THE LATTICE OF CONGRUENCES ON A BAND OF GROUPS

by C. SPITZNAGEL
(Received 24 April, 1972)

It is implicit in a result of Kapp and Schneider [3] that, if S is a completely simple semi-
group, then the lattice A(S) of congruences on S can be embedded in the product of certain
sublattices. In this paper we consider the problem of embedding A(S) in a product of sub-
lattices, when S is an arbitrary band of groups. The principal tool is the #-relation of Reilly
and Scheiblich [7]. The class of 8-modular bands of groups is defined by means of a type of
modularity condition on A(S). It is shown that the 8-modular bands of groups are precisely
those for which a certain function is an embedding of A(S) into a product of sublattices. The
problem of embedding the inverse semigroup congruences into a certain product lattice is
also considered.

1. Terminology and preliminary results. A semigroup that is a union of groups is called
a band of groups, provided that Green’s s -relation is a congruence. It is rather well known
[1, Theorem 4.6] that on any band of groups S (and in fact on any union of groups), the
Z-relation is the minimum semilattice congruence, and the Z2-classes of S are completely
simple semigroups. The *fine structure ” of such semigroups has recently been studied
by Leech [5].

If S is any regular semigroup, then the 6-relation on A(S), first studied by Reilly and
Scheiblich in [7], is defined by (p, t)€6 if and only if pn(Eg X Eg) = tn(Eg X Eg). In [7] it
is proved that, if S is an inverse semigroup, then 6 is a complete lattice congruence on A(S).
Scheiblich, in [8], later extended this result to regular semigroups.

The notation in this paper will be that of Clifford and Preston [1], with the exception of
the following list of symbols.
x~!: the inverse of x in H,, in a band of groups.

B(S): the lattice of band congruences on S.
M(S): the lattice of idempotent-separating congruences on S.
D(S): the lattice of congruences on .S that are contained in 2.
I(S): the lattice of inverse semigroup congruences on S.
Y(S): the lattice of semilattice congruences on S.
A(S): the O-class of 2.
15: the universal congruence S x S.
Os: the diagonal congruence AS? = {(x, x)| xe S}.

B: the minimum band congruence on S.

it: the maximum idempotent-separating congruence on S.

¢: the minimum group congruence on S.

é: the minimum inverse semigroup congruence on S.

n: the minimum semilattice congruence on S.
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The congruences B, 1, and ¢ are discussed in [2], as well as in other places. The congru-
ence p is discussed in [6]. In [7]itis pointed out that, on any regular semigroup, the idempotent-
separating congruences are precisely those that are contained in 5. Combining this with
the result of Munn [6] that the congruences contained in 3# form a sublattice of A(S) with a
greatest and a least element, yields the result that p exists on any regular semigroup, and
that yu < #.

We have the following characterization of bands of groups, in terms of u and B.

Lemma 1.1. Let S be any regular semigroup. Then the following statements are equivalent.

(i) S is a band of groups.

(ii) p= o = B.

(iii) p = p.

Proof. In {2] it is shown that ## = . Thus p < # < B, in any regular semigroup.
Now, if S is a band of groups, # is a band congruence; so we must have ¥ = . Also,
each J#-class contains exactly one idempotent; so 3 is also idempotent-separating. Thus
s = pu, and we sce that (i) implies (ii). Since u = # < f, it is clear that (ii) is equivalent
to (iii). Now, if u = s = B, then 5 is a band congruence. It then follows from [4, Lemma
2.2] that each #-class contains an idempotent. So, by [1, Theorem 2.16], S is a union of
groups, and hence a band of groups. Thus (ii) implies (i).

2. The f-relation and A(S). The following two lemmas are due to Scheiblich in [8].

LemMA 2.1. Let S be a regular semigroup, and p, 1€ A(S), such that p separates idem-
potents. Then (p v 7, 1)€b.

Lemma 2.2. If S is a regular semigroup, then 0 is a complete lattice congruence on A(S).

Now suppose that S is a band of groups. It is then the case that # is idempotent-
separating; so we have the following immediate corollary.

COROLLARY 2.3. Let S be a band of groups. Then, for any pe A(S), (p v #, p)eb.

We also note that a congruence t on a regular semigroup is a band congruence if and
only if t contains §, the minimum band congruence. We therefore have

PrOPOSITION 2.4. Let S be a regular semigroup. Then each 0-class of A(S) contains at
most one band congruence. In addition, if S is a band of groups, then each O-class contains
exactly one band congruence.

Proof. Suppose that a and y are band congruences in the same f-class. Since f S«
and f <y, the a- and y-classes are unions of f-classes. Also, by [4, Lemma 2.2], each S-class
contains an idempotent. Now suppose that xay. Let ¢ and f be idempotents such that
eBx, fBy. Then efxaypf, sothat eaf. Hence, since (¢, y)€0, we have ey f. But then
xBeyfBy, sothat xyy. Thus « < y. Similarly, y € «, proving the first part. Now, if S is
a band of groups, we have (p v o, p)e8 for every peA(S), by Corollary 2.3. Since f =
K < pv #,pv i is aband congruence in the f-class of p. This completes the proof.
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The following proposition will prove to be useful.

PRrROPOSITION 2.5. Let S be a band of groups and let p, te A(S). Then (p, ©)€0 if and
onlyifpv # =1v H.

Proof. Suppose that (p, 7)ef. Combining this with (p v 32, p)e0 and (z v 2#, 1) €0,
we obtain (p v o, T v H#)e0 by transitivity of 0. Hence, since p v 3# and 1 v 5 are both
band congruences, we have p v # =1 v 3, by Proposition 2.4. Conversely, if p v o =
v 3, then (p v 2#, p)eb and (t v #, 7)e0 imply that (p, 1) €0.

In [7] it is proved that the 0-classes of a regular semigroup S are very nice. We now
record this for future reference.

LeMMA 2.6. [7, Theorem 3.4(ii)] Let S be a regular semigroup. Then each 0-class is a
complete modular sublattice of A(S) (having a greatest and a least element).

The following proposition gives a necessary and sufficient condition for these greatest
elements to be band congruences.

ProposITION 2.7. Let S be a regular semigroup. Then the greatest element of each
0-class is a band congruence if and only if S is a band of groups.

Proof. If Sis a band of groups, then ¥ = . We have also seen that, if p is any congru-
ence, then (p v 3#, p)ef. So, if 7 is the greatest element of the 6-class of p, then £ < p v #
< 1, which implies that 7 is a band congruence. Conversely, if the greatest element of each
0-class is a band congruence, then in particular i, which is the greatest element of the 9-class
of Og, is a band congruence. But p € 5% < f; so we obtain u = 3# = f§, whence S is a band
of groups. )

The O-relation is a useful means of viewing A(S), particularly in the case that S is a band
of groups. For example, if S is a band of groups, the f-class of Oy consists of those con-
gruences that partition the idempotents of .S in the same manner as Og; that is, the 0-class
of O is the set of idempotent-separating congruences on S. Its greatest element is pt = 5 = f.

Similarly, the 8-class of 15 consists of all congruences that identify all idempotents of S; that
is, it is the lattice of group congruences on S. The greatest element in this 0-class is, of course,

15, and the least element is ¢, the minimum group congruence.

The O-relation, being a congruence, partitions A(S), and, in view of Propositions 2.7
and 2.4, B(S) cross-sections the f-classes. This naturally leads to the problem of describing
A(S) in terms of B(S) and some other sublattice; for B(S) is isomorphic to A(S/) = A(S/),
and hence is more accessible than A(S) itself. This problem is considered in the following
section.

3. Embedding A(S) in a product lattice. In this section it is shown that the lattice D(S)
on a band of groups S can be embedded in the product lattice B(S) x M(S), but that the
embedding does not always extend to an embedding of A(S). A necessary and sufficient
condition on A(S) is then found, under which the natural extension of this map is an em-
bedding of A(S).
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We begin with the following easy lemma, whose proof is omitted.

LeMMA 3.1. Let S be a band of groups and let pe A(S). Then p A 3 is an idempotent-
separating congruence, that is, (p A ¥, #)el.

LeMMA 3.2. Let S be a band of groups, let pe A(S) and suppose that (x,y)ep. Let
ee EsnH,, fe EsnH,. Then (e, f)ep.

Proof. We have (e, f)eH opodt’ S p v H. Then, since (p v #, p)el, by Corollary
2.3, we have (e, f)ep.

PROPOSITION 3.3. Let S be a band of groups and let  : A(S) — B(S) x M(S) be defined
by y(p) =(p v 3#, p A 3#). Then  is one-to-one.

Proof. Suppose that p, e A(S) are such that (pv #,p A F)=(t Vv H, T A H)
Then, from Proposition 2.5, we have (p, 1)ef, and also p A # =1 A #. Suppose that
(x, ) ep, and let ee EsnH,, fe EsnH,. Then, by Lemma 3.2, we have (¢, f)€p; and, since
(p, 7)€, this implies that (e, f)et. Hence x =xetxf, and y= fytey. But eypfy=
ypx =xepxf,sothateypxf. Also,eys# xf,since 3 isacongruence,andthusey(p A ) xf.
Since p A o =1 A 3, we then have ey(t A H#)xf. Thus xtxf(t A H)eyty, so that

(x,y)etr. Thus p =1. Likewise t = p, and the result follows.

We remark that, by this proposition, every congruence p on a band of groups can be
* factored ” into a band congruence (namely p v ), and an idempotent-separating con-
gruence (namely p A 5#). The next proposition shows, to some extent, how the congruence
p can be recovered from this factorization.

ProprosiTION 3.4. Let S be a band of groups and let pe A(S). Then p=p v (p A ),
where p is the smallest element of the 6-class of p.

Proof. 1t will suffice to show that Y(p) = ¥(p v (p A )), where V¥ is as in Proposition
3.3. By Lemma 3.1, Corollary 2.3, and Lemma 2.2, we have [p v (p A 5#)]0[p v #]10p0p,
and hence, by Proposition 2.5, p v & = [p v (p A )] v . Thus it remains to show that
PAKX=[Fv(pAH)]AH. But p, paX <p; so we have pv (p A #)<p. Thus
Pvan)Aacpand. Also,pacpv(pAnRH)and pA # S #. So we have
pAaXcSpvpand)a#. Thus[pv (p A#)] A =p A #, and the result follows.

A more interesting question concerns the problem of when the function  of Proposition
3.3isanembedding. Needless to say, § isnot always an embedding. Itisalways A -preserving,
however, as the next proposition shows.

ProrosITION 3.5. Let S be a band of groups and let y : A(S) = B(S) x M(S) be as in
Proposition 3.3. Then  is A-preserving; thatis,((p AT)VIH,(pADAX)=((pVv H)A
(t v H#), (p A H) A (t A KH)), for each p, t€ A(S).

Proof. 1t is obvious that (p A 1) A # =(p A H#) A (t A #). For the other equality,
since both (p A 1) v o and (p v ) A (t v ) are band congruences, it suffices, by Proposi-
tion 2.4, to show that these congruences are f-related. But [(p A 7) v #]0(p A 1), (p v )
0p, and (t v 5#)0t. And, since  is a congruence, the last two relations imply that [(p v ) A
(t v #)]0(p A 1). The result then follows by the transitivity of 0.
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COROLLARY 3.6. Let S be a band of groups. Then B(S) is lattice-isomorphic with A(S)/6.

Proof. By Proposition 2.4, the map ¢ : A(S)/0 — B(S) defined by ¢(6°(p)) =p v # is a
bijection. (It is well-defined by Proposition 2.5.) Since 8 is a lattice congruence, we have
$(@'(p) v 0'(1) = ¢ (p v = (pv)VH = (pv H) Vv (zvH) = ¢0"(P) v $(6'(n));
and ¢(0'(p) A 0'(0)) = (B (P A D) = (P A DY VIH =(p Vv H) A (1 V) = $(6'(p)) A $(6'(7)),
by Proposition 3.5.

We now give a simple example to show that the function ¥ of Proposition 3.3 need not
be v -preserving.

ExAMPLE 3.7. Let S = {e, a, f, b} be the semigroup given by the following table:

e a fb
elearsos
ala e b f
fl\ e fb
blb f b f.

S is then in fact a semilattice of the groups {e, a} and {f, b}. It is not hard to show that S
has exactly five congruences; the classes of the three non-trivial congruences are listed below:

o: {e, [}, {a, b};
#: {e a}, {f, b};
a: {e}, {a}, {£, b}.

The congruence ¢ is the minimum group congruence and « is the Rees congruence associated
with the ideal {f, b}. We note that Y(6) = (o v 3, 6 A #) = (15, 05), and Y(&) = (a0 v I,
o A KH) = (o, q), so that Y(o) v Y(a) = (15, @). But Yo va) = y(lg) = (15, #); so we
see that i is not v -preserving,

We now turn our attention to a portion of A(S) on which y is v -preserving. Let Sbea
band of groups, and consider the function § : D(S) — B(S) x M(S) defined by ¥(p) = (p v #,
p A ). Thatis, \J is the restriction to D(S) of the function y of Proposition 3.3. It follows
immediately from Propositions 3.3 and 3.5 that § is one-to-one and A-preserving. The
restriction i behaves better than i, however, in the following sense.

PROPOSITION 3.8. Let S be a band of groups, and define \ : D(S)— B(S) x M(S) by
Y(p)=(p v #, p A H). Then \J is v -preserving; that is, ((pv 1)V H#,(p Vv ) A KH)=
(pv #Yv(tv H),(pAH)v(tAH)) for each p, e D(S).

Proof. Itisclearthat(p vi)v # =(pv H#) v (tv H#). For the other equality, we
note that (p A o) v (t A ) is the smallest congruence containing p A ¥ and 7 A .
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But (p v 1) A & is certainly such a congruence. Hence we have (p A #) v (tAH)E
(p v o)A . On the other hand, suppose that (x,y)e (p v 1) A 3. Then xs¢y, and

o0
(x,y)epvt= ] (per)’. Thus there exist a positive integer n and elements x,, x; (i =

n=1
1,...,n) of S such that
XPX TXIPXTX3P .. PX,TXp =Y.

Furthermore, since p, 1 € 2, all of the x; and x; arein D, = D,. Now let e be the idempotent
in H, = H,. Then

X =exepex,etexjep...pex,etex,e=eye =y,
1 1 n n

But D, =D, is a completely simple semigroup, and so, for each i, ex;e, ex;eceD,e= H,,
[+o]

Thus we in fact have (x, y)e {J [(p A o#)o(t A H#)]" = (p A #) v (1 A H#), completing the
n=1

proof.
As a corollary, we now have

THEOREM 3.9. Let S be a band of groups. Then D(S) is lattice-isomorphic with a sublattice
of the product lattice B(S) x M(S); specifically, § : D(S) — B(S) x M(S) is an embedding.

Since a completely simple semigroup has the property that 2 = 1, and thus D(S) = A(S),
the following corollary is obvious.

COROLLARY 3.10. Let S be a completely simple semigroup. Then A(S) is lattice-isomorphic
with a sublattice of the product lattice B(S) x M(S); specifically, ¥ : A(S) = B(S) x M(S) is
an embedding.

We shall now find a necessary and sufficient condition on A(S), where S is an arbitrary
band of groups, under which y is actually an embedding.

Recall that an arbitrary lattice L is called modular if, whenever a, b, ce L with a 2 b,
thena A (c v b)=(a A ¢) v b Itis well known that a lattice L is modular if and only if the
conditionsaz b, anc=bAc,andav c=b v c, for elements a, b, ce L, imply that a = b.
This motivates the following definition.

Dermvition 3.11. Let L be a lattice, and { a lattice congruence on L. We say that L is
{-modular if the conditions a = b, (a,b)e{, anc=bAc, and av c=b v ¢, for elements
a, b, ce L, imply that a = b.

For convenience, if S is a semigroup, and { is a lattice congruence on A(S), we agree to
call S {-modular, provided that A(S) is {-modular. Since 8 is a lattice congruence on A(S),
we may speak of 8-modularity of S. 1t is in this specialization of the above definition that we
are interested.

As examples, we note that all bands are 8-modular; for all their congruences are band
congruences, and so the O-classes are trivial. All groups are #-modular, for the lattice of
congruences on a group consists of a single f-class, which is in fact modular, by Lemma 2.6.
Of course, not all bands of groups are §-modular, as Example 3.7 readily shows. We shall
see shortly that the class of §-modular bands of groups is particularly interesting.
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We begin with a technical lemma.

LemMA 3.12. Let S be a 0-modular band of groups. Then, for any p,t1e A(S),p v [(p A )
vieas®))l=pvipvaH#l

Proof. Wefirstnotethat (p A #) v (z A ) S(p Vv 1) A, since (p AK)V (T A H)
is the smallest congruence containing p A 5 and 7 A 3, and since (p v 7) A # is such a
congruence. Thus pv [(pAa) v Aa))cspvipvi)aH#]. Now note that pv
[(oAd)v(tAaBD)]=pva)v(ira®)=pv(TaAH) Now pv(taAH) and
p Vv [(p v 1) A #)] are f-related, for, by Lemma 3.1, (t A #) 6 (p v 1) A 3£, and then, by
Lemma 2.2, [pv( Aas#)] 0 pv V)] Thus, by 8-modularity, it will suffice to
show that tvpv(z ad)}=1vpvipval]l and tAalpv(EAa)]=1tAlpv
[(p v ©) A 5#]]. Now we have already seen that pv (t A #)<Sp v [(p v 7) A #]. Thus
tvpervpv(iaB)lctvpvipvaXllcivipvpvr)l=tvpv =
T v p, implying the first equality above. For the other equality, we havet A [p v (r A )] =
tAafpvilpv)aslcstalpv #)]. Hence it suffices to show that Tt A [p v H#]c
T A [p v (t A3#)) For this, it is sufficient to show that T A (p v ) S p v (t A 3#); for
then tA(pva)=1altal(pv)Icstalpv(ta#)) So suppose that (x,y)e
TtA(pv ). Let eeEsnH,, feEsnH, and ge EsnH,,. Since (x,y)ep v #, we have
(e, lep v o, by Lemma 3.2. Hence, since (p, p v #)e0, we have (e, f)ep. Thus e=
eepef# xy H g, so that (e,g)ep v H#. Again, since (p, p v #) €0, we have (e, g)ep, and
hence also (f, g)ep, by the transitivity of p. Moreover, using the fact that the 2-class D,
is completely simple, we have gxg # gyg. Thus x =exepgxg (t A ) gvgpfyf =1y, so
that (x, y)ep v (t A #). This completes the proof.

PRroPOSITION 3.13. Let S be a 0-modular band of groups. Then the function  : A(S) —
B(S) x M(S) defined by Yy(p) = (p v #, p A H) is v -preserving; that is,

vV H(pvIAX)=((pVvH)V(tVvH)(pAH)V(tAH)

Jor each p, te A(S).

Proof. 1t is obvious that (p v1) v # =(p v #) v (t v 3#). For the other equality,
we have already noted in the proof of Lemma 3.12that (p A #) v (T A ) S(p v 1) A H#.
Also, both (p A #) v (t A 3#) and (p v 1) A # are contained in 5#, and are therefore 0-
related. Thus, by #-modularity, it will suffice to show that pv [(p A #) v (t A )] =p Vv
ov)as#], and pAf(paB)v(zAa))=pAllpvT)as#] The first of these
equalities is the content of Lemma 3.12. Also, since p A # S (p A ) v (T A ), we have
pAX=prlpraX)spallprX)vaa)spAallov)ant]l=lpalpvrla
= p A J#, from which the second equality follows.

Combining Propositions 3.3, 3.5, and 3.13, we obtain

THEOREM 3.14. Let S be a O-modular band of groups. Then the function Y : A(S)—
B(S) x M(S) defined by yi(p) = (p v H#, p A 3#) is an embedding.

The converse of this theorem is also true.

THEOREM 3.15. Let S be a band of groups, and suppose that  : A(S) - B(S) x M(S) as
defined above is an embedding. Then S is 0-modular.
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Proof. Let p = 1 be O-related congruences, and suppose that « is a congruence such that
pva=tvoaand para=1Aaa Clearly p A # =1 A #; and, since { is an embedding,
we have (pA#)Yv@AR)=(pVOAFX=@GVARX=(tAXH)Vv(AH) Also,
PAIAN(@AR)=(pADAX =TA)AF = AH)A(xAH) Hence, since, by
Lemma 2.6, the f-class of 5 is a modular sublattice of A(S), we conclude that p A 3¢ =
T A M. Also,since p@t, wehave p v 3 =1 v H#, by Proposition 2.5, Since ¢ is one-to-one,
we conclude that p = 7. Thus S is §-modular.

The above two theorems characterize 8-modular bands of groups as being those whose
lattice of congruences can be naturally embedded in a certain product lattice. The class of
f-modular bands of groups is studied further in [9].

4. The inverse semigroup congruences. In this final section, we study the connection
between the f-relation and the sublattice I(S) of inverse semigroup congruences on a band of
groups S.

PRrOPOSITION 4.1. Let S be a band of groups, and let 1€ Y(S). Let p be a congruence
O-related to 1. Then peI(S).

Proof. Tt will suffice to show that S/p is a semilattice of groups. (See Exercise 2 on page
129in [1].) Write S= (J S,, where the S, are the t-classes of S. Since 2 =5 < 7, each S,

xeS/t .

is a union of 9@-classes, aéd is hence a regular subsemigroup of S. Since 7 is a semilattice
congruence (and thus a fortiori a band congruence), it follows from Propositions 2.7 and 2.4
that 7 is the greatest element of its 6-class. In particular then, p € 1. Since p < 1, it follows
that the sets p*[S,] are disjoint subsemigroups of S/p. Now, since S is a semilattice of the S,
and p' is a homomorphism, it follows that S/p is a semilattice of the p*[S,]. Moreover,
since (p, 1) €0, p identifies all the idempotents in the t-class S,. Hence p°[S,] is a group, and
it follows that S/p is an inverse semigroup.

The converse of this proposition is also true.

PROPOSITION 4.2. Let S be a band of groups, and let peI(S). Then there is some con-
gruence Tt Y(S) such that (p, t)e0.

Proof. S/p is an inverse semigroup which is a union of groups; that is, S/p is a semi-
lattice of groups. Let Y = (§/p)/Ps,, be the structure semilattice of S/p, and let ¢ denote
925,,: Slp— Y. Let 1 be the congruence on S determined by ¢op®. Then clearly 7 is a semi-
lattice congruence. Moreover, we have (z, p)ef. For, if e, fe Eg, then ep f clearly implies
etf. And conversely, if e1f, then ¢op'(e) = ¢pop*(f); but, since the D-classes of S/p are
groups, ¢ is an idempotent-separating homomorphism, and so we must have p*(e) = p'(f);
that is, ep f.

As an immediate corollary, we now deduce

THEOREM 4.3, Let S be a band of groups. Then the 8-saturation of Y(S) is I(S); that is,
the inverse semigroup congruences on S are precisely those that are -related to some semilattice
congruence.
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We now give an alternative characterization of the inverse semigroup congruences on a
band of groups. :

PRrOPOSITION 4.4. Let S be a band of groups. Then a congruence p is an inverse semigroup
congruence if and only if p v @ = p v #.

Proof. Suppose that pv 2 =p v 5. Since (p, p v #)eb, we have (p, p v D)eb.
Butn =92 < p v 2,sothat p v 2 is a semilattice congruence. It then follows from Proposi-
tion 4.1 that p is an inverse semigroup congruence. To prove the converse, we first note that
peD =posf. For certainly pod¥ = poPD. On the other hand, if (x, y)epo2,say xpz 2Py,
let 3’ be the inverse of 27! in H,. Since S/p is an inverse semigroup, we have uniqueness of
inverses in S/p, and thus p*(y") = p"(z); that is, zp y'. Thus xp y' Hy, so that (x, y)epos#.

We thus have po s =poP. Hencep v @ = U (po2) = U (po#)' = p v 3#, completing
n= n=1

the proof.
We now have the following corollary.

COROLLARY 4.5. Let S be a band of groups. Then 6, the minimum inverse semigroup
congruence on S, is the least element of the 0-class of 2.

Proof. Since 2 = n is an inverse semigroup congruence, we must have § € 2. Hence,
by Proposition 44, 6 v # =6vD=92. But (3,6v #)eb; so (5,2)efh. But, by
Proposition 4.1, every congruence in the 6-class of 2 is an inverse semigroup congruence.
Hence 6 must be the least element of this -class, since it is to be contained in all inverse
semigroup congruences.

A natural question to ask at this point is whether one obtains an embedding theorem
for I(S) similar to Theorem 3.9. The answer is that one does not, as is illustrated by the semi-
group of Example 3.7. We shall show that §-modularity of the semigroup S/ is a necessary
and sufficient condition for such a resuit.

Now let S be an arbitrary semigroup. If p, ye A(S) and y < p, then the relation p/y
on Sfy defined by pjy= {(»'(x), Y'(»))|(x, y)ep} is a congruence. Moreover, the lattice
y v A(S) is isomorphic with A(S/y) under the mapy v T— (y v 7)/y. In particular, if y < p, 1,
then (p A 7)/y = (p/y) A (z/y) and (p v 1)/y = (p/y) v (/7). These facts are readily verified, as
is pointed out in [7].

We now have
LEMMA 4.6. Let S be a band of groups. Then ;5= 9/0.

Proof. Suppose that 6°(x) 2/5 6'(y). Then x2y, so that §*(x) Dg/5 6'(y). But S/5 is
an inverse semigroup; that is, S/6 is a semilattice of groups. Hence Dy, = 555, and we
thus have §°(x) #s, ;6" (y) Conversely, suppose that §*(x) #5,;6'(»). Then 2*(x) = (2/6)"
(0°(x)) #s/9 (@/5)'l (" (y)) = 9%y). But §/2 is a semilattice; so its s#-relation is trivial.
Hence we get 2'(x) = 2°(y); thatis, x2y. Thus 6°(x) 2/6 6°(y), and the result follows.
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PROPOSITION 4.7. Let S be a band of groups such that S|é is 0-modular. Then the function
¥ : I(S) - Y(S) x A(S) defined by §i(p) = (p v D, p A D) is an embedding.

Proof. We first note that the function v is indeed well-defined; for p v @ contains the
minimum semilattice congruence 2, and is thus itself a semilattice congruence. And, by
Corollary 4.5, pA 2 0 p A3 =0602 since p is an inverse semigroup congruence. Since
§/é is 0-modular, the function ¥ : A(S/6) — B(S/8) x M(S/d) defined by ¥(p/6) = (p/d v Hg;s,
p[é A H;s) is an embedding. Now, by Lemma 4.6, we have p/é v #55=p[o v D[6 =
(p v 2)/6, and likewise p[6 A Hs;5=(p A D)[6. But I(S) =06 vA(S) is isomorphic to
A(S/d), under the isomorphism p — p/d. Thus the composition p — p/d A {p v 2)/5,
(b ADY)O)->(pVv 2,p A D)is an embedding. This completes the proof.

Before proving the converse of this proposition, we need the following lemma.

LEMMA 4.8. Let S be any regular semigroup, and p, t, a. € A(S) such that «. = p,t. Then
p 0t if and only if pja /o

Proof. We note first that, by [4, Lemma 2.2], E5;, = {a"(¢)| e Es}. Hence, if p01, we
have a'(e) pja &*(f) <>ep f<>et f<a'(e) t/a «'(f), so that p/a8t/a. Conversely, if pjad1/a,
then e p f<a'(e) plac’(f) <= o'(e) t/aa’(f)<>e1f, and so p B 1.

PROPOSITION 4.9. Let S be a band of groups, and suppose that the function \j : I(S) -
Y(S) x A(S) defined by i(p) = (p v D, p A D) is an embedding. Then S|5 is 0-modular.

Proof. Suppose that p/d = t/d, p/601/d, and that, for some a/de A(S/d), p/d v a/é =
7/6 v /0 and p/é A af6 =1/6 A af5. We then have (p v a)/0 =(t v «)/d, so that p v a =
tva; and likewise, pAaa=1tAa Then, since  is v-preserving, we have
PADVOEAD=(pVvOAZ=(GVvOAD=(AD)v(eAD). Moreover, (p A D)
ANAAD=PADAD=TANDAND=0TAD)A(@AD). Also, p/d =1/ implies p S,
sothat pAD<STAD. NowpAD,tAD,and a A D are inverse semigroup congruences
contained in £, and are hence in A(S). But A(S) is modular by Lemma 2.6; so we have
PAD=1A2 Also, since p/601/3, we have pfOt, by Lemma 4.8, and hence, by
Propositions 2.5 and 44, pv @ =pv # =tv ¥ =1v D. Since ¥ is one-to-one, we
conclude that p = 7, and hence p/é = 1/, completing the proof.

Combining Propositions 4.7 and 4.9, we immediately deduce

THEOREM 4.10. Let S be a band of groups. Then \j : I(S) - Y(S) x A(S) defined by
W) =(p Vv D, p A D) is an embedding if and only if S|5 is 0-modular.

This paper is a portion of the author’s doctoral dissertation, written at the University
of Kentucky. I would like to express to my adviser, Dr Carl Eberhart, my appreciation
of his many helpful suggestions and comments.
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