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Recently Passman (attributing the origin of the idea to Zalesskii) has
defined the following ideal in a ring, (2).

Definition. For a unitary ring R,

N*R = {<xeR | aS is nilpotent for all finitely generated subrings S of R}.

For a group algebra KG over a field K of characteristic p # 0, he has proved
the radical property:

N*(K(G)/N*K(G)) = 0.

We shall therefore call N*K(G), the Passman-Zalesskii Radical (PZ-Radical,
in short) of KG.

If one defines
A(G) = {g e G | \S:SnCG(g)\< co for all finitely generated subgroups S

ofG],

A+(G) = {ge A(G)\\g\<co}, and
A "(G) = <<7 e A +(G)| | 0 | = pe for some e>,

then Passman has proved that,

N*K(G) = JKA+(G).KG,

where / denotes the Jacobson Radical, (2).
Here we want to prove:

Theorem 1. N*K(G) = JKAP(G).KG.
This will be proved, if we can prove:

Theorem 2. JKA
 +(G) = JKA P{G).KA

 +(<J).
We firstly state the following result proved by Passman (2):

Lemma 1. Let W^ G, Wcz A + ( G ) . Then,

JK(W).KG <= N*K(G) s JK(G).

If we put G = A +(G), W = A "(G) in Lemma 1, we obtain,

Lemma 2. JK{ A "(G)) CJK(A+(G)).

We shall also note the following result, though we shall not need it here:
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Proposition. JK(A+(G)) £ 9 I (A P (G) ) , where 9 I ( A P ( G ) ) is the augmentation
ideal of A P ( G ) in A +(G), (3).

Proof. A + ( G ) / A P ( G ) is a locally finite group whose elements have order
prime to p, (2). Therefore by Theorem 18.7 of (1), K(A+(G)/ A P (G) ) is semi-
simple. But this algebra is isomorphic to # ( A + ( G ) ) / 9 1 ( A P ( G ) ) . Hence the
result follows.

Proof of Theorem 2. In view of Lemma 2 above, we merely have to prove
thatJKA+(G) £ JKA"(G).KA + (G). Let aeJKA+(G). Then T = <Supp a>
is a finite subroup of A +(G), since the latter is locally finite. Hence

H = T. A P ( G ) => Suppa, \H: A P ( G ) | < O O and/? | \H: AP(G)\

since A + ( G ) / A P ( G ) is a locally finite group with no elements of order divisible
by p. Then by Theorem 16.6 of (1),

JKH = JKA"(G).KH.

Now a e JKA +{G)nKH £ JKH by Lemma 16.9 of (1). Hence

aeJKAp(G).KA+(G).
This proves the theorem.

Alternatively the fact that

JK A+(G) £ JK A
 P(G). K A

 + (G)

is also an immediate consequence of the corollary on page 55 of (4), and the
fact that A + ( G ) / A P ( G ) is locally finite with no element of order divisible by
p. (The author wishes to thank the referee for pointing out the reference (4).)

Corollary, A P ( G ) = 1 implies that

(i) KA +(G) is semi-simple and (ii) the PZ-Radical of K(G) = 0.

This compares with Theorem 18.7 of (1).
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