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Abstract

Let u and ¢ be two analytic functions on the unit disk D such that (D) c D. A weighted composition
operator uC, induced by u and ¢ is defined on A2, the weighted Bergman space of D, by uC,f :=
u- foy for every f €A% We obtain sufficient conditions for the compactness of uC, in terms of
function-theoretic properties of u and ¢. We also characterize when uC, on A2 is Hilbert-Schmidt. In
particular, the characterization is independent of @ when ¢ is an automorphism of D. Furthermore, we
investigate the Hilbert-Schmidt difference of two weighted composition operators on A2.

2020 Mathematics subject classification: primary 47B33; secondary 30H20.

Keywords and phrases: weighted composition operators, weighted Bergman spaces, compact operators,
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1. Introduction

Let D be the unit disk {z € C : |z| < 1} in the complex plane C and T be the unit circle
{zeC:|zl=1}. For 0 < p < o0 and @ > —1, the weighted Bergman space A, of D
consists of all analytic functions f in L?(D, dA,), that is,

11, = | 170 A <,

where dA,(2) := (@ + 1)(1 = |z1*)?dA(z) and dA(z) := (1/m)dxdy is the normalized
area measure on D. It is known that A2 is a closed subspace of L*(D,dA,) and is
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[2] Compact and Hilbert—Schmidt weighted 209

thus a Hilbert space with the inner product (-, -) given by

(f.8) = ff(z)g(_z)dA(,(z) for every f,g € A2.
D

In what follows, we denote the norm on A2 by || - || for brevity. By writing f(z) =
Yoo axZ*, we have

k! T(a +2)

————|a;,
e INa+2+k)

AP =

where I' is the usual gamma function. If we let

B /F(a+2+k) k B
ex(z) = k!F(a+2)Z fork=0,1,..., (1-1)

then {e},?, is the standard orthonormal basis for A2. Furthermore, if w is an arbitrary
point in D, then (f,k,) = f(w) for all f € A2, where k,(z) := 1/(1 —wz)**? is the
reproducing kernel representing the point evaluation functional on A2 at z = w.
Moreover, ||k,|I> = 1/(1 — [w?)**2.

Let u and ¢ be two analytic functions on D such that ¢(D) C D. They induce
a weighted composition operator uC, from A2 into the linear space of all analytic

functions on D by
uCy(f)2) := u(2)f(p(z)) for every f € A7 and z € D.

When u = 1, the corresponding operator, denoted by C,, is known as a composition
operator. From exercise 3.1.3 in [3, page 127], C, is always bounded. However, this is
not necessarily true for weighted composition operators. When uC, maps A2 into itself,
we say uC, is a weighted composition operator on A2, In this case, u = uCyl € A2. An
appeal to the closed graph theorem shows that every operator uC,, on A2 is bounded.
Furthermore, if g € A2 and w € D, then

(UCy)’ky, 8) = (kyy, uCyg) = u(w)g(e(w)) = (Uw)ken), &)-
Thus,
(ucnp)*kw = mkp(vv)'

During the past two decades, several authors have studied the properties of
(weighted) composition operators on A2 with Berezin transforms and Carleson-type
measures (see for example [4, 5, 11, 13]). In Section 2, we obtain sufficient
conditions for the compactness of uC, in terms of function-theoretic properties
of u and ¢. In Section 3, we characterize Hilbert—Schmidt weighted composition
operators and the Hilbert—-Schmidt difference of two weighted composition
operators on A2.
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2. Compact weighted composition operators

A bounded linear operator T from a Banach space B; to a Banach space B is said
to be compact if it maps bounded subsets of B; into relatively compact subsets of B;.
Equivalently, T is compact if and only if it maps every bounded sequence {x,} >’ in B;
onto a sequence {Tx,} , in B, which has a convergent subsequence. It was shown in
[13, Theorem 4.3] that uC,, is compact on AP if and only if

Ma,p © SO_I(S(L 0)) _
Sa+2 -

lim sup 0,

0—0* é’ET
where S({,0) :={z€D:|z-{l <6} and p, o0 ¢! is the measure such that
luC,f “Z” = fD |fIPdua, , 0 7! for all f e Af. Later, Cuckovi¢ and Zhao estimated

the essential norm of uC, and deduced that uC,, is compact on A if and only if

(1 = lal)*u()l?

dA(z) =0
a=1-Jp 11 = ap()l* ©

[4, Corollary 2]. These characterizations, however, are rather implicit and less
tractable. In this section, we provide more explicit sufficient conditions that guarantee
uC, is compact on A2. To this end, we first state a useful result to the study of compact
weighted composition operators on A2.

LEMMA 2.1. Let uC, be a weighted composition operator on A2. The following two
statements are equivalent:

() uC, is compact on A(ZY;
(i) if{fu} ., is a bounded sequence in A2 and f,, — 0 uniformly on compact subsets
of D, then |[uC, f,]| — 0.

While the above lemma is a generalization of [3, Proposition 3.11], it can also be
obtained by a Hilbert space argument. From exercise 4.7.1 in [17, page 97], a sequence
of functions in A2 is weakly convergent to zero if and only if this sequence is norm
bounded and converges to zero uniformly on compact subsets of D. Lemma 2.1 now
follows from this fact and [17, Theorem 1.14].

One simple sufficient condition for the compactness of ©C,, which is analogous to
[7, Theorem 2], is given below.

THEOREM 2.2. Suppose that uC, is a weighted composition operator on A2 Ifo(D) C
D, then uC, is compact.

PROOF. Since m C D, there is a constant M such that 0 < M < 1 and |p(z)| <M
for all z € D. Let {f,}’", be a bounded sequence in A2 such that f, — 0 uniformly
on compact subsets of D. In particular, this sequence converges to zero uniformly on
S(0, M). Then there exists some N € N for which |f,(¢(z))| < € whenever n > N and
z € D. With u € A2, it follows that luCy full < €llul| for all n > N. By Lemma 2.1, uC,
is compact. ]
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We remark that the condition ¢(D) C D in Theorem 2.2 is sufficient, but not
necessary for the compactness of uC,. This is shown below.

EXAMPLE 2.3. Let u(z) = z— 1 and ¢(z) = (z + 1)/2. Note that 1 € ¢(D). Choose any
& > 0. With u(1) = 0 and the continuity of u at z = 1, there is a sufficiently small 6 > 0
such that |u|* < & on S(1, §). We show that uC, is compact by using Lemma 2.1.

Let{f.} 7, be asequence in Ai such that||f,|| < 1 foralln € Nand f, — 0 uniformly
on compact subsets of D. Since ¢ is continuous on the compact set D \ S(1, 9), the set
©(D\ S(1,0)) is compact in D. Then there exists some N € N for which if n > N and
z€ D\ S5(1,6), we have

fulp@)F <e.
These, together with the fact that C,, is bounded on A2, imply

1uCy Il = fs ) u@PIfu(@)F dAq(2) + f u@PIfu(@@)F dAa(2)

D\S(L,)

<& f @) dAs(2) + & f () dAq(2)
S(1,0)

D\S(1,6)
SsmaﬁW+eijm%maa
D

< (ICI* + 4)e
whenever n > N.

In this example, ¢ has an angular derivative at z = 1 because (1 — ¢(z))/(1 —z) =
1/2. Then it follows from [3, Corollary 3.14] that C, is not compact on A2. However,
uC, is compact.

There is another question of interest: does the compactness of C, guarantee that of
uC,? The answer to this question is generally no, at least when u is unbounded on D.
To see this, we first state a necessary condition for uC,, to be compact.

THEOREM 2.4. If uC, is a compact weighted composition operator on A(Zy, then

lim |u(z,)|(1_—|zlz)d/2+1 - 0. @1)
le>1° 1= lp(2)?
This theorem is a simple generalization of [4, Proposition 1]: since
* _ 2y\a/2+1 _ 1 - |Z|2 @/2+1
wCe) K-l = (1 = [zl u@llkgoll = IM(Z)I(W)

where K, is the normalized reproducing kernel corresponding to the point evaluation
functional on A2 at z, the condition in Equation (2-1) follows from the compactness of
(uCy)" and the result that K, — 0 weakly in A2as|z — 1°.

While the validity of the converse of Theorem 2.4 awaits further investigation, the
condition in Equation (2-1) actually is equivalent to the compactness of composition
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operators on Ai [17, Theorem 11.8]. Under additional assumptions on u and ¢,
however, the condition in Equation (2-1) does characterize the compactness of uCl,.
This will be shown in Theorem 2.8.

EXAMPLE 2.5. Let u(z) = 1/(1 = 2)"/?*** and ¢(z) = 1 — (1 = z)'/2. From [10, Exam-
ple 3.4], ¢ has no finite angular derivative at any point of 7. Thus, C,, is compact by
[3, Theorem 3.22]. However,

1- r2 a/2+1 1+7r a/2+1
=orl il
1 — (¢(r))? - 12— (1= )12

According to Theorem 2.4, uC,, is not compact on A2.

lim u(r) =1(+0).

r—1-

When C, is compact, how can we choose u such that uC, is compact? The next
result provides one criterion. Its statement and proof are similar to those of [10,
Theorem 4.1].

THEOREM 2.6. Suppose u € A2 and C, is compact on AZ%. If there is a constant ¢ with
0 < ¢ < 1 such that u is bounded on the set {z € D : |¢(z)| > ¢}, then uC, is compact
on A2,

We prove a ‘converse’ of Theorem 2.4 with extra assumptions on u and ¢. While
Moorhouse showed that the condition in Equation (2-1) characterizes the compactness
of uC, when u is bounded on D [14, Corollary 1], the validity of our result does not
require the boundedness of u. The following lemma is needed.

LEMMA 2.7. If f € A2, then

cllfIP < 1£O)F + fD If @P(1 = ) dAu(2) < dIIfIP,

where ¢ ;= min{l, [(a + 1)(a + 2)]/(a + 3)} and d := max{1, (a + 1)(a + 2)}.

The proof of this lemma is direct and follows from a straightforward computation
of the integral fD If"(2)I*(1 = |z/*)* dA4(z) in terms of the Taylor coefficients of f. An

immediate consequence of Lemma 2.7 is that f € A(zl if and only if f € L>(D, dAy+»).
Indeed, this is a particular case of a more general result in [8, Proposition 1.11].
Moreover, the lemma implies that || f|| is equivalent to || /|| a2 if fe A?I and f(0) = 0.

THEOREM 2.8. Let uC, be a weighted composition operator on Al If

(1) ¢ is univalent on D;
(i) limy- W @I = [z1*) = 0; and
(iii)  limy- @I = 2P/ - le@)F)** = 0;

then uC, is compact on A2

PROOF. Fix any £ > 0. By conditions (ii) and (iii), there is a constant r with
1/2 < r < 1 such that

W QP -1z <& and |Ju@)P(1 - 125 < &(l - |p(2)*)**?
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whenever r < [z] < 1. Let {f,}" | be a sequence in Ai with ||f,]| < 1 for all n € N and
f» — 0 uniformly on compact subsets of D. By Lemma 2.7,

1 ’
luC, full* < ;[|u(0)fn<so(0>>|2 + f - £ 00 @P(1 = |z dAa(2) |, (2-2)
D
where ¢ is the constant defined in Lemma 2.7. Then

(- fu o @) @F < 20u@)f;(@@)¢ @I + W' @ f(e@)P),

so that
f (- £, 0 ©) @P(1 = 121*)* dAu(2) < 2(A, + B, + Gy + D),
D

where

A, = fs(o)|u<z>|2|f,:(so(z>)|2|sa'<z>|2<1 — [21*)* dAa(2),

B, := f _ u@PIfe@)PIe @)P(1 = [2*)? dAu(2),

D\S(0,r)
Cy = f|u'<z>|2|fn<¢(z>>|2<1 — 12?)? dAa(2),
S(0,r)

and

D, = fD i’ @P1f (@)1 = 2*)? dAa(2).

\S(0.r)

Both sets {¢(0)} and ¢(S(0, r)) are compact in D. Thus, there exists some N € N for
which if n > N and z € S(0, r), then

[l pO)P, 1/ @@)P, If (@) < &. (2-3)

From the continuity of u¢” and #’ on the compact set S(0, r), there is a positive constant
M such that

u@¢' @F, W' @F <M

for all z € S(0, r). Therefore, if n > N, we have

An+C,,S2Mef

dA,(z) < 2Me f dA,(z) = 2Me. (2-4)
S(0,r) D

The boundedness of C, on A2 implies that

D, < ef @@ dAu(2) < &llCu il < IC,IPe. (2-5)
D\S(0,r)
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It remains to estimate B,,. Note that

B, =(a+1) f @) PIfL (@)l @ = |22+ dA(z)
D\S(0,r)

<(a+ 1)8f —@e@)PIe' @P( = lp@))** dA().
D

\S(0.r)

Put w = ¢(z). By the change-of-variable formula in [11, page 891] and the univalence
of ¢,

B, <(a+ 1)8f )P = W)™ dA(w)
D

<e f 0P = W) dAg(w)
D

< ed|fll
< &d, (2-6)

where d is the constant defined in Lemma 2.7. From Equations (2-2)—(2-6), it now
follows that

&
luCy £l < ;(IM(O)I2 +4M +2||C, | +2d)

for all n > N. Hence, |[uC,f,|| = 0 as n — co. O

3. Hilbert-Schmidt weighted composition operators

An important class of compact operators is the Hilbert—Schmidt operators. Let H;
and H, be separable Hilbert spaces and T : H; — H, be a bounded linear operator.
Then T is said to be Hilbert-Schmidt if } ;7 ||Tek||f12 < oo for some orthonormal basis
{ex}e, of Hy. The value of this sum is independent of the choice of an orthonormal
basis. It is well known that every Hilbert—Schmidt operator is compact, but the
converse is not necessarily true. In what follows, we take {e;};”, to be the standard
orthonormal basis for A2, as given by Equation (1-1) in Section 1. We also recall a few
identities for useful reference:

(@ 1/ -x)°*?= SieoT(@+2+k)/k! T(a+ 2)xk for x| < 1;
() 1-|w=-2)/(1-w2l* =1 - w*H( - |z*)/I1 - wzl* and
1 —w((w-2)/(1 =wz)) = (1 = |w|*)/(1 = wg) for every w, z € D.

Using the criterion for uC, to belong to the Schatten class, Cuckovié¢ and Zhao
obtained a characterization for Hilbert—Schmidt weighted composition maps on Aé [4,
Corollary 3]. We first generalize this result to the weighted Bergman space and provide
a direct proof.
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THEOREM 3.1. Let uC, be a weighted composition operator on A2. Then uCy, is
Hilbert—Schmidt if and only if

2

f _ M) < co. 3-1)
p (I = le(@)*)*

PROOF. Direct computation gives

> RS F(a/+2+k)f 5 "
;||uc¢ek|| IR ) | WPl dA@)

T 2+k
- fD )P %w(z)ﬁ"dfxw(z)
k=0 '

_ lu(z)?
B fD (= ey @@

Interchanging the summation and integral sums in the second equality is legitimate
because the terms are all non-negative. The assertion now follows. O

It is shown in Theorem 2.2 that if ¢(D) C D, then uC, is compact. By Theorem 3.1,
uC, is also Hilbert—Schmidt. The next result shows that when ¢ is an automorphism of
D, the characterization of when a weighted composition operator is Hilbert—Schmidt
becomes simpler.

COROLLARY 3.2. Let ¢ be an automorphism of D. Then the weighted composition
operator uCy, is Hilbert—Schmidt on Ai if and only if

lu(z)?

———— dA(z) < 0. (3-2)
fD (1 —z>)?

PROOF. By the Schwarz—Pick theorem [3, page 48], we have

1 = |p(2)| S 1 = 1p(0)|
I-1z — 1+]e0)

Thus,
2 1 1- 0 a+2 2
UGISN (L e )|) P 33
(1 = [zg]#)** 2 T+l (A= le@IH)**
Write ¢(z) = c(a — z)/(1 — az), where a € D and |c| = 1. Since
1 —laP)(1 - |z
- lpp = SO0 g g 1- g
1 —az|
for every z € D, it follows that
2 a+2 2
" _ (1 + Ial) |u(z)| ‘ (3-4)
(A =1lz»e2 "\ =lal/ (1= p(z)l)*+?
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We obtain the desired result by combining Equations (3-3) and (3-4), Theorem 3.1,
and the fact that dA,(2) = (a + 1)(1 — |z]>)*dA(z). O

The condition in Equation (3-2) is independent of the parameter @ and can
be expressed as ‘u € L>(D,dr)’, where 7 is the Mobius invariant measure on D
defined by

dr(z) = dA(2). (3-5)

_
(1= 1P?

Here the term ‘invariant measure’ is justified by the fact that if ¢ is an automorphism
of D, then

fD I(f 0 @) @IF(1 = |2%)* d7(z) = fD I (21 = |2%)? dr(z)

for all analytic functions f on D [17, Section 5.3.1].

Corollary 3.2 is also in contrast to the corresponding result for the Hardy space
H? of D: if ¢ is an automorphism, then it follows from [12, Theorem 9] that the only
Hilbert—Schmidt weighted composition operator on H? is the zero operator.

EXAMPLE 3.3. Let u(z) = 1/(1 — z)!/* and ¢ be any automorphism of D. Since, for all
z€ Dwehave 1 — |z]* < 2|1 — z], it follows that

lu(z)? f 1
—dA = A
fDa —epr Q= | T gra — e 4@

1 1
> — — dA(2).
4 fD =g 4@

By [3, Lemma 7.3], J;)(l/ll — z1?) dA(z) = 0. According to Corollary 3.2, uC, is not
Hilbert-Schmidt on A2.

The inequality in Equation (3-3) in fact holds for all analytic self-maps ¢ of D.
Thus, Equation (3-2) provides a sufficient condition for uC, to be Hilbert—Schmidt on
A2. However, this condition is not necessary, as shown by the following example.

EXAMPLE 3.4. Let u(z) = (1 —2)@*V/* and ¢(z) = 1 — (1 —2)"/?. Then u € A2. We
claim that uC, is Hilbert-Schmidt on A2. Since ¢ takes D into a polygonal region
inscribed in 7, there exist positive constants ¢,d such that § < 1/2, and 1 — |p(2)| >
¢l = 2]'/? on S(1, 6). Write

lu(z)?
fD (= ey Y@

uP f U@
= PPEEETVENIYIT) dAa, - dAa .
ﬁ(l,d) (1- |‘P(Z)|2)a+2 @+ D\S(1,5) (1- |g0(z)|2)0‘+2 @
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By choosing 1 + /2 < 8 < % + a, we have
(1= lp@P)™? = (1= lp@D™? = ™21 =22 2 1 2

for z € S(1, ). Thus,

lu(z)? 1 f 1
e dAe(2) < dA,(z
£<1,5) (1 = lp(2)P)e+2 @ @2 Jg10) 11 = zff~@DP2 @

1 1
< o fD T dAq(2)

< 00,

since | — (@ + 1)/2] < 1+ a/2.0n D\ S(1, 9), the continuity of ¢ ensures that |p(z)| <
d for a constant d with 0 < d < 1. Then

2
f _ ol dAq(2) <
D

2dA,
\se) (1 = lp@)>)e+? |u(z)| ()

=,
(l—dz)(“'z D\S(1.6)

2
< m”bl”

< 00,

From Theorem 3.1, uC, is Hilbert—Schmidt. However, since 1 — lz> < 2|1 =z on D,
we have

lu(2)|* 1 f 1
————dA(z) = - ———— dA(z7) = oo,
L (1- |Z|2)2 @2 4 Jp 1 _Z|(3—0z)/2 () =
provided that |(3 — @)/2| > 1, thatis, -1 <a < lora > 5.

The rest of this section is devoted to characterizing when uC, — vC, on A2 is
Hilbert—Schmidt, where v and ¢ are two analytic functions on D such that /(D) c D.
This problem originates from the study of the topological structure of the space of
(weighted) composition operators on A2. There has been extensive investigation about
differences of composition operators on the Hardy space H> of D (see for example
[1, 6, 16]). The compact difference of two composition operators between weighted
Bergman spaces was completely characterized in [9, 14, 15].

In [2], Choe et al. topologized the space of composition operators on A2 and
described its components. By putting

_ Y(z) — p(2)
1 - ¥(@)p(2)

for z € D, they also characterized the Hilbert—Schmidt difference of two composition
operators C, and Cy, in terms of |¢|, which is known as the pseudo-hyperbolic distance
between ¢ and y. We generalize such characterization to the weighted case and
construct an example to illustrate the result.

#(2)
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THEOREM 3.5. Let uC, and vCy, be two weighted composition operators on A2, Then
the following statements are equivalent.

(i)  The operator uC, — vCy is Hilbert-Schmidt on A2,

(i) Ielu/(1 =l v/ (1 = [P F? = u(1 = )2 /(1 - gp)*** €
L*(D,dA,).

(i) |v/(1 = )2, u/(1 = 1@lP) % = (1 — Jel)' 2 /(1 —gy)*** €
L*(D,dA,).

PROOF. We first compute Y7 [|(uC, — vCl,,)ekllzz

D lwC, = vCyped?
k=0

F(a+2+k) k

_ k2
S T@r2) Y
B (04 2+k) _ 2
Zkvr(a+2)f|(p Wt dhs
r 2+k
Z k(val“-z > f [Pl + [P — 2 Re(uv(@))] dAq.

Interchanging the summation and integral signs in the last equality is valid because all
the terms I'(a + 2 + k)/k! T(a + 2)|ug® — vy¥|* are nonnegative. Then

D IwCy = vCye?

k=0

_ CL@+2+k) o 22k - =k
_ fD DT 2y W+ DI~ 2RetuT

F(a+2+k) 2 F(a+2+k)
f['lzk'l"(a+2) lle'F(a+2) wr

o Da+2+k) —,
_2Re(w 24T Ta+2) )] a

2 v uv
= —2Rel———||dA
fD[(l _ |<p|2)a/+2 + (1 _ |¢|2)a+2 e((] _ ¢¢)a+2 )]
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Since ¢ = (¥ — ¢)/(1 — ), it follows that

P WP i
A=l " Ui 2 e( )

(1 — py)+?
I N (1 =y \*2
=l [<1 P -wp] A - R 2Re[”v(1 - W) ]

1 [ 1 = gol2\e+2 _
(- '”'2(|1 —ﬁzl )+ - 2Rewi(1 - G|
1 [ 1 = g2 \e+2 _ 3
- (1 — |y[?)a+2 |u|2(|1 _T:;Tzl ) +v—u(l- ¢p<;§)a+2|2 - |u|2|] — w¢|2a+4]
1 [ 1 = w2 \@+2 3
= (1 _ |l//|2)(1/+2 |u|2(|1 _li;(TZI ) (1 — (1 — |¢|2)a+2) + |V _ I/t(l _ w¢)n+2|2:|

e [ ol = )R

v
(1 _ |"0|2)a/+2 + ‘(1 _ |w|2)l+a/2 a _E‘p)aﬁ

Therefore,

D IwCy = vCyexl?

k=0
1= (1 = 16222 1 — gl)l+al2 2
_ f [( ( |¢|2) +2)|M| N Vz - u( %l ) ]dAa.
D (1 = lol)* (1 =)+ (1 - yp)r+2
The operator uC, — vCy is Hilbert-Schmidt on A2 if and only if
1-(1- 2\a+2 1- 2\1+a/2
V1= -1g)** u v u(l - y1%) e L2(D.dA,).

(1 _ |<p|2)1+oz/2 ’ (1- |w|2)1+a/2 - (1 _ ng)oﬁz

Moreover, write

VI=(1=p»)**2u _ o [1=a- |pP2)e+> |plu
(1 = |gl?)t+ar2 |l (1 — |pl?)1+al2”
Note that the function f(x) = [1 — (1 — x*)#*2]/x? is continuous and positive on (0, 1].

This, in conjunction with the fact lim,_,o+- f(x) = @ + 2 > 0, implies that f is bounded
above and away from zero on (0, 1). Thus,

= (- ¢P)u

(1= lgP) P

e LX(D, dA,)

if and only if |@lu/(1 — |¢|*)'**/? € L*(D, dA,). This establishes the equivalence of
statements (i) and (ii).
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Furthermore, upon switching the roles of u, v and the roles of ¢, ¥ in the preceding
calculations, we obtain

> I0Cy = uCpenl?
k=0

(1= (1 =[gPH)* P u v(l = gl
= [ + - = ] dA,.
D (1 = ly2)e+2 (1 = |p|?)t+al2 (1 —pyp)o+2
By a similar argument, statements (i) and (iii) are also equivalent. O

Taking v = 0 and ¢ = ¢ in the above theorem, we obtain the characterization in
Equation (3-1) for a single Hilbert—Schmidt weighted composition operator. There
are also two nontrivial consequences of Theorem 3.5. The first one characterizes the
Hilbert-Schmidt difference of two composition operators on A2. The second one,
which generalizes [2, Corollary 3.8], states that the Hilbert—Schmidt property of the
difference of weighted composition operators on a smaller space extends to larger
spaces.

COROLLARY 3.6 [2, Corollary 3.7]. The operator C, — C, is Hilbert-Schmidt on A2
if and only if

¢l ¢l

2
(1 = |@2)1+a/2” (1 — |y|?)1+al2 € L“(D,dA,).

PROOF. The ‘only if” part is evident by taking # = v = 1 in Theorem 3.5. To prove the
‘if” part, assume that both |#]/(1 — |¢|*)'**/? and |¢|/(1 — [¢|*)!*%/? are in L*(D, dA,).

Write
L 750 S ek et 2 i
(L=lyP)+2 (1 —gg)e2 (1= [yP)l+er?
_1-a-ge? ¢
0 (L= )+

By the continuity of the function g(z) = [1 — (1 — wz)**?]/z (w € D)on D \ {_0} and the
fact that lim,_,o g(z) exists (and equals (a + 2)w), the expression [1 — (1 — y$)**?]/¢
is bounded on the set {z € D : ¢(z) # 0}. Thus,

1 ~ (1 _ |l//|2)l+a/2
A=W " (1= gy

as well. In light of Theorem 3.5, C,, — C is Hilbert-Schmidt on A2. |

€ L*(D, dAy)

COROLLARY 3.7. Let uCy and vCy, be two weighted composition operators on A2 If
uC, — vC, is Hilbert-Schmidt on A2, then uC, — vCy is also Hilbert-Schmidt on A/%
for every B> a > —1.
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PROOF. Since uC, — vC, is Hilbert-Schmidt on A2, the following functions are all in

L*(D, dt), where 7 is the measure defined in Equation (3-5):

() Iglu((1 = 2P)/(1 = P!
(i) 1gI(1 —[2P)/(1 = W) _
(i) [v/(1 = W) (1 = P) /(1 = Gp)™*21(1 = )2

since
() <)

[3, page 48] and

- — |7? -
1(1 IZI)Sl |zl s2(1 Izl)
2\ —lgl/ ™ 1 =gl 1 —lel
(both Equations (3-6) and (3-7) hold if ¢ is replaced by ), we have

1-— 2\ p+2
f VG |Iz||2) ()

1 0 1_ 2 ya+2
< 2o L [ poprp(1 ) arco

< 00,

From the proof of Corollary 3.6,

‘ v ~ M(l _ |w|2)l+,8/2 2
(1- |w|2)1+ﬁ/2 (1- $¢)ﬁ+2
Y —E |w|2)“ﬁ/2] RPN (e il
(1- |¢|2)1+,B/2 (1- !,_ZIQD)B+2 (1- ,,—w),mz
. 2”1 U 2 el L O WW]
B ¢ (1 = |yl 11— yrplP+4
¢ o(1 =197\ P2
<o g ()
where Mp is a constant depending on 3 only. Then
v u(l = |y P22 2,42
_ i 1-
'(1 _ |¢|2)1+ﬁ/2 (1 _ lpSD)BJrZ ( |Z| )

1= z? \f*2 1|z \#+2
< uloPhR(=os) +(-loDrh- (1 55) |

75
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Note that

_ 1—|Z|2 B+2
[ weni(i=os) ao

1 0 152 ya+2
<2 (O [ (=) e

< co. (3-8)

Moreover, if we put ¢ = 27*4((1 + |(0)]) /(1 = |@(0)]))*~?, then appealing to the proof
of Corollary 3.6 again gives

(1= 1p)P*y -

) 1-— |Z|2 B+2
u| 5
1 - gl

N 1= |Z|2 a+2
< (1 = P2 - (=)
[~

_ v[ 1 - |¢/|2)1+“/2] o M)u — [y})t+al?
O e € ) s (1 — )+
(1 = [y?)t+er2q)? 2042
— V[(l — |¢,|2)1+a//2 - (1 _EQD)(HQ ] (1 - |Z| )
B 20‘ ~ l/t(l _ |¢l|2)l+a/2 2
(1= )2 (1 = yg)a+?
L= 1=y PP t
’ 7 a- |¢|2)w+2](1 — Iy
i u(l — |y?)te/2 2 at
= 20‘(1 SRR T (g | e

1-— |Z|2 a+2
MgV (—s) |
=l

where M, is a constant depending on « only. Thus,

1—|Z|2 B+2
—aI2\B21, 12 00
fD(l 61252y ”'(1—|<,o|2) dr(z) < 0.

This, in conjunction with Equation (3-8), implies that

- u(l — )12
a

— _ 1512\148/2 2
“ WP T (1~ s ](1 2)*P* € LA(D, dr).

According to Theorem 3.5, uC, — vCy is also Hilbert—Schmidt on AZ). o
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EXAMPLE 3.8. Let u(z) = v(z) =z, ¢(2) = az+ 1 —a and ¥(2) = ¢(2) + (1 — ¢(2))?,
where a, b, € are positive constants such thata < 1/2, b > 2, and ¢ is to be determined.
Since Re(z) < 1 for z € D, we have

1= le@)P =1 — ) = 2a — 2a* - 2a*|z* + 2a(2a — 1)Re(z)
> 2a—2a> = 2d%Z* + 2a(a - 1)
=2a*(1 - |z*)
>0,
that is,
1 =@ > |1 - p@@)I* = a1 - zI*.

Note that 0 < |1 —¢(z)l = all —z] <1 on D. In what follows, we choose & < 1/4.
Then

1= W@P > 1 - e - 26l - o@)I" - &1 - o)’
> (1-2e- &)l - )P
> La’|l -2
> 0,

or Y(D) c D. We claim that uC, — vCy is Hilbert—Schmidt on Ai if 3a/4 + % <b<
S5a/4 + 3. Since

11— ¥(@)p)] = 11 = W@ + ¥@)W() - ¢@)

> 1 - WP -l - e
> Za|1 - o? - 1|1 — 2
= a7,
we have
o) = [LR_e@ | 164l —cp(z2>|" A g,
-y 3@l -2 3
Thus,

() |u(z)? 1
fD (1 = lp(2)]2)*+2 dAq(z) < M, fD 11— zf-2b+2a dAa(2);
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and from the proof of Corollary 3.6,

2

v(2) L u@( = p@P)
(1= WP (| Z e
1= = y@p@) P o)z
= dA,
fD #(2) - wopyrs @

1
SszD“_ZlmdAa(Z),

dAq(2)

J

where M| and M, are positive constants depending on a, b, and «. The integral
fD(l/ll — z7872+20) dA ,(z) is finite if and only if |8 —2b +2a| < 1+ @/2, that is,
3a/4 + % <b<5ald+ %. The claim now follows from Theorem 3.5.
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