(r/2+d,r[2—d-1DX* ifd=-1)2. (7:28)

(3) Assume that L = F X F andr > 1. If d > 0O, then r is even. The principal germ P(w,s) only
depends on (r,d) and equals

P B (/2 1,r/2)X 7K1 ifd >0

7.29
Sii0 B (r/2+d,r/2—d - DX ifd <o. (7.29)

P(FxF,r,d,s) :=2-{
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Proof. Recall first the definition of the principal germ from (7.6):

P(w,s) = Z xlOLM] (7.30)
(OL.A% A1, A)eL(w), cond(Af)=0

The task is thus to count the set of lattice diagrams of the form (Op, Ag, Ar, A?) € L(w) with
cond(Ag) =0and [Of : A;] = k. This counting problem was the content of Lemma 7.8, and it is only
left to evaluate this lemma in dependence on (L, r, d).

If L is an unramified field extension, then P(w, s) = O for the trivial reason that there are no lattices
A(") C Oy of index 1 and conductor 0. If » < 0, then w is not topologically nilpotent, which implies
L(w) = 0 and hence P(w, s) = 0. This proves Part (1). We also note that the case distinctions for (r, d)
in Parts (2) and (3) were already stated in Lemma 7.6, so it only left to prove (7.28) and (7.29).

Consider first the case of a ramified extension L and of » > 1. Let @ € L denote a uniformizer. Then
A(") = w0y is the unique sublattice of Oy, of index 1 and conductor 0. Define 0 < a < b by

(a,b) = (@O : wOL) = (70 : wwOp).

If d > 0, then r is even and (a, b) = (r/2 — 1,r/2). Lemma 7.8 states that there are E¢_(r/2 — 1,r/2)
many choices (Al,A'f) suchthat (Op,wOp, Ay, A?) € L(w) and such that [O : Aj] = k. Specializing
(7.30) to this case, we precisely obtain the first identity in (7.28).

We use the same arguments for d = —1/2. In this case, r is odd and @ = b = (r — 1)/2. Lemma
7.8 states that there are Eg_1((r — 1)/2, (r — 1)/2) many tuples (OL,WOL,AI,AII) € L(w) with
[OL : A1] = k, and we obtain the second identity in (7.28). This completes the proof of Part (2).

Consider now the case of a split extension L = F X F and of r > 1. Write w = (w, wp) with
v(wy) < v(wy) for a fixed choice of such an isomorphism. There are two sublattices of O of index 1
and conductor 0 — namely, M| = (7, 1)Op, and M, = (1,7)Oy.

Assume first that d > 0. Then v(w;) = v(wp) = r/2 and

(M; :wOp) =m0 : wM;) =(r/2-1,r/2)

for both possibilities i € {1,2}. Lemma 7.8 states that there are E;_(r/2 — 1,7/2) many tuples
(OL, @O, A, A?) € L(w) with [OL : A1] = k, and one obtains the first identity in (7.29) in the same
way as before.

Assume now that d < 0 and put a := v(w;) as well as b := v(wy). Then (a, b) = (r/2+d,r/2 - d),
and one easily checks the identities

(M, :wOL)=(a-1,b), (nOr:wM;)=(a,b-1)

(M :wOL) =(a,b-1), (nOp:wM;)=(a-1,b).
It always holds that a < b. Applying the second and third identity in (7.16), we find that the number of
tuples (OL,Mi,Al,Atl’) € L(w) with [0 : Ay] = k is given by B} _ (a,b — 1) for both i = 1 and 2.

The second identity in (7.29) follows directly from (7.30) which finishes the proof of Part (3) and of the
proposition. mi

7.4. The parahoric case

The exact same ideas can be used to define a germ expansion for the parahoric orbital integral
Orb(y, fp,,»$) and to give a formula for the principal germ. Throughout, w € GLy(F) is an element

such that y(w) = (|} 1) is regular semi-simple. Let (L, r, d) be its numerical triple, see (7.2). Define

P(w) as the set of pairs (Ag, A;) of Op-lattices in L such that Oy, - Ag = O and such that
Ao D Ay 2 A1 2 wAy. (7.31)
The set P(w) takes the role of L(w), but for the parahoric test function fg, :
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Lemma 7.10. Given (Ag, A1) € P(w), the following lattice chain lies in P(y(w)):
AN® A D iNg® A D (Ao D Ay).
This assignment defines a bijection
¥ P(w) — T\P(y(w)) (7.32)
with the property
Qy(w). (Ao, Ar). 5) = (=°) ") (=g ot (7.33)

In particular, the parahoric orbital integral has the expression

Otb(y(W), fiy ) = (=g Y (=gP)lho], (7.34)
(Ao, A1) EP(w)

We again decompose the sum in (7.34) into principal and unipotent germ:

PPar(W’ S) — Z (_q2S) [Ag:A1] ,
OL.A))EP
(OL,A)EP(W) | (7.35)
UPar(W, s) — l-(L)—l Z (_qz.S‘)[Ao.Al].
(Ao, A1) €P (W), Ag#OL
The relation of the two germs with the orbital integral is again given by
O (W), fpage ) = (=4°) " [Ppuc(w, 5) + (L) Upar (w, 9)]. (7.36)

Proposition 7.11. Both the principal germ Ppy(w, s) and the unipotent germ Upy(w, s) depend only
on (r,d) and not on L.

Proof. Let R. = Of + n€0O, again denote the order of conductor ¢ in L. By Lemma 7.7, the relative
position (R, : wR,) only depends on (r, d). Moreover, for every ¢ > 1, the number

i(L) "#{Ag C Or | cond(Ag) =¢, Op - Ag=0L}

equals ¢! and is hence independent of L. Combining these facts with the definition of P (w) and (7.35)
proves the proposition. O

Proposition 7.12. For integers 0 < a < band 0 < k < a + b, let ®y(a,b) denote the quantity
from (7.22); set X = —q~25.

(1) If r <0, then Orb(y(w), fg,.»s) = 0.

(2) If r > 0, then Orb(y(w), f3,.. s) only depends on (r, d) and equals

P2 Dk(r/2-1,r/2 - 1)X K2 ifd >0

7.37
P20p(r/2+d—-1,r/2—d-1)X*2 ifd <0. (7.37)

Ppu(r,d,s) == {

Proof. The vanishing statement in (1) holds because P(w) = 0 if r < 0. For (2), we note that no matter
what L is, the relative position of Oy, and wO/ is given by

(r/2,r/2) ifd>0

(OL :wOp) = {(r/2+d’r/2—d) ifd <0.
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It follows from the definition of @y (a, b) in (7.19) and that of P(w) in (7.31) that the number of pairs
(OL,A1) € P(w) such that [Of : A{] = k equals

@y 2(r/2-1,r/2-1) ifd >0
Qio(r/2+d-1,r/2-d-1) ifd<O0.
Substituting these quantities in (7.35) proves the proposition. O

8. Orb(y, fp,.)s Orb(y, fi,) and dOrb(y, fi\)

We have shown in Propositions 7.5 and 7.11 that the principal and unipotent germs for both f7 and f;,
only depend on the triple (L, r, d) resp. (r, d). Accordingly, we will write P(L,r, d, s) for the Iwahori
principal germ for such a numerical triple. We will similarly write U(r, d, s) for the Iwahori unipotent
germ as well as Ppy (7, d, s) and Upy(r, d, s) for the parahoric germs.

8.1. The central values

Proposition 8.1. Let y € G|, be regular semi-simple with numerical invariants (L,r,d); see (5.5).

(D Ifrisodd, orifr <0, orifr/2+d <0, then Orb(y, f5,.) =0.
(2) In all other cases, the parahoric orbital integral Orb(y, fp, ) is given by

l+g%+...+q"*2 if L ramified and r € 47
(I+@%+...+q"2 )+ (¢ g P+ 4 g7 if L ramified andr € 2 + 47
2l+¢*+...+q"*?2) if Linertandr € 4Z
214+ .. +q" P+ 2(g" Vg P+ 4 g ) 1 g2 i Linertand r € 2 + 47
0 if L split and r € 47
g"/*d-1 if L splitandr € 2 +47Z.
(8.1)

Proof. The sign of the functional equation of Orb(y, fy ..s) is (=1)"; see Lemma 3.16 and
Proposition 3.19. So Orb(y, f7,.) = 0 whenever r is odd. Assume that 7 < O or r/2 +d < 0. Then z, is
not topologically nilpotent, and hence, Orb(7y, fP’ar, s) =0by Lemma3.21 (3). If r/2+d < Oandr > 0,
then necessarily d < 0, which implies that one eigenvalue of z,, has valuation /2 + d; see Lemma 7.6
cases (3) and (4).) So we can henceforth assume that r is even, that » > 0 and that »/2 + d > 0.

First, we consider the case of a split extension L. Let a, 8 € F be the two eigenvalues of z,. Note
that v(a) and v(B) are both positive and of the same parity under our assumptions on (r, d). If their
parity is even, which is equivalent to r € 4Z, then Orb(y, f7, ) = 0 by Identity (6.21). If the parity of
v(@) and v(B) is odd instead, then v(a — B) = /2 + d and (6.21) shows Orb(y, f;, ) = ¢"/>*~1. This
proves (8.1) in case L is split.

Assume from now on that L is a field. With the standing assumption that 7 is even, it will necessarily
hold that d > 0. Moreover, the germ expansion identity (7.36) specializes to

Orb()” fp’ar) = PPar(r, da 0) + i(L)UPar(r’ d? 0) (82)
We can now use our knowledge of the hyperbolic orbital integrals to compute the unipotent germ. Let
¥ € G}, be an auxiliary element with numerical invariants (F X F, r, d). The value at s = 0, equivalently

at X = —1, of the parahoric principal germ (7.37) for d > 0 is given by the geometric series

Ppu(r,d,0)=1—qg+q*>—...+(—¢q)"/*". (8.3)
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Substituting (8.3) in the germ expansion (8.2) for y shows that the unipotent germ is either a geometric
series or a sum of two such series:

l+g>+...+q"/7? ifr €4z
(I+@P+.. . +gP D+ (¢ P g2+ + ¢ ifr e 2+4Z.

UPar(r, ds 0) = { (84)
It is left to substitute (8.3) and (8.4) in (8.2) with i(L) = ¢ for L ramified and i(L) = g + 1 for L inert.
This proves the proposition in the remaining four cases. O

Theorem 8.2. The central value of the Iwahori orbital integral is given by

, 1 if L ramified and r > 1 odd
Oy, i,) = { yL it 85

0 otherwise.

In particular, the fundamental lemma (Conjecture 3.10) holds in case D is a division algebra of degree 4.

Proof. We first compute the right-hand side of the FL Identity (3.16). Let g € Gy be regular semi-
simple. Proposition 2.6 states that D contains the F-algebra £ ® L, which hence has to be a field. It
follows that Ly is a ramified field extension of F. Then Proposition 3.13 states that

1 ifvp(g) €e2Z
0 otherwise.

Orb(g, fp) = {

Here, vp : D* — Z denotes the normalized valuation of D. The condition vp(g) € 2Z holds if and
only if vp(ze) > 1. Moreover, vp(z,) is always odd, and thus, r = vF(NLg/F(zﬁ)) € 2Z + 1. In this
way, the FL for f; becomes Identity (8.5).

We turn to the computation of Orb(y, f;, ). The sign of the functional equation of Orb(y, f,,s) is
(=1)"*1; see (5.6) and Proposition 3.19. It follows that Orb(y, Jiw) = 0 whenever r is even. Moreover,
Proposition 6.6 in particular implies that (X + 1) divides Orb(y, f;. . s) if L is split, and hence that
Orb(y, f,) = 0 in all such cases. Since r is always even when L is an unramified field extension, the
only remaining possibility for Orb(y, f},) to be nonzero is when L is ramified and r odd. In this case
d = -1/2 by Lemma 7.6 (3). If r < 0, then (8.5) holds for the trivial reason that Orb(y, f,,s) = 0 by
Lemma 3.21 (3). Thus, it is left to consider the case L ramified, r > 0 odd, d = —1/2.

Our first aim is to determine U(r, —1/2,0). To this end, we evaluate the principal germ for F X F'
from (7.29) at s = 0, equivalently at X = —1:

P(FXF,r,—1/2,0) = =2[1 =2¢ +2¢* + ... +2(=q) "2 4 (=) "~V /?]. (8.6)

Using the vanishing of Orb(-, f{") in all hyperbolic cases (see above), we obtain from the germ
expansion (7.8) that

U(r,—1/2,0) = (1-¢) 'P(F x F,r,—1/2,0)

8.7
=2[l-qg+q¢>—...+(—q)" . ®D

Let L be a ramified field extension. The principal germ for the case (L,r,—1/2), given by (7.28),
specializes to

P(L,r,—1/2,0) = —[1 =2g +2¢* — ... +2(=¢) " V2. (8.8)

Let y € G/, have numerical invariants (L, r, d). We substitute (8.7) and (8.8), with i(L) = g and r odd
in the germ expansion (7.8) for (L, r, 1/2) and obtain

Orb(y, f1,) = —[P(L,r,-1/2,0) +q U(r,-1/2,0)] = 1.
This is precisely Identity (8.5), and the proof of the theorem is complete. o
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8.2. The central derivative

Proposition 8.3. Let y € G}, be regular semi-simple with numerical invariants (L,r,d). Assume first
that r is odd, meaning that the sign ep (y) of the functional equation of Orb(y, fy,. s) is positive. Then

d0rb(y, f) =0 and O0rb(y, f..) = Orb(y, f.)log(q). (8.9)

Assume now that r is even, which implies 0Orb(y, f],) = 00rb(y, fi.). If r < 0, then Orb(y, fi) = 0.
If r > 0, it is given by

r if L ramified
d0rb(y, fi,,) = 4qlog(q) Orb(y, fp,.) +1log(q) {2r if L inert (8.10)
0 if L split.

Proof. Identity (8.9) follows immediately from the functional equation (Proposition 3.19): If its sign
ep(y) is positive, then Orb(y, f},. s) has an even functional equation, so dOrb(y, f},) = 0. Applying
(5.3), we also have the functional equation

Orb(y, fiys —5) = ¢ > ep () Orb(y, fiy. 5).

Taking the derivative of both sides at s = 0 and assuming &£p () = 1 gives the other identity in (8.9).
Moreover, if r < 0, then z, is not topologically nilpotent, so £(y) = 0, and hence, Orb(y, f;,.s) =0
by Lemma 3.21. From now on we assume that r is even and that » > 0. In particular, ep(y) = —
and hence Orb(y, f/,) = 0. Then (5.3) shows that dOrb(y, f},) = dO0rb(y, f;,), as claimed in the
proposition. We now come to the main part of the proof.
Consider first the case that L = F X F is split. The factor (X + 1) in (6.22) has the property that
(X +1)|s=0 = 0 and (d/ds)s=0(X + 1) = 21og(g). Thus, the derivative of (6.22) at s = 0 is given by

A0rb(y, fiy,) = 4q Orb(y, fy,.) log(q), (8.11)

which proves (8.10) when L is split.
Our next aim is to compute the central derivatives

d d
OP(L,r,d) = = P(L,r,d,s) and 0U(r,d) = o U(r,d,s).
s=0 s=0

We are ultimately interested in the case of a field extension L, and here, r even implies d > 0. So we
only compute 0P and QU with this restriction. Directly from (7.29), we find

AP(FXF,r,d)=4[r/2=(r=2)g+ (r —=4)g*> — ... +2(=¢)""* 1 1og(q). (8.12)

Let ¥ be an auxiliary hyperbolic element with numerical invariants (r, d). We obtain from the germ
expansion (7.8) and our previous result (8.11) that

aU(r,d) = (g - 1) [4q Ord(¥, f;,,) log(q) — OP(F X F,r,d)]. (8.13)

The orbital integral Orb(y, f;, ) here is either 0 or ¢" /2+d=1 \which depends on whether r € 4Z or

r € 2+ 47Z; see Proposition 8.1. Substituting this in (8.13) yields

|
4

[

—(
—(

-2)g+(5-2)¢* — ... +2(=q)"*3 +2(-¢)"/*7?] log(q)
—2)g+(5-2)g* — ... +3(=q)"** +3(—q)"*3 (8.14)
_ qr/2—2 +qr/2—l + ... +qr/2+d—l] log(q)

r r
2 2
r r
2 2
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Here, the first line occurs if r € 4Z and the second if r € 2 + 47Z. It is left to evaluate the expression
d0rb(y, fi,) =0P(L,r,d) +i(L)oU(r,d).
If L is ramified, then i(L) = g and
P(L,r,d,s)=P(F X F,r,d,s)/2

by Proposition 7.9. Thus, we may reuse (8.12), and we obtain

r+dg+agd+ .. +4q" %!

8.15
r+dqg+4q3 + . +4q" P 1 4g" P+ L+ 4qT P, (8.15)

d0rb(y, fi,) = log(q){

where the first case is for 7 € 4Z and the second for r € 2 + 47Z.
Consider now the case where L is an unramified field extension of F. Then i(L) = ¢ + 1 and
P(L,r,d,s) =0 by Proposition 7.9, so simply dOrb(y, f{;)) = (¢ + 1)dU(r, d). This equals

2r +8q+8¢° +...+8q"/*!

3 (8.16)
2r+8q+8q¢° +...+8¢q

r/2 r/2+d-1 r/2+d-1

I
Og(Q){ +8¢" + . +8q

+4q
Here, again, the first case is for r € 4Z and the second for r € 2 + 4Z.
Comparing (8.15) and (8.16) with (8.1) shows (8.10), and the proof of the proposition is complete. O

Part 111
Intersection numbers on M, and M3,

In this third part, we establish AT for the two division algebras of Hasse invariant 1/4 and 3/4. This is
the main result of our paper, and we formulate it upfront; cf. Theorem 9.1. The proof will be completed
in §12.4 for invariant 1/4 and in §13.7 for invariant 3/4.

The layout is as follows. After formulating the result in §9, there will be two short sections that equally
concern both Hasse invariants. The first (§10) provides a formula for intersection numbers of regular
surfaces in regular 4-space. The second (§11) provides a description of certain multiplicity functions
on the Bruhat-Tits tree of PG L, g. These will later describe the multiplicities of the 1-dimensional
components in the intersection loci Z(g).

Subsequently, we will first complete the proof of AT for invariant 1/4 in §12. The key point here is
that Drinfeld’s theorem [10] provides an explicit linear algebra description of Mp for D = Dy4. So
the proofs in § 12 will, in fact, not involve any m-divisible groups.

In §13, we will use deformation-theoretic arguments to extend the results from Hasse invariant 1/4
to invariant 3/4.

9. Main results

The notation will be the same as in §4. We assume, however, that n = 2 and that D is a division algebra
of Hasse invariant A € {1/4,3/4}. The centralizer C = Centp (E) is then a quaternion division algebra
over E. We also denote by B = D1, a quaternion division algebra over F. Recall that Op C D denotes
a maximal order such that Oc = C N Op is again maximal.

The set B(H, py) has a single element [b] in this situation (Example 4.5 (3)). The corresponding
C-isocrystal Ny, ;. is of height 8, dimension 2 and isoclinic of slope 1/4. We choose framing objects:
Let (Y, ¢) denote a special Oc-module over SpecF and put (X, «) = Op ®¢, (Y,t). We identify the
isocrystal of (Y, ¢) with Ny, . In particular, we view Cj, and D), as the groups of quasi-automorphisms
of (Y,¢) and (X, k). Then
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My(F) ifA=1/4
Cp = My(E) and Dy = {M‘Z‘EB; ;“ _ 3;4 9.1)

As before, we put Hj, = Cj and G, = Dj;. These act from the right on the moduli spaces M ¢ and Mp
whose definitions we briefly recall. First, M is the formal scheme over Spf O ; with functor of points

9.2)

Mc(S) = {(Y, L,p)‘ (Y,1)/S a special Oc-module } .

o : S XspecE Y — S Xg ¥ an Oc-linear quasi-isogeny

This is the (base chang to O ) of the Drinfeld half-plane for Og. It is a two-dimensional, regular, mr-adic
formal scheme whose description will be recalled in §12.1 below. Second, M p is the formal scheme
over Spf O i with functor of points

9.3)

Mp(S) = {(X, K,p)' (X, x)/S astrict O p-module }

o S XspecF X — S Xs X an O p-linear quasi-isogeny

If A = 1/4, then Mp is Drinfeld’s 4-space and, in particular, a w-adic formal scheme. Its description
will also be given in §12.1. If A = 3/4, however, then there is no known explicit description of Mp.

For every regular semi-simple g € G}, 15, we have defined the intersection locus Z(g) = McNgMc
and an intersection number Int(g) € Z in §4.4. We formulate our main result:

Theorem 9.1. The AT conjecture holds for D. More precisely, let f!,.. be given by

, —4qlog(q) - fo. ifa=1/4
AR A 9.4)
0 if1=3/4.
Then, for every regular semi-simple y € G|,
, , 2 Int(g) log(q) if there exists a g € G, that matches y
JOrb(y. f5) +Orb(y. florr) = g , 9.5)
0 otherwise.

This theorem will be proved as Theorems 12.13 and 13.23 at the end of sections §12 and §13.
We mention here that our proof of Theorem 9.1 is not fully complete when F is of equal characteristic
and A = 3/4. The reason is that §13.6 relies on the O p-display theory of [1], which was only developed
for p-adic local fields. Completing the proof requires a duplication of §13.6 but for local shtuka. We will
not carry out these arguments in order to keep the article at a reasonable length.

10. Surface intersections

The aim of this section is to derive a general formula for intersection numbers of regular surfaces in
a regular 4-dimensional space. Let first Y be a regular formal scheme, pure of dimension 2, and let
Z =V(Z) C Y be aclosed formal subscheme of dimension < 1.

Definition 10.1. (1) Let ZP'® C Z be the maximal effective Cartier divisor on Y that is contained
in Z. More precisely, we define ZP'® = V(ZP"*), where for every affine open U = Spf A of Y, say
UnZ=SpfA/l,

IP(U) = {f € A‘ f =0in (A/I),, for all generic points 1 of } .

1-dimensional irreducible components of Spec A/l

(2) Set Zz¥ = V(Z*) with 7" = {f € Ox | fIP"® C T}. Note that Oza is isomorphic to the quotient
P T,
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Let X be a regular formal scheme, pure of dimension 4, and let Y1, Y> C X be regular closed formal
subschemes, both pure of dimension 2. Then Y| and Y, are locally defined by a regular sequence of
length2in Ox.Put Z = Y1 NY; and assume dim Z < 1. The conormal bundle of ¥; in X is C; = (Ii/l'l.z) ly; »
where Y; = V(Z;). Let D = ZP"® be the purely 1-dimensional locus of Z as in Definition 10.1; it is
independent of whether it is defined with respectto Z C Yj or Z C Y.

Proposition 10.2. The following identities hold for the Tor-terms T; := Torl.oX (Oy,, Oyy).

(D Ty = Og.
(2) T1 = (detC1)|p ®o, Oy, (D)Ip.
31 =0.

Proof. The claim on T is immediate. To prove the statements about the higher Tor-terms, we first
assume that Yy = V(f1, f2) is the vanishing locus of two elements and that D = V(g) for some g € Oy,.
Then the Koszul complex

Ox

5
_ (%) o (fieh)
Kf.p =] Ox Oy

is quasi-isomorphic to Oy, and
Ti = H'(Oy, ®0x K(5.5))-
Let f; denote the image of f; in Oy,. Then

(@) _
Oy, =fi O)e%z(fl,fﬂo

Or, ®ox K(fi,p) = Ya

Set f/ = g fi e Oy,. Then (f/, f,) forms a regular sequence in Oy, because V(f/, f,) is artinian by
definition of D. In particular,

T = ker( _J?fl ) = ker(f;%;,) =0.

Moreover,

Ty = H'(Oy, ®0x K(j.)) = Oy, - (_C%i/)/@yz : (_J?l )

is a line bundle on D, and our choices provide the specific generator

5 _
Cfifg = (,?I) mod Oy, - (_ffﬁl )

Now we turn to the general situation. The given local argument already implies that 7 = 0. We claim
that the above construction glues to a map (and hence isomorphism)

(detCi)lp ®o, Oy, (D)Ip — T
ot (10.1)
(fl A fz) ®g > Cfipe

(Here, fi, f>» and g denote any local generators as before.) It is clear that if g is replaced by ug
with u € OF , then f; gets replaced by u~' f/. We find that ¢ 5 g = u”'c 5 o Which shows the

independence of (10.1) from the chosen trivialization g~! € Oy, (D).
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Now assume (hy, hy) = (f1, f2)A for some A € GLy(Ox). Then A defines an isomorphism of
complexes

(f,z) _
Oy, -f1 O)e/azz(fl,fﬂo

o)

hi,h
Oy, Ole%z( 1,h2) Oy,

¥, (10.2)

and one easily checks the relation
A Chyhyg =detA-cppg.

Since h; A hp = detA - fi A fo, this precisely says that (10.1) is also independent of the choice of
trivialization of C;. o

Assume now that X is a Spf W-scheme of locally formally finite type where W is a complete DVR
and that Z — Spec W is a proper scheme with empty generic fiber. Then we define the intersection
number of Y7 and Y, as

Y1,Y2)x = x(Oy, ®K(5X Oy,) € Z.
As a corollary to Proposition 10.2, this has the following more concrete description.
Corollary 10.3. With all notation as before,

(Y1,Y2)x = x(Ozu) + x(Op) — x(detCilp ®0, Oy, (D)Ip)
=len(Ozx) — deg(detCi|p) — (D, D)y,.

Proof. The first equality is Proposition 10.2. To obtain the second, we applied the Riemann—Roch
identity

x(Op) = x(£) = —deg(£), L € Pic(D),

and rewrote deg Oy, (D)|p as the self-intersection number of D on Y,. We refer to [40, Tag 0AYQ] for
the notion of degree in this possibly non-reduced context. O

11. Multiplicity functions

Let W be a 2-dimensional E-vector space and let 3 denote the Bruhat-Tits building of the projective
linear group PG L (W). Recall that Bis a (¢ + 1)-regular tree whose vertices are the homothety classes
of Og-lattices in W. Two vertices are connected by an edge if and only if the two homothety classes
have representatives Ag and A; with m1Ag € A; C Ag.

Let z € GLF (W) be an E-conjugate linear endomorphism. The aim of this section is to give a precise
description of the shape of the function

n(z,—) : Vert(B) — Z, A+ max{k € Z | zA C 7FA}. (11.1)
More precisely, we give a description for all z such that 1+ z lies in G L (W) and is regular semi-simple

with respect to E C Endp (W). We begin with a simple classification lemma over the residue field
whose proof we omit.
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Lemma 11.1. Denote by o the Galois conjugation of F 2 [F,. Let A be a 2-dimensional F2-vector space
and let 0 # Z € Endy, (A) be a o-linear endomorphism. Precisely one of the following six statements
applies to Z:
(1) It is nilpotent (i.e. 72 = 0). In this case, there is a unique line € C A such that 7€ C € — namely,
¢ = ZA. In a suitable basis, we have
=[]
7= o.

(2) It is neither invertible nor nilpotent. Then there are precisely two lines €y,{, C A such that
7z C €;, namely ZA and ker(Z). In a suitable basis, we have

(')
= a
Jor some scalar 0 # A € F .
(3) It is invertible, and there is precisely one line £ C A with 7€ = €. Then there are A, u € IF;2 and a

basis of A such that Au? + A9y # 0 and such that 7 is given by

z= (* g)a.

(4) It is invertible, and there are precisely two lines €1,{y C W with z€; = €;. Let 0 # v; € {; be any
two vectors and define A; by zv; = A;v. Then /1‘1”1 * /1‘2“1 and 7 is given in that basis by

_ (4
= /120'

(5) It is invertible, and there are precisely q + 1 lines £ C 'V with 7€ = {. In a suitable basis and for a
suitable scalar 0 # A € F 2, we have
_ (4
=1,

(6) It is invertible and there is no z-stable line.
We return to O g-lattices in W and the function n(—, —).

Lemma 11.2. The function n(—, —) enjoys the following properties.
() n(rz,A) =n(z,A) +1
2) |n(z, A) — n(z, A")| £ 1 whenever A and N’ are neighbours in B.
(3) The function n(z, —) is bounded above by v(detg (z%)) /4 and, in particular, takes a maximum.
(4) Let A" € [\, A’] be a lattice on the unique shortest path connecting A and A’ in B. Then

n(z,A”) > min{n(z,A), n(z, A’)}.

Proof. The first three claims follow directly from the definition. For the last one, choose A and A’ in
their homothety classes such that A’ € A with A/A’ cyclic. Then A” is the homothety class of one of
the lattices A’ + 7' A, i > 0, and the claim follows from the definition of n(—, —). ]

We next analyze the local properties of n(z, —) in conjunction with Lemma 11.1. Given a lattice A, we
obtain a nonzero o-linear endomorphism Z, := (772 z mod 7A) in Endg, , (A), where A = A/mA.
Let £ = A/A’ C A be the line corresponding to the neighbor lattice 7A € A’ C A.
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Lemma 11.3. The following cases occur:

n(z,A) =1 ifza(€) ¢ ¢

if Za(€) C L, if 7 falls into case (1) of Lemma 11.1,
and if v(detg (772N 72)) > 4

n(z,A) if Za(€) C €, but Zp does not satisfy the previous further two conditions.

n(z, ) = {n(z,A) + 1

Proof. By the scaling invariance from Lemma 11.2 (1), it suffices to consider the case n(z, A) = 0. We
also put 7 = Za. It is clear that n(z, A’) > 0 if and only if 7¢ C €. If vp (detp(z)) = 0, then necessarily
also n(z, A’) = 0. This happens if and only if 7 does not fall into cases (1) and (2) of Lemma 11.1. In
the remaining two cases, we may find an qu-basis (eq,ep) of A such that

Z=(1)0' or Z=(/l )0', A#0, (11.2)

and £ = F2e; in the first case or £ € {quel, Fgpe ey} in the second. Lifting (e, e2) to an O g-basis of A,
we obtain a matrix presentation
_[a b -
Tled

that reduces modulo 7A to (11.2). Depending on whether £ = F ey or £ = F2e, we obtain that z|x
has a matrix presentation as

a nb a '
Z_(ﬂ‘lc d)O' or y—(ﬂc d )0'. (11.3)

Then n(z, A”) = n(z,A) + 1 occurs if and only if all four entries in (11.3) have valuation > 1. This
never happens in the second case of (11.2) because here v(a) = 0. In the first case of (11.2), we find
that n(z, A’) = n(z, A) + 1 if and only if v(n~'c) > 1, which is equivalent to the stated condition
v(detg (%)) = 4. m]

Definition 11.4. Let 7 (z) denote the set of homothety classes of O g-lattices in which n(z, —) takes its
maximum.

Property (4) of Lemma 11.2 shows that 7 (z) is connected. Lemmas 11.1 and 11.3 imply that each
of its vertices has valency 0, 1,2 or g + 1.

Proposition 11.5. Denote by d(A, T (z2)) the distance of A from T (z). Then
n(z,A) = maxn(z,—) — d(A, T(z2)).

Proof. The claim is tautologically true for A € 7T (z). For A with d(A, T (z)) = 1, it follows from
Statement (2) of Lemma 11.2.

Now assume d(A, 7 (z)) > 2. Let A’ denote the unique neighbor of A on the shortest path toward
T (z). By induction on d(—, 7 (z)), we find that A’ has a neighbor A" with n(z, A”) = n(z, A’) +1 -
namely, the subsequent lattice on the shortest path towards 7 (z). This implies by Lemma 11.3 that Z/
falls into Case (1) of Lemma 11.1, and hence that n(z, A) = n(z, A’) — 1, as claimed. O

This reduces us to describe 7 (z). We assume from now on that 1 + z is regular semi-simple in the
sense of §2. By definition, this means that Inv(1 + z;T) = charg (z%; T) is a separable polynomial with
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Inv(1 + z;0)Inv(1 + z; 1) # 0. The description of 7 (z) will be in terms of the numerical invariant
(L,r,d) of 1+ z from Definition 5.1:

L=F[Z}], r= V(NL/F(ZZ)), d =cond(Op[n*z*]) =k —r/2, k> 0.

Note that L is an étale quadratic extension of F.

Lemma 11.6. The maximum of n(z, —) is given by

max{k € Z | (n%z)% e oL} = rjd+d/2] ifd <0

{[r /4] ifd >0
Proof. Considering all multiples 7%z, the claim is equivalent to the following statement: There exists a
lattice A with zA C A if and only if 2e0;.

The ‘only if’ direction is clear because zA C A implies that z> has an integral characteristic
polynomial. To prove the ‘if” direction, observe that W is a free module of rank 1 over £ ®f L by
Proposition 2.6 (2). Pick any lattice A’ € W that is stable under O ®o, Opr. If 722 € 0y, then
A=A+ zA’ is preserved by z. O

Since T (7¥z) = T (z) for all k € Z, it suffices to describe 7 (z) whenever z> € Oy \ 720y, and in
this case, 7 (z) = {A | zA € A}. We first treat the case of units.

Proposition 11.7. Assume that 7* € O7 . Then there exists an L-linear, E-conjugate linear involution t
on W that commutes with z such that

Oglz] = 0g[7,2%].

In particular, T (z) is the set of O g-scalar extensions of z72-stable O p-lattices in W™=,

Proof. Let R = Or[z?] and denote by m its Jacobson radical. The norm map
NE/F : (OE R0 (R/m))x —> (R/Tn)><

is surjective because O /OF is étale. It equals the map on (R/m)-points of the smooth morphism
NEjr 1 Reso, 10, Gm — Gy, of smooth Ofp-group schemes. (The norm morphism is smooth because
Of/Orp is étale.) Using completeness and a deformation argument, it follows that the map

NgjF : (OE ®0p R)X — R®

is surjective. Hence, there exists an element r € (Og ®¢, R)* with Ng/p (1) = z2. Then 7 := 'z lies
in O [z] and satisfies 72 = id. The identity O [z] = O [7, z%] follows directly. O

Proposition 11.8. Assume that z> € Oy \ 7>y is not a unit. Then T (z) takes the following shape.

(1) If L is a field extension, then T (z) consists of a single edge.
2Q)IfL = F X F, then T (z) consists of an apartment.

Proof. Let A be any lattice with zA C A, existence being ensured by Proposition 11.5. Then z5 has
to fall into Case (1) or (2) of the local classification Lemma 11.1. Case (1) occurs precisely if z is
topologically nilpotent, which under the assumption z> € Oy \ (720 U O7) is equivalent to L being a
field. (If Lis a field and z*> € Oy \ 07, then Z? is topologically nilpotent. Conversely, assume L = F X F
and write z2 = (x,y). The quaternion algebra (E ® L)[z] embeds into Endy (W) because this is the
current setting, and so is isomorphic to M, (L). Thus, z> lies in the image of the norm map E ® L — L,
which means v(x), v(y) € 2Z. Hence, z> ¢ 720 implies that z? is not topologically nilpotent.)

Consider first Case (1). Then A has precisely one neighbor in 7(z), say A’. Then z, is again of
Case (1) because the property of L being a field (or z being topologically nilpotent) is independent of
the lattice. Thus, A’ also has a unique neighbor in 7(z) and hence 7 (z) = {A, A’}, as claimed.
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Figure 1. Left: Case (1) of Theorem 11.10 for d = 1 and q = 2. The set T (z) consists of a single vertex
of valency q + 1 and q + 1 vertices of valency 1 (black vertices). The ambient (g° + 1)-regular tree B is
sketched (white vertices). Right: Similar sketch for case (3) of Theorem 11.10 for d = 1 and q = 2.

Consider now Case (2). Then ¢ = ();59z'A and
6 =41 eAIzi/l—>Oasi—>oo}

are complementary z-stable direct summand O g-modules of A of rank 1. Picking nonzero e; € {;, we
see that every lattice 7O ge;| @ 72O ges is stable under z. These provide all elements of 7 (z) because
any lattice in 7 (z) has exactly two neighbors in 7 (z) by the local classification Lemma 11.1 (2). O

Remark 11.9. We observe that not all triples (L, r, d) may occur. Namely, the cyclic L-algebra L[E, 7]
has center L and embeds into Endz (W), and so has to be isomorphic to M,(L). It follows that z> € L
is always a norm from E ®f L:

(1) If L is ramified, then this means that r = v, (zz) € 27Z. In particular, it will always be the case that
d > 0 by Lemma 7.6 (3).

2) If L = F x F is split with, say, 22 = (z1,22), then v(z1), v(z2) € 2Z. In particular,
r=v(z1) +v(zp) € 4Z.

(3) If L is inert, then there is no such restriction on z>.

These possibilities are the ones that lead to rows 1 and 3 in Table 1 (take § = Inv(1 + z;7), which
equals chary /r(z;T) and gives Bs = L[E, z]).

Theorem 11.10. The set T (z) takes the following shape, depending on the numercial invariant (L, r, d)
of z:

(1) If L is inert and r = 0 mod 4, then T () is a (q + 1)-regular ball of radius d around a vertex.

(2) If L is inert and r = 2 mod 4, then T (z) is an edge.

(3) If L is ramified and r = 0 mod 4, then T (z) is a (g + 1)-regular ball of radius d around an edge.

4) If L is ramified and r = 2 mod 4, then T (2) is an edge.

(5)IfL = FXF, and if 2* = (z1, 22) has the property vi (z1) = vi(22), then T (2) is a (q+1)-regular
ball of radius d around an apartment.

(6)IfL = F X F, and if > = (21, 22) has the property vi(z1) # v (22), then T (2) is an apartment.

Proof. First consider the two cases when L is a field and » = 0 mod 4. Then (777/*z)? € 07 and
Proposition 11.7 states that 7 (z) is the set of homothety classes of 77"/?z2-stable O -lattices in a 1-
dimensional L-vector space. This set is well known to be a (g + 1)-regular ball around a vertex (resp. a
ball around an edge) of radius equal to the conductor of O [77/?z2]. This conductor equals d so (1)
and (3) are proven.
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Next, stick with the case that L is a field but assume r = 2 mod 4. Then (72~")/47)?2 is not a unit but
liesin Op \ 720 . In this situation, T (z) is edge by Proposition 11.8 (1). This proves (2) and (4).

Finally, assume L = F x F and define k € Z through (7%z)? € Oy \ 720 . Write z* = (z1,22) as in
the proposition. If v (z1) = vF(22), then (7%z)? € O7 and Proposition 11.7 states that 7 (z) is the set
of homothety classes of (7¥z)2-stable O p-lattices in a free L-module of rank 1. This set is well known
to be a (¢ + 1)-regular ball around an apartment of radius equal to the conductor d of O [717"/22?], as
claimed. This settles (5).

If, however, vr(z1) # vF(z2), then (7¥2)% ¢ O7 and Proposition 11.8 (2) states that 7 (z) is an
apartment, which proves (6). O

12. Invariant 1/4

The aim of this section is to prove Theorem 9.1 for A = 1/4. To this end, we first recall Drinfeld’s linear
algebra description of the map M ¢ — Mpin§12.1 and §12.2. We will subsequently use this to compute
all intersection numbers in question, our final result being the simple formulas in Theorem 12.13.

12.1. Drinfeld’s theorem

Let, for a moment, D be a CDA over F of Hasse invariant 1/n. The main result of Drinfeld’s paper [10]
states that each connected component of the RZ space Mp from Definition 4.12 is isomorphic to
Deligne’s formal scheme fz';;l. We will now formulate this result in more detail. Our main reference is
[38, §3.54], to which we also refer for more background.

Let W be an n-dimensional F-vector space. By lattice chain in W, we mean a nonempty set £ of
O p-lattices in W that satisfies the following two conditions:

(1) A,A” € Limplies A C A" or A’ C A.

(2) A € L implies 7”A C L.

Denote the set of lattice chains in W by W. Given £ € W and any lattice Ay € £, we may consider
all lattices of £ that are contained in A and contain 7A — say these are

ﬂAQCAk C...CA1 CA(). (121)

Then £ = {ﬂ'ZAi, i =0,...,k}, sowecall Ay C ... C Ag a representing chain for £. We next
define a m-adic affine formal scheme U, over Spf Of. Choosing a practical approach, we give the less
canonical definition in terms of a representing chain (12.1). With this convention, the points U (S) for
a Spf O p-scheme § are the commutative diagrams of line bundle quotients

Os ®0, Mo 25 O5 ®0, A — ... —= Os ®0,, A| —= Os ®0,. Ao (12.2)
i% iwk iw i%
Lo ax Ly @g-1 ) L @ Lo

up to isomorphism in the pairs (£;, @;), and such that the following condition holds: The section ¢; (1;)
is invertible whenever A; € A; \ Aj4; (fori =0,1,...,k—1)resp. Ax € Ax \ nAg (fori = k). A diagram
of the form (12.2) may be extended in a natural way to the full chain £, and in this way, the definition
becomes independent of the chosen representing chain. The resulting U, is isomorphic to a principal
open subset of Spf Op(Ty, ..., Tu-1)/(To - - - T,—1 — 7). In particular, it is w-adic, n-dimensional, and
regular with semi-stable reduction over Spf OF .

There are open immersions Uy C U, for all inclusions of lattice chains £’ C L. Their definition
is based on the following simple observation. Assume that Ay € A; C Ag are lattices and that we are

https://doi.org/10.1017/fms.2025.10034 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10034

64 Q. Li and A. Mihatsch

given (L2, ¢2), (Lo, ¢o) and ag o a; in the following diagram:

Og R0 Ay —— Oy R0 AN —— Oy Rof Ao (12.3)
\
isﬂz | ¥1 i«ﬁo
731 V (o))
Lo L Ly.

Assume further that the outer square commutes and that ¢g(2) is invertible for all 2 € Ag \ Az. Then
there is a unique way (up to isomorphism) to fill in (L, ¢) and to factor ag o @ as depicted. Namely,
let 1 € A; \ Ay. Then ap(¢1(4)) = ¢o(A) has to be invertible, so @ has to be an isomorphism. Thus,
we may put £1 = Ly, @p = id and ¢; = @glogen,. We leave it to the reader to extend this construction
to lattice chains and diagrams as in (12.2).

Assume that Ax C ... C Ag represents L as above and that £ C £ is a subchain. Let I C {0,..., k}
be such that A; € £’ if and only if i € 1. The above-constructed map U, — U, identifies U, with the
subfunctor of all those diagrams (12.2) that have the property that @;_ is an isomorphism if i ¢ I. The
maps Uz — U, are hence open immersions. Uniqueness of the construction in (12.3) ensures that the
family (U — Upr)rcc satisfies the cocycle condition.

Furthermore, every isomorphism ¢ : W — W’ of F-vector spaces provides a compatible family of
isomorphisms ¢ : Uy — Uy(r). In particular, an element g € G L (W) defines a compatible family of
isomorphisms

g:Ur — U, (12.4)

In the following, we write GLr (W)? = {g € GLr (W) | v(det(g)) = 0}. If, for example, g € GLp (W)°
and gL = L, then this means that every lattice of £ is g-stable. In this case, the g-action on U is the
natural action of g on diagrams of the form (12.2).

Definition 12.1. Let Qg (W) denote the formal scheme that is obtained from the gluing datum
(Ugr > Ug)prce. Let GLE (W) act on Qp (W) by the action that is chart-wise given by (12.4). We also
write Q’{l := Qp (F™) in the case W = F".

Let ./\/lﬂ) C M p denote the open and closed formal subscheme of triples (X, «, p) such that the height
of p is i. Note that (X, ,id) € Mp(F), so M% # 0. Furthermore, an element g € G, = GL,(F)
provides an isomorphism

g My = M), (12.5)

Finally, a simple Dieudonné module argument shows that MiD =0 if i ¢ 4Z. In this way, the following
result provides a complete description of M p.

Theorem 12.2 (Drinfeld [10]). There is a G L, (F)°-equivariant isomorphism
080, — MY, (12.6)

Here, we let G, act from the left of Mp (instead of as from the right) by g — g~'. In particular, MOD
is connected.

The special fiber F, ®0,. r (W) is areduced scheme. Its set of irreducible components is in bijection
with the homothety classes of lattices A ¢ W. The irreducible component associated to A is a blow-up
of the projective spaces P(A) centered in the union of all [F,-rational hyperplanes of P(A). In the case
n = 2, since a blow-up does not affect smooth curves, the irreducible components of F; ®q,. Q}v are of
the form P(A) = PIIFq.

https://doi.org/10.1017/fms.2025.10034 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10034

Forum of Mathematics, Sigma 65

In light of (12.6), we will mostly be interested in the base change of & (W) to O . For this reason,
we introduce the notation

Qr (W) := 080, Q2 (W), Ur:=0380,Uc. (12.7)

12.2. The basic construction

We now specialize to the situation of a 2-dimensional E-vector space W. It is simultaneously a
4-dimensional F-vector space. If £ is a chain of Og-lattices in W, then we write Ug 0 C Qg (W)
for the corresponding chart. We also put

Qp(W) = 0;80,Q:(W), Usr:=0:80,Uk.c.

Let € O% be some fixed generator. It may be viewed as an element of GLg (W)? and hence defines an
automorphism of Q (W). The isomorphism in Theorem 12.2 is G Ly (W)°-equivariant, and so restricts
to an isomorphism of -fixed points

0’ v

M = Qp(W)e.
By Proposition 4.15, /\/l% is contained in the fixed points M%g. Our aim is to describe its image in
Qr(W)5.

Proposition 12.3. Precisely two of the connected components of Qp (W)¢ are flat over Spt O g Each
of these is isomorphic to Qg (W). The image ()f./\/l(é along (12.6) equals one of them.

Proof. The fixed points Q7 (W)¢ are contained in the union of the charts Uy for £ that satisfy £ = L.
Since v(det(¢)) = 0, the condition £ = £ means that { fixes each lattices of £ individually (i.e., that
L is a chain of O g-lattices). Given an O g-lattice A, there is a natural decomposition

O ®o, A=A"® A~ (12.8)

because E/F is unramified. Here, the notation is such that A* (resp. A7) is the set of elements on which
the two Og-actions coincide (resp. differ by Galois conjugation). For a Spf Og-scheme S, a quotient
line bundle

Os ®0p A — L (12.9)

is ¢-stable if and only if the quotient map factors over the projection to Os ®¢,, A* or over the projection
to Os ®o E A

Let £ € W be a chain of Og-lattices represented by 7Ag € A} C Ag. Let S be a Spf O g-scheme and
consider a point of Ug (S) represented by

Os ®o, (A} & Ay) M8 05 @0, (At ® A7) — Os ®0,, (A} & Ay) (12.10)

i(tﬁg,wg) i(w,*,%) i(wa,wg)
Lo Ly Lo.

Then one can define a decomposition § = $* LIS~ LIS* into open and closed subschemes in the following
way: ™ is the locus where both ¢ and ¢ vanish. Similarly, S~ is the locus where both ¢§ and ¢7 vanish.
Finally, S* is the complement. This decomposition is functorial and hence defines a decomposition

Or®o,Us = Us* L US™ L UL,
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It is furthermore compatible with gluing maps and stable under the G Lg (W)-action, and in particular
defines a decomposition

Op®0,Qr (W)¢ = Qp(W)5H U Qp(W)S™ U Qp(W)4%.

The subscheme Qr (W)¢°* lies above the special point Spec Fg2 € Spf Of and is hence nowhere flat.
Indeed, assume, for example, that ¢ = 0 and ¢ = 0. Then ¢ is both a surjection onto a line bundle
and g, = 0 is divided by ¢ = 0. It follows that 7 = 0. The symmetric argument applies if ¢ = 0 and
7 =0.

Recall from Theorem 12.2 that M% is a flat and connected O -scheme. We conclude that the proof
of the proposition will be complete if we can show that the two formal schemes Qf (W)¢-* are both
isomorphic to Qg (W). To this end, first note that every E-conjugate linear element v € G Ly (W) defines
an isomorphism

7 QE(W)E* = Qr(W)é. (12.11)

It hence suffices to describe an isomorphism of Qg (W) with Qr (W)%*, say. Let £ be a chain of
O g-lattices that is represented by 71Ag € Aj C Ap. Let S be a Spf O g-scheme and consider an S-valued
point of the chart Ug »(S) c Qg (W)(S) represented by

Os ®o, Agﬂ(/)s ®0g ATH‘OS ®0% Aa’ (12.12)
i‘ﬂo itpl tho
Lo S L @ Lo.
Map this datum to the following point of Uff(S):
Os ®0, (A} ® Ay) M8 05 ®0, (At ® A7) — Os ®0,, (A} & Ay) (12.13)
i(sﬂo,o) i(sﬂl,o) i(%so)
Lo o L © Lo.

It is not difficult to check that this definition is compatible with gluing maps and defines an GLg(W)-

equivariant isomorphism Qg (W) 5 Qr (W)¢-*; we omit these details. The proof of the proposition is
now complete. O

Which of the two flat components of Qr (W)¢ the cycle /\/l% gets identified with depends on the
choice of the comparison isomorphism in Theorem 12.2. We do not need to be more precise about
this identification, however, because the definitions of Z(g) and Int(g) in §4.4 are purely in terms of
spaces with group actions and because (12.11) allows to interchange the two flat components. So we
will henceforth assume that the map ./\/l% — ./\/l% is given by the morphism from (12.12) and (12.13).

Remark 12.4. In fact, this is also the result one would obtain from Drinfeld’s construction during his
proof of Theorem 12.2. Namely, his construction is such that the line bundles £y and £ in (12.13) occur
as direct summands of the Lie algebra of the corresponding special O p-module. Demanding that £ acts
strictly on the Lie algebra in the sense of Definition 4.8 precisely means to single out the component
Q F (W) oo+ .

Remark 12.5. The map Qg (W) — Qp (W) from Proposition 12.3 was already considered by Drinfeld
and called by him the ‘basic construction’. His [10, Proposition 3.1 (1)] is similar to our Proposition 12.3.
It seems, however, that the flatness condition in Proposition 12.3 cannot be omitted.
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12.3. Conormal bundle

Let A = A9 € W be an Og-lattice. We write U, instead of U,z,. A similar convention will apply
to U cays Ue.A and Ug pgca,- The special fiber F ®¢,. lv/E,A of Ug A is GLo. (A)-equivariantly
isomorphic to

F®o, P(A) \ P(A)(F,2) = Pp \ P! (F ).

Let P, denote its closure in Qz (W). It is isomorphic to the projective line F ®¢ = P(A).

Proposition 12.6. Let C denote the conormal bundle of Qp (W) C Qp(W). Then
deg(detC|p,) = ¢* — 1.

Proof. Our strategy is to choose a suitable generator of (detC)|p, , and to determine the divisor of its
meromorphic extension to Py.

(1) Fix an O g-basis ey, e, for A. Write Og ®0, A = A* @ A~ as before. For an element e € A, put
et=(®e—1®ecAN, e =(®e—1®%ecA . (12.14)

Then (e, e5) forms an O g-basis of A*. Let ¢ : Oy, ®o, A — L be the universal quotient. Using that
we are working over O  which contains O, write ¢ = (¢*, ¢7) as in (12.10). Comparing (12.10) with
(12.13), we see that UE,A c Uy is defined by the condition ¢~ = 0. Since el, e, isa basis of A7, this is
the same as the two conditions ¢(e]) = ¢(e;) = 0.

For every A € A\ mA, the image ¢ (1) € L is a generator. In particular,

plef —ei) =p(({ —0) ®e) #0.
Since ¢(e; ) vanishes along Ug . as seen before, @(ef) is invertible near U .a. Thus, the two functions

w(e])/¢(e]) and p(e5)/¢p(e3) are defined on a Zariski open neighborhood of Ug.x and generate the
ideal defining U E.AC Up. Their wedge product

. _ el N\ p(e3)
€ p(e) " eled)

is then a generator of detClg, , .
(2) We next determine the behaviour of ¢, ¢,) under change of basis. Let fi = aey +ce : 2 and
> =bey +de; forsome A = (¢4) € GLy(OE). Then

_ wleDe(ed)  (ag(er) +ep(e;)) A (by(e)) +dg(e;))
U = S e(f)* o(eDp(el)
(e p(el)
e(Fe(f) (e

(12.15)
= det(A)

Poles and zeroes of the proportionality factor (when restricted to P, ) are described as follows. For two
elements e, f € A, the ratio ¢(e*)/@(f*) is a scalar if and only if e* = f* mod 7. Otherwise, it is the
rational function with simple zero at the line {e*) and simple pole at (f*).
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(3) Let Ay C A be the Og-lattice generated by mey, e2. We claim that c(,, .,) extends to a generator
of detC| Up ayen” Consider for this the universal point of Uy, ca, say

ider
Up,en ®0r A =0y, ®0, Ai —> Oy, 8o A (12.16)

Lw iw iw

L Ly

Since ¢(1) is a generator of L for every 4 € A\ A; and since similarly ¢;(4) is a generator of £, for
every A1 € A1 \ mAy, the ideal defining Ug AcA C UA1 cA is generated by

o(e) o1(e)
o) ™ @

on a Zariski open neighborhood of Ug A, cAa- The map @ becomes an isomorphism when restricting
the diagram (12.16) to the open subset Up C UA, cA- Since also ¢ = ag o ¢, we see that

plep) gi(ey)
e(e)  ¢i1(e3)

= C(er.e2)>
UE,AjcA

as claimed.

This argument applies symmetrically to the lattice {e;, me;) C A. So we have shown that the element
C(ey,¢2)» Which is a meromorphic section of the line bundle det C|p, , has neither a zero nor a pole at the
points {e1), (e2) € P(A)(F,2).

(4) It is left to show that c(e, ¢, extends with a simple zero over all other F.-rational points
(e1),(e2) # (f) € P(A)(F,2). We know from Step (3) that ¢ (¢ ., is a generator of detC|p, at (f).
From Step (2), we have that

Cleren[C(f.er) € O - 0(f7)/p(e]).

Moreover, the function ¢(f*)|p, vanishes with simple zero at ( f) while ¢(e}) is regular in (f) because
(f) # (e1). Thus, we have proved that

div(c(e;,en) = Pa(F2) \ {{e1), (e2)}

and obtain the claimed identity deg(detC|p,) = ¢* — 1. O

12.4. Intersection numbers

Let g = 1+z, € GLr(W) be a regular semi-simple element; set z = zg. Recall that Z(g) # 0 only
for topologically nilpotent z (Proposition 4.23), so we also impose this condition on z. Then g lies in
GLr(W)°. Let (L = F[z%],r, d) be the numerical invariant of z. Let Qg (W) — Qg (W) be the closed
immersion defined by (12.12) and (12.13). Our aim is to determine the intersection locus

Qp(W)Nng-Qp(W).

Let A € W be an Og-lattice such that zA € A. Define Or ®o,. A = A* & A as in (12.8). Then z
satisfies zA* C A~ and zA™ C A* because it is E-conjugate linear.

Definition 12.7. Let £ be a chain of Of lattices in W, represented by a single lattice A or a pair

Ay € A1 C Ag. We define U Er S cU E.c as the closed formal subscheme of all those S-valued points
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Os ®o, A* Os ®o, /\6’ Jden_ Os ®o, /\Jlr — Os ®0,. Aa’
icp resp. iwo i(ﬂl i‘ﬁo
c Lo il L il Lo

that satisfy [¢p oz : AT — L] =0, resp. [p; 0z : A; — L;] =0forbothi =0,1.
Proposition 12.8. Ler W# denote the set of g-stable chains of O g-lattices. Then

Qe(W)ng-Gew)= | J 0%,
LeWws

Proof. Consider a chart U E.r C Qp (W). Its image under g is contained in U, -, which can only intersect
Qg (W) nontrivially if g£ is again a chain of Og-lattices. This is equivalent to zA C A because z is
topologically nilpotent by assumption (compare Lemma 3.21 (1)). Then we obtain that g£ = L. Thus,
we find

Qp(W)ng- Qp(W) = U Uecng Uk
LeWsE

Recall that zA* C A¥. So given an S-valued point (£, (¢,0)) resp. (L;, (¢i,0))iz0.1 of Ug. . as in
(12.13), we obtain that

g(L, (¢,0) =(L,(p,002), resp. g- (L, (¢i,0))i=0,1 = (Li, (¢i59i ©2))i=0,1-

This point lies again in Ug . if and only if ¢ o z vanishes, resp. ¢; o z for both i = 0, 1 vanishes. O

Recall that we defined the function n(z, A) = max{k € Z | zA C 7¥A} in §11. Denote by
m(z, A) := max{0, n(z, A)} its nonnegative cut-off.

Proposition 12.9. Let g = 1+z, € GLE (W) be regular semi-simple with z = z4 topologically nilpotent.
Then m(z, A) equals the multiplicity of P in Qg (W) N g - Qg (W) in the sense that

(Qp(W) N g - Qp(W))P = > m(z,A) - [Pp]
{ACW Og-lattice} | EX
as 1-cycles on Qg (W). Here, the pure locus is meant in the sense of Definition 10.1.
Proof. By Proposition 12.8, the multiplicity of P, can only be positive if zA C A. In this situation, it
equals the maximal integer k such that

% | [goz: A” —> L], (12.17)

where (£, ¢) denotes the universal point over Ug_». This integer is evidently equal to n(z, A). O

Definition 10.1 also provides a definition of the artinian locus (Qz (W) Ng - Qg (W))**. Furthermore,
recall that we defined 7 (z) as the set of homothety classes of O g-lattices in which n(z, —) takes its
maximum (Definition 11.4). Also recall the following terminology for points on Qg (W):

Definition 12.10. A closed point of Qx (W) is called superspecial if it is defined over Fg2. The super-
special points are hence precisely the intersection points Py N Py for lattice chains 7A ¢ A’ C A and
in bijection with the edges of B.

Proposition 12.11. The artinian part (Qe (W) N g - Qp (W)™ is nonempty if and only if T(z) is an
edge and r € 4Z+ 2. In this case, the artinian part is of length one and located in the superspecial point
of that edge.
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Proof. We first reconsider the situation from (12.17). Write z = nm(z’Mzo. Then, by definition of the
artinian part, ¢ o z is a defining equation for (Qz (W) N g - Q(W))** on Ug . If the kernel of z is
nonzero, however, then it defines an qu-point of P, which, in particular, does not lie in U £.A. It follows
that the support of (Qg (W) N g - Qr (W)™ is contained in the superspecial points. We next compute
the local equations in such a point with Proposition 12.8.

Let 71Ag € A1 C Ag be a representative of a chain of O g-lattices. Assume that zA; € A;, otherwise
Ug’ﬁ = 0. Pick a compatible basis, say Ao = Oge; + Ogez and A = n1Oge; + Oge;. Then A§ and Ay
have the bases (e, e5) and (7e7, e3); see (12.14). In these coordinates, the universal point over le,.c
may be written as

1 n
Os ®0p A} (—”l Os ®o, AT T o Q05 N} (12.18)
i‘/’o_(l u) i‘/’l_(V 1) i‘ﬁo_(l u)
Ouvg . . Ovg . s Ovg .

where Ug » C Spf O(u, v)/(uv—r) is an open that contains the superspecial point Pa,NPp, =V (u,v).
We have already seen that (Qz (W) Ng-Qx (W)™ is supported in superspecial points. So we henceforth
work over the formal completion Spf O [[w, v]]/(uv — 7). Write z = ( & Z o € M>(Og)owith respect
to the basis (eq, e2). Here, o € Gal(E/F) denotes the Galois conjugation. Note that o-(e}) = e; and
o(e;) = ef. Thus, the map from A to Aj defined by z is given by (& b )with respect to the bases

nc d
(e].e3) and (e, e5). The vanishing conditions defining U & - NSpf Og|[[u, v]]/(uv - x) then become

(u 1)(;’6 Z) =0, and (1 v)(‘cZ ”db) = 0. (12.19)
Note that
(1 v)(‘c’)zo — (u 1)(:c)=o.
and

b

(w 1)(d) —0 — (1 v)(”d") _o.

Therefore, (12.19) is equivalent to just

atev = (12.20)
bu+d =0.

Write

a b\ _ o a b’

wcd) wc’ d'|
where m = m(z, Ag) is chosen maximally. We claim that the ideal (a + c¢v, bu + d) is principal unless
a’,d’ € nOg and b’,c’ € 02. We furthermore claim that if the ideal is not principal, then it equals
a™(u,v).

Note that (a + cv, bu+d) is principal if and only if Py, N\ Py, ¢ (Qr (W) Ng-Qp (W)™, Moreover,
if it equals 7 (u, v), then

(Qe(W) Ng- Qe (W)™ N Spf Op[[u, v]l/(uv - 7) = V(u,v).

https://doi.org/10.1017/fms.2025.10034 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10034

Forum of Mathematics, Sigma 71

In order to prove the claim, observe that

a+cven R or a+cven vR*
and

bu+den*R* or bu+d e r*uR*

for a uniquely determined pair of integers (r, s). The only possibility for (12.20) giving a non-principal
ideal is r = s, in which case r = s = m and

a+cv e n"vR*
bu+d € n"uR*.

This is equivalent to a’,d” € 7Og and b’, ¢’ € OF, which proves our claim. The property a’, d” € 7OE
and b’, ¢’ € OF implies that m = maxn(z,—) and that r — 4m = v(detg (772™7?)) = 2. Since r € 4Z
whenever L is split (see Remark 11.9), this shows that we are in cases (2) or (4) of Theorem 11.10, as
claimed. (Being in one of these two cases is equivalent to r € 4Z + 2 and 7 (z) being an edge.)
Conversely, assume that » € 4Z + 2 and that 7 (z) is an edge. Let 1Ag C A} C Ag be the lattices
representing that edge. Choose a compatible basis e, e; of Ag as above. We have m(z, Ag) = m(z, Ay) =:
m because T (z) = {Ag, A1} by assumption. In other words, there are a’, b, ¢’,d’ € O such that 17"z

is given by the matrices
a b and a’ b’
e’ d’ ¢ d

with respect to the bases e, e2 € Ag and ey, e5 € A;. Each of these two matrices has an invertible entry
because m was chosen maximally. Furthermore, both matrices are still topologically nilpotent because
v(detE(n‘zmz2)) = 2.Thus, a’,d’ € nOg and b’, ¢’ € OE. The previous calculation now shows that
Ppy NPy, € (QE (W) N g - Qg (W))¥ with local ring of length 1, as claimed. )

We define the following auxiliary intersection number. Write L* = I'x O7 for some subgroup I c L*
as in Definition 4.21 andlet g = TN GLp(W)?. Then Ty = {1} if Lisafieldor Iy = Zif L = F x F.
Note that the action of L* preserves both Qg (W) and g - Qg (W), so we can define

Inty(g) = (To\Q&(W), To\g - QE(W)>FO\QF(W)~

Proposition 12.12. This intersection number is given by the following formula.

(1) If L is a field, then Inty(g) =1/2.
() If L = F X F, then Inty(g) = 0.

Proof. Proposition 12.9 states that the multiplicity of P, in Qe (W)Nn g Qr (W) is m(z, A). Define
pa = -m(z,A) (g% = 1) + (Pa, (Qe(W) N g - Qp(W))P)].

Here, the term q2 — 1 is the degree of the conormal bundle (Proposition 12.6), and the intersection
pairing is that of divisors on Qg (W). By Corollary 10.3, we have

Into(2) = 1en(Op,\ (8, (o o cw)™) + . ]Z o™ (1221)
eIy £ -lattices in x

We next compute the summands p, for all A with m(z, A) > 1. Put m = maxm(z,—) and 7 = T (2);
assume that m > 1. By [23, Lemma 4.7], the intersection numbers of the curves P, are given by
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0 PANPpA =0
(Pas Pra)a, (wy =11 PyN Py ={pt}
—(g*+1) Pr=Py.

(1) First assume that A ¢ 7. Then A has some multiplicity i = m(z, A) with 1 < i < m. Precisely ¢>
of its neighbors have multiplicity i — 1 and a single neighbor has multiplicity i + 1 (Proposition 11.5).
Thus,

pa=-i[(@ -1 —i(g*+ D) +g*( - 1)+ (i+1)] =0.

(2) Now assume that A has multiplicity m (i.e., lies in 7). By Theorem 11.10, the valency v of A in
T is 0, 1,2 or g + 1. Then A has v, many neighbors of multiplicity m and ¢ + 1 — v many neighbors
with multiplicity m — 1. It follows that

PA = —m[(q2 D =m(@+ D) +mvpa+(m-1)(g*>+1- v/\)] =(2-vp)m.

We now evaluate (12.21) for the six possible shapes of 7 from Theorem 11.10. An observation that
applies in all cases is that po # 0 only for A € T (see (i) above), so the discussion will only involve the
set 7. Moreover, Proposition 12.11 states that the artinian part (Qz (W) N g - Qg (W)™ is of length 1
precisely in cases (2) and (4), and 0 otherwise. We will also use Lemma 1 1.6 in every case to relate m
with r.

(1) Assume that L/F is inert and that r € 4Z. Then T is a (¢ + 1)-regular ball of radius ¢ around
a single vertex, [y = {1}, there are no embedded components, and 4m = r. If d = 0, then (ii) above
shows that

Inty(g) =2m =r/2.

For d > 1, let A be the number of vertices of 7 with valency 1 and let B be the number of those with
valency g + 1. It is easy to check that A — (¢ — 1)B = 2 for every d > 1. Applying (ii) again, we find

Inty(g) =m(A-(qg—-1)B) =2m=r/2.

(2) Assume that L/F is inert and that r € 4Z + 2. Then T is an edge, Iy = {1}, there is a single
embedded component of length 1, and 4m + 2 = r. We obtain from (ii) that

Inty(g) = 1+2m =r/2.

(3) Assume that L/ F is ramified and that » € 4Z. Then T is a (¢ +1)-regular ball of radius d around an
edge, I'y = {1}, there are no embedded components, and 4m = r. If d = 0, then (ii) immediately shows

Inty(g) =2m =r/2.

For d > 1, let again A be the number of vertices of 7 with valency 1 and let B be the number of those
with valency g + 1. It is again checked that A — (¢ — 1) B = 2 for every d > 1. Applying (ii) again, we find

Intg(g) =m(A—- (¢ —-1)B) =2m =r/2.
(4) Assume that L/F ramified and that r € 4Z + 2. Just like in case (2), we obtain
Inty(g) = r/2.

(5) Assume that L = F x F and that z> = (21, z2) has the property v(z;) = v(z2). Then 7 is a
(g + 1)-regular ball of radius d around an apartment. The action of the group Iy = Z on this apartment
is by a translation with two orbits. Moreover, there is no artinian contribution.
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Assume first that d = 0. Then every A € T has valency 2, and hence, p = 0 by (ii) above. It follows
that

Intp(g) = 0.

Assume now that d > 1. Let A be the number of vertices of I'\\7 of valency 1 and let B denote those
of valency ¢ + 1. One checks that A — (¢ — 1)B =0forall d > 1, so

Into(g) =m[A - (¢ - 1)B] =0.

(6) Assume finally that L = F x F and that z> = (z;, z2) has the property v(z1) # v(z2). Then 7T is
an apartment on which I'y acts with two orbits. There is no artinian contribution, and one obtains just
as before that

Intp(g) = 0. =

We can now determine the intersection numbers Int(g) for D = D4 and prove our arithmetic transfer
conjecture (Conjecture 4.26) in this situation. Let the notation be as in §9; in particular, G’ = GL4(F)
and G, denote the two groups that intervene in the formulation of the AT conjecture. Let fy - and f.
denote the two test functions from §5.

Theorem 12.13. Let g € Gp s be a regular semi-simple element with numerical invariants (L, r, d).
The intersection number Int(g) is nonzero only if r > 0. In this case, it is given by

r L/F unramified
Int(g) ={r/2 L/F ramified (12.22)
0 L/F split.

In particular, Conjecture 4.26 holds for D = D14 with correction function —4qlog(q) - fp,.- In other

words, for every regular semi-simple y € G/,

2 Int(g) log(q) if there exists a matching g € Gy,

d0(y, fp) —4q Orb(y, fp,)log(q) = _ (12.23)
0 otherwise.

Proof of Identity (12.22). The statement about the vanishing of Int(g) for » < 0 follows from
Proposition 4.23. We henceforth assume that » > 0 and even that z, is topologically nilpotent.

Recall that M}, ¢ Mp and M}, c Mc denote the connected components triples (Y, ¢, p) resp.
(X, k, p) where the height of p is i. Also recall that M7, and M. nonempty precisely if i € 4Z.
Moreover, an element & € Gy, = GL4(F), resp. h € H, = GL,(E), has the property

h: MiD = ./\/liD+4v(de‘F(h)), resp. h: Mlc = Mlg‘w(detE(h)).

By definition, the Serre tensor construction doubles the height (i.e., is such that M’C =Mcn M%).
Recall that we wrote L* =T'x O} and Ty =T'NGLFp (W) before. Let I'; C I be a complement to
I'pandlet & € 'y N O be a generator. Then

M8 if L/F is ramified or split

oMy =371
b {Mgm if L/F is unramified.

In other words, I'j\mg(M ) = {0} or {0, 8}, depending on the case. Thus, if L is ramified or split, then

Int(g) = Into(g),
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and we are done by Theorem 12.12. If L is inert, however, then we obtain

Int(g) = Intg(g) + (To\ M, To\(g - M)y, M-

Let h € Hp be any with vg(det(h)) = 1. Then h : MOD > M% as well as h_l(/\/l‘(‘:) = ./\/l% and
h~'(gM¢) = hgh™' M. (Recall that the G,-action is a right action.) We obtain that

Int(g) = Inty(g) + Int()(hgh_l).

But igh~! and g lie in the same H; double coset, so have the same numerical invariant (L, r,d).
Proposition 12.12 shows that Inty(g) only depends on the numerical invariant, so we obtain
Intg(hgh™") = Inty(g) and then Int(g) = r, as claimed. O

Proof of Identity (12.23). Let y € GJ, be a regular semi-simple element with numerical invariant
(L,r,d). First consider the case that r is odd. Then there is no matching element g € G, (see rows 2
and 5 of Table 1), so we need to show that the left-hand side of (12.23) vanishes.

The sign of the functional equation of f; ~is (=1)" and hence negative if r is odd. This shows
Orb(y, fp,,) = 0. Proposition 8.3 for odd » moreover states that dOrb(y, f},) = 0, which is the desired
vanishing.

Now we consider the case where r is even. There exists a matching element g € Gy, for y if and only
if Lisafieldorif L = F X F and r € 4Z; see rows 1 and 3 of Table 1. No matter which case, (5.10)
shows the equality of the two sides in (12.23). O

13. Invariant 3/4

The aim of this section is to prove Theorem 9.1 for Hasse invariant 3/4. It will turn out, however, that
the geometry for invariant 3/4 is closely related to the one for invariant 1/4. So we will, in fact, consider
the two intersection problems for D € {D1/4, D34} simultaneously. For this reason, we introduce the
following notation: We write M, 2 € {1/4,3/4}, for the RZ space for D = D, . We similarly write
G,= Djp’x for the group G and G, 5 for the group Gy,

We also choose compatible presentations of D4 and D3/4: Let F4/F denote an unramified field
extension of degree 4 and let o € Gal(F4/F) be its Frobenius. For both choices of A, we fix an embedding
F, — D, and a uniformizer IT € D that normalizes F, and satisfies I1* = 7 € F. Then Ila = o (a)II
if A = 1/4 and [a = o3 (a)I1 if A = 3/4, for a € F;. We assume that the embedding E — D is such
that E C F4. Then @ = I1? is a uniformizer of O¢, and we obtain the presentation C = Fy[w@].

13.1. Conormal bundle

Proposition 13.1. Let P € M be any irreducible component of the special fiber. The degree of the
conormal bundle C of Mc — M3,4 on P is the same as in the case of invariant 1/4,

deg(detClp) = ¢> — 1.

Proof. Our proof is by showing that the degrees of the conormal bundles for M¢c — M/ and
Mc — Ms34 agree. Then Proposition 12.6 yields that the degree is g®> — 1 in both cases. So let
M =My or M = M3 and let T C Opy be the ideal sheaf such that M = V(Z). The conormal
bundle is Z/Z>.

Let (Y, ¢, p) be the universal point over M¢ and let D be the covariant O g -Grothendieck—-Messing
crystal of Y evaluated at the thickening V(Z?), viewed with trivial PD-structure. It is endowed with an
Oc¢ = Op,[w]-action ¢ by functoriality. This provides a Z/4-grading D = €p D; where

D;={xeD|a)x)=0c"(a)x, ac OF,}.
Then @ is homogeneous of degree 2, and each graded piece is a vector bundle of rank 2.
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Write D = D/ID, D; = D; /ZD; and denote by F; c D; the Hodge filtration of Y. Recall that
D/F = Lie(Y) is the Lie algebra. The special condition (see Definition 4.9) in particular requires that
OFE C Ogp, acts via the natural map O — Oy on Lie(Y), which implies that F; =D; fori=1,3.

Next, consider X := Op ®¢. Y with its natural O p-action. The evaluation of its O -Grothendieck—
Messing crystal at V(Z?) is P := Op ®o, D by functoriality. The action of O, C Op again provides
a Z/4-grading P = @ P;. It may be refined as follows: Write Op = Op @ [10p, where II is the
previously chosen uniformizer of D. We denote by I1Y, IID etc. the summands [I® Y, IT® D etc. Then

P is a direct sum of eight terms:

Dy @& D, ® D, (&) D3
P= o ® & &> (13.1)
D4y © D1ysg © MIDy4y & MD344,,

where P; = D; @ [1D;,4,. The operator IT acts homogeneously of degree —44. Let Q C P denote the
Hodge filtration of the restriction to V(Z?) of the universal point of M. It is O p-stable, meaning it is
I1-stable and graded (Q = P Q; with Q; C P;).

The ideal 7/Z? tautologically defines the closed subscheme M¢ C V(Z?). This subscheme is also
characterized by the three properties from Proposition 4.15. Consider the first one, M¢c € Z(«(Og)).
The vertical grading P =D & IID in (13.1) also equals the decomposition into the two eigenspaces of
P under the k(Og) ®¢,. pL(OE)p~'-action. (This action exists on Op ®o. Y and lifts to the crystal
evaluated at V(Z?).) Thus, the intersection V(Z2) N Z((O)) as closed subscheme of V(Z?) is defined
by the condition that Q is vertically graded in the sense Q = (Q N D) & (Q NIID). As Q is already
Z/4-graded, this is equivalent to

Q; = (Ql ﬁD,‘)@(Q,‘ ﬂHDi+4,1) vi=0,...,3. (13.2)

We claim that in fact V(Z) = V(Z?) N Z(«(Og)). For this, we need to check that the further conditions
(1) and (2) from Proposition 4.15 are implied by (13.2).

Condition (1) just says that the rank of Q;ND; is 1 fori = 0,2 and 2 for i = 1, 3. This already holds on
V(Z) and extends to any infinitesimal thickening. (The rank of a locally free module is locally constant.)

Condition (2) states that x(IT) defines an isomorphism IT : X, — X_, where X = X, & X_ is the
decomposition into eigenspaces of X defined on V(Z?) N Z(«(Og)). Just like (1) above, this condition
can be checked over V(7).

In summary, we see that V(Z) c V(Z?) is defined by (13.2). This condition is further equivalent
to D; ¢ Q; and IID; 1440 C Quy1 for i = 1,3, because these inclusions hold over V(Z). Since Q is
I1-stable, it is equivalent to only require D; C Q; for i = 1,3. So we see that Z/Z? is defined by the
vanishing of the two maps

Dy — L1, D3z — L, Li=Pi/Q;.

These two maps are known to vanish modulo Z, so they factor over D, and D3. We thus obtain an exact
sequence of vector bundles on M,

0—>K—DieL'eD;eL;! - I/I°—0. (13.3)

Denote its middle term by £. Note that IT : m = E_, for i = 1,3 and that m @ m is the Lie
algebra of Y. It follows that the determinant of £ is independent of whether A = 1/4 or 3/4. What is
left to show is that the determinant of K|y () is also independent. (Here, V(1) denotes the special fiber
of M) This relies on the commutative diagram
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</>1J/ wzl ‘Pll (13.4)

Write @w" : Li4,~" — L;~" for the dual map on inverse line bundles. We claim that K is generated by
all sections of the form

(1 @ @"'s3, ~wu; ® 53), (Wu3 ® 51, ~u3 ® @"s1), u; € Dy, si42 € Lo . (13.5)

To prove this, it is sufficient to locally exhibit elements of the form (13.5) that generate a rank 2 direct
summand of €. The top row of (13.4) has a normal form, meaning there locally exist bases e, f; of D
and e3, f3 of D3 such that @ is given by

wel_ es and w€3_ﬂel
h nf3 f Al
In particular, we; and @ f3 are nowhere vanishing sections. Also assume that s; € E_l -1 withi =1,3,
are local generators. Then

(e1®@w’s3,—~we; ®s3) and (@f @51, -, @’ s1)

lie in K and are fiberwise linearly indpendent, and hence generate K.
From now on, we restrict to the special fiber V() ¢ M. The above normal form statement implies
that the outer terms in the following canonical exact sequences are line bundles:

0 — ker(@w|p,) — D; — Im(w|p,) — 0.
The previous computation specializes to the fact that
K/nK =ker(w|p,) ® L;' @ ker(w|p,) ® L3 (13.6)

as subsheaf of £/n€. The determinant of /7 /C is then the tensor product of all four line bundles that
occur on the right-hand side of (13.6). This product is independent of A, as was to be shown. O

13.2. Intersection locus (simplified formulation)

Let g € Ga,p,1s be aregular semi-simple element. Write z = z,. Our next aim is to rephrase the definition
of Z(g) = Mc N g - Mc in a simpler way.

Since the framing object (Y, ¢) that goes into the definition of M has no étale part, Lemma 4.22
states that M Ng- M = 0 unless z is toplogically nilpotent. So we assume for the following discussion
that z is topologically nilpotent. Then Proposition 4.23 states that

Mcecng -Mc=McnZ(2). (13.7)
(We recall that Z(z) denotes all those (X, k, p) € M, such that pzp~! € End(X); see (4.16).) In terms

of the element IT € D, we chose at the beginning of §13, we have Op, = Oc ® I1O¢ and obtain a
presentation of (X, k) as

X=YeoIIY, «(II)= (1 L(w)), k(c) = (L(c) L(H—lcﬂ)) ceC. (13.8)
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The endomorphism ring of (X, k) is then

End), (X, k) = { (;“ y;”)

X € EndOC(Y), y € End%(Y) s.th. ye =TT 'eIly forall ¢ € C}. (13.9)

Description (13.8) applies to every Serre tensor construction, not just to framing objects. Thus, writing
z=(y ), we obtain that

Mc N Z(z)=2(y) ={(Y,1,p) € Mc | pyp~' € End(Y)}. (13.10)

The automorphism ¢ +— T¢Il of C satisfies 1" '@l = @, but its effect on Fj depends on A: It is
given by II"'all = 0~!(a) if A = 1/4 and by I1"'all = 03(a) if A = 3/4. For both choices of 1 we
define, with I1 =11, € D,,

Sy ={y € End%(Y)* | yey™' =TI ' ¢, for ¢ € C}. (13.11)

Let S be the union Sy/4 U S3/4. Then @S, = Sy41/2 and, for every y € S, we have inclusions of closed
subschemes of M ¢

Z(w'y) C 2(y) € Z(wy).

This relates the intersection loci for the two different invariants. Note that for every y € S, the element
@y? lies in the centralizer Endl.(Y), which is isomorphic to M, (E). Moreover, if z = (,, *7) with
y € S such that 1 + z € G4, then the following relation of invariant polynomials holds:

. — . — 2.
Inv(1+z;T) =Inv(y;T) := charredEndoC(Y)/E(wy ;7). (13.12)

(Here, the right-hand side will always lie in F[T].) We call y € S regular semi-simple if Inv(y;T) is
regular semi-simple in the sense of §2. Let Sy and S, s denote the regular semi-simple elements of S
and S,. The main task in the following sections is to determine the formal scheme Z(y) € M for

y € S3/4,rs-

13.3. Intersection locus (set-theoretic support)

Given y € Sy, our first result describes the support Z(y)(F) in terms of Dieudonné theory. To this end,
we first recall from [5] some more details on Drinfeld’s isomorphism.

Construction 13.2. Let (M, F,V, ) be the covariant O g-Dieudonné module of a special O ¢-module
(Y, 1) over F. Fix an embedding F; — F. Then the contained ring of integers O, C Oc¢ induces a
Z[4Z-grading M = My & ... & M3. Each summand is free of rank 2 as O ;-module, and the operators
F, @ and V are all homogeneous of degrees

degF =-1, degV =1, degw =2.
It follows from the special condition that

1 ifi=0mod?2
(M :VM_ =4 D'=7me (13.13)
0 ifi=1mod2

and that [M; : @M;_»] = 1 for all i. Since @w? = 7 vanishes on Lie(Y) = M/V M, there exists an index
i € {0,2} such that wM; = V>M;. Such indices are called critical.
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The existence of critical indices implies that the operator 7 = V2@ is homogeneous of degree 0 and

o?-linear with all slopes 0. We put A; = M=%, which is a free rank 2 module over O = 0;2:“1. There
are two cases:

M; if i critical

Or ®o- A\ = 13.14
F €Og {wM,-_z if i not critical. ( )

Assume that i is critical. We obtain a line £ = wM;_,/nM; € P(A;/n/A;)(F), and the triple (i, A;,€)
allows for a unique (up to isomorphism) reconstruction of (M, F,V, ).

Let us now bring the framing object (Y, ¢) into play. Denote its isocrystal by (N, F,V, ). We have
seen that 7 := V2w is of degree 0 and o>-linear with all slopes 0. Put W = Ny =i which is a
2-dimensional E-vector space. (Recall that this is a general statement: If N is an n-dimensional F-vector
space and 7 : N — N a o'-linear automorphism with all slopes 0, then N7 is an n-dimensional
F;-vector space where F; = F o'=id jg the degree ¢ unramified field extension of F. Moreover, we have
(F®p, N™™4, o' ®id) — (N, 7).)

We may define a map M¢(F) — Qg (W)(F) by the following construction: An ¢(O¢)-stable and
special Dieudonné lattice M C N with A; = Ml.T:i‘Jl as above is sent to

wMy /My € P(Ay/n o) (F) if O is critical 13.15
Mo/ (nM>) € P(w™'Ay /o (nA2))(F) if 2 is critical. (13.15)

It may happen, of course, that both indices are critical. In this case, the two lines in (13.15) coincide as
points of Qg (W) and correspond to the diagram

wl\y Ay w_l/\z

| | i

@My /My —— Mo/ mMy —> @~ My /My,

where the lower outer terms have to be identified along 7 : w‘le/ My = wM,/nMy. The restriction
of the map M ¢ (F) — Qg (W)(F) to the height 0 connected component M%(F) agrees with the map
from Drinfeld’s isomorphism in Theorem 12.2.

Definition 13.3. Given y € S,, consider its action on the isocrystal (N, F,V,t) of (Y, ). Then y is
homogeneous of degree

-1 ifa=1/4
degy = .
1 ifA=3/4.

Define w(y) = Vyif A = 1/4 and w(y) = V~!yif 1 = 3/4. Then w(y) is of degree 0 and commutes with
V and @. It hence commutes with 7 and acts as a E-conjugate linear endomorphism on W = N =id

In the following, we will also formulate some results for the invariant 1/4 case. We will not use these
again but hope that they clarify why and in which sense the two possibilities for A are different.

Lemma 13.4. Let (Y, 1, p) € Mc(F) be a point with Dieudonné lattice M = My @ ... ® M3 C N. Let
i € {0,2} be a critical index of (Y, 1) and let A = Ag (ifi = 0) or A = @ ' As (if i = 2) be the resulting
lattice A ¢ W. Let € € PA(F) be the line defined by (13.15). Then (Y, t, p) € Z(y) if and only if

(13.16)

wWA CAandw(y)t =0and Im(w(y)) C ¢ ifda=1/4
w)ACAandw(y)t C € ifA=3/4.

https://doi.org/10.1017/fms.2025.10034 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10034

Forum of Mathematics, Sigma 79

Proof. Assume first that 4 = 1/4 so that degy = —1. Using that VMy = M; and VM, = M3 (see
(13.13)), we check that

(1) yM;y; C M; if and only if yVM; C M; (i.e., w(y)A C A),

(2) yMip € My if and only if ywM;,, C wV M;, meaning VywM;, C nM; (i.e., w(y)f =0),

(3) yMiy3 € My if and only if Vyw M, € wM;ip (e, w(y)€ C £), and

(4) yM; C M3 if and only if VyV 2w M; C wM;,; (ie., Im(w(y) C £).

If A = 3/4, however, then deg y = 1 and we obtain slightly different conditions:

(1) yM; € M,y if and only if V-'yM; € M; (i.e., w(y)A C A),

(2) YMi41 € My, if and only if V™'yM; C V=2M;,, which is redundant after (1),

(3) yM,42 C M;3 if and only if V-'yo My, € @M,y (ie., w(y)f C £), and

(4) yM;43 € M; if and only if V‘lwalu,g C V2wM; = M; which is redundant after (3).

These two lists of properties are precisely what was claimed in (13.16). O

For a homothety class of lattices A ¢ W and y € S, we define

n(y,A) :=n(w(y),A), m(y,A) :=max{0,n(y,A\)}. (13.17)
Also let Z(y)? := Z(y) N M%. Lemma 13.4 shows that, under the isomorphism M. = Qg (W),

z'®c | P

ACW, n(y,A)=0

Recall that 7 (w(y)) C B denotes the set of those homothety classes of lattices A C W in which n(y, A)
takes its maximum and that the shape of 7 (w(y)) was described in Theorem 11.10. The next corollary
combines this result with Lemma 13.4.

Corollary 13.5. Assume that y € Sy is regular semi-simple. The set Z(y)*(F) has the following
description, in dependence on A and the maximum n(y) = maxacw n(y, A) of the multiplicity function.

(1) Assume n(y) < 0. Then Z(y)? = 0.

(2) Assume n(y) =0 and A = 1/4. Then Z(y)° # 0 if and only if w(y) is topologically nilpotent. In
this case, T (w(y)) is an edge and Z(y)°(F) the corresponding superspecial point.

(3) Assume n(y) = 0 as well as A = 3/4 and det(w(y)?) € O%. Then Z(y)° N PA(F) # 0 if and only
if A € T(w(y)). In the nonempty case,

IZ()° N PA(F)| =g+ 1. (13.18)

Moreover, for every edge of T (w(y)), the corresponding superspecial point lies in Z(y)°(F).

(4) Assume n(y) = 0 as well as A = 3/4 and det(w(y)?) € Of \ O%. Then Z(y)(F) consists of the
superspecial points that correspond to edges of T (w(y)).

(5) Assume n(y) > 1. Then

z'®= [J  Pa®.
Ae{A|n(y,A)>1}

Proof. Cases (1) and (5) follow immediately from Lemma 13.4. For case (2), observe that (13.16)
implies that Z(y)? # 0 can only hold if w(y) is topologically nilpotent. Then Proposition 11.8 (1)
ensures that 7 (w(y)) is an edge, and Lemma 11.1 shows that the unique w(y)-stable line in Py (F) is
the corresponding superspecial point. By Lemma 13.4, this point lies in Z(y)°(F) .

We turn to cases (3) and (4). Lemma 13.4 states that Z(y)° N P (F) is nonempty only if w(y)A C A.
Under the assumption n(y) = 0, this is equivalent to A € T (w(y)). Moreover, if w(y)A C A, then it
states that Z(y)? N P, (F) equals the set of w(y)-stable lines £ € P (F).

Incase (3),if A € T (w(y)), then w(y) defines a o--linear automorphism of F@qu A.Ttis asimple fact
that every o-linear automorphism of a two-dimensional F-vector space has precisely g + 1 fixed lines,

https://doi.org/10.1017/fms.2025.10034 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.10034

80 Q. Li and A. Mihatsch

Pl

Figure 2. Illustration of case (3) of Corollary 13.5 for L|F inert and q = 2. Each line represents
a curve of the special fiber of M%. The four thick lines correspond to the homothety classes A with
n(y,A) = 0. Their dual graph is depicted on the left in Figure 1. The scheme Z(y)? consists of q + 1
points on each thick line. For the central curve, these points are all superspecial. For the remaining
q + 1 curves, one point is superspecial and the other q are non-superspecial.

so we obtain Identity (13.18). Moreover, edges emanating from A in 7 (w(y)) are in bijection with the
[F2-rational w(y)-fixed points in P (F). In particular, each such edge defines a point of Z( y)ONPA(F).

The arguments for case (4) are the same. The only difference is that w(y)|a, for A € T (w(y)), is not
invertible anymore. This implies that every w(y)-stable line ¢ € P (F) is defined over F > and hence
comes from an edge of A in 7 (w(y)) as claimed. O

13.4. Cartier theory

Let R be an O g-algebra in which r is nilpotent. Then formal n-divisible groups over R are equivalent to
reduced O g-Cartier modules over R; cf. [10, §1]. We will use this equivalence to compute the scheme
structure of Z(y) and, to this end, collect some general results in this section.

We denote by Wo,. (R) the ring of O g-Witt vectors of R with respect to the chosen uniformizer 7 as
in [10, §1]. For x € Wq,.(R), we write Fyx and Y x for Frobenius and Verschiebung. They satisfy the
relations

Pl =17, "Vx=nx, (Vx) "y = V(X'Fy)~
We denote by E(R) = Wo, (R)[F,V] the Op-Cartier ring over R. It is the non-commutative ring
generated over Wo,. (R) by two elements F and V that satisfy the relations (where x € Wo,. (R))
VxF="x, Fx=FxF, xvV=VFfx, FV=n.
The third relation implies that if M is an E(R)-left module, then the action of Wy, (R) on M/VM
factors through W(R)/ VW (R) = R.

Definition 13.6. A reduced O g-Cartier module over R is an E (R)-left module M suchthatV : M — M
is injective, such that M = lim;>o M /V'M and such that M /V M finite locally free over R.

In the following, we will simply say “Witt vectors’ and ‘Cartier module’ instead of ‘O p-Witt vectors’
and ‘reduced O g-Cartier module’. This shall never lead to confusion.

Let M be a Cartier module over R such that M /VM is free over R. Let yy,...,Yq € M be elements
that reduce to an R-basis of M /VM. Such a tuple is called a V-basis for M. Then for every element
m € M, there are unique coefficients ¢, ; € R,n > 0,i =1,...,d, such that

d
m= Z Z V"' [enilyi. (13.19)
n>0 i=1
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Conversely, by the V-completeness of M, every tuple of coefficients ¢, ; € R defines an element of M
by (13.19). In particular, there are unique elements r; j , € R such that

Yi=y Zv (i jnly; (13.20)

n>0 j=

These r; j , are called the structure constants of (M, y1, ..., ¥4), and they uniquely determine the £ (R)-
module structure on M. More precisely, by [50, Theorem 4.39], the E(R)-linear map E(R)? — M,
e; — v; is surjective with kernel generated by the elements

d
—Z Zvn[ri,j,,,]ej, i=1,...,d. (13.21)

n>0 j=1

By (13.19), an E(R)-linear endomorphism f : M — M is uniquely determined by the images

m; = f(y:). These may be (non-uniquely) lifted to elements m; € E(R)?. Conversely, let
(my,...,mq) € E(R)¢ be a tuple of elements with images (m,...,mg) € M?. Then the E(R)-
linear map E(R)? — E(R)%, e; — m; descends to M if and only if it preserves the relations (13.21),
meaning that for alli = 1,.. ., d, the following relation holds in M:
Fm; = Z Zv rijnlmi. (13.22)
n>0 j=

Recall that 7 — [7] = V& for a unit & € W, (OF)*. Using the relation V¢ = VEF in E(R), we can
multiply (13.20) with V¢ to obtain a description of multiplication by r, say

xlyi+ Y ZV" siojnly (13.23)

n>1 j

Multiplication by V on a Cartier module is injective by definition so the coefficients s; ; , determine the
structure constants r; ; , uniquely. Moreover, the relation (13.22) holds for a tuple (my, ..., mg) if and
only if the analogous relation for multiplication by 7 holds,

mm; = [n]lm; + Z ZV Si.j.nlmi. (13.24)

n>1 j=
Proposition 13.7. Let M be a Cartier module over R such that M |V M is free over R. Let y1, ..., vqa € M
be a V-basis and let (my, . ..,mg) € M% be a tuple of elements. Let f : M — M be the map of sets

defined by

d d
DDV endyi— Y YV enidm. (13.25)

n>0 i=1 n>0 i=1

Then f defines a Cartier module endomorphism of M if and only if (f o m)(y;) = (n o f)(y;) for all
i=1,...,d

Proof. This is a reformulation of what was said in conjunction with (13.24). ]

Definition 13.8. Let y|,...,yq be a V-basis of a Cartier module M and let (m;,...,mq) € M9 be
a tuple of elements. We call the map in (13.25) the V-series substitution map defined by y; +— m;,
i=1,...,d.
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Assume that R is equipped with the structure of an O jz-algebra and let M be the Cartier module of a
special O¢c-module (Y, ¢) over R. Then the O c-action provides a Z/4Z-grading

M=My® M &My d Mz, degV =1, degF =-1, degw =2. (13.26)

We assume that each component of Lie(Y) = My/VM3 & M, /VM, is free as R-module and fix a
homogeneous V-basis yg € My and y, € M;. Then the general descriptions in (13.23) and (13.24)
simplify drastically because of the grading. Namely, a homogeneous element m € M; has a V-series
expansion of the form

_ ) lrolyi + V2[ralyiss + VAHralyi + . .. if i is even (13.27)
B VIrilyizt + V3[r3lyis + V2 [rslyic +... ifiisodd '

with unique coefficients r; € R. So an endomorphism f of M that is homogeneous of some odd degree i,
say, is uniquely described by two V-series

yo — Viailyiz1 + V3[azlyi + V2 [aslyicr + . . .,

: . S (13.28)
y2 == VIb1lyis1 + V2 [b3lyict + V2 [bs]yiv1 +....

We ultimately care about the endomorphisms y € S3/4. These are precisely those endomorphisms that
are homogeneous of degree i = 1 and commute with @. Let

(13.29)

¥o > [xoly2 + V2 [xalyo + VAxaly2 + ... .,
y2 — [yolyo + V2[y2ly2 + VA yalyo + . ..

2

be the V-series expansion of ¢(@). Note that xgyg = 7 holds because @~ = 7 acts as 7 on Lie(M) =

M/VM.

Corollary 13.9. Let i € {1,3} and let ay,as,as,...,b1,b3,bs,... € R be any elements. Let
f i+ M — M be the V-series substitution map defined by (13.28). Then f defines a w-linear endo-
morphism of M if and only if (w o f)(y;) = (f o @w)(y;) for both j = 0,2.

Proof. The ‘only if” direction is clear. Conversely, the assumption implies that (7o f)(y;) = (fom)(y;)
for both j = 0,2 because @> = . Then apply Proposition 13.7. O

13.5. Intersection locus (superspecial points)

Throughout this section, let y € S3/4,,s be a regular semi-simple element. Our aim is to determine the
scheme structure of Z(y) € Mc. Let L = F[@y?] be the quadratic étale extension of F defined by
Inv(y;T).

Recall from Definition 13.3 that w(y) = V~!y was defined as a o-linear endomorphism of the
isocrystal of Y. We now change this notation slightly and only consider the restriction w(y)|w which
we still denote by w(y). Here, W = N(Yz:w as in §13.3. The same change of notation applies to w(wy).
Then there are the identities

w(wy) =aw(y), w)?=n"'wy? and w(wy)’=n-wy*. (13.30)

In particular, we can view both w(y)? and w(w@y)? as elements of L. By Lemma 13.4, Z(y) # 0 only
if w(y)? € Or. We from now on impose this assumption.
The arguments in this section will exploit the inclusions

Z(w@'y) C Z(y) € Z(wy).
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Here, @y and @'y both lie in §; /4> and @y is regular semi-simple under the assumption w(y) € Op.
In terms of (9.1), @y defines the element g = 1 + ( @y © *° ) € G1/a,p.1s- By (13.30), its invariant is

Inv(g; T) = charredyys, () /e (7 - wy?) = Inv(l + w(wy);T). (13.31)

All results of §12 apply to the elements g € G1/4,p,s and 1 + w(wy) € GLp(W). In particular, the
equality of invariants (13.31) shows that the following three schemes are all isomorphic:

Z(wy) = MLng M = Qe (W) N (1+w(wy)) - Qe (W). (13.32)

wr

Here, i € 4Z and Z(wy)’ as well as ./\/llc again denote the loci where the height of p equals i.

After these preparations, we now formulate and prove our results. The following three propositions
will respectively concern the case where w(y)? lies in O}.in 0L\ (O] U n20yp), or in 720 . This
matches the three cases (3), (4) and (5) in Corollary 13.5.

Proposition 13.10. Let y € S3/4 15 be regular semi-simple with w(y)? e O7. Then Z(y) is artinian and
each connected component is of length 1.

Proof. Let z € Z(y)(F) be any point. Using the action of H,, we may assume z € Z(y)". Let R be the
complete local ring O Me,z» let m be its maximal ideal, and let I C R be the ideal defining Oz () ..

By Corollary 13.5,if z € Px(F), then n(w(y), A) = 0. It follows that n(w(wy), A) = 1. Moreover, by
(13.30), the assumption w(y)? € O7 implies that w(wy)? € 7r201>i. By Propositions 12.9 and 12.11 as
well as (13.32), Z(wy) equals the vanishing locus V(1) in a neighborhood of z. Since Z(y) C Z(wy),
this implies 7 € /, and it is left to show that the structure map O 3 — R/I is formally unramified.

Consider for this a square-zero thickening § - R/m endowed with trivial PD-structure. Denote by
D =Dy & ...a® Ds the evaluation of the Grothendieck—Messing O r-crystal of the special O c-module
(Y, ) over R/m. Then y lifts to a degree 1 homomorphism y : D — D. We claim that if w(y)> € 07,
then there is at most one possibility for a y-stable and O ¢-stable Hodge filtration / c D. Namely, any
such filtration would be graded F = Fo & ... ® F3 with F; € D; and

1 ifi=0,2
rhs (F) = {2 ifi=1,3.
So we already have F; = D; if i = 1,3. Furthermore, w(y)? € O7 implies that the map y : D;_; — D;
has rank 1 mod m if i = 0, 2. (This can be read off from the Dieudonné module.) Then we have at most
the possibility F; = yD;_; fori = 0, 2, proving both the claim and the proposition. (The images yD;_
need not be line bundles in general, which provides an additional obstruction to deforming (Y, ¢, y).
This does not matter for the argument, however.) O

Proposition 13.11. Let y € S3/4 1 be regular semi-simple with w(y)2 e Or\ (o7 u 720¢). Then Z(y)
is artinian and has the following properties:

(1) If L is a field, then each connected component of Z(y) has length 2 + 2q.
Q) If L = F X F is split, then each connected component of Z(y) has length q.

Proof. Let z € Z(y) be any point. Using the action of Hj;, we may assume that z € Z(y)°.
Corollary 13.5 (4) states that Z(y)°(F) consists only of superspecial points, so z is superspecial and the
complete local ring O Z(y), artinian.

LetR = 5,\402 be the complete local ring of M in z. It is isomorphic to O j: [[u, v]] /(uv — 7). The
elements u, v € R are uniquely determined up to interchanging them and/or scaling them in the way
(u,v) — (tu,t~'v) for a unit r € R*. The following auxiliary result allows to make a matching choice
of coordinates for both R and the Cartier module M of the universal special O c-module over R.
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Lemma 13.12. For a suitable choice of coordinates u,v € R and a suitable V-basis yy € My, y2» € M>,
the V-series presentation of @ is

+V?
D F s [u]y2 27’0 (13.33)
Y2 +— [Vlyo+Vy2.
Proof. Given a V-basis yg € My and y, € M, the V-series presentation of @ has the form
Jyor—= laoly2 + Vazlyo + V*Haalya + ... (13.34)
y2 ¥ [bolyo + V2 [balyz2 + VA [balyo + . ..

with agbo = n. If ay = b, = 1 and if all higher coefficients vanish, then we may put u = ag and v = by,
and we are done. So our aim is to arrange this situation for all coefficients in degree > 2.

Write M for the Cartier module obtained by base change to R/m". Then M? is precisely the
Dieudonné module of the -divisible group over the closed point. The point z in question is superspecial,
meaning both indices are critical, so V2M(® = @M It follows that there is a V-basis y(o) EM, (0)

yéo) EM, O with wy(o) VZy (0) . We prove by induction on 7, using the m-adic completeness of R,

that such a V-basis may be hfted to one as required. This is quite standard:

Assume we already found a V-basis y("), (M of M™ such that wy(

w"y;") [ ]y(") +V2y (") . Let y(") € M("H) be any lifts and write

n) _ — [ao],y(") +V2 (") and

Yo" = laolyy" + V3" + V26
w .
T s [hol7 " + sz<n)+vz52

with 6; € ker(M"+) — M), Any element s in this kernel satisfies we = 0 and [r]e = 0, for r € m.
So we obtain our desired lifting as y("“) )+ ;. O

Let m C R be the maximal ideal and let / C R be the ideal with R/I = Oz (4, .. Our aim is to prove
that the length of R/1 is 2 +2q if L is a field and ¢ if L is split. Since 2+2¢ < ¢, it suffices to prove that
R/(I+m? 3) is of the desired length. Moreover, by Theorem 12.13, the ideal in R that defines Oz (), -
is 7 (u, V) if Lisa ﬁeld or () if L is split So we know a priori that 7(u, v) C I.

LetR := R/(m‘l +7(u,v)) and let I = IR be the ideal that defines V(m‘f )N Z(y). We have reduced
to the problem to showing that the length of R/1is 2 +2gq resp. g. Let M = E(R) ®E(R) M be the
reduction of M to R.

We assume from now on that u,v € R and vy, y» € M are chosen as in Lemma 13.12. The special
fiber M := E(R/m) ®g gy M of the Cartier module is the Dieudonné module of the special fiber of the
special O c-module over R. In particular, it has the property that V¥M = 7M because, for a superspecial
point, both indices are critical. Let ai, by, a3, b3, ... € F be the coefficients of the V-series that define
y € End(M) in the sense of (13.28) — that is,

(13.35)

oo Vialyo + Viasly2 + Volaslyo + ...,
y2 +— V[bily2 + V3[b3lyo + V3 [bslys + ...

Lemma 13.13. The coefficients in (13.35) have the following properties.
(1) If L is a field, then ay, by = 0 while a3, by € F*.
Q) If L = F X F, then one out of ay, by vanishes and the other lies in F*.

Proof. Assume first that L is a field. Then w(y)* € O \ O implies that w(y) = V~!y is topologically
nilpotent. This provides a; = by = 0. As V2M = @M because 7 is superspecial, we have that y;, V>y;_»
provide an O jz-basis for M;/mM;. Since by assumption w(y)? ¢ n20p, the maps y : M;/aM; —
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M4y /M4, for i = 0, 2, are nonzero. So we find that at least one out of the pair ay, as, resp. by, b3 is
nonzero. We have already seen that a; = b; = 0, so we necessarily have a3z, b3 € F*, as claimed.
Assume now that L = F x F and write w(y)? = (y1, y2). Then v(y;) and v(y,) both lie in 2Z because
1 +w(y) € GL4(F); compare with row 3 of Table 1. The assumption w(y)? ¢ 720 thus implies that
w(y) = V~ly is not topologically nilpotent. Equivalently, at least one out of {a;, b} is invertible.
It cannot happen that both coefficients are invertible, however, because this would imply w(y)? € 07,
which is excluded by assumption. This finishes the proof the lemma. O

Consider now any sequence of elements ay, by,a3, b3, ... € R that lift the @eﬂici_ents in (13.35).
(It will not lead to confusion that we denote them by the same symbols.) Let y : M — M be the map of
sets that is given by the V-series substitution

- {70 +— Viailyo + V3 [azlya + V[aslyo +. . ., (13.36)

y2 +— V[bilys + V3[bslyo + V3 [bslyar + ...

It lifts the map y € End(M) by definition. By Corollary 13.9, ¥ € End(E(R/J) ®g(r) M) for the
ideal J C R that is generated by all coefficients of the two V-series (¥ o @)(y0) — (@ o ¥)(y0) and

(yo@)(y2) = (@ o y)(y2). _

We next make these V-series more explicit. Here, it will pay off that we are working with R instead of
R: In E(R), it holds that [u]V" = V[u?"] = 0 and [v]V" = V"*[v4"] = 0 whenever n > 3. The V-series
expansions of y o @ and @ o y then become

—  yvor—o VIbialy: + V3 [ailyo + V[asly2 + V[aslyo + - . ..
yow: (13.37)

y2 > VIaiva]yo + V3[b1]y2 + V3 [b3]yo + VI [bs]ys + . ..
and

¥o — V]ajuly, +V3 [a3 ]70 +V° [05“]7’2 +V7[a7V]70 +.
_ +V3a Ty +V5[ad Tyz +V7[al Tyo +.
Y2 +— V[b1v]yo + V3[b3u]7 [bsV])’o +V7 [b7ll])’z +.
2

(b ] [b]

w ©

(13.38)

Y2 +V3[b ])/0 +V7[bgi lys +....

Lemma 13.14. Let J C R be an ideal such that y € End(E(R/J) ®E(r) M). Then the length of R/J is
<2+42qifLisafield and < q if L is split.

Proof. Note the following two properties of sums in the ring of Witt vectors and in the Cartier ring:
(a) In Wo,. (R), a sum of Teichmiiller lifts [a] + [] lies in [a + b] + Wo,. (Ra + Rb).
(b) In the Cartier ring E(R), we have

vi(Vie) = vtk g Rk € YR E(eR).
These two properties imply that

V3(lasv] + [a?]) € V[azv+a? ]+ VO E(R)
V3([bsul + [67]) € V3 [bsu+b7 ]+ VIE(R).

Thus, comparing the V-cogﬁicients and V3-coefficients of (13.37) and (13.38), we obtain that the
following identities hold in R/J:

2

a]uzblu" ai =a3v+a?

biv =a,v? by =b3u+b?2. (13.39)
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The next lemma simplifies these identities. If L is split, then we will only consider the case a; € R* and
by € m from now on (see Lemma 13.13 above). The reverse situation is the same by symmetry.

Lemma 13.15. Consider the two situations from Lemma 13.13.

(1) If a1, by € m and a3, by € R, then (13.39) is equivalent to

T= b;laqu” ay = asv
I P b = bem (13.40)
=da5 o34 1 3u.
(2) If ay € R* and by € m, then (13.39) is equivalent to
u=vi=b =0, aj=ayv+a’. (13.41)

Proof. We begin with the case a;, by € m and a3, b3 € I_€>‘_. If the two identities on the right-hand side
of (13.39) hold, then a; = sv and b = ru for units s, € R*. The left-hand side identities then imply
t~Lsm = a2 and stz = v¥*L. This forces
uq+2 — Vq+2 — aq+2 — b‘]+2 =0
1 1

because we are working modulo 7 (u, v). Then we obtain a; = a3v and b; = bzu, meaning s = a3 and
t = b3. It follows that(13.39) implies (13.40). The converse direction is immediate.

We consider the case a; € R* and b; € m. First, aju = bju? is equivalent to u = 0. Then

2

by = bsu+ bi’ is equivalent to b; = 0. Then b|v = av? is equivalent to v¢ = 0, and we have arrived
at (13.41). |

Let J’ C R be the ideal generated by the relations in (13.40) and (13.41). Then J C J’ and R/J’ has
length < 2 +2q resp. < g, proving Lemma 13.14. O

In particular,_l_? / I has length < 242 resp. < ¢ because Lemma 13.14 applies to  and the deformation
of yto End(E(R/I) ®g(ry M). It remains to prove the converse inequality.

Definition 13.16. Give_n any two as, b3 € R as in Lemma 13.15, we from now on choose aj,b; € R
and the ideal J,; 5, C R in the following way.

(1) If L is a field, then a3, b3 € R are units. We set a; = a3v and by = b3u, as well as
Jaz by = (m = b§1a3vq+l, T - a§1b3uq”).

(Q)If L = FxF and if a3, b3 € R are any two elements, then we set b1 = 0 and we let a; be

2
the unique solution to the equation a; = asv + a? that lifts the given solution mod m. (Existence and

uniqueness follow from the fact that this equation is étale.) We define J,4; p, = (u, v9).

With choices as in Definition 13.16, the quotient R/J,, 5, has length 2 + 2 if L is a field and length
q if L = F x F. Moreover, the elements a, b1, a3 and b3 satisfy Identity (13.40) resp. Identity (13.41)
modulo Jg; ps.

Lemma 13.17. There exist choices for the coefficients a3, bgias, bs,... € R in (13.36) such that, with
a, by and J 4, b, as in Definition 13.16,y o w = w oy over R/ J 45 b,

Proof. Using the previous properties (a) and (b) of addition in E(R), we see that the V>**!coefficients
of (13.38) take the form
q* @ 4 9’
2p+1 + Ay + pak+1(azv,asu, aryv, .. -5 a2k-18, 4 , a5 ,--.,GZk_3)
2 2 2 2
b1 + bZk_l + qok+1(b3u, bsv, byu, .. . bog_1t, b? ,bZ ,---,bgk_3
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for certain polynomials pox+1, g2k+1 With coefficients in R. Here, (s,t) = (u,v) or (s,t) = (v,u) in
dependence on the parity of k. Thus, (13.37) equals (13.38) if and only if the following identities hold:

7 7
az =asu+as +ps(azv,a))

q* @ 4
as =a;v+as +ps(asv,asu,aj ,az )
q

2 2
ar = a9u+a;1 +pr(azv,asu,arv,al ,a ,al’)

(13.42)
2 2
b3 = bsv + bg + Q3(b3u, b? )
2 2 2
bs = byu+b? +gs(bsu, bsv, b , b7 )

by = b9V+bq +q7(b3u, bsv, byu, b ,bg ,bg’ )

Assume we have shown that these two systems of equations have a unique solution in R/m”R that lifts
the coefficients of y € End(M). We claim that this solution lifts uniquely to R/m"*'R. Consider for
this the truncations of the above two systems of equations in some degree m = 2k + 1. The summands
ank+38 1esp. bogeat (with s,t € {u, v} in dependence on k) in the two last lines are already uniquely
determined by the given solution over R/m"R. In all remaining variables, the two truncated systems
of equations are étale, because their Jacobian matrices are upper triangular up to nilpotent entries. The
given solution thus lifts uniquely to a solution over R/m"*!'R, proving the lemma. O

The proof of Proposition 13.11 is now complete. Namely, Lemma 13.17 shows the existence of an
ideal J = Jg; 5, C R such that I C J and such that the length of R/J is 2 + 2¢ if L is a field and ¢ if L is
split. Lemma 13.15, on the other hand, showed that the length of R/I is < 2 + 2q resp. < g. These two
statements together imply the proposition. O

The third type of embedded component arises in superspecial points whenever maxacw n(y, A) > 1.

Proposition 13.18. Let y € S3/4 1 be regular semi-simple and let {z} = Py N Py be a superspecial
point on Mc, where Py, P, C M denote two irreducible components of the special fiber. Assume that
P & Z(y) but Py € Z(y). Then z € Z(y)*"(F) and the length of O z(yy ; is q.

Proof. The proof is analogous to the one of Proposition 13.11. Let again R be the complete local ring
6Mc,z = O [[u, v]]/(uv — ) be the complete local ring in z. Let m C R be the maximal ideal and let
I C R be the ideal defining 10) 2(y),z- Assume that v corresponds to P, (i.e., assume that I C (v)).

Claim: The ideal I is given by I = (m,v4*!). This claim immediately implies the proposition: The
maximal Cartier divisor dividing I is v, so we obtain O z(y)a , = R/(u, v¢) which has length .

In order to prove the claim, we first use our results about the case of invariant 1/4. Let Aj, Ay € W be
the two lattices defined by P and P, in (13.15). Then n(y, A;) = 0 and n(y, Az) = 1 by our assumptions
on Py and P;. It follows from w(wy) = aw(y) that n(w, A;) = 1 and n(w, Ay) = 2. Thus, @Z(wy),z
is defined by the ideal (7v), and we obtain

(mv) C 1 C (v).

Lemma 13.19. Ler I C R be an ideal such that (xv) C I C (v) and such that [+m? = (7, v*1). Then
I = (m,vih).

Proof. Since (nv) C I by assumption, I + me =1+ (uqz, quz’]). Since I C (v)and w € I + ma’ by
assumption, we may thus write

2 2
r=av+bu? +cva? "', aem, avel, b,c €R.
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Then b has to be divisible by v. So after modifying ¢, we may assume b = 0. Then we obtain that
av = (1 - cu?’~2) = (unit) - 7 € I. Tt follows that 7 € I and hence, in particular, that vu?’ ~! € I.
Since v¢*! € [ + m?’ by assumption, we can now write

2
vi*l = agv+bu?, avel, beR.

Then b is divisible by v, so but’ €I by the previous results, and hence, v¢*! € I. This finishes the
proof. O

LetR = R/(mq2 +(nv)) andlet I = IR. By Lemma 13.19, it suffices to show that (Spec R) N Z(y) =
V(i ). Let M be the Cartier module of the universal point over R, and assume from now on thatu,v € R
as well as yo,y2 € M are chosen as in Lemma 13.12. Let M = E(R/m) ®g ) M be the Dieudonné
module of the special fiber. Let a1, by,a3,b3,... € R be coefficients such that the V-series datum y
from (13.36) lifts the given endomorphism y € End(M).

Just as in the proof of Proposition 13.11, we now extract information on the coefficients from our
assumptions. By way of symmetry, we assume that 0 is the index corresponding to A, meaning that
V-lyMy ¢ aMy while V-'yM, C nM,. The second condition means that a;, b; and b3 all lie in mR.
The first then implies that a3 lies in R

The compositions @ o y and y o @ are again given by the identities (13.37) and (13.38). This time,

- 2 2
since we are working over R, we even obtain that af’ = b? = bg’ = 0. The system of leading term
identities of @ o y = y o @ is then given by

aju=bju? ay = azv as =a5u+a§12 (13.43)
b1V = alvq bl = b3ll b3 = b5V.

Performing the direct substitutions for a;, b; and b3 leaves the three equations

2
asm = bsmu? a3 =asu+aj

b57TV = (13Vq+1

Since a3 € R, the upper left identity is equivalent to 7 = 0. Now for given a3 € R* and b3 € R, we
define a; and by by (13.43) and let J be the ideal (7, v4*1). Then we argue precisely as in Lemma 13.17
and obtain that / = J as claimed. The proof is now complete. O

We may now extend Propositions 13.10, 13.11 and 13.18 by a general argument.

Proposition 13.20. Let y € S3,4,5 be any element and let z € Z(y) be a closed point. Let R = 0 Me,z
be the complete local ring in z and let I C R be the ideal such that R|/I = Oz y) ;. Then

(Spf R) N Z(ny) = Spf(R/nI).
Proof. Fory’ € S such that z € Z(y’), we denote by I(y”) C R the ideal with
(SpfR) N Z(y") = Spf(R/1(y")).

In this notation, our aim is to prove that I(wy) = nl(y) for the given element y. Consider the Cartier
module M of the universal special Oc-module over R and write

p {70 — [lyo + V2 [uzlyz + VHualyo + ..., (13.44)

“y2 o [mly2 + V[valyo + VAvalya + . ..
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for the V-series expansion of multiplication by 7 on M. Write y € End(E(R/I(y)) ®&(r) M) as in
(13.28). Choose a lifting of all its coefficients to R, say ai, b1,as, b3, ... € R, and denote by y the
resulting V-series substitution map y : M — M. Define the obstruction ob := ob(y) :=w oy —y o w.
(Recall that this is just an endomorphism of M as set and need not come by E (R)-linear extension from
v; > ob(y;),i = 0,2.) Still, by Proposition 13.7, y defines an endomorphism modulo some ideal J C R
if and only if ob(y;) = 0 mod J. Write

1% V3 &
Ob:{yo'—> [c1ly2 + V7 [e3lyo + V2 [esly2 + (13.45)

y2 +— VIdilyo + V3 [ds]ly2 + V2 [dslyo + .. ..

By definition of I(y) and by Proposition 13.7, I(y) is precisely the ideal (ci,c3,...,d;,ds,...). Now
moy defines alift to R of the V-series expression for 7o y. Its obstruction, evaluated on g, y», is given by

ob(moy)

wo(moy)—(moy)ow

13.46
=moob ( )

because 7 = w? and w commute as (set-theoretic) endomorphisms of M. The crucial observation now
is that

(13.47)

goob:d70 — Viein]ys + V3[eanlyo + V[esalyr + . . .,
y2 +— V[dinlyo + V3 [dsn]y, + V2 [dsrlyo + ...

modulo 7(y)?". Namely, [a]V* = V?[a9]. So when substituting (13.44) into (13.45), all the higher
terms

Vel V¥ [uaklye,  VI{dV*[u]ye
vanish modulo 7( y)qz. Thus, we obtain that
I(ny) = nl(y) mod I(y)?. (13.48)
It is left to show that this already implies I(7y) = wl(y).
The case that I(y) C (x). Let n > 1 be such that I(y) C ()" but I(y) ¢ (7)"*!. This integer can

also be characterized by

n =maxn(y, A).
ZEPA

Here, there are either one or two curves P, that contain z. Since n(wy, A) = n(y,A) + 1 for every
Y € S3/4,

max n(wy, A) =n+1.

ZEP)
By Propositions 12.9 and 12.11, the only possibilities for 7(y) are (7)", n"u, 7”v or 7" (u, v), where the
last three are meant for a superspecial point. Moreover, these propositions also show I(72y) = 72I(y).

So we find that

(7)"* c I(wny) C I(ny).

It follows that I(y)"2 c (Jr)"q2 C I(my). The inclusion I(y)q2 C nl(y) is immediately clear, so we
deduce from (13.48) that I(rry) = nl(y), as desired.
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Table 2. The possible embedded components for Hasse invariant 3 /4.

R I(y) I(wy)
[€)) Op[2]] (7,1) (7)
@) (u,v) ()
(3) | Opllu, vil/(uv - 7) (u, v¥) (m)
4) (7=, 7 vy | 7(u,v)
6) (7, v?*) (7v)

The case that 1(y) € (). In this situation, the point z is of one of the types considered in Propositions
13.10, 13.11 and 13.18. Also taking into account Propositions 12.9 and 12.11 to determine I (wy), the
possibilities up to isomorphism are given by the following table:

We furthermore have the inclusions

I(rwy) C I(ny) € I(wy) C I1(y).

By Propositions 12.9 and 12.11, we know that I/ (7wy) = nl(w@y). It can also be verified from the above
table that 7/(y) C I(wy) in each case, so both I(xry) and I(y) are contained in I (zy). It then follows
from (13.48) that

I(my) = nl(y) mod I(y)q2 N I(wy).

By Nakayama’s Lemma, the identity I(rry) = 7l (y) follows if we can show that
1) N I(wy) € amI(y). (13.49)
The reader will have no difficulty checking this relation in cases (1), (2) and (3) of Table 2 above, and
we only treat the cases (4) and (5):
Case (4). First observe that

(r —u?™ N (r —v?*Y) € n(u,v) C I1(y).

A general element

qZ

N (= u) (= € I()
n=0

thus lies in 7(u,v) if and only if w | ap and v | a,2. In this situation, already ao(7 — va*l) and
a2 (7 —u?*!) lie in 7r(u, v). This shows that

1) A, v) € 2w, v)I(y)9 2 C r(u, v)ymiI(y)? 3

which verifies (13.49) since g* > 4.
Case (5). Here, we can directly verify (13.49) by

(7, VI A (vr) € 7l(»)T 2 € aml(y)3,

The proof of Proposition 13.20 is now complete. O
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13.6. Intersection locus (non-special points)

We come to our final argument. The following proposition is essentially a converse to Proposition 13.20
and shows that there are no embedded components beyond the ones found in the previous section.

Proposition 13.21. Assume that z € Z(y) is a closed point that is not superspecial. If Oz . # 0,
then z € Z(ny).

We would have liked to prove this with Cartier theory as before, but the V-series expressions for
non-superspecial points are more complicated than in Lemma 13.12. Instead, we use the Op-display
theory from [ 1], which requires us to restrict to the p-adic setting. The proof in the function field setting
would be analogous but in terms of local O r-shtukas. These are equivalent to strict O p-modules by
[15, Theorem 8.3].

Proof for p-adic F. By assumption, z is a smooth point of M whose complete local ring O Mec,z 18

isomorphic to R = O [[t]]. Let I(y) € R be the ideal defining @z(y),z. The assumption I(y) ¢ () is
equivalent to the statement that for all continuous rings maps ¢ : R — O, equivalently one such map
@, it holds that ¢ (I(y)) = ()" with n > 2. Thus, we need to see

Homo, (Oz(y),0 Op/(0?) #0 = ze€Z(x'y). (13.50)
Let (Y, p) be the triple defining the point z € M (F). Recall that we have the unramified quadratic
extension E C Fy C C, which is normalized by @. It will suffice for our arguments to consider the
coarser datum (Y, j) := (¥, (o r ). Our first aim is to compute the O g-display of a universal deformation
of (Y, ). Let (M, F,V) be the Op-Dieudonné module of (Y, ). We choose the grading on M such that
0 is the critical index. Let

=v2
eo, fo € My’

be an O g-basis. One out of VZeq, V2 fo does not lie in 7M,. We choose our ordering such that this holds
for ey := Vzeo. Pick a complementary basis vector f, € M, that can be written as

fr=n""(es + V2 fp) (13.51)
for a suitable A € O . Rewriting (13.51) also provides
V2f0 = —/162 + 7Tf2.

In summary, @ and V are now given by the following identities:

wey = en wey = Teo
wfy = —dex+nfy wfp = Adeo+ fo,

(13.52)
V2ey = e) V2e, = mey

V2fy = —dex+nfy Vf = 072 (Deo + fo.

We next rewrite this in the terminology of O g-displays. Consider the following eight elements:

fo = eo m; = Vi l‘2=f2 m3 =Vt

lo =0 2(Deg+fo m =Vly h=e n3=V. (13.53)

Then M = L & T, where L = span{ly,my,ni,lr,ms,n3} and T = span{tg, t,}. This is a normal
decomposition of M meaning VM = L & aT. Let F := V™| o, be the display variant of the
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Verschiebung. Then F|; and F|; are given by the following identities:

F(lo) =my  F(l) =m
F(mi) =10 F(m3) =1
F(m) =1y F(nz) = .

F(ty) = nV~1(eg) = Vwey = Ve = n3,
F(ty) = aV7'(f) =V 1 (der + V2 fp)
a(D)Vig+ V(g — o 2(Dty) = (0(2) — 3 (A)m; +ny.

Write u; = (1) — 03 (1). Order the chosen basis as (fo, lo, m1, n1, t2, I, m3, n3). The structure matrix
of M as O g-display is then

S= . (13.54)

|1

It is known that a universal deformation of M as O g-display can be defined as follows; cf. [51, Equation
(87)].# Let u € Wo,. (O ) be any lift of 11. Consider the ring A = O g [[so1, . . ., S0, 521, - - - » S26]]. (The
strict O p-module Y is of height 8 and dimension 2, so one knows a priori that A is isomorphic to its
universal deformation ring.) Put L = Wo,. (A)®, T = Wp,.(A)®? and P = L ®T. Denote and order their
basis vectors just as before. Then a universal deformation of M can be defined by declaring P =L & T
to be a normal decomposition and by taking the O r-display for the structure matrix

[ 1 [so1] [so2] [so3]  [so4] [sos] [sos] ] [ [sos] [sos] 1 [soi] mlso2] + [so3] [so2]  [sos] ]
1 1
1 u 1
1 . 1
[s21] [s22] [s23] 1 [s24] [s25] [s26] | [s26] [s25] [s21] pls22] + [s23] [s22] 1 [s24]
1 1
1 1

1 1 |
(13.55)

Consider now the universal deformation of (M, j) (i.e., as Op-display with action by OF,). It is not
difficult to check that this deformation space is described by the quotient

Oplsor,s24]l = A= A/(sij, (i, ) £ {(0,1),(2,4)}).

Namely, O f, -actions on a display over an O js-algebra are equivalent to Z/4-gradings such that F and F
are homogeneous of degree —1. At this point, one could go even further and also determine the relation
between s¢; and so4 that defines the deformation space of M with special O ¢-action ¢, but this will not
be necessary for our arguments.

4The reference applies directly if O = Zj. The general statement can be reduced to that case because Of-displays are
equivalent to Z,-displays with strict O -action; cf. the functor I'(O, O’) in [1, (1.1)].
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We explained at the beginning (see (13.50)) that we only care about R-points of Z(y), where
R=0 #/(7)%. So we pick any specialization map ¢ : O g lso1, s24]] — R. We put 5o = ¢(s01) and
sy = ¢p(sz4) Base changing the O p-display over A given by (13.55) along ¢ defines an O p-display
(P,Q, F, F) over R. It is defined by the normal decomposition P = L & T obtained by base change from
the previous normal decomposition, and the structure matrix

1 [so]

(13.56)

The claim is that every homogeneous degree 1 endomorphism y of P is divisible by 7 after base change
to R/(x). (Homogeneity is meant with respect to the j(OF,)-grading.) Any such endomorphism is,
in particular, a Wo,. (R)-linear endomorphism of the Wo,. (R)-module P that preserves the submodule
Q = L&YW, (R) - T.1tis hence given by four matrices of the form

an 6112) (Vbn Vb Vi lez)

(611 612)
az| axn by b C21 € _ dy bxn| _
vy Po P1 Pz P3 P() (13.57)

where the 16 coefficients lie in Wo,. (R). (The matrix presentation is meant with respect to the above
basis (to,lo,m1 ni,ty,ly,ms,n3).) Then y being an endomorphism of (P Q F,F) is equivalent to
F oy =1yoF.We now express this condition in terms of the 16 coefficients. We write a, b, ¢ and d for
the four matrices in (13.57) and let ¢ € W, (R) be any element. The compositions F o x and x o F, for
x € {a, b, c,d}, are given as follows:

(0) F(a(¥én)) = né{o(an)to +o(a)lsolto + o (az)lo}
d(F(Yé1)) = €{Ydiato + dnlo}
F(a(lp)) = o(ain)to + o (axn)[solto + o (ax)l
d(F(lp)) = Vduto+daly

(1) F(b(m1)) = pbiimy + o (bar)my +biiny
a(F(my)) = anmy +azn
F(b(n1)) = ubiamy + o (bn)mi + biyn
a(F(n)) = [solanm +apmi + [to]azin + axnn
(13.58)
(2) F(c(Yén)) = né{o(ci)n + [s2]o(ca)n + o (car)la}
b(F(Yén)) = E(uY btz + Y biata + pboila + bnolo}
F(c(ly) = o(ci)t + [s2]o(cn)tr + 0 (cn)h
b(F(L)) = Vbuta+ bl

(3)  F(d(m3)) = o(da1)ms +dyin3
c(F(m3)) = ciim3 +cain3
F(d(n3)) = o (dy)m3 +dian3
c(F(n3)) = [s2]lcrims + ciams + [s2]ca1n3 + c2on3
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Thus, F o y = y o F if and only if the following identities hold.

(@) an = pby +0(by) ayp = pbp +0(by) - [solan
ai = bn axn = by — [solaz

(B) Vb = o(cn) + [s2]o(cn) Vbio = n(o(en) + [s2]o(car)) — ¥ bi

by = o(c2n) by = ro(ca1) — pba;
(13.59)
(y) cn =o(dn) ci2 = 0(dx) - [s2]cn
co1 = dy ¢ = dpp — [s2]en
(6) Vdi = o(an) + [solo(an) Vdi = x(o(an)+ [solo(az))
dry = o(an) dyn = o(az)

Assuming that all these relations hold, we claim that none of the 16 variables is a unit. (This is equivalent
to claiming that all 16 coefficients are divisible by 7 after base change to Wo,. (R/m) = O, which
means that 77!y defines an endomorphism of the Dieudonné module of the closed point. This precisely
means that z € Z(n!y).) The proof of the claim is as follows. We use the matrix notation (a;;), (i)
etc. to refer to the individual identities in (13.59).

(1) First, (611) and (B1;) imply that a5 and ¢, cannot be units. Then (y;,) implies that dy; is no
unit. Then (877) shows that a;; is no unit. By (a»)), also by is no unit.

(2) Next, specializing (612) along the projection map s : Wo,(R) — R, we obtain that
0 =7ns(o(ary)) +0 because 7so = 0 in R. Since 7 # 0 in R, it follows that s(o-(a1;)) is no unit
and hence that a; is no unit. The same argument but for (81,) shows that c¢1; is no unit.

(3) An easy chain of substitutions now shows that all remaining variables, except for possibly
¢»1 = dp1, cannot be units.

(4) For the remaining two variables, we consider identity (&11). Consider the leading terms of the
Witt vector expressions for a and a;:

ap = [u()] +Vu1 and apy = [Vo] +VV].

We already know that ug, vo ¢ R*. In particular, o ([uo]) = [10]9 = 0 and o([vo]) = [vg] = 0. Recall
that o(V (x)) = nx for every x € Wo,. (R). Thus, we obtain from (6;,) that

Vidy = o(an) + [solo(axn) = muy +x[so]vi.

Looking at the image of this expression under s : Wo,. (R) — R and using that 7 # 0 in R, it follows
that u; ¢ Wo, (R)*.

Let a1z and d|; be the images of a2 and d; under the reduction map Wo,. (I_?) — Wo.(F) = 0p.
Identity (&) implies that V'd|| = 0-(a;2). The above showed that a1, is divisible by 72, so we obtain that
dy; is divisible by 7. We deduce that d1 is not a unit. The proof of the proposition is now complete. O

13.7. Intersection numbers

We first summarize the results of the previous sections. For a lattice A c W, we have previously defined
m(y,A) = max{0,n(y, A)}; see (13.17).

Proposition 13.22. Let y € S3;4 s be a regular semi-simple element and let m = maxacw n(y, A). Put
Cly)=Z(@™"y).
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(1) The formal scheme Z(y) is nonempty if and only if m > 0. In particular, C(y) # 0.
(2) For a stratum P C Mg, let A(P) C W be the lattice defined by it. The pure locus of Z(y) is
given by

Zo)e= > m(y,AP) - [P].

PgMC,l‘cd

(3) The formal scheme C(y) is artinian. Moreover,

Z(y)*=CO)u [ Oz (s (13.60)
z€|Z(y)N\IC(y) I, z superspecial

and each local ring in the disjoint union on the right-hand side has length q.

Proof. (1) This follows directly from Corollary 13.5.

(2) Corollary 13.5 shows that the multiplicity of P in Z(y) is indeed 0 if n(y, A(P)) < 0. By the
same corollary, if n(y, A(P)) = 0, then there exists a point z € Z(y) N P(F) because every o -linear
endomorphism of a 2-dimensional F-vector preserves some point of P(F). Proposition 13.20 applies to
that point and shows that the multiplicity of P in Z(n%y) equals a = m(n“y, A(P)) for every a > 0.
This reasoning applies to all pairs (7%y, A(P)), and statement (2) follows.

(3) For all y, by Proposition 13.20, if z € Z(y)™", then z € Z(ny)™*! and there is an equality of local
rings

Oz(ny)arlyz = Oz(y)arl’z.

We know from Corollary 13.5 that C(y) is artinian, so this shows C(y) € Z(y)*'. Moreover, by
Proposition 13.18 combined with (again) Proposition 13.20, every superspecial point z = P N P’ such
that m(y, A(P)) > m(y, A(P’)) > 0 lies in Z(y)™" and has a local ring of length g. This shows that the
right-hand side in (13.60) is an open and closed subscheme of the left-hand side.

By Corollary 13.5, every superspecial point of Z(y) already lies in the right-hand side of (13.60).
Let z € Z(y)™ N P(F) be a non-superspecial point. The multiplicity of P in Z(x~™mAP)+1y)
is 1. By Proposition 13.21, z even lies in Z(z~™(>A(P))y) By Corollary 13.5, the only possibility is
m(y, A(P)) =m and z € C(y), and the proof of (3) is complete. O

Let Gg Jap C G314, denote the subgroup of elements g with reduced norm Nrd(g) € O%. Then

g/\/lé 4= M’S /4 for every i € Z, and we may define the connected component intersection number

Into(g) = (M2, g+ M) ass,-

Theorem 13.23. Let g € Gg Jabors be a regular semi-simple element with numerical invariant (L,r,d).

The intersection number Inty(g) only depends on the triple (L,r,d). It is related to Int(g) by

Int(g) if L/ F is split or ramified

(13.61)
2 Into(g) if L/F is an unramified field extension.

Int(g) = {

Moreover, the arithmetic transfer conjecture (Conjecture 4.26) holds with correction function f! . = 0.
That is, for every y € G,

2 Int(g) log(q) if there is a matching g € G3ja (13.62)
0 otherwise. ‘

90rb(y, fp) = {
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Proof. We first determine the intersection number Int(g) for g € G3/4 p 1. We may assume that g = 1+z
with z = z4. Since Mc N g - M = 0 whenever z is not topologically nilpotent by Lemma 4.22, we
may assume that z is topologically nilpotent.

We work in the coordinates of §13.2. Let y € S3/4, be such that z = (y
L = Flwy?] with wy? € Oy and

Y?). In particular,

r=v(Nyr(wy?)), d=[0r:0r[@y*]]-r/2.

The element y = @'y lies in S1,4. Since @y? = n~'wy?, its numerical invariant is given by
(L,7,d) = (L,r =2,d). (13.63)
Letz = ( 5 yo ) anddefineg = 1+7 € End?, (Y). Then g liesin G 1,4, s unless the following exceptional

case occurs: L = F x F and one of the eigenvalues of @y is 7. All statements that follow also apply in
this exceptional case if one sets Z(g) = 0 and Intp(g) = 0.

Let I ¢ L* be a subgroup such that L* =T'x O} and set Ty =T'N G(3)/4,b'

Lemma 13.24. The following identity of intersection numbers holds:

1 ifLis a field

Inty(g) = Inty(3) + g - #(ToEX\{A C W | m(y,A) > 0}) + {0 ifL=~FxF.

Proof. First consider the divisors Z(y)%-pure, Z(3)0-pure ¢ MOC. Because
w@ly)=V-aly= (Ve ) -V'y=(Va™) w(y)

by Definition 13.3, the restrictions of w(w~'y) and w(y) to the V@ -invariants W = Ny =id agree.
The multiplicity formula for the invariant 1/4 case (Proposition 12.9) and the analogous formula for
invariant 3/4 (Proposition 13.22) hence give that

Z(y)hre = Z(3)0. (13.64)

By Proposition 13.1, the degree deg(C|p) of the restriction of the conormal bundle for M — Mp to
an irreducible component P C M req equals g> — 1 in all situations. The equality in (13.64) and the
general intersection number formula from Corollary 10.3 then imply that

Into(g) — Into(@ = len((’)l-o\z(y)o,an) — leH(OFO\Z(y)O,arL). (1365)
By Proposition 12.11, the length of T'o\ Z(7)%¥" is given by

1 ifLisafieldand7 € 2 +4Zsq

1 O )0,art ) = 13.66
en( To\Z(3)° ) {o in all other cases. ( :

We determine the length of I\ Z(y)%¥": By (13.60), it is given as
len(Orp\c(y)0) + ¢ - #(ToE*\{A C W | m > m(y, A) = 0}). (13.67)

First assume that 7 € 4Z . Then we are in case (3) of Corollary 13.5 and obtain from Proposition 13.10
that

1 if Lis afield

len(Ory\cy)0) = g - #0\T (w(y)) + {0 if L is split (13.68)
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Now assume that 7 € 2 +4Z5(. Then we are in case (4) of Corollary 13.5, and Proposition 13.11 shows
that

2 if L is afield

len(Or\c(y)0) = q - #T0\ T (w()) + {0 if L is split (13.69)

In both cases, the set 7 (w(y)) is precisely the set {A € W | m(y, A) = m}/E*. So the three identities
(13.67), (13.68) and (13.69) together give

1 ifLisafieldand7 € 4Z5,
len(Op\ z (yy0rt) = q ~#(F0EX\{A cW|m(y,A) = O}) +12 ifLisafieldand7 € 2+4Z5¢
0 if L is split.

Substituting this result and Identity (13.66) in (13.65) proves the lemma. m]

We can now prove the first part of Theorem 13.23: We already know from Proposition 12.12
that Inty(g) only depends on (L, 7, d). (Recall that the numerical invariant of g is (L,7 — 2,d).) By
Theorem 11.10 and Proposition 11.5, the number of lattices #(ToE*\{A ¢ W | m(y,A) = 0}) in
Lemma 13.24 also only depends on (L, r,d). So we obtain that Inty(g) only depends on (L, 7, d), as
claimed. The claimed identity

Int(g) = Into(g) if L/F ramified or split
Y7 Inty(g) if L/F inert

follows by the same argument as in the case of invariant 1/4; see the first part of the proof of
Theorem 12.13. By the intersection number formula in the invariant 1/4 case (12.22), which we apply
to7 = r — 2, we obtain from Lemma 13.24 that

r L/F inert
Int(g) =6 - g - #(ToE*\{A C W | n(y,A) > 0}) + {r/2 L/F ramified (13.70)
0 L/F split,

where § = 2if L/F isinert and § = 1 otherwise. It is left to verify the arithmetic transfer identity (13.62).
Let y € Gy, be a regular semi-simple element with numerical invariant (L, r, d). If the sign of the
functional equation £p (y) is positive, equivalently r odd, then the left-hand side of (13.62) vanishes
by Proposition 5.4. There is no matching element g € G3/4,;, by Proposition 4.6, so the right-hand side
vanishes as well.
Assume from now on that the sign £p () is negative, equivalently that r is even. Then Orb(y, f/,) = 0,
so the left-hand side of (13.62) equals (by Proposition 5.4)

2r if L inert
d0rb(y, f},) = 4qlog(q) Orb(y, fp,,) +log(q)yr  if L ramified (13.71)
0 if L split.

By Table 1, there exists no matching element g € G345 if and only if L = F X F and z,, = (z1,22) with
v(z1), v(z2) both even. (The components z; and z, always have the same parity because r = v(z1)+v(z2)
was assumed even.) In this case, the derivative (13.71) vanishes by Proposition 5.2 (5).

It remains to consider the case where there exists a matching element g € G3/4,p 5. Then, (L, 7, d)
is the numerical invariant of both g and y. We assume that r > 0 because otherwise all involved terms
vanish. The desired equality of (13.71) and the 2 log(g)-multiple of (13.70) is then a direct consequence
of the following lemma:
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Lemma 13.25. Assume that y € G{; matches g € G3;4 p rs. Then

, 2 L/F inert
201b(y. fi,) = #(ToEX\{A € W | n(y. A) = 0}) - {1 LIF ramified or spli (13.72)

Proof. The left-hand side only depends on the triple (L,r,d) and is given by Proposition 5.2. Let
m = maxacw n(y,A) and assume that m > 0. The right-hand side of the lemma is described by
Proposition 11.5, and our proof is by going through the cases of that proposition. (Every g € G3/4,p s
has a matching element v, so this condition will not come up anymore.)

Proposition 11.5 describes the right-hand side of (13.72) in terms of a ball of radius m around the
center 7 (w(y)),

B(T (w(y)),m) ={A € B|d(AT(w(y)) <m}.

The center 7 (w(y)) in turn has been determined in Theorem 11.10. Note that w(y)? = 7~ @y?, so the
numerical invariant of w(y) is (L,7 = r — 2, d). We now count [0\ B(m, T (w(y))) in dependence on
(L,r,d). The group I'y is trivial if L is a field and will only come up for L = F X F.

(1) Assume that L/F is inert or ramified, and that r € 4Z~,. Then 7 € 2 + 4Z+( and Theorem 11.10
states that 7 (w(y)) is a single edge. Then

#B(T (w(y)),m) =2(1+¢* +...+4¢*™). (13.73)

Lemma 11.6 applied to 7 states that 2m = r/2 — 2. The expression in (13.73) equals Orb(y, fp,.) if L
is inert or 2 Orb(y, fp,,) if L is ramified which follows from Proposition 5.2 (1) and (3). This proves
(13.72) in these two cases.

(2) Assume that L/F is inert and that r € 2 + 4Z(. Then 7 € 4Z+( and Theorem 11.10 states that
T (w(y)) is a (¢ + 1)-regular ball of radius d around a vertex. If d = 0, then we obtain

#B(T(w(y),m) =1+(1+¢)(1+¢*+...+¢* "™ N =20+ ¢>+...+ " V) + g7

By Lemma 11.6 applied to 7, we find 2m = r/2 — 1. The equality #B(7 (w(y)),m) = Orb(y, f3,.)
follows from Proposition 5.2 (4). Assume now that d > 1. Let A be the number of vertices of valency
g+ 1 of T(w(y)) and let B be the number of vertices of valency 1. Then

#B(T(w(y),m)=(1+ (-0 +q*+ ...+ NA+(1+¢*(1+q*+...+ ¢ 2))B.

Evaluating this with d > 1 and 2m = r/2 — 1, one obtains the expression for Orb(y, fp, ) in
Proposition 5.2 (4).

The verification in the remaining cases works in exactly the same way. We do not spell this out in
full detail but say here which further cases one has to consider precisely.

(3) Assume that L/F is ramified and that r € 2 + 4Z(. Then ¥ € 4Z>(, and Theorem 11.10 states
that 7 (w(y)) is a g + 1-regular ball of radius d around an edge. Moreover, 2m = r/2 — 1 as in (2)
above. Direct inspection shows that the cardinality of B(7 (w(y)),m) is given by the expression for
20rb(y, fp,.) in Proposition 5.2 (2).

(4) Assume that L/F is split, which implies that 7 € 2 +4Z( and hence 7 € 4Z . First assume that
d < 0. Then Theorem 11.10 states that 7 (w(y)) is an apartment. The quotient I'o\7 (w(y)) has two
elements because I'y is generated by an element of the form (7, 75 Y with v(ry) = v(mp) = 1. It follows
that

#To\B(T(w(y)),m)) =2[1+(¢* = D)1 +g* + ...+ ¢*" )] =2¢*". (13.74)
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Lemma 11.6 states that 2m = r/2 + d — 1. Proposition 5.2 (6) states that 2 Orb(y, fp..) = 2477441,
which equals (13.74). In the case d > 0, we have that 2m = r/2—1 and that 7 (w(y)) is a (¢ + 1)-regular
ball of radius m around an apartment. The verification of #(I'o\B(T (w(y)),m)) = 2Orb(y, fp..) works
just as before. |

The proof of Theorem 13.23 is now complete. m}

Remark 13.26. We have proved Lemma 13.25 by explicitly comparing its two sides. There is, however,
a more conceptual explanation for this identity: The maximal reduced subscheme of M 3,4 can be shown
to admit a Bruhat—Tits type stratification indexed by Oc-lattices in C? which, under the Serre-Tensor
construction, translates the counting problem in Lemma 13.25 into an orbital integral on GL;(B). The
fundamental lemma for Hasse invariant 1/2 from [20] expresses this as O(y, lpy).
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