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Abstract. For a nontrivial additive character � and a multiplicative character �
of the finite field with q elements (q a power of an odd prime), and for each positive
integer r, the exponential sums

P
�ððtrwÞrÞ over w 2 SOð2n þ 1; qÞ andP

�ðdetwÞ�ððtrwÞrÞ over Oð2n þ 1; qÞ are considered. We show that both of them
can be expressed as polynomials in q involving certain exponential sums. Also, from
these expressions we derive the formulas for the number of elements w in
SOð2n þ 1; qÞ and Oð2n þ 1; qÞ with ðtrwÞr ¼ �, for each � in the finite field with q
elements.

1991 Mathematics Subject Classification. Primary 11T23, 11T24. Secondary
11L05, 20G40.

1. Introduction. Let � be a nontrivial additive character of the finite field Fq, � a
multiplicative character of Fq, and let r be a positive integer. Throughout this paper,
we assume that q is a power of an odd prime. Then we consider the exponential sumX

w2SOð2nþ1;qÞ

�ððtrwÞrÞ; ð1:1Þ

where SOð2n þ 1; qÞ is a special orthogonal group over Fq (cf. (2.3)) and trw is the
trace of w. Also, we consider X

w2Oð2nþ1;qÞ

�ðdetwÞ�ððtrwÞrÞ; ð1:2Þ

where Oð2n þ 1; qÞ is an orthogonal group over Fq (cf. (2.2)) and detw is the deter-
minant of w.

The main purpose of this paper is to find explicit expressions for the sums (1.1)
and (1.2). We will show that (1.1) is a polynomial in q timesX

�2Fq

�ð�rÞ ð1:3Þ

plus another polynomial in q involving certain exponential sums (cf. (2.14) (2.15)),
of which O-estimates were given in [14]. On the other hand, the expression for (1.2)
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is that for (1.1) plus �ð�1Þ times a similar one corresponding to the subsum of (1.2)
over Oð2n þ 1; qÞ � SOð2n þ 1; qÞ ¼ �SOð2n þ 1; qÞ (cf. (2.12)).

In [10], the sums in (1.1) and (1.2) were studied for r ¼ 1 and the connection of
the sum in (1.2) for � trivial with Hodges’ signed generalized Kloosterman sum over
nonsingular symmetric matrices was also investigated ([5], [6]). Since the sum in (1.3)
vanishes for r ¼ 1, the polynomials involving (1.3) do not appear in that case. For
r ¼ 1, similar sums for other classical groups over a finite field had been considered
([7]–[12], [16], [17]).

The sums in (1.1) and (1.2) may be viewed as generalizations to SOð2n þ 1; qÞ
and Oð2n þ 1; qÞ, respectively, of the sum in (1.3) which was studied by several
authors ([1]–[3]).

Another purpose of this paper is to find formulas for the number of elements w
in Oð2n þ 1; qÞ and SOð2n þ 1; qÞ with ðtrwÞr ¼ �, for each � 2 Fq. We derive them
from (5.2) based on well-known principles, though they could be also obtained from
the expressions for (1.1) and (1.2) by specializing them to r ¼ q � 1 and r ¼ 1 cases.

Finally, we state the main results of this paper. The reader is referred to the next
section for some notations here.

Theorem A. For any nontrivial additive character � of Fq and any positive integer
r, the exponential sum over SOð2n þ 1; qÞX

w2SOð2nþ1;qÞ

�ððtrwÞrÞ

is given by

qn2�1
nYn

j¼1

ðq2j � 1Þ �
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql�1ðq � 1Þn�2bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ qn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

qlMKn�2bþ2�2lð�
r; 1; 1; 1Þ

XYl�1

	¼1

ðqj	�2	 � 1Þ;

where both of the unspecified sums run respectively over the set of integers j1; . . . ; jl�1

satisfying 2l � 1 
 jl�1 
 � � � 
 j1 
 n � 2b þ 1 and they are 1 for l ¼ 1, and
MKmð�

r; a; b; cÞ is the exponential sum defined in (2.14) and (2.15).

Theorem B. With � and r as above, let � be a multiplicative character of Fq. Then
the exponential sum over Oð2n þ 1; qÞX

w2Oð2nþ1;qÞ

�ðdetwÞ�ððtrwÞrÞ ð0:6Þ

is given by
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ð1þ �ð�1ÞÞqn2�1
nYn

j¼1

ðq2j � 1Þ �
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

	
Yb

j¼1

ðq2j�1 � 1Þ
X½ðn�2bþ2Þ=2�

l¼1

ql�1ðq � 1Þn�2bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ qn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql
�
MKn�2bþ2�2lð�

r; 1; 1; 1Þ þ �ð�1ÞMKn�2bþ2�2lð�
r; 1; 1;�1Þ

	

	
XYl�1

	¼1

ðqj	�2	 � 1Þ;

where both of the unspecified sums are as in Theorem A, and one is referred to (2.14)
and (2.15) for MKmð�

r; a; b; cÞ.

Theorem C. For each � 2 Fq and each positive integer r, the number of elements
NSOð2nþ1;qÞð�; rÞ of all w 2 SOð2n þ 1; qÞ with ðtrwÞr ¼ � is given by

Nðyr ¼ �Þqn2�1
Yn

j¼1

ðq2j � 1Þ þ qn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql�1
XYl�1

	¼1

ðqj	�2	 � 1Þ

	

n
q
X
yr¼�


ðn � 2b þ 2� 2l; q; y � 1Þ � Nðyr ¼ �Þðq � 1Þn�2bþ2�2l
o
;

where Nðyr ¼ �Þ denotes the number of y in Fq with yr ¼ �, 
ðm; q; �Þ is as in (4.27)
and (4.28), and the sum in the curly bracket is over all y 2 Fq with yr ¼ �.

The above Theorems A, B, and C are respectively stated below as Theorems 4.1,
4.2, and 5.2.

2. Preliminaries. In this section, we will fix some notations and gather some
facts that will be needed in the sequel. For some elementary facts of the following,
one is referred to [4] and [16].

Let Fq denote the finite field with q elements, q ¼ pd (p an odd prime, d a posi-
tive integer).

In the following, trA and detA denote respectively the trace of A and the
determinant of A for a square matrix A, and tB denotes the transpose of B for any
matrix B.

Let GLðn; qÞ denote the group of all n 	 n invertible matrices with entries in Fq.
The order of GLðn; qÞ equals
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gn ¼
Yn�1

j¼0

ðqn � qjÞ ¼ q
n
2ð Þ
Yn

j¼1

ðqj � 1Þ: ð2:1Þ

Oð2n þ 1; qÞ denotes the orthogonal group defined by

Oð2n þ 1; qÞ ¼ w 2 GLð2n þ 1; qÞ j twJw ¼ J

 �

; ð2:2Þ

where

J ¼

0 1n 0
1n 0 0
0 0 1

2
4

3
5:

Also,

SOð2n þ 1; qÞ ¼ w 2 Oð2n þ 1; qÞ j detw ¼ 1

 �

ð2:3Þ

is a subgroup of index 2 in Oð2n þ 1; qÞ. It is well-known that

jOð2n þ 1; qÞj ¼ 2qn2
Yn

j¼1

ðq2j � 1Þ; ð2:4Þ

jSOð2n þ 1; qÞj ¼ qn2
Yn

j¼1

ðq2j � 1Þ: ð2:5Þ

Put

P ¼ Pð2n þ 1; qÞ

¼

A 0 0

0 tA�1 0

0 0 i

2
64

3
75

1n B �th

0 1n 0

0 h 1

2
64

3
75
�����A 2 GLðn; qÞ; i ¼ 
1;

B þ tB þ thh ¼ 0

8><
>:

9>=
>;; ð2:6Þ

Q ¼ Qð2n þ 1; qÞ

¼

A 0 0

0 tA�1 0

0 0 1

2
64

3
75

1n B �th

0 1n 0

0 h 1

2
64

3
75
����� A 2 GLðn; qÞ;

B þ tB þ thh ¼ 0

8><
>:

9>=
>;: ð2:7Þ

Here Qð2n þ 1; qÞ ¼ Pð2n þ 1; qÞ \ SOð2n þ 1; qÞ is a subgroup of index 2 in
Pð2n þ 1; qÞ.

It was noted in [10] that, starting from the Bruhat decomposition

Oð2n þ 1; qÞ ¼
an

b¼0

P�bP;

one can get the following decompositions.
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SOð2n þ 1; qÞ ¼
� a

0
b
n
b even

Q�bðBbnQÞ

�
a� a

0
b
n
b odd

ð�QÞ�bðBbnQÞ

�
;

ð2:8Þ

Oð2n þ 1; qÞ ¼
� a

0
b
n
b even

Q�bðBbnQÞ

�
a� a

0
b
n
b odd

ð�QÞ�bðBbnQÞ

�
a� a

0
b
n
b odd

Q�bðBbnQÞ

�
a� a

0
b
n
b even

ð�QÞ�bðBbnQÞ

�
;

ð2:9Þ

where

Bb ¼ BbðqÞ ¼ fw 2 Qð2n þ 1; qÞ j �bw�
�1
b 2 Pð2n þ 1; qÞg; ð2:10Þ

�b ¼

0 0 1b 0 0
0 1n�b 0 0 0
1b 0 0 0 0
0 0 0 1n�b 0
0 0 0 0 1

2
66664

3
77775; ð2:11Þ

� ¼

1n 0 0
0 1n 0
0 0 �1

2
4

3
5: ð2:12Þ

From (3.20) and the line just below (5.10) of [10] (cf. (2.18)), we have

jBbðqÞnQð2n þ 1; qÞj ¼ q
bþ1
2ð Þ n

b

h i
q
: ð2:13Þ

Let � be a nontrivial additive character of Fq, a; b; c 2 Fq, and let r be a positive
integer. Then we define the exponential sum MKmð�

r; a; b; cÞ as

MKmð�
r; a; b; cÞ ¼

X
�1;...;�m2F

	
q

�ðða�1 þ b��1
1 þ � � � þ a�m þ b��1

m þ cÞrÞ ð2:14Þ

for m � 1, and

MK0ð�
r; a; b; cÞ ¼ �ðcrÞ: ð2:15Þ

Note that, for r ¼ 1,
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MKmð�; a; b; cÞ ¼ �ðcÞKð�; a; bÞm; ð2:16Þ

where Kð�; a; bÞ is the usual Kloosterman sum

Kð�; a; bÞ ¼
X
�2F	q

�ða� þ b��1Þ: ð2:17Þ

For integers n, b with 0 
 b 
 n, the q-binomial coefficients are defined by

n

b

h i
q
¼
Yb�1

j¼0

ðqn�j � 1Þ=ðqb�j � 1Þ; ð2:18Þ

Then the q-binomial theorem says

Xn

b¼0

n

b

h i
q
ð�1Þbq

b
2ð Þxb ¼ ðx; qÞn; ð2:19Þ

where

ðx; qÞn ¼ ð1� xÞð1� xqÞ � � � ð1� xqn�1Þ;

for x an indeterminate and n a nonnegative integer.
Finally, ½y� denotes the greatest integer 
 y, for a real number y.

3. A proposition. In this section, we will prove a proposition which is a gen-
eralization of Proposition 4.2 in [10] and is of use in the next section.

Proposition 3.1. Let � be a nontrivial additive character of Fq, c 2 Fq, r, b posi-
tive integers, and let 
b be the set of all b 	 b nonsingular symmetric matrices over Fq.
Then

abð�; r; cÞ :¼
X
B2
b

X
h2F1	b

q

�ððhB th þ cÞrÞ ð3:1Þ

¼ qb�1sb

X
�2Fq

�ð�rÞ þ q�1ab

X
�2F	q

�ðc�Þ
X
�2Fq

�ð�r � ��Þ ð3:2Þ

¼ ðqb�1sb � q�1abÞ
X
�2Fq

�ð�rÞ þ ab�ðc
rÞ; ð3:3Þ

where sb is the number of all b 	 b nonsingular symmetric matrices over Fq, and

ab :¼ abð�; 1; 0Þ ¼
X
B2
b

X
h2F1	b

q

�ðhB thÞ

¼
qbðbþ2Þ=4

Qb=2
j¼1ðq

2j�1 � 1Þ for b even,

0 for b odd,

( ð3:4Þ

(cf. [10, (4.10)]).
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Remark. The independence of ab from � is clear from its definition or the
expression of it in (3.4) above.

Proof. Put, for each � 2 Fq,

N� ¼ j ðB; hÞ 2 
b 	 F1	b
q j hB th þ c ¼ �

n o
j:

Then abð�; r; cÞ ¼
P

�2Fq
N��ð�

rÞ, with

N� ¼ q�1
n
sbq

b þ
X
�2F	q

�ð���Þ
X
B;h

�ððhB th þ cÞ�Þ
o
:

Hence

abð�; r; cÞ ¼ qb�1sb

X
�2Fq

�ð�rÞ þ q�1
X
�2F	q

�ðc�Þ
X
B;h

�ððhB thÞ�Þ
X
�2Fq

�ð�r � ��Þ

¼ qb�1sb

X
�2Fq

�ð�rÞ þ q�1ab

X
�2F	q

�ðc�Þ
X
�2Fq

�ð�r � ��Þ;

since, as was noted in the above Remark, the sum over B; h is independent of
� 2 F	q . This shows (3.2). Now, (3.3) follows from (3.2) by interchanging the order of
summation in the second term of (3.2). &

4. Main theorems. Let � be a nontrivial additive character of Fq, and let r be
any positive integer. Then we will consider first the sum in (1.1)X

w2SOð2nþ1;qÞ

�ððtrwÞrÞ;

and find an explicit expression for this by using the decomposition in (2.8).
The sum in (1.1) can be written, using (2.8), as

X
0
b
n
b even

jBbnQj
X
w2Q

�ððtrw�bÞ
r
Þ þ

X
0
b
n
b odd

jBbnQj
X
w2Q

�ððtr �w�bÞ
r
Þ; ð4:1Þ

where Bb ¼ BbðqÞ;Q ¼ Qð2n þ 1; qÞ; �b; � are respectively as in (2.10), (2.7), (2.11),
(2.12).

Here one has to observe that, for each q 2 Q,X
w2Q

�ððtrw�bqÞ
r
Þ ¼

X
w2Q

�ððtr qw�bÞ
r
Þ

¼
X
w2Q

�ððtrw�bÞ
r
Þ

and ��1q� 2 Q. Write w 2 Q (cf. (2.7)) as
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w ¼

A 0 0
0 tA�1 0
0 0 1

2
4

3
5 1n B �th

0 1n 0
0 h 1

2
4

3
5;

with

A ¼
A11 A12

A21 A22

�  
; t A�1 ¼

E11 E12

E21 E22

�  
; B ¼

B11 � tB21 �
th1h2

B21 B22

�  
;

h ¼ ½h1; h2�;

B11 þ
tB11 þ

th1h1 ¼ 0; B22 þ
tB22 þ

th2h2 ¼ 0; ð4:2Þ

where A11;A12;A21;A22 are respectively of sizes b 	 b, b 	 ðn � bÞ, ðn � bÞ 	 b,
ðn � bÞ 	 ðn � bÞ, similarly for tA�1, B, and h1 is of size 1	 b.

Note here that, if we denote the upper right block of B by B12, then
B12 þ

tB21 þ
th1h2 ¼ 0, and the conditions in (4.2) together with this are equivalent

to B þ tB þ thh ¼ 0. For any b ð0 
 b 
 nÞ,X
w2Q

�ððtrw�bÞ
r
Þ ð4:3Þ

¼
X

�ððtrA11B11 þ trA12B21 þ trA22 þ trE22 þ 1ÞrÞ ð4:4Þ

and X
w2Q

�ððtr �w�bÞ
r
Þ ð4:5Þ

¼
X

�ððtrA11B11 þ trA12B21 þ trA22 þ trE22 � 1ÞrÞ; ð4:6Þ

where both of the sums in (4.4) and (4.6) are respectively over A;B11;B21;B22; h
subject to the conditions in (4.2).

Consider the sum in (4.4) first for the case 1 
 b 
 n � 1 so that A12 does
appear. We separate the sum into two subsums, with A12 6¼ 0 and with A12 ¼ 0; the
latter is further divided into two subsums, with A11 symmetric or not. Namely, we
write the sum in (4.4) asX

A12 6¼0

� � � þ
X
A12¼0

A11 not symmetric

� � � þ
X
A12¼0

A11 symmetric

� � � : ð4:7Þ

Let A11 ¼ ð�ijÞ;B11 ¼ ð�ijÞ; h1 ¼ ½h11 . . . h1b�. Then the first condition in (4.2) is
equivalent to

�ii ¼ �
1

2
h21i for 1 
 i 
 b; ð4:8Þ

�ij þ �ji ¼ �h1ih1j for 1 
 i < j 
 b:

In particular, for each given h1,

j B11 j B11 þ
tB11 þ

th1h1 ¼ 0

 �

j ¼ q
b
2ð Þ: ð4:9Þ
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Similarly, for each given h2,

j B22 j B22 þ
tB22 þ

th2h2 ¼ 0

 �

j ¼ q
n�b
2ð Þ: ð4:10Þ

Also, as was noted in [10], one shows, using the relations in (4.8), that

trA11B11 ¼ �
1

2
h1A11

th1 þ
X

1
i<j
b

ð�ji � �ijÞ

	 ð�ij þ
1

2
h1ih1jÞ:

ð4:11Þ

Using (4.10), the first sum in (4.7) is

q
nþ1�b

2ð Þ
X

A with A12 6¼0

B11 ;h1

X
B21

�ððtrA11B11 þ trA12B21 þ trA22 þ trE22 þ 1ÞrÞ: ð4:12Þ

Fix A with A12 6¼ 0;B11; h1. Write A12 ¼ ð�ijÞ;B21 ¼ ð	ijÞ. Then �kl 6¼ 0 for some
k; l ð1 
 k 
 b; 1 
 l 
 n � bÞ. For a 2 F	q and b 2 Fq, we haveX

�2Fq

�ðða� þ bÞrÞ ¼
X
�2Fq

�ð�rÞ;

and hence the inner sum of (4.12) equalsX
all 	ji

with ðj;iÞ6¼ðl;kÞ

X
	lk

�ðð�kl	lk þ � � �Þ
r
Þ ¼ qbðn�bÞ�1

X
�2Fq

�ð�rÞ: ð4:13Þ

Combining (4.12) and (4.13), and using (4.9), the first sum in (4.7) equals

qðn
2þn�2Þ=2ðgn � gbgn�bq

nðn�bÞÞ
X
�2Fq

�ð�rÞ: ð4:14Þ

The subsum of the sum in (4.4) with A12 ¼ 0 isX
A21;B21;B22;h2

X
A11;A22;B11;h1

�ððtrA11B11 þ trA22 þ trA�1
22 þ 1ÞrÞ

¼ q
n�b
2ð Þþð2bþ1Þðn�bÞ 	

X
A11;A22;B11;h1

�ððtrA11B11 þ trA22 þ trA�1
22 þ 1ÞrÞ:

ð4:15Þ

The subsum of the sum in (4.15) with A11 not symmetric isX
A11 not symmetric

A22 ;h1

X
B11

�ððtrA11B11 þ trA22 þ trA�1
22 þ 1ÞrÞ: ð4:16Þ

Since A11 ¼ ð�ijÞ is not symmetric, �ts � �st 6¼ 0, for some s; t with 1 
 s < t 
 b. By
the same argument as in the case of (4.12) and in view of (4.9) and (4.11), we see that
the inner sum in (4.16) is

q
b
2ð Þ�1

X
�2Fq

�ð�rÞ ð4:17Þ
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Combining (4.15)–(4.17), we see that the middle sum in (4.7) is given by

qðn
2þn�2Þ=2þbðn�bÞgn�bðgb � sbÞ

X
�2Fq

�ð�rÞ; ð4:18Þ

where sb denotes the number of b 	 b nonsingular symmetric matrices over Fq for
each positive integer b.

The subsum of the sum in (4.15) with A11 symmetric, using (4.11), is

X
h1

X
B11

X
A22

A11 symmetric

�ðð�
1

2
h1A11

th1 þ trA22 þ trA�1
22 þ 1ÞrÞ

¼ q
b
2ð Þ

X
A22 ;h1

A11symmetric

�ððh1A11
th1 þ trA22 þ trA�1

22 þ 1ÞrÞ:
ð4:19Þ

From (4.15) and (4.19), we see that the last sum in (4.7) is

qnðnþ1Þ=2þbðn�b�1Þ 	
X
A22

X
h1

A11 symmetric

�ððh1A11
th1 þ trA22 þ trA�1

22 þ 1ÞrÞ: ð4:20Þ

For each fixed A22, from (3.1) and (3.2) the inner sum of (4.20) is given byX
h1

A11 symmetric

�ððh1A11
th1 þ trA22 þ trA�1

22 þ 1ÞrÞ

¼ abð�; r; trA22 þ trA�1
22 þ 1Þ

¼ qb�1sb

X
�2Fq

�ð�rÞ þ q�1ab

X
�2F	q

�ð�ðtrA22 þ trA�1
22 þ 1ÞÞ

X
�2Fq

�ð�r � ��Þ;

ð4:21Þ

where ab is as in (3.4).
Summing (4.21) over A22, we see that the double sum in (4.20) is

qb�1gn�bsb

X
�2Fq

�ð�rÞ þ q�1ab

X
�2F	q

�ð�ÞKGLðn�b;qÞð�; �; �Þ
X
�2Fq

�ð�r � ��Þ; ð4:22Þ

where, for a; b 2 Fq,

KGLðt;qÞð�; a; bÞ ¼
X

w2GLðt;qÞ

�ða trw þ b trw�1Þ: ð4:23Þ

From the explicit expression of (4.23) in [8, (4.19)], (4.22) can be written as

qb�1gn�bsb

X
�2Fq

�ð�rÞ

þ qðn�b�2Þðn�bþ1Þ=2�1ab

X½ðn�bþ2Þ=2�

l¼1

ql
XYl�1

	¼1

ðq j	�2	 � 1Þ

	
X
�2Fq

� X
�2F	q

Kð�;�; �Þn�bþ2�2l�ðð1� �Þ�Þ
�
�ð�rÞ;

ð4:24Þ
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where the unspecified sum runs over all integers

j1; . . . ; jl�1 satisfying 2l � 1 
 jl�1 
 jl�2 
 � � � 
 j1 
 n � b þ 1 ð4:25Þ

and it is 1 for l ¼ 1 by our convention.
Recall from [13, (5.3)] that, for � 2 Fq and m nonnegative integer, we have

X
�2F	q

�ð���ÞKð�;�; �Þm ¼ q
ðm; q; �Þ � ðq � 1Þm; ð4:26Þ

where, for m � 1,


ðm; q; �Þ ¼ j ð�1; ; �mÞ 2 ðF	q Þ
m
j �1 þ �

�1
1 þ � � � þ �m þ ��1

m ¼ �
n o

j ð4:27Þ

and


ð0; q; �Þ ¼ 1 if � ¼ 0;
0 otherwise.

n
ð4:28Þ

It is immediately seen from (4.26) that

X
�2Fq

� X
�2F	q

Kð�; �; �Þm�ðð1� �Þ�Þ
�
�ð�rÞ

¼ qMKmð�
r; 1; 1; 1Þ � ðq � 1Þm

X
�2Fq

�ð�rÞ;
ð4:29Þ

where MKmð�
r; a; b; cÞ is as in (2.14) and (2.15).

Substituting the expression in (4.29) into (4.24), the double sum in (4.20) equals

n
qb�1gn�bsb � qðn�b�2Þðn�bþ1Þ=2ab

	
X½ðn�bþ2Þ=2�

l¼1

ql�1ðq � 1Þn�bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ qðn�b�2Þðn�bþ1Þ=2ab

X½ðn�bþ2Þ=2�

l¼1

qlMKn�bþ2�2lð�
r; 1; 1; 1Þ

	
XYl�1

	¼1

ðqj	�2	 � 1Þ;

ð4:30Þ

where both of the unspecified sums run over the same set of integers as in (4.25) and
they are 1 for l ¼ 1.

For 1 
 b 
 n � 1, (4.14), (4.18), and (4.20) with the expression of the double
sum there in (4.30) add up to give
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X
w2Q

�ððtrw�bÞ
r
Þ

¼ qn2�1
nYn

j¼1

ðqj � 1Þ � q�
bþ1
2ð Þab

	
X½ðn�bþ2=2�

l¼1

ql�1ðq � 1Þn�bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ qn2�1q�
bþ1
2ð Þab

	
X½ðn�bþ2Þ=2�

l¼1

qlMKn�bþ2�2lð�
r; 1; 1; 1Þ

XYl�1

	¼1

ðqj	�2	 � 1Þ;

ð4:31Þ

where both of the unspecified sums are as in (4.30).
It is an easy matter to check that, even for b ¼ 0 and b ¼ n, the sum in (4.3) is

given by the same expression as in (4.31) with the convention a0 ¼ 1. The details are
left to the reader. Also, we observe that a0 ¼ 1 is natural in view of the formula in
(3.4).

Glancing through the above argument for the sum in (4.3), we see that the sum
in (4.5) is given by the same expression as in (4.31), except that
MKn�bþ2�2lð�

r; 1; 1; 1Þ is now replaced by MKn�bþ2�2lð�
r; 1; 1;�1Þ. Namely, for any

b with 0 
 b 
 n, the sum in (4.5) equals

X
w2Q

�ððtr �w�bÞ
r
Þ

¼ qn2�1
nYn

j¼1

ðqj � 1Þ � q�
bþ1
2ð Þab

	
X½ðn�bþ2Þ=2�

l¼1

ql�1ðq � 1Þn�bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ qn2�1q�
bþ1
2ð Þab

	
X½ðn�bþ2Þ=2�

l¼1

qlMKn�bþ2�2lð�
r; 1; 1;�1Þ

XYl�1

	¼1

ðqj	�2	 � 1Þ;

ð4:32Þ

where both of the unspecified sums are as in (4.30).
Now the next theorem follows from (2.13), (3.4), (4.1), (4.31), (4.32).

Theorem 4.1. For any nontrivial additive character � of Fq and any positive inte-
ger r, the exponential sum over SOð2n þ 1; qÞ

X
w2SOð2nþ1;qÞ

�ððtrwÞrÞ

is given by
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qn2�1
nYn

j¼1

ðq2j � 1Þ �
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql�1ðq � 1Þn�2bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ qn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

qlMKn�2bþ2�2lð�
r; 1; 1; 1Þ

XYl�1

	¼1

ðqj	�2	 � 1Þ;

ð4:33Þ

where both of the unspecified sums run respectively over the set of integers j1; . . . ; jl�1

satisfying 2l � 1 
 jl�1 
 � � � 
 j1 
 n � 2b þ 1 and they are 1 for l ¼ 1.

With �; r as before, let � be a multiplicative character of Fq. Then we next want
to consider the sum in (1.2) X

w2Oð2nþ1;qÞ

�ðdetwÞ�ððtrwÞrÞ

and to find an explicit expression for it.
From the decompositions in (2.8) and (2.9), we see that the above sum isP

w2SOð2nþ1;qÞ �ððtrwÞrÞ plus

�ð�1Þ
nX

0
b
n
b odd

jBqnQj
X
w2Q

�ððtrw�bÞ
r
Þ

þ
X
0
b
n
b even

jBbnQj
X
w2Q

�ððtr �w�bÞ
r
Þ

o
:

ð4:34Þ

The following expression of (4.34) is obtained from (2.13), (3.4), (4.31), (4.32).

�ð�1Þqn2�1
nYn

j¼1

ðq2j � 1Þ �
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql�1ðq � 1Þn�2bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ �ð�1Þqn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

qlMKn�2bþ2�2lð�
r; 1; 1;�1Þ

XYl�1

	¼1

ðqj	�2	 � 1Þ;

ð4:35Þ

where both of the unspecified sums are as in (4.33).
Adding up (4.33) and (4.35), we get the following result.
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Theorem 4.2. Let �; � be respectively a nontrivial additive and a multiplicative
character of Fq, and let r be a positive integer. Then the exponential sum of
Oð2n þ 1; qÞ X

w2Oð2nþ1;qÞ

�ðdetwÞ�ððtrwÞrÞ

is given by

ð1þ �ð�1ÞÞqn2�1
nYn

j¼1

ðq2j � 1Þ �
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql�1ðq � 1Þn�2bþ2�2l
XYl�1

	¼1

ðqj	�2	 � 1Þ
oX
�2Fq

�ð�rÞ

þ qn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

qlðMKn�2bþ2�2lð�
r; 1; 1; 1Þ þ �ð�1ÞMKn�2bþ2�2lð�

r; 1; 1;�1ÞÞ

	
XYl�1

	¼1

ðqj	�2	 � 1Þ;

ð4:36Þ

where both of the unspecified sums run over the same set of integers j1; . . . ; jl�1 satis-
fying 2l � 1 
 jl�1 
 . . . 
 j1 
 n � 2b þ 1 and they are 1 for l ¼ 1.

Remarks (1) It is well-known [18, 5.30] that

X
�2Fq

�ð�rÞ ¼
Xe�1

j¼1

Gð j; �Þ;

where  is a multiplicative character of Fq of order e ¼ ðr; q � 1Þ and Gð j; �Þ is the
usual Gauss sum given by

Gð j; �Þ ¼
X
�2F	q

 jð�Þ�ð�Þ:

(2) From the expression of
P

w2Spð2n;qÞ �ððtrwÞrÞ in [13, (4.22)], we see that our
expression of

P
w2SOð2nþ1;qÞ �ððtrwÞrÞ in (4.33) is the same as that, except that each

MKn�2bþ2�2lð�
r; 1; 1Þ there is now replaced by MKn�2bþ2�2lð�

r; 1; 1; 1Þ.
In the special case of r ¼ 1, as was noted in [10, (5.12), (6.2)] or can be seen from

the expressions in (4.33) and (4.36) (cf. [8, Theorem 5.4]), the sums in (1.1) and (1.2)
are just constant multiples of the similar sum over the symplectic group Spð2n; qÞ.
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Namely, we have the following identities:X
w2SOð2nþ1;qÞ

�ðtrwÞ ¼ �ð1Þ
X

w2Spð2n;qÞ

�ðtrwÞ;

X
w2Oð2nþ1;qÞ

�ðdetwÞ�ðtrwÞ ¼ ð�ð1Þ þ �ð�1Þ�ð�1ÞÞ
X

w2Spð2n;qÞ

�ðtrwÞ:

5. Applications to certain countings. Let GðqÞ be one of finite classical groups
over Fq. For each � 2 Fq and each positive integer r, we put

NGðqÞð�; rÞ ¼ j w 2 GðqÞ j ðtrwÞr ¼ �

 �

j: ð5:1Þ

To derive formulas for (5.1) with GðqÞ ¼ SOð2n þ 1; qÞ and Oð2n þ 1; qÞ, we will
apply the results in Section 4. First, we collect some results from [14] with one
modification.

For a nontrivial additive character � of Fq, a nonnegative integer m, and with
�; r as above, we have

NGðqÞð�; rÞ ¼ q�1jGðqÞj þ q�1
X
�2F	q

�ð���Þ
X

w2GðqÞ

�ð�ðtrwÞrÞ; ð5:2Þ

X
�2F	q

�ð���Þ
X
�2Fq

�ð��rÞ ¼ q Nðyr ¼ �Þ � 1

 �

; ð5:3Þ

X
�2F	q

�ð���Þ
n X
�1;...;�m2F

	
q

�ð�ð�1 þ �
�1
1 þþ�m þ ��1

m 
 1ÞrÞ
o

ð5:4Þ

¼ q
X
yr¼�


ðm; q; y � 1Þ � ðq � 1Þm; ð5:5Þ

where

Nðyr ¼ �Þ ¼ j y 2 Fq j yr ¼ �

 �

j; ð5:6Þ


ðm; q; rÞ is as in (4.27) and (4.28), and the sum in (5.5) is over all y 2 Fq with yr ¼ �.
Note that, for r ¼ 1, (5.5) follows from (4.26) and vice versa.

For each � 2 F	q ; ~��ðuÞ ¼ �ð�uÞ is a nontrivial additive character of Fq. So the
explicit expression of

P
w2Oð2nþ1;qÞ �ð�ðtrwÞrÞ is given by (4.36) with � replaced by ~��

and with � trivial, i.e., with
P

�2Fq
�ð�rÞ replaced by

P
�2Fq

�ð��rÞ and
MKmð�

r; 1; 1; 1Þ þ MKmð�
r; 1; 1;�1Þ for various values of m replaced by the sum of

the sums in the curly bracket of (5.4) for the same corresponding values of m; that ofP
w2SOð2nþ1;qÞ �ð�ðtrwÞrÞ is given by (4.33) with the same replacement for

P
�2Fq

�ð�rÞ

and with MKmð�
r; 1; 1; 1Þ replaced by the sum corresponding to ‘+1’ in the curly

bracket of (5.4).
The following theorems now follow immediately from these observations

together with (2.4), (2.5), (4.33), (4.36), (5.2)–(5.5).

Theorem 5.1. For each � 2 Fq and each positive integer r, NOð2nþ1;qÞð�; rÞ defined
by (5.1), with GðqÞ ¼ Oð2n þ 1; qÞ, is given by
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2Nðyr ¼ �Þqn2�1
Yn

j¼1

ðq2j � 1Þ

þ qn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql�1
XYl�1

	¼1

ðqj	�2	 � 1Þ

	

n
q
�X

yr¼�


ðn � 2b þ 2� 2l; q; y þ 1Þ

þ
X
yr¼�


ðn � 2b þ 2� 2l; q; y � 1Þ
�
� 2Nðyr ¼ �Þðq � 1Þn�2bþ2�2l

o
;

ð5:7Þ

where Nðyr ¼ �Þ, 
ðm; q; �Þ are respectively as in (5.6), (4.27)–(4.28), and the unspeci-
fied sum is over the set of integers j1; . . . ; jl�1 satisfying 2l � 1 
 jl�1 
 � � � 


j1 
 n � 2b þ 1 and it is 1 for l ¼ 1.

Theorem 5.2. For each � 2 Fq and each positive integer r, NSOð2nþ1;qÞð�; rÞ defined
by (5.1), with GðqÞ ¼ SOð2n þ 1; qÞ, is given by

Nðyr ¼ �Þqn2�1
Yn

j¼1

ðq2j � 1Þ

þ qn2�1
X½n=2�
b¼0

qbðbþ1Þ n

2b

h i
q

Yb

j¼1

ðq2j�1 � 1Þ

	
X½ðn�2bþ2Þ=2�

l¼1

ql�1
XYl�1

	¼1

ðqj	�2	 � 1Þ

	

n
q
X
yr¼�


ðn � 2b þ 2� 2l; q; y � 1Þ � Nðyr ¼ �Þðq � 1Þn�2bþ2�2l
o
;

ð5:8Þ

where Nðyr ¼ �Þ; 
ðm; q; �Þ, and the unspecified sum is as in Theorem 5.1.

Remarks. (1) For a finite classical group GðqÞ over Fq, we write, for brevity,

NGðqÞð�Þ : ¼ NGðqÞð�; 1Þ

¼ j w 2 GðqÞ j trw ¼ �

 �

j:

Formulas for NOð2nþ1;qÞð�Þ and NSOð2nþ1;qÞð�Þ can now be obtained respectively from
(5.7) and (5.8) by setting r ¼ 1, which amounts to replacing Nðyr ¼ �Þ by 1 andP

yr¼� 
ðm; q; y 
 1Þ for various m by 
ðm; q;�
 1Þ.
The reversed ways are also possible by noting that

NGðqÞð�; rÞ ¼
X
yr¼�

NGðqÞðyÞ:

(2) Nðyr ¼ �Þ appearing in the above theorems can be expressed [18, (5.70)] as
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Nðyr ¼ �Þ ¼
Xe�1

j¼0

 jð�Þ;

where  is any multiplicative character of Fq of order e ¼ ðr; q � 1Þ.
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