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Integration on complex Grassmannians,
deformed monotone Hurwitz numbers,
and interlacing phenomena*

Xavier Coulter, Norman Do and Ellena Moskovsky

Abstract. We introduce a family of polynomials, which arise in three distinct ways: in the large N
expansion of a matrix integral, as a weighted enumeration of factorisations of permutations, and via
the topological recursion. More explicitly, we interpret the complex Grassmannian Gr(M, N) as
the space of N X N idempotent Hermitian matrices of rank M and develop a Weingarten calculus
to integrate products of matrix elements over it. In the regime of large N and fixed ratio %, such
integrals have expansions whose coefficients count factorisations of permutations into monotone
sequences of transpositions, with each sequence weighted by a monomialinz = 1 — % This gives
rise to the desired polynomials, which specialise to the monotone Hurwitz numbers when ¢ = 1.
These so-called deformed monotone Hurwitz numbers satisfy a cut-and-join recursion, a one-point
recursion, and the topological recursion. Furthermore, we conjecture on the basis of overwhelm-
ing empirical evidence that the deformed monotone Hurwitz numbers are real-rooted polynomials
whose roots satisfy remarkable interlacing phenomena.

An outcome of our work is the viewpoint that the topological recursion can be used to “topologise”
sequences of polynomials, and we claim that the resulting families of polynomials may possess in-
teresting properties. As a further case study, we consider a weighted enumeration of dessins d’enfant
and conjecture that the resulting polynomials are also real-rooted and satisfy analogous interlacing
properties.

1 Introduction

In this paper, we introduce a family of polynomials, which arise in three distinct ways: in
the large N expansion of a matrix integral, as a weighted enumeration of factorisations of
permutations, and via the topological recursion. Our construction simultaneously gen-
eralises the Narayana polynomials and the monotone Hurwitz numbers, both of which
have garnered considerable attention in the literature [33, 46]. We prove or conjecture
that the family of polynomials we introduce satisfies a number of remarkable properties
concerning their coefficients and roots, such as symmetry, unimodality, real-rootedness
and interlacing.
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This work is inspired by the known relations between Weingarten calculus on unitary
groups, Jucys—Murphy elements in the symmetric group algebra, and monotone Hur-
witz numbers [44, 33]. Our starting point is the space of N X N idempotent Hermitian
matrices of rank M, where M < N. This space admits the following three descriptions,
where I3 denotes the M X M identity matrix and /s n denotes the N X N matrix whose
first M diagonal entries are 1 and whose remaining entries are 0.

S(M,N) = {S € Matyxn(C) | $* = 5,8 = §* and rank(S) = M}
={S = u'u | U € Matpsxn (C) and UuU* = I}
={S=Uly nyU" | U € UN)}

The unitary group U(N) acts transitively on S(M, N) by conjugation, thus endowing
it with the structure of a homogeneous space. Since the stabiliser of Ips y is U(M) X
U(N — M), we may identify S(M, N) with the complex Grassmannian Gr(M, N) =
U(N) /U(M) x U(N — M), which parametrises M-dimensional subspaces of an N-
dimensional complex vector space.

As a compact homogeneous space, S(M, N) inherits a normalised U(N)-invariant
Haar measure, which we denote succinctly by dS. For 1 < i, j < N, define the function
Sij : S(M,N) — Ccorresponding to amatrix element. Taking our cue from the general
theory of Weingarten calculus, we consider integrals of the form

/ SivjiSizjy = Sigji dS,
S(M,N)

where 1 < i1,02,...,0k J15J2,---»Jk < N.Our primary goal is to study such matrix
integrals in the regime of large N and fixed ratio %

In recent decades, Weingarten calculus has developed into a rich theory concerned
with integration on compact groups and related objects, with respect to the Haar meas-
ure [14]. Following the usual paradigm, we define a Weingarten function that takes as
input a permutation o~ € Sy and outputs the following elementary integral, where our
notation suppresses the dependence on M and N.

Wes(or) = / S10()S2.00) - Sk.ow dS
S(M,N)

Modern approaches to Weingarten calculus typically rely on abstract algebraic tools
such as Schur-Weyl duality [12, 15]. These are not as amenable to the current setting as
the ideas rooted in the pioneering work of Weingarten [49] and revisited more recently
by Collins and Matsumoto [13], which we use as inspiration to obtain the following.

Theorem A (Weingarten calculus)

+ Convolution formula (Theorem 2.3)
Arbitrary integrals of monomials in the matrix elements of S(M, N) reduce to elementary

I'This introduction includes only a cursory discussion of our main results and conjectures. The reader is
encouraged to consult the main text for the relevant definitions, precise statements, and further details.
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integrals via the equation
— S
/ Siljl Sizjz T Sikjk ds = Z 61'(;(1),11 6i(7(2)sj2 T 6i(r(k) Jx Wg (o).
S(VM.N) 3

+ Orthogonality relations (Theorem 2.4)
For each permutation o € Sy, the Weingarten function satisfies the relation

k-1
1 . M
WeS () = = = > W (00 (1K) + Grqa e oy We (o))
i=1
1 k-1
+ 5 2, 0ok WeS([o o ().

—_

i=

Here, for any permutation p € Sy that fixes k, we write pb € Sp_; to denote the
permutation that agrees with p on the set {1,2,...,k — 1}.

The orthogonality relations allow for at least two distinct approaches to calculate val-
ues of the Weingarten function. By solving the non-degenerate linear system provided
by the orthogonality relations, one can explicitly obtain values of the Weingarten func-
tion, which are rational functions of M and N. Alternatively, by iteratively and infinitely
applying the orthogonality relations, one obtains the following large N expansion for
the Weingarten function, for fixed ratio %

Theorem B (Large N expansion, Theorem 2.12) For a permutation o= € Sy, let w'.(0")
denote the weighted enumeration of tuples T = (71, T2, . . ., Tr) of transpositions in Sy such
that

CTITy Ty =05

* the sequence T is monotone — that is, if we write T; = (a; b;) with a; < b;, then
by <by<---< by and

« the weight of T is t/{P1:02---br 1}

The Weingarten function has the following large N expansion, for fixedt = 1 — %
Weso) = —— >t ()
8 -k &N\ N

Monotone Hurwitz numbers count monotone sequences of transpositions with pre-
scribed length and with product of a prescribed cycle type, usually with an additional
transitivity assumption. They are known to arise in the Weingarten calculus for unit-
ary groups and in the large N expansion of the HCIZ matrix integral [33]. The theorem
above motivates a “deformed” version of the monotone Hurwitz numbers, in which each
sequence ((ay by), (az by), ..., (a, b,)) of transpositions is weighted by the monomial

witz numbers and denoted by H’g’n (M1 .. -5 1pn). Their precise definition appears in

Definition 3.1 and they are the central objects introduced and studied in the present
work.
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The deformed monotone Hurwitz numbers obey various recursions, from which
known results for the usual monotone Hurwitz numbers are recovered when ¢t =
1[32,18,9].

Theorem C (Recursions)

* Cut-and-join recursion (Theorem 3.7)
The deformed monotone Hurwitz numbers can be computed from the base case H}) (1) =
1 and the recursion

n
HiHg (1, ps) = Z(ﬂl + i) Hy oy (1 + pis s\ (iy)
i=2

+ (= V)(uy = 1) HL (1 = 1, i)

+ Z aﬁ H;—l’nq-l(a{sﬁsﬂs)-'_ Z H;1’|11|+1(a9:u11)H;2’|[2|+1(ﬁ9#12) :

a+fB=u; 81+82=8
LUL=S

* One-point recursion (Theorem 3.12)
The one-point deformed monotone Hurwitz numbers — in other words, those with n = 1

— satisfy
&’ ﬁ;,l(d) =(d-1)(2d-3)(t+1) I:I)’g’l(d -1)
—(d-2)(d-3)(t- 1)2131;,1(61 -2)+d*(d - 1)2171;71’1(61).

¢ Topological recursion (Theorem 4.1)
The deformed monotone Hurwitz numbers are governed by the topological recursion on
the genus zero spectral curve xy? + (t — 1)xy —y + 1 = 0.

These recursions are all effective and can be used to produce explicit data, some of
which is contained in Appendix A. At the level of coefficients, each deformed monotone
Hurwitz number is symmetric (the sequence of coefficients is palindromic) and unim-
odal (the sequence of coefficients increases to a point and then decreases). We prove this
in Proposition 3.9 using the cut-and-join recursion and note that these properties are
notimmediate from the combinatorial deformation of the deformed monotone Hurwitz
numbers.

At the level of roots, it appears that the deformed monotone Hurwitz numbers are
real-rooted and that they exhibit interlacing phenomena. Two real-rooted polynomials
are said to interlace if their degrees differ by one and their roots weakly alternate on the
real number line. We have gathered overwhelming numerical evidence to support the
following conjectures.

Conjecture D (Roots)

* Real-rootedness (Conjecture 3.13)
The deformed monotone Hurwitz number H’g’n (M15 125 - - - 5 1p) is a real-rooted poly-
nomial in t.

2025/06/17 11:48
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* Interlacing (Conjecture 3.14)

=

The polynomial H’g’n (M1, U2, - - ., 1p) interlaces each of the n polynomials
Hy (i1, o, s i)y Hy (s o410 i), ooy Hy (s pas oo i +1).

In the case (g,n) = (0, 1), the deformed monotone Hurwitz numbers recover the
sequence of Narayana polynomials via the equation

M
(u+1) Hy  (u+1) = Nar, (1) :=lel(’;)(l_fl)ti, (1.1)
1

i=

Thus, we consider the deformed monotone Hurwitz numbers to be a “topological gen-
eralisation” of the Narayana polynomials. We propose the topological recursion as a
mechanism to “topologise” sequences of polynomials more generally. In particular, we
claim that doing so can preserve interesting behaviour in the polynomials, such as sym-
metry, unimodality, real-rootedness, and interlacing properties. This is not only the case
for the deformed monotone Hurwitz numbers, but we also observe these phenomena in
the weighted enumeration of dessins d’enfant — in other words, bicoloured maps — in
which each black vertex in a dessin d’enfant is assigned a multiplicative weight .

Our results concerning integration on complex Grassmannians and deformed mono-
tone Hurwitz numbers suggest various avenues for further research. It would be natural
to consider integration on real Grassmannians Gr(M, N), also in the regime of large N
with fixed ratio %, and the first two authors are currently pursuing this line of invest-
igation. Matsumoto considered Weingarten calculus on compact symmetric spaces [39]
and the particular case of the symmetric space AIll bears a strong resemblance to the
present work. It would be interesting to further develop the parallels between these two
settings. The real-rootedness and interlacing conjectures for deformed monotone Hur-
witz numbers (Conjectures 3.13 and 3.14) and the weighted dessin d’enfant enumeration
(Conjecture 4.11) not only require proof, but also invite a deeper exploration of how
common these phenomena might be.

The structure of the paper is as follows.

* In Section 2, we develop the Weingarten calculus for integration over S(M, N).
This includes a convolution formula (Theorem 2.3) and orthogonality relations
(Theorem 2.4). We use the latter to express the Weingarten function of a per-
mutation as a weighted enumeration of monotone sequences of transpositions
(Theorem 2.12). As a consequence, the Weingarten function can be written suc-
cinctly in terms of Jucys—Murphy elements in the symmetric group algebra
(Proposition 2.14).

* In Section 3, we define the notion of deformed monotone Hurwitz numbers,
which are polynomials in the deformation parameter ¢, motivated by the res-
ults of the previous section. We prove “deformed” analogues of existing results
concerning the usual monotone Hurwitz numbers, such as a character formula
(Proposition 3.3), a cut-and-join recursion (Theorem 3.7), and a one-point recur-
sion (Theorem 3.12). It follows from the cut-and-join recursion that the coef-
ficients of deformed monotone Hurwitz numbers are symmetric and unimodal
(Proposition 3.9). On the basis of extensive numerical evidence, we conjecture that
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these polynomials are real-rooted (Conjecture 3.13) and that their roots satisfy
remarkable interlacing phenomena (Conjecture 3.14).

* In Section 4, we briefly introduce the topological recursion of Chekhov, Eynard
and Orantin [11, 25] and then use a powerful result of Bychkov, Dunin-Barkowski,
Kazarian and Shadrin [8] to prove that topological recursion on the spectral curve
xy? + (t = 1)xy — y + 1 = 0 governs the deformed monotone Hurwitz num-
bers (Theorem 4.1). We propose the topological recursion as a mechanism to
produce topological generalisations of sequences of polynomials with interest-
ing properties. As a case study, we consider the weighted enumeration of dessins
d’enfant — in other words, bicoloured maps — in which each black vertex re-
ceives a multiplicative weight #. This produces a family of polynomials that also
satisfies a cut-and-join recursion (Proposition 4.8) and the topological recursion
(Theorem 4.10). In analogy with the case of deformed monotone Hurwitz num-
bers studied in the previous section, we conjecture that these polynomials exhibit
real-rootedness and interlacing phenomena (Conjecture 4.11).

2 Weingarten calculus

2.1 Convolution formula and orthogonality relations

As mentioned in the introduction, the present work is concerned with integration on the
complex Grasmannian Gr(M, N) for M < N. We interpret this Grassmannian as the
space of NXN idempotent Hermitian matrices of rank M, which admits three equivalent
descriptions as per the following definition.

Definition 2.1. Let Is denote the M X M identity matrix and Ips n denote the N X N
matrix whose first M diagonal entries are 1 and whose remaining entries are 0. For
M < N, define the space

S(M,N) = {S € Matyxn(C) | $* = S,8 = §* and rank(S) = M}
={S = uu | U € Matp;xn (C) and UuU” = IM}
={S=Uly nU"|U € UN)}.

The unitary group U(N) acts transitively on S(M, N) by conjugation, thus endow-
ing it with the structure of a compact homogeneous space. Thus, the Haar measure on
U(N) induces a U(N)-invariant normalised Haar measure on S(M, N), which we de-
note succinctly by dS. (See [16] for an introduction to Haar measures.) The fact that the
stabiliser of Ips ;v € S(M, N) is U(M) x U(N — M) allows us to identify S(M, N) with
the complex Grassmannian Gr(M, N) = U(N) /U(M) X U(N — M).

For 1 < i,j < N, define the function S;; : (M, N) — C corresponding to the
(i, j) matrix element. Our primary goal is to calculate integrals of the form

/ SivjiSizjy * Sigji 45,
S(M,N)

where 1 < i1,i2,...,0k, 15 J2,--->Jk < N. We impose the technical assumption that
k < N for future convenience. However, this assumption has little bearing on our work,
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since we will study these matrix integrals in the regime of large N and fixed ratio % The
following elementary integrals will be of particular importance.

Definition 2.2 (Weingarten function). For each permutation o € Sk, define the
integral

Wg'(0) = /( )51,0(1)52,0(2) “+ Sk, (k) dS.
S(M,
We refer to the function Wg® : So U S; LS, LI -+ — C as the Weingarten function for
S(M, N). Here, we include the symmetric group So, whose unique element is denoted
() and represents the empty permutation. In the notation for the Weingarten function,
we suppress the dependence on M and N to avoid clutter.

The setup described above sits firmly in the realm of Weingarten calculus, which
is broadly concerned with the calculation of integrals on compact groups and related
objects with respect to the Haar measure [14]. Modern accounts of Weingarten calcu-
lus often rely on elegant algebraic approaches via Schur-Weyl duality [12, 15]. A direct
use of such an argument is not immediately available for the case of integration over
S(M, N). We instead follow the approach via orthogonality relations utilised by Collins
and Matsumoto [13], which is in turn inspired by the ideas contained in the seminal
paper of Weingarten [49].

In the remainder of this section, we develop the Weingarten calculus for integration
on S(M, N) in three parts. First, we prove a convolution formula that reduces general
integrals of monomials in the matrix elements to the elementary ones defined in Defin-
ition 2.2. Second, we prove so-called orthogonality relations that completely determine
all values of the Weingarten function. Third, we solve the linear system provided by these
orthogonality relations, which connects naturally to the representation theory of the
symmetric groups, particularly to the Jucys—Murphy elements in the symmetric group
algebra.

Theorem 2.3 (Convolution formula) Arbitrary integrals of monomials in the matrix ele-
ments of S(M, N) reduce to elementary integrals via the equation

/S(M’N) SivjiSizjy + Sigjr dS = Z Sirty it Oipiayoo ™ Oiriay i WE ().

oeSk

Proof Write S € S(M, N) in the form S = Ulp yU* for U € U(N). Then the two
sides of the desired equation can be equivalently expressed as integrals over U(N).

N k
LHS = Z ( I—[ [IM’N]m[mi ) /U(N) Uilml o Uikmk U:'lljl o U’*nkjk du

my,..., my=1 " i=1
k N k
ws= 3 ([Towwn) 30 ([Tl
oeS; ‘a=1 mi,..., mp=1 " i=1

[J(N) U1m1 T Ukmk anl,(r(l) T U:rlk,ﬁ(k) dy
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Thus, the result would follow from the equation
/U(N) Unm, Ui Upy g, - Upyy j, AU

= D St O i -/U(N) Uimi = Uk Upy 1)~ Uy (1) 4U-

o €Sy

However, this is a direct consequence of applying the convolution formula for U(N) [15,
Corollary 2.4] to both sides. ]

The following orthogonality relations for Wg$ are inspired by the orthogonality rela-
tions obtained by Collins and Matsumoto in other settings for Weingarten calculus [13].
The proof crucially relies on the convolution formula of Theorem 2.3. For future refer-
ence, observe that we use the notational convention of composing permutations from
right to left.

Theorem 2.4 (Orthogonality relations) For each permutation o € S, the Weingarten
function satisfies the relation
k-1

1 . M
wgb(o) = - N ZWgS(O' o (i k))+0sk)k ~ wes(ah)
i1
k-1

* % Z Stk WS ([ 0 (i k)]Y).

i=1

Here, for any permutation p € Sy that fixes k, we write p* € Si_ to denote the permutation
that agrees with p on the set {1,2, ...,k — 1}.

Proof Leto € Sk and consider the cases 0 (k) = k and o (k) # k separately.

Case 1. Suppose o (k) = k.
Consider the integral

N
Z/ SLoS2,02) *  Sk=1,0(k=1)Si,i dS. (%)
i Js(m,N)

On the one hand, we can use Zf\il Sii =Te(S) = Te(Uly NU*) = Tr(Ipg,n) = M and
the definition of Wg3 to express the integral as M Wg® (o). On the other hand, we can
apply the convolution formula directly to each summand. For the ith summand, where
1 < i < k, the convolution formula yields

/ Sty Sty Stttk Sii dS = WeS () + WeS (0 0 (i K)).
S(M.,N)
For the ith summand, where k < i < N, the convolution formula yields

/ S1.o)S202) " Sk-1,0(k-1)Si,: dS = Wg* ().
S(M,N)
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Adding these contributions over i = 1,2, ..., N and equating with the expression we
previously obtained for the integral (x) leads to

k-1
MW (ob) = NWgs(o) + ZWgs(o' o (i k))
i=1

= M
= W) =- ;wf(cr o (i k) + 5 Wg* (o). 2.1)

Case 2. Suppose o (k) # k.
Let j = o~ (k) and consider the integral

N
Z/ (Sto) Sj-1.o(-1) Sii (Sjs1.0(+1) * Sk-1.0 (k1)) Si,er (k) dS-
= Jsm,n)

()
On the one hand, we have S> = S for all S € S(M,N), so it follows that
Zl]-\il S;.i8i,0(k) = S}, o (k). Combining this observation with the convolution formula
allows us to express the integral as follows.

/( : Sto)  Sj—1,0(-08j,0(k)Sj+1,0(+1) " Sk-1,0(k-1) 45 = Web([o o (j K1Y
S(M,N

On the other hand, we can apply the convolution formula directly to each summand,
resulting in a calculation analogous to that of Case 1. For the ith summand, where 1 <
i < k, the convolution formula yields

/ (Sto) Si—to(-1)) Sji (Sjr1.o(i+1) ** Sk-1.0(k-1)) Si.or(k) dS
S(M,N)
=Wg3(0) + Wgb (0 o (i k)).

For the ith summand, where k < i < N, the convolution formula yields

/ (St.o() *Sj-t.o(j-1)) Sji (Sjst.o(1) *** Sk-t.o(k-1)) Si.or(k) dS = Wg3 (o).
S(M.N)

Adding these contributions over i = 1,2,..., N and equating with the expression we
previously obtained for the integral (+x) leads to

k—1
Wes ([0 o (j k)] = NWg(o) + ZWgS(a o (i k))

i=1

~

1—1

= Wgd (o) = -V

g

We( o (i) + 1w WeSlloro GOTH. 22

i=1

Finally, the desired result is obtained by writing the two expressions for Wg$(o)
obtained in equations (2.1) and (2.2) from the two separate cases in one formula, making
use of the Kronecker delta notation. [ ]
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The orthogonality relations provide a non-degenerate linear system of equations that
uniquely determines the Weingarten function. The example below shows that values of
the Weingarten function can be computed explicitly and are rational functions of M and
N.

Example 2.5. By the orthogonality relations of Theorem 2.4 and the conjugacy invari-
ance of Wg®, we obtain the following equations.

Wg*((1)(2)(3)) = —% [Wgs((13)(2)) +Wg((23)(1))] + %Wgs(m(z»
= - WS ((12)3) + 5 We (D (2)

Wgb((12)(3))

—% [Web((132)) +Wg®((123)] + %Wgs((l 2))

— 2 WS (123)) + 1 We((12)

Wgb((123))

— = [We((23)(1) + We (12)(3)] + - WeS(12)

—%Wgs((l 2)(3)) + %Wgs((l 2))

Using the values Wg®((1)(2)) = % and Wg3((12)) = %, one can

solve this linear system of equations to obtain the following unique solution.

W (D)) = a0 Wek(12) + 3 WE (D)
 M(M2N?—2M? — 3MN +4)
a N(N2 - 1)(N?-4)

MN —42 WeS((12)) = —M(M = N)(MN - 2)

Wgb((12)(3)) =

N2 — N(N2—1)(N% - 4)
We((123) = T W (12) = Azlv((ﬂzéz__Nl))(évAf: 5)

In this way, one can begin with the base case Wg®(()) = 1 and inductively obtain
WgS(0) for o € Sy in terms of Wg® (o) for o’ € Si_;. Further values can be found in
Appendix A.

2.2 Large N expansion

A priori, computing the values of the Weingarten function Wg® via the integral definition
is far from straightforward. However, as evidenced by the calculations of Example 2.5,
the orthogonality relations of Theorem 2.4 uniquely determine the Weingarten func-
tion and imply that its values are rational functions of M and N. We will shortly see that
their structure also leads directly to a large N expansion for Wg3 (o), with coefficients
that enumerate factorisations of o into transpositions that satisfy a certain monoton-
icity condition. This combinatorial structure can be understood in terms of paths in
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the Weingarten graph, which encode the result of recursively applying the orthogonal-
ity relations ad infinitum. The notion of a Weingarten graph was originally introduced
by Collins and Matsumoto [13]. In the setting of integration over unitary groups, the
Weingarten graph GY has two types of edges, which reflects the fact that the orthogon-
ality relations in that case express the Weingarten function of a permutation in terms
of two types of terms. In the setting of integration over S(M, N), we have three terms
appearing on the right side of the orthogonality relations, motivating the following
definition.

Definition 2.6. Define the Weingarten graph G® to be the infinite directed graph with
vertex set S = | |72, S; and edge set E = E4 U Ep LI Ec, where:

* the set E4 comprises the “type A” edges, which are of the form
o —— 0o (ik)

foro e Syand1 <i <k;
* the set Eg comprises the “type B” edges, which are of the form

c——=—=> 0l

for o € Sy with o (k) = k; and
* the set Ec comprises the “type C” edges, which are of the form

for o € Sy such that (i) = k forsome 1 < i < k.

(13T () (e (23)(1)-<—>- (123) ~—- (19)(3) <> (132)

----------

Figure I: The part of the Weingarten graph G induced by vertices belonging to So LI S1 LISz LIS3.

Remark 2.7. The Weingarten graph GVY in the setting of integration over U(V) appears
in [13] and is the subgraph of G3 obtained by removing all type C edges.
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Repeated application of the orthogonality relations leads to paths in the Weingarten
graph G3. In this way, one is motivated to enumerate paths in the Weingarten graph in
which edges of types A, B, C receive multiplicative weights —%, %, %, respectively.

Definition 2.8. A path in G is a sequence of permutations

p = (po,p1.p2,-..,pe) € S,

where (p;_1, p;) is a directed edge of GS foreachi = 1,2,..., L. We call the integer
¢ = {(p) the length of the path and denote by P (o, 0’) the set of all paths from o to
o’. Define the weight w(p) of a path p by

1 ta(p) M ts(p) 1 tc(p)
N N N ’

where (k (p) denotes the number of edges of type K € {A, B, C} on the path p.

By construction, the Weingarten graph is a combinatorial encoding of the ortho-
gonality relations and their repeated application. Starting with o= € S, iterating the
orthogonality relations € times produces the formula

wel@)= > we+ Y, W) ). w(p.
peP(o,()) o’eS|U---USk peP(o,0’)
t(p)<t t(p)=t
By sending the number of iterations ¢ to infinity, one obtains the following large N
expansion of the Weingarten function.

Proposition 2.9 For any permutation o, we have the large N expansion

1\ 4\ E8(P) 1 tc(p)
weor= S owm= > (-3 (5 (&)

peP(0,()) peP(0.())

At this point, let us consider the Weingarten function in the regime of large N with

fixed ratio g = %.2 For p € P(0,()) and o € Si, we have £5(p) + £c(p) = k, which

leads to
s koo lr 1€C(p)
w5z
peP(o,())

r=0
ta(p)+tc(p)=r
To develop a clearer combinatorial description of the coefficients appearing in the

expansion above, we consider the correspondence between paths in the Weingarten
graph and monotone factorisations. This connection already appears in the Weingarten
calculus for unitary groups [13].

Definition 2.10. A monotone factorisation of o € Sy, is a sequence T = (71, T2, ..., Tr)
of transpositions in Sk such that

* 7Ty T = 0; and

20ne could of course consider other regimes, such as fixed M, although this line of investigation did not
appear to be as fruitful.
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* if we write 7; = (a; b;) witha; < b;, thenby < by < --- < b,.

Moreover, we call a monotone factorisation transitive if 71, T2, . . ., T generate a trans-
itive subgroup of Si. Denote the set of monotone factorisations of o by M(c) and
the length of T by r (7). We refer to the number of distinct elements of the multiset
{b1, by, ...,b,} as the hive number of T and denote this quantity by b (7).

Given a path in the Weingarten graph G® from o to (), one can record the sequence
of transpositions arising from the type A edges and the type C edges. The composition
of these transpositions in reverse order recovers the permutation 0. Thus, a path p €
P (o, ()) gives rise to a monotone factorisation 7 € M (o) satisfying £4(p) +Lc(p) =
r(T). Represent this construction via the map

F:P(o,()) - M(o).

In the analogous construction for the unitary case, one obtains a one-to-one cor-
respondence between paths and monotone factorisations, but that is not the case here.
Given a monotone factorisation T of o, there exists a unique path in ! (7) contain-
ing only edges of types A and B. The number of pairs of consecutive A-B edges in the
path is equal to the hive number b(7). Any such pair can be replaced by a type C edge
to obtain an element of ¥ ~!(7) and every element of F ! (7) can be obtained in this
way. Thus, we have |F ! (7)| = 2°(™). Moreover, keeping track of the effect on edge
weights, we have the equality

Z (_l)fc(/?) ~ (1 ~ l)b(f)
peEF1(T) 4 4

These observations allow us to express the coefficients of the large N expansion of
Wgs(o') in terms of monotone factorisations via the equation

s . 00 1 r 1 b(T)
Wg* (o) = ¢q Z(_N) Z (1——) .
r=0 TeM(o) 4

r(T)=r

The discussion above motivates the following definition and theorem, whose proof
is immediate after setting ¢t = 1 — é in the previous equation.

Definition 2.11. For r > 0 and o a permutation, let w’. (o) denote the weighted
count of monotone factorisations of o, where the weight of a monotone factorisation
7 is tP(7) Let 71£(0’) denote the analogous count restricted to transitive monotone
factorisations.

Theorem 2.12 (Large N expansion) For a permutation o € Sy, we have the following large
N expansion for fixedt =1 — %

Wg® (o) = ﬁ Zv’&’,(o-) (—%) (2.3)

r=0
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2.3 Representation-theoretic interpretation

The unitary invariance of the Haar measure implies that the Weingarten function Wg$
is a function of permutations that is constant on conjugacy classes. It is natural to ask
whether it admits a natural description in the class algebra of the symmetric group. Such
a description of the unitary Weingarten function WgY is well understood and given in
terms of the Jucys—Murphy elements in the symmetric group algebra [40, 44]. We will
show that the Weingarten function Wg5 can be expressed similarly.

The Jucys—Murphy elements Jy,J, . .., Ji are elements of the symmetric group al-
gebra defined by

Ji=AD)+Qid)+---+(—-1i) € C[Sk],

where we interpret the formula for i = 1 as J; = 0. They were introduced inde-
pendently by Jucys [36] and Murphy [41] and their seemingly simple definition belies
their remarkable properties. For example, they commute with each other and indeed,
generate a maximal commutative subalgebra of C[Si]. Any symmetric function of the
Jucys—Murphy elements lies in the class algebra ZC[ Sy ] and the class expansions of such
expressions are of significant interest, appearing in various contexts [30]. Furthermore,
the Jucys—Murphy elements are essential elements of the Okounkov-Vershik approach
to the representation theory of symmetric groups [45]. We will subsequently require the
following results that date back to the seminal work of Jucys.

Proposition 2.13 (Jucys [36])
(@) The Jucys—Murphy elements J1, Jo, . .., Jx € C[Sk] satisfy

x+JD)(x+Jp) - (x+Jp) = Z xreyeles(o) o

o €Sy

(b) Let A be a partition of k and let x** the corresponding irreducible character of the sym-
metric group. We adopt the usual abuse of notation and consider y* as an element of the
class algebra ZC[ Sy ). If f is a symmetric polynomial in n variables, then

FUL T2 T Xt = fcont(2)) x4,

where cont(A) denotes the multiset of contents in the Young diagram for A. (The content
of a box in row i and column j of a Young diagram is the number j — i.)

It was shown by Novak [44] that the unitary Weingarten function can be naturally
expressed in terms of the Jucys—Murphy elements via the formula

k

Z WgU(O-)U:HN.:.Ji'

oeSk i=1

By considering the right side as a series in —+-, one observes that the coefficients are
homogeneous symmetric functions of the Jucys—Murphy elements. This leads directly
to the notion of monotone Hurwitz numbers, which count monotone factorisations of a
given permutation with a prescribed length. The analogue of the equation above for the

2025/06/17 11:48

https://doi.org/10.4153/S0008414X25101168 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101168

Integration on Complex Grassmannians 15

Weingarten function Wg3 is the following, which leads to a deformation of the mono-
tone Hurwitz numbers, which are now weighted counts of monotone factorisations
with weight equal to ¢ to the power of the hive number. This idea was already briefly
introduced in Definition 2.11, but will be studied in further detail in Section 3.

Proposition 2.14  For each positive integer k, we have the following equality in ZC[Sy], the
centre of the symmetric group algebra.

k
M+ J;

Wgs(o) o = :
2 W N7

oeSk i=

Proof This is essentially an algebraic reformulation of the orthogonality relations of
Theorem 2.4 and we will prove it by induction on k. The base case k = 1 corresponds to
the fact that Wg3((1)) = %, which is an immediate consequence of the orthogonality
relation for o = (1).

It remains to show that, for k > 2,

M+ Jy
2, Welo) o= N+ 2 We @),
oeSk

oE€Sk-1

where for any permutation o= € S;_;, we write o1 € Sy to denote the permutation that
agrees with o~ on the set {1,2,..., k — 1} and fixes k. Consider multiplying both sides
of this equation by N + Ji and use the definition of the Jucys—Murphy element J; to
show that

1

k,
(N +J¢) Z Wgb(o) o = Z (NWgs(a')+ZWgs((i k)oa))O', (2.4)
i=1

oeSk oeSk
M+4) >, Wel)ol= > (6a<k),kMWgs(al> (2.5)
oeSk_q oeSk

k-1
+ 5a<i>,ngs([<TO(ik)]l)a. (2.6)

i=1

The second equality is more subtle than the first and relies on the observation that for
I<i<k-1,

Z WgS(o) (i k) ool = Z Wt (ik) oo
o€Sk-1 oeSk:o(k)=k

= Z Wb ([oo (i k)Y o

oeSk:o(i)=k

Finally, the desired equality between equations (2.4) and (2.6) follows directly from the
orthogonality relations of Theorem 2.4, which completes the proof. [ ]

Proposition 2.14 implies the following character formula for the Weingarten func-
tion.
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Corollary 2.15 (Character formula) Consider a permutation o € S and let id € Sy be
the identity. Then

M + c(O)

Wet () = 2 > Gid) (cr)ﬂ N

Ark

where ¢(O) denotes the content of the box O in a Young diagram of a partition. Here and
throughout, we use the notation A v k to denote that A is a partition of k.

Proof By the orthogonality of characters, the identity in ZC[Sy] can be expressed as
e= % 3 wx xt(id) x?. Use part (b) of Proposition 2.13 to write

LM+, 1 M+c(@) a2
L5 e=m 2|l yeem Jriooxt

i=1 T Ark \DeAa

By Proposition 2.14, Wg3(0) is the coefficient of o in the above expression, and the
result follows. [ ]

In summary, integrals on the space S(M, N) of matrices admit a convolution formula
involving the Weingarten function Wg®. The Weingarten function is in turn determined
by orthogonality relations, from which it follows that its values have a representation-
theoretic interpretation in terms of Jucys—Murphy elements. An alternative perspective
shows that the large N expansion of the Weingarten function for fixedt = 1 — % has
coefficients that are weighted counts of monotone factorisations. In the next section, we
investigate the combinatorics of these enumerations in further detail.

3 Deformed monotone Hurwitz numbers

3.1 Deformed monotone Hurwitz numbers

Monotone Hurwitz numbers enumerate monotone factorisations of permutations and
arise as coefficients in the large N expansion of the unitary Weingarten function [33].
Weingarten calculus on the space S(M, N) naturally motivates a deformation of the
monotone Hurwitz numbers, obtained by counting with a weight equal to # to the power
of the hive number. This construction produces a family of polynomials with remarkable
properties.

Recall from Definition 2.11 that w’. (0-) denotes the weighted count of monotone fac-
torisations of ¢, while 71’, (o) restricts the count to transitive monotone factorisations.
To fit the usual nomenclature concerning Hurwitz-type problems, we introduce a new
notation to reindex by “topology”, consider the enumeration as a function on cycle type,
and normalise by the product of cycle lengths.
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Definition 3.1 (Deformed monotone Hurwitz numbers). For uy,...,u, > 1,let o be
any permutation with n cycles of lengths u;, . . ., i, and define

Wt _ wi
Wg,n(,ula-~"/~1n)_ Ui fn |/—l|+2g 2+n(0-)7

- 1
t —
Hg,”('u]""’/’l") - TRt |,u|+2g 2+n(o-)

Here and throughout, we use the notation || as a shorthand for the sum py + - - - + py,.
We refer to Wi,’n (M1 - - -+ 4n) as a disconnected deformed monotone Hurwitz number and

H;’n (U1s- - -5 Hn) as a connected deformed monotone Hurwitz number.

Remark 3.2. The pair (g, n) here can be interpreted as encoding the topology of a sur-
face, with g denoting the genus and n the number of punctures, or marked points. A
monotone factorisation (71, 72, . . ., T) of o can be interpreted as the monodromy of
a branched cover S — CP' of Riemann surfaces, with o representing the mono-
dromy over co € CP'. So Wé,n (u1, ..., Hp) and ﬁ’,,n(,ul, ..., My) enumerate certain
branched covers of CP' by a genus g surface with n preimages of co € CP', the
latter restricting the enumeration to connected covers. Consistent with this interpret-

ation, we have that I:I)(’g’n (415 --.>Mn) = O unless g is a non-negative integer, while
Wé’n (M15 - - - » 4n) canbe non-zero when g is a negative integer. Note that the genus of a

disconnected surface may be negative, since we consider the Euler characteristic 2 — 2g
to be additive over disjoint union, rather than the genus itself.

The character formula of Corollary 2.15 translates into one for deformed monotone
Hurwitz numbers as follows.

Proposition 3.3 (Character formula) Let [h"| F (h) denote the coefficient of B in the series
for F(h) at i = 0 and let )(ﬁ denote the value of the symmetric group character y* on a
permutation of cycle type p. Then

. Xt X 1-Fhe(O) +the(O)
|ul+2g—2+n 11--1tpu
1 o = e

W;,n(l’[l’ s ’,ul’l) -
Hio b prpd

Proof Equate the expressions for Wg3 (o) in terms of monotone factorisations (The-
orem 2.12) and characters of the symmetric group (Corollary 2.15), using the notation
hz—%andl‘zl—%.

1 O . —fic(n) + the(o)
o L = g %X (i) " (")Q (- 0(1-he(@)

The desired result is obtained by multiplying through by (1 — t)k extracting the coeffi-
cient of Al##28=2+" from both sides, and using Definition 3.1 for W Al ). m

The family of deformed monotone Hurwitz numbers is stored in the large N ex-
pansion of the following matrix integral, which we interpret as the partition function
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for the enumeration. As usual, the partition function naturally stores the disconnected
enumeration, while its logarithm stores the connected enumeration.

Proposition 3.4 (Matrix integral) The large N expansion of the formal matrix integral below
isa partition function for the deformed monotone Hurwitz numbers. Here, we use the notation
h= _N and p; represents the ith power sum symmetric function, evaluated on the eigenvalues
of the N X N complex matrix A. (It is common to see a power of h*8~2*" in the partition

function — the extra H*! here can be removed by rescaling.)

tr(A
/ exp L TAS) 4o
S(M,N) M

SRS = > filul+2g—2+n
=1+ZZ Z W}g,n(#l"--y,un)n—!pﬂl...plln
0 n=1 pty,...,4n=1
AN o = filul+2g=2+n
= exp ZZ Z H;’n(/’lla-.-,,un)Tpﬂl...p#n
=0 n=1 py,...,un=1 !

Remark 3.5. Recall that the parameter ¢ is encoded in the parameters of the space
S(M, N) via the relationt = 1 — % The usual monotone Hurwitz numbers are re-
covered from their deformed counterparts defined above by setting + = 1. Perhaps
surprisingly, this particular value of ¢ does not correspond to valid parameters and M
and N in the matrix integral interpretation. It would be interesting to have a more direct
connection between integration over U(N) and S(M, N).

Remark 3.6. It would also be natural to consider “double” deformed monotone Hur-
witz numbers that take two partitions as arguments, rather than one. These enumerate
monotone factorisations whose product with a permutation of cycle type given by the
first partition produces a permutation of cycle type given by the second. Although this
“double” enumeration deserves further attention, we refrain from developing this theory
in the present work, since they do not give rise to polynomials with the same remarkable
properties as the “single” enumeration.

3.2 Cut-and-join recursion

The notion of cut-and-join analysis was originally developed for single Hurwitz num-
bers, before being adapted to work in the monotone case [34, 32]. Deformed monotone
Hurwitz numbers are amenable to a similar analysis, resulting in the following recursion.
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Theorem 3.7 (Cut-and-join recursion) Apart from the initial condition I:I(’) (1) =1, the
deformed monotone Hurwitz numbers satisfy

n
wmHyg (1, pus) = Z(/'“ + i) Hy oy (p1 + pis s\ (i)
=2
+(t = 1) (1 = 1) Hg ,, (11 = 1, us)

+ Z a’ﬁ Héfl,n+1(a":87#5)+ Z H;l’|[]|+1(a/’ﬂl1)H;2’|]2|+1(:8’/~112) 5

a+fB=pu; 81+82=8
LUuhL=S

(3.1)

where we use the notation § = {2,3,...,n} and uy = {fi, fiys .., Mi  } for I =
{it iz, ik)

Proof The proof is based on the case for the usual monotone Hurwitz numbers [32],
with some additional care required to keep track of the deformation parameter ¢. Con-
sider multiplying equation (3.1) by u; - - - i, and consider the right side to be composed
of four terms in the obvious way.

Fix a permutation o € Si of cycle type (u1,...,un) and consider the quant-
ity 715 +1(0) for some r > 0. Note that a transitive monotone factorisation 7 =
(t1,72,...,Tr41) of o must have 7,1 = (a k) for some 1 < a < k — 1. So a transitive
monotone factorisation 7 of o~ with length r + 1 is equivalent to a monotone factorisa-
tion 7’ of o o (a k) with length r for some 1 < a@ < k — 1, where (77, (a k)) < Sy is
transitive. This can be expressed via the equation

k-1
Balo)= > 0=y > b)Y
TeEMi1 (o) a=1 /e M, (oo(ak))
(T transitive (7’,(a k)) transitive

where we introduce the boldface notation b(7) to denote the set {by, b;,...,b,},
excluding multiplicities, for 7 = ((a; by), (az b3), ..., (a, by)).

The sum on the right side can be broken down into further sums, depending on vari-
ous cases. For a fixed value of g, either a is in the same cycle of 0 as k, or a is in a different
cycle. The transposition (a k) is referred to as a cut or a join of o= depending on these
two cases, respectively. Moreover, if (a k) is a join of o, then any monotone factorisa-
tion 7’ of 0 o (a k), with {7/, (a k)) transitive, must be transitive itself. Based on these
considerations, each term in the equation above falls into one of three cases: for each
I1<a<k-land7 € M, (0 o (ak))with (7', (a k)) transitive, either

* (a k)isajoin of o and (T") < Sk is transitive;
* (ak)isacutof oand (7’)
* (ak)isacutof oand (1)

Sk is transitive; or

<
< Sy is not transitive.
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The first two cases can be expressed as one term to give the equation

k-1

k-1
(o) = Z W (oo (ak))+ Z Z [PV 3
a=1 a=1 T e M, (0oo(a k))
(a k) cuts o (17 (a k)) transitive
(7’) not transitive

In the usual notation for deformed monotone Hurwitz numbers, the first term here pre-
cisely gives rise to the first and third terms of equation (3.1), while the second term here
almost gives rise to the fourth term of equation (3.1). The remainder of the proof ex-
plains the meaning of “almost” here and how the second term of equation (3.1) accounts
correctly for this anomaly.

If 7/ falls into the third case for some value of 1 < a < k — 1, then the transitive orbit
of (77, (a k)) is split into two orbits of (7’) — one containing a and one containing k.
In fact, these orbits are given by a partition of the disjoint cycles of o o (a k) into two
classes, thus giving rise to the quadratic terms in equation (3.1). The only instance that
b(1’) and b(7’, (a k)) differ is when k is in an orbit of size 1 under (7”), which then
requires an additional weight of 7 to be contributed. The # — 1 factor in the second term
of equation (3.1) precisely handles this adjustment, since we wish to remove one of the
IjI(’),1 (1) ﬁ;’n(m — 1, iis) contributions appearing in the fourth term and weight it by
an additional factor of 7.

Thus, in the correct final accounting of all terms, we see that the first term of equa-
tion (3.2) corresponds to the first and third terms of equation (3.1), while the second
term of equation (3.2) corresponds to the second and fourth terms of equation (3.1). =

The cut-and-join recursion provides an effective algorithm for calculating deformed
monotone Hurwitz numbers, which is more efficient than naive approaches. With this
improved computational power comes the ability to make large-scale empirical obser-
vations on the structure of the deformed monotone Hurwitz numbers and a recursive
means to prove them. The most evident of these observations are the symmetric and
unimodal nature of the coefficients of Ijlg,n(,ul, ey M)

Adopting the terminology of Brenti [7] and Zeilberger [50], we define the following.

Definition 3.8. A polynomial P(t) = ag+at+ art? +- - -+ a,t" with real coefficients
is said to be:

* symmetric if the sequence ..., 0,0,a9,4a1,4d2,...,a,,0,0,...is palindromic;
* unimodal if there exists an integer k such that ag < a; < -+ < ax > agy 2
-++ > ay;and

* a A-polynomial if it is a non-zero polynomial with non-negative coefficients that is
both palindromic and unimodal.

If P is a A-polynomial, then there exists a unique integer dar(P) such that P(r) =
19 (P) p(¢=1). The quantity dar(P) is called the darga of P.

Proposition 3.9 For g > 0,n > 1and |u| > 2, the deformed monotone Hurwitz number
Hi,’n (M1s- - -5 Hn) is a A-polynomial of degree || — 1 and darga |u|.
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Proof We use strong induction on the value of r = |u| +2g — 2+ n > 1. The only
deformed monotone Hurwitz number corresponding to r = 1is Hj ,(2) = %t, which
is indeed a A-polynomial of degree 1 and darga 2. Now consider a deformed monotone
Hurwitz number Hé,’n(ul, ..., Uy) corresponding to r > 2 and rewrite the cut-and-
join recursion of Theorem 3.7 as

n
i H, , (uy, ps) = Z(#l + i) Hy (1 + pis s\ (iy)
=2

+(t+ 1) (= V) HY (= 1, pts)

noﬁé’l(l)
10 [yt [yt
+ Z (Yﬁ Hg—],n-}.](a’ﬂ’l’ls) + Z Hg|,|1||+1(a,’ﬂ11)Hg2,|12\+1('8’#12) .
a+f=u 81182=8
LUL=S

Here, we have simply removed the two terms including I:)I(t)’I (1) from the final summa-
tion and incorporated them into the second term on the right side.

By the inductive hypothesis, all deformed monotone Hurwitz numbers appear-
ing on the right side of the cut-and-join recursion are A-polynomials. To prove
that I:I:’gn (M15.--» Hp) is also one, we rely on the following closure properties of
A-polynomials, proofs of which can be found in [47].

* If P and Q are A-polynomials, then the product PQ is a A-polynomial with
dar(PQ) = dar(P) + dar(Q).

* If P and Q are A-polynomials of the same darga d, then P + Q is a A-polynomial
of darga d.

It follows that each of the four terms on the right side of the equation above are A-
polynomials of darga |u|, or possibly equal to the zero polynomial. So the entire right

side, and hence Hé’n (U1, -+, Mn), is a A-polynomial of darga |u/.
For any permutation o € Sy for k > 2, one can construct a transitive monotone
factorisation of o with hive number 1. So the polynomial H’,’n (u1,...,Hy) has anon-

zero linear term, but no constant term. Combined with the fact that it is a A-polynomial
of darga ||, it follows that Hé’n(yl, ..+, ) is a polynomial of degree |u| — 1. [ ]

Remark 3.10. We have thus far provided two interpretations for the polynomials that
we refer to as deformed monotone Hurwitz numbers — one as weighted counts of
monotone factorisations (Definition 3.1) and the other as coefficients in the large N
expansion of a matrix integral (Proposition 3.4). The symmetry of these polynomials
does not appear to be immediately evident from either of these manifestations. In the
matrix integral interpretation, the transformation ¢ +— % encodes the transformation
M — N — M. This is natural from the perspective of integration on the Grassmannian,
since Gr(M, N) = Gr(N — M, N), although further investigation of this symmetry is
warranted. In the monotone factorisation interpretation, the symmetry of the polyno-
mials implies that the number of transitive monotone factorisations of a permutation
o € Sk with hive number £ is equal to the number of transitive monotone factorisa-
tions of o~ with hive number k — A. This does not appear to be immediately obvious, so it
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would be interesting to have a direct combinatorial proof of this fact. It is worth remark-
ing that the disconnected enumeration Wé’n (M1s .- -, p) does not lead to symmetric
polynomials, so the transitivity condition is important here.

Remark 3.11. There are various other properties of polynomial coefficients that are of-
ten mentioned alongside symmetry and unimodality. The deformed monotone Hurwitz
numbers constitute a family of polynomials that appears to satisfy many of these. As ex-
amples, we pose the following questions. Do the coefficients of the deformed monotone
Hurwitz numbers exhibit log-concavity? Do they exhibit asymptotic normality?

As we will see in Section 4, deformed monotone Hurwitz numbers belong to a large
class of enumerative problems governed by the topological recursion. In many such in-
stances, the one-point invariants — in other words, those with n = 1 — are governed by
a recursion that is linear, rather than quadratic like the cut-and-join recursion. In pre-
vious work of Chaudhuri and the second author [9], it was shown that such one-point
recursions exist for “weighted Hurwitz numbers”, to use the terminology of Alexan-
drov, Chapuy, Eynard and Harnad [1]. Furthermore, they gave an explicit algorithmic
approach to obtain these recursions that is effective in many examples. In the case of
deformed monotone Hurwitz numbers, one obtains the following result.

Theorem 3.12 (One-point recursion) The one-point deformed monotone Hurwitz numbers
— in other words, those with n = 1 — satisfy

&P H, (d) = (d-1)2d -3+ 1) H, (d-1)
~(d=2)(d=3)(r - )?H. (d-2)+d*(d - 1) H_ ,(d).

Observe that setting + = 1 above recovers the known one-point recursion for
monotone Hurwitz numbers [9]. Furthermore, setting ¢ = 0 and combining with
equation (1.1) recovers the known linear recursion for Narayana polynomials [31].

3.3 Interlacing phenomena

Root conjectures

The cut-and-join recursion of Theorem 3.7 can be used to effectively compute a large
number of deformed monotone Hurwitz numbers, some of which are shown in Ap-
pendix A. We previously stated in Proposition 3.9 that the coefficients of these poly-
nomials are symmetric and unimodal. We now turn our attention to their roots, which
exhibit rather striking behaviour that remains largely conjectural at present. The most
apparent property concerning roots of deformed monotone Hurwitz numbers is the

following.
Conjecture 3.13 (Real-rootedness) Forallg > 0,n > land 1, ..., u, > 1, the deformed
monotone Hurwitz number Hi,’n(ul, U2, - -« 1) is a real-rooted polynomial in t.

The roots of the deformed monotone Hurwitz numbers are not only real, but also
possess interesting structure relative to each other. We say that a polynomial P interlaces
a polynomial Q if
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* the degree of P is n and the degree of Q is n + 1 for some positive integer 7;

* Phasnrealrootsa; < a; < --- < apand Q hasn+ 1realrootsbh; < by < ---
b+1, allowing for multiplicity; and

*bi<a;<by<a, < ---<b,<a, <bp.

N

If the inequalities above are strict, then we say that the polynomial P strictly interlaces the
polynomial Q. By convention, we will also say that a polynomial P (strictly) interlaces a
polynomial Q if P is constant and Q is affine.

It is known that the sequence of Narayana polynomials interlace in the sense that
Nar,, (¢) interlaces Nar,,, (¢) for every positive integer u [31]. Given equation (1.1), one
may wonder whether an analogous property persists more generally across the whole
family of deformed monotone Hurwitz numbers. Overwhelming empirical evidence
suggests that this is indeed the case and we have the following.

Conjecture 3.14 (Interlacing) ~ The polynomial I:I)’,’n (M1s 25 - - - 5 1y interlaces each of the
n polynomials

H;’n(,uﬁl,,uz,...,un), H;’n(ul,,u2+l,...,yn), R H;’,’n(ul,,uz,...,,un+l).

Conjecture 3.14 states that for fixed (g, n), one obtains a lattice of interlacing poly-
nomials. It has been checked computationally for many cases, including the following,
amounting to 1430 independent checks:

+ g€{0,1},ne€{1,2,3,4,5}, |u| < 15;
c ge{2,3,ne{l1,2,3,4,5} |u| < 12;
+ ge{4,5},ne{1,2,3,4,5}, |u| < 10.

One can observe rich structure in the roots of the deformed monotone Hurwitz num-
bers and write down further conjectures. As an example, consider the following, which
asserts that the roots of I:)Iin (u1, ..., un) behave well for fixed u1, . . ., 4, and increas-
ing g. A great deal of data can be generated to support this conjecture, some examples
of which appear in the tables of Figures 2 and 3.

Conjecture 3.15  Fix positive integers (1, . . ., [, whose sum is d. As g — oo, the roots of
the polynomial Hé’n(yl, <o+ Up), in order from smallest to largest, respectively approach the
values
d-2 d-3 d—4 2 1 0
17 2 377777 d-3 d-2

Moreover, the convergence to a number less than —1 is increasing from below, while the

convergence to a non-zero number greater than —1 is decreasing from above.

An interlacing result

There is a rich theory concerning interlacing polynomials, as evidenced by the tome of
Fisk [31]. The following lemma is a slight adaptation of [31, Lemma 1.82], and will be
used to prove the (g,n) = (0,1) and (g, n) = (1, 1) cases of Conjectures 3.13 and 3.14.
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(M1 Hn) a @z 4 Qas
(7) -5.001267941 -2.000328365 -0.499917922 -0.199949295
(6,1) -5.001267941 -2.000328365 -0.499917922 -0.199949295
(5,2) -5.001056435 -2.000273606 -0.499931607 -0.199957751
(5,1,1) -5.001232684 -2.000319238 -0.499920203 -0.199950704
(4,3) -5.001056438 -2.000273614 -0.499931605 -0.199957751
(4,2,1) -5.001056436 -2.000273609 -0.499931607 -0.199957751
(4,1,1,1) -5.001173928 -2.000304027 -0.499924004 -0.199953053
(3,3,1) -5.001056438 -2.000273614 -0.499931605 -0.199957751
(3,2,2) -5.000880235 -2.000227985 -0.499943010 -0.199964796
(3,2,1,1) -5.001027065 -2.000266006 -0.499933507 -0.199958925
(3,1,1,1,1) -5.001100492 -2.000285016 -0.499928756 -0.199955990
(2,2,2,1) -5.000880235 -2.000227985 -0.499943010 -0.199964796
(2,2,1,1,1) -5.000978117  -2.000253332 -0.499936675 -0.199960882
(2,1,1,1,1,1)  -5.001018906 -2.000263893  -0.499934035 -0.199959252
(1,1,1,1,1,1,1) -5.001018906 -2.000263893 -0.499934035 -0.199959252

Figure 2: The roots @1 < @z < ---

[t
< ag of Hzo,n('ul’ ..

., Mp) for all uy,..

.» Mp satisfying

|t| = 7, to 9 decimal places. The roots @3 = —1 and @g = 0 have been omitted. Observe the

4

proximity of the numbers in each column to — % s T3~ % ,— %, as predicted by Conjecture 3.15.

a

@y

@5

8 a

10 —5.04160471695
11 —5.02866367964
12 —=5.01979225354
13 —5.01368866239
14 —5.00947834547
15 —5.00656851803
16 —5.00455473040
17 —=5.00315968769
18 —5.00219259524
19 —5.00152183411
20 —5.00105643628

—2.01061201575
—2.00734550081
—2.00508876970
—2.00352761946
—2.00244657225
—2.00169741487
—2.00117796109
—2.00081762929
—2.00056759939
—2.00039406763
—2.00027360928

—0.49736099862
—0.49817034466
—0.49873103630
—0.49911964790
—0.49938910423
—0.49957600612
—0.49970568307
—0.49979567620
—0.49985814041
—0.49990150249
—0.49993160703

—0.19834954466
—0.19885998820
—0.19921143136
—0.19945394844
—0.19962158353
—0.19973760398
—0.19981797659
—0.19987369231
—0.19991233463
—0.19993914515
—0.19995775147

Figure 3: Theroots@; < a2 < -+ < g oijI; 3(4, 2,1)forg =10,11,12,...,20,to 11 decimal
places. The roots @3 = —1 and ag = 0 have been omitted. Observe the monotonic convergence
of the numbers in each column to —%, — % s —%, —é, as predicted by Conjecture 3.15.

Lemma 3.16 Let fi(t), f»(t), ... be a sequence of polynomials with non-negative coeffi-
cients, such that deg f; = i. Suppose that f1(t) strictly interlaces f>(t), and that the sequence
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of polynomials satisfies the relation

Jar1(t) = Ca(t) fa(t) — qa(t) fa-1(2), (3.3)

where £4(t) is an affine function and q4(t) is a quadratic function that is positive for t < 0.
Then all polynomials in the sequence are real-rooted and f;(t) strictly interlaces fiy1(t) for
every positive integer i.

Proof Suppose that f;;_; () strictly interlaces f; (). Since f;(¢) has non-negative in-
teger coefficients, its roots can be writtenas 0 > r; > r, > - -+ > rg. Then equation (3.3)
evaluated at one of these roots yields

Jar1(ri) = —=qa(ri) fa-1(r),

which implies that fjz,1(r;) and fy_1(r;) have different signs. Since fz_; () strictly in-
terlaces f; (1), its values at ry, r,, . . ., g must alternate in sign, leading to the following
table. The entries indicate the signs of fy_1(¢) and fz41(t), evaluated at r{,7,,...,7rg4
and in the limit t — o0,

o0 rq ry r3 . ra —oo
fa-1(t) + + = 4+ - (_)d—l (_)d—l
farr(t) + — + = - (_)d (_)d+1

The intermediate value theorem implies that fz,1(¢) has d + 1 real roots and that
fa(¢) strictly interlaces fy.1 (). The result then follows by induction on d. [ |

Proposition 3.17  Conjectures 3.13 and 3.14 hold for (g,n) = (0, 1) and (g,n) = (1, 1).

Proof Setting g = 0 in the one-point recursion of Theorem 3.12 yields
d*Hj \(d) = (d-1)(2d=3)(t+1) Hy | (d-1)~(d-2)(d-3)(t-1)* H} ,(d-2). (3.4)

Divide both sides by d?t to obtain a recursion governing the polynomials

A A A
0‘;(1) , 0‘;(2) , 0‘;(3) ,...of the form of equation (3.3). It follows from Lemma 3.16

that this sequence is real-rooted and strictly interlacing. Therefore, the sequence
H(’)’1 (1), H(t),l (2), H(’)’1 (3), ... is a sequence of real-rooted polynomials in which each
polynomial interlaces the next.

For the genus 1 case, we argue in exactly the same way, using the as yet unproven
claim that

d(d-2) H! | (d) = (d=1)(2d=1)(t+1) H! | (d=1)~(d=2)(d+1)(t=1)* H} | (d-2).

(3.5)
It remains to prove this relation, which we do using a generating function approach.

Multiply both sides by x4~! and sum over all positive integers d. Setting wy (x) =
Yo d H{’l (d) x4, the claim is equivalent to

—x [(t -2 -2(r+ Dx + 1] ;—xwl,l(x) = [4(t - 1% -3(r+ x - 1] wi,1(x).
(3.6)
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We borrow Theorem 4.1 from the next section, which allows us to explicitly compute
wi,1(2)
; that

via wl,l(x) = T
tz(z—=1)(1 =z +t2)*

s 3.7
(tz2 - z2+2z-1)° (3.7)

Wl,l(x) ==

where the coordinates x and z are related by x = TEIZ:;; . One can now check that the ex-

pression for wy 1(x) of equation (3.7) satisfies the differential equation of equation (3.6)
using a computer algebra system, thereby proving equation (3.5). |

Remark 3.18. It is natural to seek higher genus analogues of equations (3.4) and (3.5), in
order to extend the result and proof of Proposition 3.17. However, one can prove that
there exists no recursion of the form

dA(d) H ((d) = (d = 1)B(d) f(t) Hy ,(d = 1) = (d - 2)C(d)g(t) Hy ,(d - 2),

where A(d), B(d),C(d) are affine functions of d, f(¢) is an affine function of ¢,
and g(#) is a quadratic function of ¢. So the exact argument used in the proof of
Proposition 3.17 cannot extend to genus 2 and higher without some alteration.

4 Topological recursion

4.1 Topological recursion for deformed monotone Hurwitz numbers

The topological recursion arose in the mathematical physics literature as a formalism
to capture loop equations in matrix models [11, 25]. There is now an extensive theory
around topological recursion and it is known to govern a wide range of enumerative-
geometric problems beyond the original matrix model context. These include: Hurwitz
numbers and various generalisations [6, 4, 19, 27, 2, 23], monotone Hurwitz num-
bers [18], lattice points in moduli spaces of curves [42, 10], intersection theory on moduli
spaces of curves [25, 24], Gromov-Witten theory of CP' [43, 22], Gromov-Witten the-
ory of toric Calabi-Yau threefolds [5, 26, 29], and cohomological field theories [22].
The topological recursion is also conjectured to govern certain quantum knot invari-
ants, such as the large N asymptotics of coloured Jones polynomials [17, 3] and coloured
HOMFLY-PT polynomials [35].

In its original formulation due to Chekhov, Eynard and Orantin [11, 25], the topo-
logical recursion takes as input a spectral curve (C,x, y, wp2) comprising a compact
Riemann surface C equipped with two meromorphic functions x,y : C — CP' and a
bidifferential wg , with a double pole along the diagonal. These are required to satisfy
mild technical assumptions, which we do not mention here. Indeed, rather than fully
define the topological recursion, we refer the reader to the many existing expositions
in the literature [18, 28]. For the present discussion, it suffices to note that the topolo-
gical recursion uses the initial data to define the base cases wo 1(z1) = y(z1) dx(z1)
and wo 2 (21, 22), and then produces so-called correlation differentials via the following
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recursive formula.?

Wen(21,...,20) = Z 5:’2 K(z1,2)|Wg-1,n41(2, 00 (2), 22, - - ., Zn)
(o3

o

+ Z W, 1 1+1(2, 21y) Wgy |L1+1(Ta(2), 21,)
81+82=8
LuL={2,...,n}

In various settings, the correlation differential wg , acts as a generating function for
enumerative-geometric quantities, where g represents the genus of a surface and 7 its
number of punctures, or boundaries.

It was previously shown that the monotone Hurwitz numbers are governed by the
topological recursion in the following sense [18]. Topological recursion on the spectral

curve4

1 dz; d
C= CPI’ _x(z) = Z(l - Z), y(Z) = —, wO,Z(leZZ) = Zl—zzz
1-z (z1 = 22)

produces correlation differentials satisfying

wg,n(zl’-'-,zn):dl"'dn Z ﬁg,n(,ul’--",un)x(zl)ﬂl"'X(Zn)yn
Hiseeesln=1

dx(z1) dx(z2)
(x(z1) = x(22))*

Here, d; represents the exterior derivative in the ith coordinate and Hg ,, (141, . . ., ftn) =

+ 6g,06n,2

[ﬁ;’n (1, .. ,,un)] ,—, denotes a monotone Hurwitz number.

It is thus natural to consider whether the deformed monotone Hurwitz numbers sat-
isfy the topological recursion on a deformation of the spectral curve above. Perhaps
unsurprisingly, this is indeed the case and follows from the representation-theoretic in-
terpretation for deformed monotone Hurwitz numbers of Corollary 2.15 and a powerful
result of Bychkov, Dunin-Barkowski, Kazarian and Shadrin [8], which builds on previ-
ous work of Alexandrov, Chapuy, Eynard and Harnad [1].

Theorem 4.1  Topological recursion on the spectral curve

z(1 -2z 1—-z+1z dz; dz
C =CP, X(Z)=¥ y(z) = ——, wo,z(Zl,Zz):l—zz
-z (z1 = 22)

1—z+1t7 1

3The reader should note that the various appearances of the topological recursion formula in the literature
differ subtly, particularly in terms of the expression for wy, 1, the definition of the recursion kernel K (z1, z),
and the choice of sign for y. Ultimately, the first two differences are inconsequential and a change of sign for
y simply sends each correlation differential wg 5 to (=1)" wg p.

#The topological recursion is not sensitive to reparametrisation of the underlying plane curve, whose
global description in this case is xy% — y + 1 = 0. We have expressed the spectral curve here using a different
rational parametrisation to that appearing in [18], in order to align more closely with the statement and proof
of Theorem 4.1.
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produces correlation differentials satisfying

wg,n(Zlau~,Zn):dI"'dn Z Ij[;,n(ﬂl,--w,un)x(zl)m"'x(zn)ﬂn
Hi

dx(z1) dx(z2)
(x(z1) = x(22))*

+ 6&,’06"’2

Proof The main theorem of Bychkov, Dunin-Barkowski, Kazarian and Shadrin in [8]
states that the topological recursion governs the coefficients of certain KP tau functions
of hypergeometric type. We present here a simplified version of their result that is fit for
purpose.

Let $(z) = Y52, yi 2' be the series expansion of a rational function satisfying y(0) =
0 and let f(z) be a rational function satisfying f(0) = 1. From this data, define the
generating function

Z(p1,p2,...;Hh) = K s ,...s(y—l,ﬂ,...) hic(O)),
(P1.p2.-.5h) ;)mpz ysa( 7 Qf( (@)
where P is the set of partitions, s, represents the Schur function expressed in terms of
power sum symmetric functions, and ¢(0) denotes the content of the box O in the Young
diagram of a partition. This is a KP tau function of hypergeometric type and there exist
“weighted Hurwitz numbers” X, ,, (t1,. .., (n) forg > 0,n > land py,..., 1, > 1

such that
2 S, fi2824n 0

Z(pl,pz,...;h)=eXp(ZZ , Z Xen(H1s s ftn) Py =+ Ppay |-
g=0 n=1 " Hlseeesin=1

4.1)
Bychkov, Dunin-Barkowski, Kazarian and Shadrin [8] prove that topological recur-
sion on the spectral curve

z ¥(2) dz; dz,
C=CP, x(2)=———, ¥(@) ===, wolz1,22) = ——
F(3(2) x(2) (z1-22)*
produces correlation differentials satisfying
Wgn(215...520) =dp -+ dp Z Xgn(f1s. oo ) X(2)H - x(2)
Hiseees Hn=
dx(z) dx(z
4 608y ) dxz2)
(x(z1) — x(z2))
We simply specialise this result to y(z) = z and f(z) = I_IZ_—J;IZ It remains to

check that the monotone deformed Hurwitz numbers agree with the weighted Hurwitz
numbers with this particular choice of data.

The exponential of equation (4.1) transforms the connected generating function
to the disconnected generating function, so it suffices to show that the disconnected
deformed monotone Hurwitz numbers satisfy

Wé,n(“ls e 9/11’1) = |AUt(ﬂ)| [hzg_2+np[11 o 'pﬂn]Z(plaPZa .. !h)
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Here, Aut(u) denotes the subgroup of permutations in S, that fix (uy, ..., ). This
automorphism factor arises because the summation in equation (4.1) is over all tuples of
positive integers, rather than partitions.
A
Xu Pu; . .
Now use s(p1, p2,...) = _ —— in the expression
Z |Aut(u)] 1_[ Hi
Japy
—fic(O) +thce(O)
1-hc(O)

1
Z(plapZ"";h): ZS/l(plapZ"")sﬂ(%’()’()’-'-)l_[

AeP oed

to obtain

|Aut ()] [h2g72+npu1 e 'P,un]Z(Pl,PZ» ... h)

pl a
— 1 [h|ﬂ|+2g_2+n:| Z Xll---lXﬂ 1—[ l—hc(D)'i'thc(D).
M fn P =B 1-he(D)
That this is equal to W’n (U1s- - -5 4n) is precisely the content of Proposition 3.3, and
this concludes the proof. [ ]

Remark 4.2. The meromorphic functions x, y : CP' — CP' of Theorem 4.1 satisfy
xy 4+ (t-Dxy—y+1=0,

which is the global form of the spectral curve. The general theory of topological re-
cursion asserts that, for (g,n) # (0, 1) or (0, 2), the correlation differential wg , is a
rational multidifferential on this curve with poles only at the zeroes of dx and further
conditions on the pole structure [25]. This in turn leads to a polynomiality structure the-
orem for the deformed monotone Hurwitz numbers. Furthermore, the relation between
topological recursion and cohomological field theories should lead to an interpretation
of deformed monotone Hurwitz numbers as intersection numbers on moduli spaces of
curves [24, 22]. However, we do not pursue this investigation further in the present work.

4.2 Topologising sequences of polynomials

From Catalan curves to Narayana curves
As previously mentioned in equation (1.1), the (g,n) = (0, 1) case of the deformed
monotone Hurwitz numbers recovers the Narayana polynomials in the following way.

- 9 1\ u ;
(u+1) Hy  (u+1) = Nar, (1) := —()( )tl
0,1 H ;M il\i=1

Hence, we consider the deformed monotone Hurwitz numbers to be a “topological
generalisation” of the Narayana polynomials. This viewpoint appears throughout the
literature, such as in Dumitrescu and Mulase’s exposition on generalised Catalan num-
bers [21].

We propose that the topological recursion can be used as a mechanism to “topologise”
sequences of polynomials. One would apply topological recursion to a spectral curve
with a deformation parameter 7 to obtain a family of polynomials Xg,’n (M1s .- -5 pp) for
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g > 0,n > land yuy,...,u, = 1 such that Xé,l(l),Xé’l(Z), ... recovers the ori-
ginal sequence of polynomials in ¢. Furthermore, we claim that interesting properties
of the original sequence of polynomials can persist into the topological generalisation.
Examples of such properties are the symmetry and unimodality of coefficients as well
as the interlacing of roots. These both hold for Narayana polynomials and are respect-
ively proven (Proposition 3.9) and conjectured (Conjecture 3.14) to hold for deformed
monotone Hurwitz numbers more generally.

There is more than one way to topologise a given sequence of polynomials. In order
to obtain a topological generalisation of the Narayana numbers, it is natural to con-
sider spectral curves that store Catalan numbers in the correlation differential wg ; and
to consider a suitable 7-deformation. The literature suggests three natural candidates
for such “Catalan spectral curves” and these curves govern monotone Hurwitz num-
bers, map enumeration, and dessin d’enfant enumeration. This leads to the following

three “Narayana spectral curves” with C = CP', wg , = (ifl— ‘Z;Z , and the meromorphic

functions x, y : C — CP! satisfying the following.
* Monotone Hurwitz numbers. We have
y(x) = ZCat”x” = xy’—y+1=0,
u=0

which is the global form of the spectral curve for monotone Hurwitz numbers [18].
Promoting the Catalan numbers to the Narayana polynomials, one obtains

y(x) = ZNarﬂ(t)x" = xy’+(—-1Dxy—y+1=0.
u=0

This is the global form of the spectral curve for deformed monotone Hurwitz
numbers, which appeared above in Theorem 4.1.
* Map enumeration. We have

y(x) = Z Cat,, L =y _xy+1=0,
u=0

which is the global form of the spectral curve for the enumeration of maps [11, 25].
Promoting the Catalan numbers to the Narayana polynomials, one obtains

y(x) = Z:l\falfy(l))fz"’1 = xy -x*y+(t-1)y+x=0.
=0

To the best of our knowledge, this is the global form of a spectral curve that has not
yet been studied in the literature. We do not investigate it further in the present
work, largely due to the fact that it has genus 1 for generic values of . The topo-
logical recursion on spectral curves of positive genus is much less straightforward
than on those of genus 0. Nevertheless, it would be interesting to understand this
spectral curve and whether it governs a natural enumerative problem.
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* Dessin d'enfant enumeration. We have
(o)
y(x) = Z Cat,, xH = xy?—xy+1=0,
n=0

which is the global form of the spectral curve for the enumeration of dessins
d’enfant [20, 37]. Promoting the Catalan numbers to the Narayana polynomials,
one obtains

y(x) = ZNaIy(t)xf”fl = xy’—xy+(-1)y+1=0.
=0

This is the global form of a spectral curve with genus 0. It leads to a topological gen-
eralisation of the Narayana polynomials that differs from the deformed monotone
Hurwitz numbers. We will consider its properties in the next section.

Remark 4.3. We certainly do not claim that the spectral curves above provide the only
natural topological generalisations of the Catalan numbers or the Narayana polynomi-
als. Indeed, one could study spectral curves arising from y(x) = X7, Cat, x4H*b or
y(x) = 2740:0 Nar, (1) x4+ for judicious choices of a and b, and it is not unlikely that
these would lead to interesting enumerative problems.

Deforming the dessin d’enfant enumeration
The previous discussion motivates the study of the spectral curve whose global form is
xy?—xy+(t—1)y+1 = 0.In parametrised form, this corresponds to the spectral curve

1—-z+1z2 dz; dz
C=CP, x(2)=—=, y(@) =2 wo2(21,22) = ———.
z2(1-12) (z1 —z2)

By construction, this spectral curve should govern a 7-deformation of the usual dessin
d’enfant enumeration. In the following, we prove that this enumeration arises by at-
taching a multiplicative weight ¢ to each black vertex of a dessin d’enfant. Moreover,
we observe that the polynomials arising from this construction empirically satisfy
real-rootedness and interlacing properties analogous to those observed for deformed
monotone Hurwitz numbers in Conjectures 3.13 and 3.14. Although the weighted enu-
meration of dessins d’enfant has been studied previously [37], these real-rootedness
and interlacing properties have not been observed in the literature, to the best of our
knowledge. Our discussion of the weighted enumeration of dessins d’enfant should be
considered as a further case study promoting the viewpoint that topological recursion
produces interesting topological generalisations of sequences of polynomials.

First, let us define dessins d’enfant — in other words, bicoloured maps — and their
enumeration.

Definition 4.4. A map is a finite graph — possibly with loops or multiple edges — em-
bedded in a compact oriented surface such that the complement of the graph is a disjoint
union of topological disks. We refer to these disks as faces and require that they are
labelled 1, 2, 3, ..., n, where n denotes the number of faces.
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A dessin d’enfant is a map whose vertices have been coloured black or white such that
each edge is incident to one black vertex and one white vertex. The degree of a face is
defined to be half the number of edges incident to it.

An equivalence between two maps (or dessins d’enfant) is a bijection between their
respective vertices, edges and faces that is realised by an orientation-preserving homeo-
morphism of their underlying surfaces and preserves all adjacencies, incidences, labels
(and colours). An automorphism of a map (or dessin d’enfant) is an equivalence from the
map (or dessin d’enfant) to itself.

Definition 4.5. Forg > O0,n > land uy,...,un > 1,let Dy, (u1, ..., un) € Q[t]
denote the weighted enumeration of connected genus g dessins d’enfant with n labelled
faces of degrees 1, . . ., . The weight attached to a dessin d’enfant I is IAﬁ—((rli)l, where
b(T") denotes the number of black vertices of I and Aut(I") denotes the automorph-
ism group of I'. Let D;"n(ul, ...»n) € Q[¢] denote the analogous count, including
possibly disconnected dessins d’enfant.

Example 4.6. Consider the dessin d’enfant enumeration D6’2(2, 2). The only dess-
ins d’enfant that contribute are the five pictured below. We have represented these as
plane graphs, with the face labelled 1 corresponding to the bounded region and the face
labelled 2 corresponding to the unbounded region.

(o~ O O - -

The central dessin d’enfant has two automorphisms, while the remaining dessins
) t _( [ S o 'y _ 3,52
d’enfant have one, so we have Do,z(z’ 2) = (T) + (T +5+ T) + (T) =17+ 3t + 1

Proposition 4.7 If |u| < 2g + n, then Dtg,n(lul’ ceosttn) = 0. If |u| = 2g + n, then
D% (15 - . ftn) € Q[t] is a polynomial of degree |u| + 1 — 2g — n whose coefficients are
symmetric.

Proof Consider a dessin d’enfant with genus g and n faces with degrees y, .. ., .
By an Euler characteristic calculation, the number of vertices is |u| + 2 — 2g — n. Since
there must be at least one black vertex and at least one white vertex, we must have have
|u| = 2g +n.

We will show that, under the assumption |u| > 2g + n, there exists a dessin d’enfant
with exactly one white vertex. Take a polygon with 4g + 2 sides, whose vertices are
alternately coloured black and white. By identifying opposite edges, one obtains a dessin
d’enfant on a genus g surface, with one black vertex, one white vertex, and one face with
degree 2g+1. By adding n—1 appropriate edges from the black vertex to the white vertex,
one can obtain a genus g dessin d’enfant with one black vertex, one white vertex, and
n faces with any degrees 1, . . ., 4, satisfying |u| = 2g + n. We can relax this condition
to |u| > 2g + n by adding appropriate black vertices with degree 1 that are adjacent to
the unique white vertex. Such a dessin d’enfant contributes to degree |u| + 1 —2g — n
in D’g’n (U1, - - - Mn), and there can be no contributions in higher degree.
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Finally, observe that switching the colours of the vertices of a dessin d’enfant changes
the number of black vertices from b to (|u| + 2 — 2g — n) — b, leading to the desired
symmetry in the coefficients of D;’n(yl, cees Hp)- |

There is an analogue of the cut-and-join recursion for deformed monotone Hurwitz
numbers of Theorem 3.7 in the context of the dessin d’enfant enumeration. We omit the
proof, since it can be found in the literature [37].

Proposition 4.8 (Cut-and-join recursion) ~ Apart from the initial condition Dy | (1) = 1, the
dessin d’enfant enumeration satisfies
n
1Dl (s ts) = D (pr + i = 1) Dl oy (1 + i = 1, s\ 1))
i=2
+(t+1)(u1 = 1) Dy, (1 = 1, us)

+ Z aﬂ Dtgf]’n.;.](asﬂvlls)-'- Z D;]’|11|+1(a’ﬂ11)D;2’|]2|+1(ﬁ9ﬂ12) ’
a+fB=p;—1 81+82=8
LulL=S
where we use the notation S = {2,3,...,n} and pur = {ti,, liy»- .- iy} for I =
{i19i2, e 3l.k}'

It is well-known that dessins d’enfant correspond to pairs of permutations acting on
the edges — one permutation rotates edges around black vertices and the other rotates
edges around white vertices. (Equivalent descriptions in the literature often use triples
of permutations that compose to give the identity.) This leads to an expression for the
disconnected enumeration of dessins d’enfant in terms of characters of the symmet-
ric group, via Frobenius’s formula. For details, we recommend the book of Lando and
Zonkin [38]. To incorporate the parameter ¢, we observe that its exponent should equal
the number of cycles in the permutation that rotates edges around black vertices. As a
consequence of Jucys’s results described in part (a) of Proposition 2.13, we obtain the
following result, for which we omit the proof.

Proposition 4.9  The disconnected enumeration of dessins d’enfant is given by the formula

. 1 —
ng,n(ﬂl’ ces Hn) = —_— [th 2+n] Z Xl/} S/l(%, %, . l—l (t+hc(O)).
Hi==*Hn AeP e

We are now in a position to prove that topological recursion governs the weighted
enumeration of dessins d’enfant.’

Theorem 4.10  Topological recursion on the spectral curve

1-z+1z dz; dz
C=CP', x(2)= y@) =z wop=——=
z (z1 - 22)

(1-2)"°

STopological recursion for a more general weighted enumeration of dessins d’enfant was previously
studied by Kazarian and Zograf [37], although they obtain a different form for the spectral curve.
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produces correlation differentials satisfying

Wen(215--52n) =di - dy Z Dy (pt1s - oo pn) X(21) 7HY - x () TH
M

IseresMn=1

dx(z1) dx(z2)
(x(z1) = x(22))*

+ 6g,06n,2

Proof We again invoke the result of Bychkov, Dunin-Barkowski, Kazarian and Shad-
rin [8], noting that the more restricted result of Alexandrov, Chapuy, Eynard and
Harnad [1] would suffice in this particular context. See the proof of Theorem 4.1 above
for a statement of the result.

The representation-theoretic interpretation of the dessin d’enfant enumeration
given in Proposition 4.9 implies that they are weighted Hurwitz numbers with the choice
of data §(z) = Y0, 7' = 1= and f(z) = 1 + z. Hence, topological recursion on the
spectral curve

z(1-72) t—1z+z dz; dz,

S )= ——, wo2(21,22) = ——
t—1z7+42 ¥(2) ( ) (z1 — 22)?

C=CP', x(z)= -2

produces correlation differentials satisfying

Wen(z1,. .. 2n) =di -+ dp Z Dy (i, s ) X(2)H0 - x (20"
Hiseosin=1

dx(z;) dx(z2)
(x(z1) —X(Zz))z-

This does not yet match our spectral curve, since the enumeration is stored as an
expansion at x(z) = O rather than at x(z) = co. We obtain the desired spectral curve by
performing the following three transformations in order:

+ 5g,05n,2

(x,y,t) — (x_l,xzy,t), (x,y,8) > (x,y +1x,1), (x,y,t)(tx,y,t_l).

The first transformation changes the expansion at x(z) = 0 to an expansion at x(z) =
oo; the second transformation preserves the correlation differentials [28, Section 4.2];
and the third transformation preserves the coefficients of the expansion, due to the
symmetry of the coefficients of Dj, , (i1, ..., #n) and the homogeneity property of
topological recursion [28, Section 4.1]. Thus, we arrive at the desired result. [ ]

Although the enumeration of dessins d’enfant has been studied previously [37], the
following conjectural properties have not yet been observed in the literature, to the best
of our knowlege.

Conjecture 4.11 (Real-rootedness and interlacing) Forallg > O,n > landuy, ...,y >
1, the dessin d'enfant enumeration ng,n (M1s 25 -« - s Up) is a real-rooted polynomial in t.
Furthermore, the polynomial D{g’n(,ul, 2, - - ., Uy) interlaces each of the n polynomials

D‘tg’n(ﬂ1+1,/12,...,[ln), D‘tg’n(ﬂl,/.lz-l-l,...,/.ln), ey D;,n(ﬂl,ﬂZ’--~,ﬂn+1)~
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As with the deformed monotone Hurwitz numbers, we can effectively calculate
D;’n(m, ..., Mpn) using the cut-and-join recursion of Proposition 4.8 and explicitly
check for real-rootedness and interlacing. Again, one finds a wealth of data to support
Conjecture 4.11. We consider this as evidence that the real-rootedness and interlacing
observed for deformed monotone Hurwitz numbers is not simply a sporadic artefact,
but may be a more widespread phenomenon with a deep reason underlying it.

Remark 4.12. As previously mentioned, dessins d’enfant correspond to pairs of per-
mutations acting on the edges, or equivalently, triples of permutations that compose to
give the identity. It follows from Proposition 2.13 that each permutation has a unique
strictly monotone factorisation, defined analogously to a monotone factorisation in Defin-
ition 2.10, but with the stronger monotonicity requirement that b; < b, < --- < b,.
Using this result on the permutation that rotates edges around black vertices leads to
the fact that the enumeration of dessins d’enfant can be interpreted as strictly monotone
Hurwitz numbers.

A Data

A.1 Deformed monotone Hurwitz numbers

The deformed monotone Hurwitz numbers can be computed using the cut-and-join
recursion or the topological recursion. These were both implemented in SageMath to
produce the following table [48].
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(1o pin)

pi e Hy L (s )

(1)
(2)
(3)
(4)
(5)
(6)
(7)

1

t

P+t

B +32 +¢

63612+t

12 +106* + 2083 + 1012 + ¢

10+ 15¢° 4+ 50¢% 4+ 5083 + 15¢2 +¢

B i HY (s i)
0

t

5t2 + 5¢

1563 + 40¢% + 15¢

35t% + 175¢% + 175t + 35¢
702°+560t*+105013 +56012+70¢
1261° + 1470° + 4410* +
441083 + 1470¢% + 126¢

(1,1)
(2,1)
(3,1)
(2,2)
(4,1)
(3,2)
(5.1)

(4,2)

(3,3)

t

212 + 2t

363 + 9% + 3¢

43 +108% + 4t

A% 4 240% + 2412 + 4t

6t* + 3013 + 3072 + 6¢

5¢° + 50¢* + 10013 + 50¢% + 5¢

817 + 681* + 12813 + 68¢% + 8t

915 + 72¢% + 13813 + 72t2 + 9¢

t

10£2 + 10t

4563 + 120¢% + 45¢

5013 + 1281 + 50¢

140t* + 700¢> + 700¢2 + 140¢
168t + 7921% + 792¢% + 168¢
350t° + 2800r* + 52507 +
2800¢% + 350¢

448> + 3348t + 61284 +
334812 + 448¢

462t + 3432t* + 631283 +
3432¢% + 462t

(1,1,1)
(2,1,1)
(3,1,1)
(2,2,1)
(4,1,1)

(3,2,1)

(2,2,2)

412 + 4t

1013 + 28¢% + 10¢

184 + 10213 + 10242 + 18¢

241* + 120¢% + 12012 + 24t
28174268t +52813 +2681% +28¢

4217 +3481* + 6601 + 34812 + 421t

5617 +4241* +76813 +4241% + 56t

20t% + 20t

14023 + 368¢% + 140t

5881 + 289213 + 2892¢% + 588¢
672t* + 316813 + 3168t% + 672t
18481 + 14548t% + 271281 +
1454812 + 1848¢

22681° + 16908:* + 310087° +
1690812 + 2268t

26881 + 19128t + 344161° +
1912812 + 2688t
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(H1seeestn)  Huce s pn HY (s fhn) M HY L (ps s fhn)
(1) 0 0
(2) t t
(3) 2112 + 21t 85¢% + 85t
(4) 16113 + 4131 + 161t 1555¢% + 393012 + 1555¢
(5) 777t4 4+ 361213 + 361212 + 777t 14575t% + 655051 + 65505¢% +
14575t
(6) 2835¢% + 20538t% + 3733812 + 91960t +  633160t*  +
2053812 + 2835¢ 1132340¢ + 633160t + 91960t
(7) 85471% + 88473¢> + 251328t + 4438721 + 43037281 +
251328t + 8847312 + 8547t 11851268t% + 11851268t +
430372812 + 443872t
(1,1) t t
(2,1) 42¢% + 42t 170¢2 + 170t
(3,1) 48313 + 123912 + 483t 466513 + 117901% + 4665t
(2,2) 50413 + 127812 + 504¢ 475013 + 119561% + 4750t
(4,1) 31081% + 144481% + 14448t +  58300t*+26202013 426202012+
3108t 58300¢
(3,2) 3402t% + 154501 + 1545012 + 6111614 +27176413+2717641%+
3402t 61116t
(5,1) 14175 % 15 + 102690t* + 459800t° + 31658001* +
186690¢° + 102690t + 14175t 5661700t> + 31658001> +
4598001
(4,2) 162961°+11425614 420537613+ 4991361 + 3377976t*  +
1142561% + 16296t 6005536t + 3377976t +
499136t
(3,3) 1644315 +115344t* 42076661+  500544t° + 3389664t* +
1153441% + 16443t 602978413 + 338966412 +
500544t
(1,1,1) 8412 + 84¢ 3401 + 340¢
(2,1,1) 1470t% + 375612 + 1470t 14080¢° + 3553612 + 14080t
(3,1,1) 1272614 + 5879413 + 587941> +  236016t* + 10578241 +
12726t 1057824t* + 236016t
(2,2,1) 136081 + 618001 + 61800¢2 +  244464t* + 10870561° +
13608¢ 108705612 + 244464t
(4,1,1) 729961°+525016¢4 495213613+  23383361° + 16041176t% +
52501612 + 72996t 286523361° + 1604117612 +
2338336t
(3,2,1) 81774t> + 573456t  + 249849615 + 16913256t +
10314601 + 57345612 + 81774t 30076176t> + 169132561 +
2498496t
(2,2,2) 90552t +  619728t* + 2658656t° + 17760016t% +

11046241% + 6197281 + 90552¢

31432800r> + 17760016¢% +
2658656t
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A.2 Dessin d’enfant enumeration

The weighted dessin d’enfant enumeration can be computed using the cut-and-join re-
cursion or the topological recursion. These were both implemented in SageMath to
produce the following table [48].

(H1seeestn)  Hueo s pn DG (s s ) M1t DY (s e )
(1) t 0
(2) 2+t 0
(3) B +32+1 t
(4) e’ +612 4+t 5t2 + 5¢
(5) 15+ 10t% + 2063 + 1082 + ¢ 1513 + 4012 + 15¢
(6) 10+ 1565 45004 + 5063 + 15¢2 +¢ 35t* + 175¢% + 175¢% + 35¢
(7) 7421194105 +175t* 410563+ 701°+560t*+105013+56012+70¢
218 +¢
(1,1) t 0
(2,1) 2t + 2t 0
(3,1) 383+ 912 + 3¢ 3t
(2,2) 413 + 1082 + 4¢ 2t
(4,1) 4% 42413 + 2417 + 4 2012 + 20t
(3,2) 61* + 3013 + 3012 + 61 1812 + 18¢
(5,1) 5¢° + 50t* + 10063 + 50¢2 + 5t 75¢3 +200¢% + 75¢
(4,2) 8> + 681* + 12813 + 6812 + 8t 80f> + 20072 + 80¢
(3,3) 9> + 7214 + 1383 + 7212 + 9t 75¢3 + 198¢% + 75¢
(6,1) 61°4+901° +3001* +30013 +9012+  210¢* + 105013 + 105022 + 210t
6t
(5,2) 10£° + 1301° + 400t* + 400£% +  2507* + 115073 + 115072 + 250¢
13012 + 10t
(4,3) 121° + 14415 + 444t% + 44483 + 2401 + 1140¢° + 114072 + 240t
144¢% + 12t
(1,1,1) 2t 0
(2,1,1) 6% + 6t 0
(3,1,1) 1263 + 3612 + 12¢ 12¢
(2,2,1) 1613 + 4012 + 16¢ 8t
(4,1,1) 20t* + 120¢% + 12072 + 20¢ 100¢2 + 100t
(3,2,1) 30% + 1501 + 15072 + 30¢ 90¢2 + 90t
(2,2,2) 40t + 17613 + 17612 + 40t 80¢2 + 80t
1, > +300¢* +600¢° +300¢* +30¢ t+ t* + 450t
51,1 30£° 43004+ 60013 +300¢2+30 45013 + 120012 + 450
, 2, "+ "+ 1+ 1“+438t 1+ “ + t
4,2,1 481> +4081* +76813+408t +48¢t  480f> + 1200t + 480
(3,3,1) 5415 +432t4 + 82813 +43212 454t 45017 + 118812 + 450¢
(3,3,2) 72t° +528t*+96013 + 52812 +72t 480t + 11761 + 480¢
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A.3 Weingarten functions

39

The value of Wg®(or) can be calculated by inverting the orthogonality relations or
by the character formula. The value of WgV (o) is the leading coefficient of Wg5 (o),
considered as a polynomial in M.

o we! (o) Wes (o)
0) 1 1
1 M
(1) ¥ M
1 M(MN-1)
(H(2) o1 iy
12w WD
NZ-2 M (M2N?-2M?~3M N+4)
M@C)  Fww-nws = (VD)
(123) Tt M(M-N)QM-N)
N(N2-1)(N2*-4) N(N?-1)(N?-4)
(1)(2)(3)(4) N*-8N%+6 M (M3N*—8M3N2+6M?)

N2(N2-1)(N2-4)(N2-9) N2(N2-1)(N%-4)(N%-9)
+M(—6M2N3+24M2N+19MN2—6M—3ON)
N2(N2-1)(N%?-4)(N%-9)
~M(M~-N)(M?*N?-4M?*-5M N +10)
N(N2-1)(N%2-4)(N%-9)

(12 yw=Hw—s

(12)(34) N2+6 M(M-N)(M*N*+6M?*-MN>-6M N+4N%—6)
N2(N2-1)(N2-4)(N2-9) NZ2(N2-1)(N2-4)(N2-9)
(123)(4) 2N2-3 M(M~-N)(2M*N?-3M?*-~MN?-6M N+3N?+3)
N2(N2-1)(N2-4)(N2-9) N2(N2-1)(N?-4)(N%-9)
(1234) _5 —~M(M—-N)(5M*>-5MN+N?+1)
N (N2-1)(N?-4)(N2?-9) N(N2-1)(N%-4)(N2-9)
References

[1] A. Alexandrov, G. Chapuy, B. Eynard, and J. Harnad. Weighted Hurwitz numbers and topological
recursion. Comm. Math. Phys., 375(1):237-305, 2020.

[2] Gaétan Borot, Norman Do, Maksim Karev, Danilo Lewariski, and Ellena Moskovsky. Double Hurwitz
numbers: polynomiality, topological recursion and intersection theory. Math. Ann., 2022.

[3] Gaétan Borot and Bertrand Eynard. All order asymptotics of hyperbolic knot invariants from non-
perturbative topological recursion of A-polynomials. Quantum Topol., 6(1):39-138, 2015.

[4] Vincent Bouchard, Daniel Hernandez Serrano, Xiaojun Liu, and Motohico Mulase. Mirror symmetry
for orbifold Hurwitz numbers. J. Differential Geom., 98(3):375-423, 2014.

[5] Vincent Bouchard, Albrecht Klemm, Marcos Marifio, and Sara Pasquetti. Remodeling the B-model.
Comm. Math. Phys., 287(1):117-178, 20009.

[6] Vincent Bouchard and Marcos Marino. Hurwitz numbers, matrix models and enumerative geometry.
In From Hodge theory to integrability and TQFT tt*-geometry, volume 78 of Proc. Sympos. Pure Math., pages
263-283. Amer. Math. Soc., Providence, RI, 2008.

[7] Francesco Brenti. Unimodal polynomials arising from symmetric functions. Proc. Amer. Math. Soc.,
108(4):1133-1141, 1990.

[8] Boris Bychkov, Petr Dunin-Barkowski, Maxim Kazarian, and Sergey Shadrin. Topological recursion for
Kadomtsev-Petviashvili tau functions of hypergeometric type. J. Lond. Math. Soc. (2), 109(6):Paper No.
e12946, 57, 2024.

[9] Anupam Chaudhuri and Norman Do. Generalisations of the Harer-Zagier recursion for 1-point

2025/06/17 11:48

https://doi.org/10.4153/S0008414X25101168 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101168

40 REFERENCES

functions. J. Algebraic Combin., 53(2):469-503, 2021.

Anupam Chaudhuri, Norman Do, and Ellena Moskovsky. Local topological recursion governs the

enumeration of lattice points in ﬂg’n. arXiv:1906.06964 [math.GT], 2019.

[11] Leonid Chekhov and Bertrand Eynard. Hermitian matrix model free energy: Feynman graph technique
for all genera. J. High Energy Phys., (3):014, 18, 2006.

[12] Benoit Collins. Moments and cumulants of polynomial random variables on unitary groups, the
Itzykson-Zuber integral, and free probability. Int. Math. Res. Not., (17):953-982, 2003.

[13] Benoit Collins and Sho Matsumoto. Weingarten calculus via orthogonality relations: new applications.
ALEA Lat. Am. ]. Probab. Math. Stat., 14(1):631-656, 2017.

[14] Benoit Collins, Sho Matsumoto, and Jonathan Novak. The Weingarten calculus. Notices Amer. Math. Soc.,
69(5):734-745, 2022.

[15] Benoit Collins and Piotr Sniady. Integration with respect to the Haar measure on unitary, orthogonal
and symplectic group. Comm. Math. Phys., 264(3):773-795, 2006.

[16] Joe Diestel and Angela Spalsbury. The joys of Haar measure, volume 150 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2014.

[17] Robbert Dijkgraaf, Hiroyuki Fuji, and Masahide Manabe. The volume conjecture, perturbative knot
invariants, and recursion relations for topological strings. Nuclear Phys. B, 849(1):166-211, 2011.

[18] Norman Do, Alastair Dyer, and Daniel V. Mathews. Topological recursion and a quantum curve for
monotone Hurwitz numbers. J. Geom. Phys., 120:19-36, 2017.

[19] Norman Do, Oliver Leigh, and Paul Norbury. Orbifold Hurwitz numbers and Eynard-Orantin invariants.
Math. Res. Lett., 23(5):1281-1327, 2016.

[20] Norman Do and Paul Norbury. Topological recursion for irregular spectral curves. J. Lond. Math. Soc.
(2),97(3):398-426, 2018.

[21] Olivia Dumitrescu and Motohico Mulase. Lectures on the topological recursion for Higgs bundles and
quantum curves. In The geometry, topology and physics of moduli spaces of Higgs bundles, volume 36 of Lect.
Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., pages 103-198. World Sci. Publ,, Hackensack, NJ, 2018.

[22] P.Dunin-Barkowski, N. Orantin, S. Shadrin, and L. Spitz. Identification of the Givental formula with the

spectral curve topological recursion procedure. Comm. Math. Phys., 328(2):669-700, 2014.

Petr Dunin-Barkowski, Reinier Kramer, Alexandr Popolitov, and Sergey Shadrin. Loop equations and a

proof of Zvonkine’s gr-ELSV formula. Ann. Sci. Ec. Norm. Supér., 56(4):1199-1229, 2023.

[24] B. Eynard. Invariants of spectral curves and intersection theory of moduli spaces of complex curves.
Commun. Number Theory Phys., 8(3):541-588, 2014.

[25] B. Eynard and N. Orantin. Invariants of algebraic curves and topological expansion. Commun. Number
Theory Phys., 1(2):347-452, 2007.

[26] B.Eynard and N. Orantin. Computation of open Gromov-Witten invariants for toric Calabi-Yau 3-folds
by topological recursion, a proof of the BKMP conjecture. Comm. Math. Phys., 337(2):483-567, 2015.

[27] Bertrand Eynard, Motohico Mulase, and Bradley Safnuk. The Laplace transform of the cut-and-join
equation and the Bouchard-Marino conjecture on Hurwitz numbers. Publ. Res. Inst. Math. Sci., 47(2):629-
670, 2011.

[28] Bertrand Eynard and Nicolas Orantin. Topological recursion in enumerative geometry and random
matrices. J. Phys. A, 42(29):293001, 117, 2009.

[29] Bohan Fang, Chiu-Chu Melissa Liu, and Zhengyu Zong. On the remodeling conjecture for toric Calabi-
Yau 3-orbifolds. J. Amer. Math. Soc., 33(1):135-222, 2020.

[30] Valentin Féray. On complete functions in Jucys-Murphy elements. Ann. Comb., 16(4):677-707, 2012.

[31] Steve Fisk. Polynomials, roots, and interlacing. arXiv:math/0612833 [math.CAJ, 2008.

[32] L P. Goulden, Mathieu Guay-Paquet, and Jonathan Novak. Monotone Hurwitz numbers in genus zero.
Canad. ]. Math., 65(5):1020-1042, 2013.

[33] L P. Goulden, Mathieu Guay-Paquet, and Jonathan Novak. Monotone Hurwitz numbers and the HCIZ
integral. Ann. Math. Blaise Pascal, 21(1):71-89, 2014.

[34] 1. P. Goulden, D. M. Jackson, and A. Vainshtein. The number of ramified coverings of the sphere by the
torus and surfaces of higher genera. Ann. Comb., 4(1):27-46, 2000.

[35] Jie Gu, Hans Jockers, Albrecht Klemm, and Masoud Soroush. Knot invariants from topological recursion
on augmentation varieties. Comm. Math. Phys., 336(2):987-1051, 2015.

[36] A.-A. A.Jucys. Symmetric polynomials and the center of the symmetric group ring. Rep. Mathematical
Phys., 5(1):107-112, 1974,

=
o

[23

2025/06/17 11:48

https://doi.org/10.4153/S0008414X25101168 Published online by Cambridge University Press


https://arxiv.org/abs/1906.06964
https://arxiv.org/abs/math/0612833
https://doi.org/10.4153/S0008414X25101168

REFERENCES 41

[37] Maxim Kazarian and Peter Zograf. Virasoro constraints and topological recursion for Grothendieck’s
dessin counting. Lett. Math. Phys., 105(8):1057-1084, 2015.

[38] Sergei K. Lando and Alexander K. Zvonkin. Graphs on surfaces and their applications, volume 141 of En-
cyclopaedia of Mathematical Sciences. Springer-Verlag, Berlin, 2004. With an appendix by Don B. Zagier,
Low-Dimensional Topology, II.

[39] Sho Matsumoto. Weingarten calculus for matrix ensembles associated with compact symmetric spaces.
Random Matrices Theory Appl., 2(2):1350001, 26, 2013.

[40] Sho Matsumoto and Jonathan Novak. Jucys-Murphy elements and unitary matrix integrals. Int. Math.
Res. Not. IMRN, (2):362-397, 2013.

[41] G.E. Murphy. A new construction of Young’s seminormal representation of the symmetric groups. J.

Algebra, 69(2):287-297, 1981.

Paul Norbury. String and dilaton equations for counting lattice points in the moduli space of curves.

Trans. Amer. Math. Soc., 365(4):1687-1709, 2013.

Paul Norbury and Nick Scott. Gromov-Witten invariants of P! and Eynard-Orantin invariants. Geom.

Topol., 18(4):1865-1910, 2014.

Jonathan I. Novak. Jucys-Murphy elements and the unitary Weingarten function. In Noncommutative

harmonic analysis with applications to probability IT, volume 89 of Banach Center Publ., pages 231-235. Polish

Acad. Sci. Inst. Math., Warsaw, 2010.

[45] Andrei Okounkov and Anatoly Vershik. A new approach to representation theory of symmetric groups.
Selecta Math. (N.S.), 2(4):581-605, 1996.

[46] Robert A. Sulanke. Counting lattice paths by Narayana polynomials. Electron. J. Combin., 7:Research
Paper 40, 9, 2000.

[47] Hua Sun, Yi Wang, and Hai Xia Zhang. Polynomials with palindromic and unimodal coefficients. Acta
Math. Sin. (Engl. Ser.), 31(4):565-575, 2015.

[48] The Sage Developers. SageMath, the Sage Mathematics Software System (Version 9.8), 2023. https://www.
sagemath.org.

[49] Don Weingarten. Asymptotic behavior of group integrals in the limit of infinite rank. J. Mathematical

Phys., 19(5):999-1001, 1978.

Doron Zeilberger. A one-line high school algebra proof of the unimodality of the Gaussian polynomials

[]':] for k < 20. In g-series and partitions (Minneapolis, MN, 1988), volume 18 of IMA Vol. Math. Appl.,

pages 67-72. Springer, New York, 1989.

[42

43

[44

o
K=}

Department of Mathematics, The University of Auckland, Auckland 1142, New Zealand
e-mail: xavier.coulter@auckland.ac.nz.

School of Mathematics, Monash University, VIC 3800, Australia
e-mail: norm.do@monash.edu.

School of Mathematics, Monash University, VIC 3800, Australia
e-mail: ellena.moskovsky@gmail.com.

2025/06/17 11:48

https://doi.org/10.4153/S0008414X25101168 Published online by Cambridge University Press


https://www.sagemath.org
https://www.sagemath.org
https://doi.org/10.4153/S0008414X25101168

	Introduction
	Weingarten calculus
	Convolution formula and orthogonality relations
	Large N expansion
	Representation-theoretic interpretation

	Deformed monotone Hurwitz numbers
	Deformed monotone Hurwitz numbers
	Cut-and-join recursion
	Interlacing phenomena

	Topological recursion
	Topological recursion for deformed monotone Hurwitz numbers
	Topologising sequences of polynomials

	Data
	Deformed monotone Hurwitz numbers
	Dessin d'enfant enumeration
	Weingarten functions


