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ASYMPTOTIC BEHAVIOUR OF EIGEN-VALUES OF
CERTAIN INTEGRAL EQUATIONS

by J. B. READE
(Received 15th November 1977)

1. Introduction

The integral equations we consider are

f_ll loglx — t[f(t)dt = Af(x)

and

1
[ it = s
where 0 < a < 1. The asymptotic behaviour of the eigen-values of the latter equation
is already known (see (1) and (4)). The former equation has been studied by many
authors but as yet no explicit statement seems to have been made about the behaviour
of its eigen-values.

We shall show that the eigen-values of the first equation are all negative and tend
to zero with order 1/n, and that the eigen-values of the second equation are all
positive and tend to zero with order 1/n'"*. These results agree with those of (1), (4)
though our methods are quite different.

We give the full details for the equation

f_ll log|x — t|f(t)dt = Af(x)

and indicate briefly how the arguments can be adapted to cover the other equation.

We need the following expansion of the kernel log|x —¢| in Chebyshev poly-
nomials.

Lemma l. Forall -1<x#t<]1,

toglx - t| = ~log 2~ 3 2 T, To(0)
n=1

where T,(cos 8) = cos né.
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Proof. Writing x. =cos 8, t =cos ¢ (0<0# ¢ <) we have

o

SALWOTL.O=3

n=1

3N

cos n@ cos no

Ms

S |-

{cos n(8 + @) + cos n(6 — ¢)}

= Ref{-log(1 — e™®*#)(1 — /o-%))
= —log|(1— e"** ) (1 — e"*~ )|

= —log4sin 6 + ¢) sin}0 — ¢|
= —log 2|cos 6 — cos ¢|

= —log2lx —t|

from which the lemma follows.
Corollary.
1
f loglx — t|T,(t)(1 — t3)""*dt = — 7 log 2 (n=0)
-1

= —% T.(x) (n=1).

The above corollary does not give any direct information about the eigen-values of
the equation

1
[ toglx — dlprar = apco),
-1
but it does say something about the equation
1
f (1= x) " log|x — t|(1 — 1) *f(t)dt = Af(x),
-1

namely that its eigen-functions are {(1-x?)~"#T,(x)},-o with eigen-values— 7 log 2
(n =0) and — w/n (n = 1). We relate these eigen-values to the eigen-values of

1
f log|x — t|f(t)dt = Af(x)
-1
by means of the following general lemma about operators on Hilbert space.

Lemma 2. If T is a positive compact operator on a Hilbert space H, and if M is a
self-adjoint operator on H with [[M| <1, then MTM is positive and if the eigen-values
of T, MTM are respectively

/\|2A2?"'
”12“2;...

then p, < A, for all n.
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Proof. For all f€ H we have
(MTMF, f) = (TMf, Mf)
=0,
therefore MTM = 0.

To prove the assertion about the eigen-values we use the Weyl-Courant minimax
principle in the form

A, =inf||T — R|
R
where the infimum is taken over all operators R of rank <n —1. (See e.g. (2) page
132.)
We have

fta = inf |[MTM — R||
R

<inf |[MTM — MRM|,
R
since MRM also has rank<n — 1,

= inf |[M(T - R)M||
R
<inf [M|[IT - R|[[|M]

<inf||T -~ R|
R

= A,

If we take
H
Tf(x) = — f (1= x2)" " log)x — t|(1 ~ £~ "f(t)dt,
-1

Mf(x) = (1—x)"™f(x),

then we have
1
MTMf(x)= —[ log|x — t|f(t)dt
-1
so we deduce from Lemma 2 that all the eigen-values of

owh—Mmm=uu)
-1

are negative and if we denote them by
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then
|Ag| < 7 log 2,
Al wln (n=1).

We obtain lower bounds for |A,| by expanding log|x — t| in Chebyshev polynomials
of the second kind. We have from Lemma 1
loglx —t| =~log2—- > %

T.(x)To(1)

a

= —]og2 — UI(X)UI(I)

N |

Z = (Ua(x) = Up-o0))(Un(t) = UpoA1)),

where U,(cos ) = sin(n + 1)8/sin 6,

=_log2___%§:;( n+2) Un(x)Un(8)

Un(X)Upnso(t) + Ui x) U, (1)},
which gives

1
f log|x — t|(1 — )" U,(t)dt = —% log 2 -1+% Uxx) (n=0)
-1

8

—-Z(1+3) U+ F U (=D

T 1
=4 U= (5 + ) U0

™
+ ¥n+2) Unia(x) (n
It follows that the operator

1
Uf(x)=— f (1—x)"1og|x — t)(1 — t)'*f(¢)dt
-1
has matrix
2log2+% 0
% 0 1+5 0 -}
+

_% 0

D3
o fm-
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with respect to the orthonormal basis {(2/7)"%(1 — x)" U, (x)}.=0 of the Hilbert space
LY—1,1]. Now in the notation of Section 3 we have U = MTM and so by Lemma 2,
U is positive and, if we denote its eigen-values by

BRoZ (i = pp = -0,
then |A,| = u, for all n.

We estimate u, by truncating the matrix for U and comparing the truncates with
tridiagonal matrices with constant diagonals whose eigen-values can be found expli-
citly.

If f€ L[—1,1] has Fourier-Chebyshev coefficients of the second kind (c,) then

<Uf,f)=%{(2log2+ )co+§_‘,(n n+2) i cncm}

n=1
=1{(210 2+1)cz+1(c —c)2+---+L(c —Ca) -
4 g 2 0 2 0 2 2n 2n-2 2n

1 1
+C%+§(Cl—03)2+" '+m(02n—3—02n—1)2+' : }

2147-{(2 log 2+%) C%'*'%(Co— C2)2+ L +%(C‘2N-2— CzN)z
1 1

+C%+'3'(Cl- )+ 2N (CzN 3 CzN—l)z}

o {cd+ (co— )P+ + (Cana— Con )

T+ (ci—c)’+ -+ (Coan-3— Con-1)D

ks
='87V—<Vf’f>y

V being the operator with matrix (/3 g) where

2 0 -1
2 0 -1
-1 0 2
A= -1 ) -1
2 0 -1
-1 0 1 0
-1 0 1

of order 2N + 1. If we denote the eigen-values of A by

VoZ Vi =- - Z N
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then we have
tn = (m/(8N)) v,
for all 0= n =2N.

Lemma 3. The eigen-values of the N X N matrix

2 -1
-1 2 -1
_1 2 T
BN= . _1
-1 2 -1
-1 2

1
nw
are {4 cos? *t— }
{ N+, .~

Proof. The characteristic polynomial py(A) of By satisfies the recurrence relation
Pn+2A) = (2= A)pna(A) — pn(A)
with initial conditions py(A) = 1 (by definition), p,(A) = 2 - A. However these equations
are also satisfied by Un(1 —3A) so we must have
Py(X) = U,(1-1A).

Now the zeros of Uy(cos 8) =sin(N + 1)8/sin @ are at 6 =na/(N+1D) (n—1,...,N)
therefore the zeros of py(A) = Un(1 —1)) are at

’

l—%)t=coan:1 (n=1,...,N)
i.e.
— _ _nm
A—2<1 COSN+1)
., snm
=4 sin N+1 (n=1,...,N)
1
=4<:os21\2,":f1 (n=1,...,N)

(in decreasing order of magnitude).

Corollary. The eigen-values of the N X N matrix

2 -1
-1 2 -1
-1 2
Cn = ool
-1 2 -1
-1 1

1
nm
are 14 cos’ -2—1 }
{ N +3) 212N
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Proof. Denoting the characteristic polynomial of Cy by gn(A) we have

an(A) = pn(A) —pn-i(A) (N =1)
= Un(1-30) = Uy (1-13)
= (sin(N + 1)8 — sin N§)/sin 6
(putting 1 —3A =cos 0)
=cos(N +%)8/cos }6
which vanishes at 6 =(n—)a/N+3 (n=1,2,...,N) and therefore at 1—i\=
cos(n—Dm/(IN+H(n=1,2,...,N)ie.
A =2(1—-cos(n— Hm/N +3)
=4sin*G(n-HnIN+3 (n=1,...,N)
=4cos’(Gnu/N +3 (n=1,...,N)

in descending order of magnitude.
It is clear that the eigen-values of A are the same as those of

(Te)

0 CN+|

and so are {4cos’(nm)/N +3}.-12....~n together with {4cos’Gnm)/N +3}
n=1,2,..., N+1, which, on rearranging in descending order gives

,Gn+ D7

v, =4cos SN +3 (n even),
1
v, = 4 cos® l(%l—)lw_ (n odd).

Therefore, taking N = n + 1, we have

Vn 24c052%w =2.

Hence

mw mw
Ml = n = g " > T+ 1y

Combining this inequality with the one obtained in Section 3, we have

7 <lim n|A,| <lim n|A,| < m,

B

which shows A, to be of order 1/n for large n, as claimed in Section 1.
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It remains to indicate how the above methods apply to the equation

1
l —
f_l mf(t)dt = Af(x).

Instead of Chebyshev polynomials, we use ultraspherical polynomials, defined by

1 —_ - (a) n
(1—2xt+t7)°_,.2=:op" ",

The kernel has an expansion in terms of ultraspherical polynomials of order af2,
namely,
1 T —a)T + al2)
x—t] r{/2)

> (A +2nfa)PEP(x)PEA(e),
n=0

which gives

1+ a)I2)T((1 — a)/2)T(n + a)
INa) I'(n+1)

1
[ = _1 e (1= 12)~0-a2peDdp)qy = PE(x)

for all n = 0. (See (3) pages 27, 28).
Proceeding as in Section 3, we find that the eigen-values of

1
1 ——
[, fode = ag0

are all positive, and if we denote them by

)LOZ)«,BAz?- ..
then
< I'{(1+ a)2)T({(1 — «)/2) T(n + a)

An I'a) I'n+1)

for all n. Since
I'(n+ a)/T(n+ 1)~ 1/n"",

it follows that A, = O(1/n'"®). The methods of Sections 4 and 5 give 1/n'™* = O(A,) by
expanding 1/|x — t|* in terms of ultraspherical polynomials of order a/2+ 1. Hence, as
claimed in Section 1, A, is of order 1/n'™® for large n.
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