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The Schwarz Lemma at the Boundary of
the Egg Domain B, ,, in C"

Xiaomin Tang and Taishun Liu

Abstract. Let Bp,,p, = {z € C" : |z1|P! + |22]P2 + -+ + |2,4|P2 < 1} be an egg domain in C". In this
paper, we first characterize the Kobayashi metric on Bp, p, (p1 > 1, p2 > 1) and then establish a
new type of classical boundary Schwarz lemma at zg € 0Bp,,p, for holomorphic self-mappings of
Bpip, (P12 1, p2 > 1), where zg = (¢'9,0,...,0)" and 6 ¢ R.

1 Introduction

Let C” be the n-dimensional complex Hilbert space with the inner product and the
norm given by

@)= Sz el = (22D,

where z, w € C". Let B" = {z € C" : |z]|? = |z)|* + - + |z4|* < 1} be the open unit
ball in C”. The unit sphere is defined by 0B" = {z € C" : ||z|| = 1}. Throughout this
paper, we write a point z € C" as a column vector in the following n x 1 matrix form

and the symbol ’ stands for the transpose of vectors or matrices. In what follows, a
domain is a connected open subset in C".

For p; >1and p; > 1, the egg domain B, ,, is defined by
By p, = {2 C":[afP! + [2fP? + - + [zu| <1}
Denote by 0By, ,, the boundary of By, ,,. Let H(By, p, ) be the set of all holomorphic
mappings from By, , to C". For f € H(By,,, ), wealsowriteitas f = (fi, f2,...> fu)'>

where f; is a holomorphic function from B, ,, to C, j = 1,..., n. The derivative of
f € H(By, p,) atapoint a € By, ,, is the complex Jacobian matrix of f given by
dfi

J(a) = (a—zj(@)
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Then J(a) is a linear mapping from C" to C". We set

Ifi(a):(g—ﬁ(a),...,si(a)), i=1,...n.

Let D be the unit disk in the complex plane C. The classical Schwarz lemma states
that a holomorphic function f mapping D into itself, with f(0) = 0, satisfies the in-
equality | f(z)| < |z| for any z € D. It is well known that the Schwarz lemma is one of
the most important results in the classical complex analysis, which has become a cru-
cial theme in many branches of mathematical research for over a hundred years. Es-
tablishing various versions of the Schwarz lemma has attracted the attention of many
mathematicians. We refer the reader to [1, 9, 11,15, 16,19] for more on this matter. It
has been a very natural task to obtain the boundary version of the Schwarz lemma.
In the case of one complex variable, the following Schwarz lemma at the boundary is
classical.

Theorem 1.1 ([5]) Let f:D — D be a holomorphic function. If f is holomorphic at
z =1with f(0) =0and f(1) =1, then f'(1) > 1. Moreover, the inequality is sharp.

If we remove the condition f(0) = 0 in Theorem 1.1, then by applying Theorem 1.1
to the holomorphic function

_1-f(0) f(2)-£(0)
D70 170

we have the estimate
1- f(0)
N | f( )| >0

() T i

D. Chelst [3] and R. Osserman [14] studied the Schwarz lemma at the boundary
of the unit disk. S. G. Krantz [10] explored versions of the Schwarz lemma at the
boundary point of a domain. Recently, B. N. Ornek [13] gave some new inequalities
of Schwarz inequality at the boundary of the unit disk and obtained the sharpness
of these inequalities. On the other hand, in the case of several complex variables,
H. Wu [18] proved what is now called the Carathéodory-Cartan-Kaup-Wu theorem,
which generalizes the classical Schwarz lemma for holomorphic mappings to higher
dimension. This result is stated as follows.

Theorem 1.2 ([18]) Let Q be a bounded domain in C" and let f be a holomorphic
self-mapping of Q) that fixes a point p € Q. Then
(i)  the eigenvalues of J¢(p) all have modulus not exceeding I;

(i) |det]s(p)| <L
(iii) if|det]Js(p)| =1, then f is a biholomorphism of Q).

A natural question arises. What is a higher dimensional version of the Schwarz
lemma at the boundary? It is this problem that motivated our study. In [2], Burns and
Krantz obtained a Schwarz lemma at the boundary, which gives a new rigidity result
for holomorphic mappings. In [6], Huang further strengthened the Burns-Krantz
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result for holomorphic mappings with an interior fixed point. See [7, 8] for more on
these matters. Here are two typical results in these papers.

Theorem 1.3 ([2]) Let Q be a bounded strongly pseudoconvex domain in C". Let
p € 0Q and let f:Q — Q be a holomorphic mapping such that f(z) = z + O(|z - p|*)
asz — p. Then f(z) = z.

Theorem 1.4 ([6]) Let Q cc C"(n > 1) be a simply connected pseudoconvex do-
main with C* boundary. Suppose that p € 0Q is a strongly pseudoconvex point. If
f:Q — Q is a holomorphic mapping such that f(zo) = zo for some zy € Q and

f(z2) =z+0(]z- p[*) asz — p, then f(z) = z.

More recently, in [12] we established a version of the boundary Schwarz lemma for
holomorphic self-mappings of B”. The following result is one of the main results in
[12].

Theorem 1.5 ([12]) Let f: B" — B" be a holomorphic mapping. If f is holomorphic at
zo € B" and f(z0) = 2o, then for the eigenvalues A, iy, . . ., iy of J5(20), the following

five statements hold.
() A2 5=E S 0, where a = £(0).

(i) zo is an eigenvector of]f(zo)’ with respect to A. That is, ]f(zo)lzo = Azp.
(i) p;eCand|uj|<VA forj=2,...,n.
(iv) For any uj, there exists a; € TZ(OI’O) (0B") N 0B" such that

Jr(zo)aj = pjaj, j=2,...,n.

(v) |detJs(zo)| AT, |tr]f(z0)| < A+ VA(n-1).

Here, Tz(j’”(aB") = {w e C" : Zg'w = 0} is the holomorphic tangent space to dB" at
zo. Moreover, the inequalities in (i), (iii), and (v) are sharp.

The purpose of this work is to prove the boundary Schwarz lemma at z, =
(e'®,0,...,0)" € aB,,,,, for holomorphic self-mappings of By, ,,. At the same time,
we will develop some properties of the Kobayashi metric on B, ,,.

2 Auxiliary Results

In this section, for p; > 1and p, > 1 we characterize the Kobayashi metric on B, ,,
which will not only be used in the subsequent section but also has its own interest.
We begin with some notation and definitions.

A domain Q c C" is said to be circular if e’z € Q whenever z € Q and 0 € R, and
a domain Q c C” is said to be convex if tz; + (1 - t)z, € Q whenever z;, 2z, € Q and
0 < t < 1. Itis easy to check that B, ,, is a bounded convex circular domain in C”.
The Minkowski functional p(z) of B, ,, is defined by

p(2) :inf{t> 0: % eBpl,pz}, zeC".
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It is clear that the Minkowski functional p(z) of By, , is a Banach norm of C", and

Bp,p, = {z eC":p(2) < 1}

is the open unit ball of C" as the Banach space with the norm p(z) (see [17]). The
Minkowski functional p(z) of By, ,, is C' on C" except for some submanifolds of
lower dimensions.

Let H(D, Bp,,p,) be the family of all holomorphic mappings from D into By, ,,,.
Forany z € B, ,,, £ € C",

NG
p(f1(0)) [f(0)]
£(0) =z, f'(0) and & have the same direction}

Fx(z, &) = inf{ : f € H(D, By, p,)»

is said to be the infinitesimal form of Kobayashi metric of B, ,,, where f'(0) =

(fi'(0),.... £ (0))".

Lemma 2.1 Foranyze By, ,,, &= (&,8,...,8,) €C",

(el + -+ Ea) %

(1-|afr)

FK(Z, E) 2

Proof Suppose that h € H(D,By,,p,), h(0) = z, and h’(0) and & have the same
direction. Without loss of generality, we assume that £ # 0. Then there exists A > 0
such that 4'(0) = A&. So we have p(h'(0)) = p(A&) = Ap(&), which implies A =

P(;’;(;)))) . This means

(o) - 2O

Hence, for any { € D, we obtain

Z1 bl
TCH RO K
Zn b,
21 & b
(0 b
= Z:z +p(P(é))) {2 (_,_ -2 CZ+."€BP1)PZ’
Zn n n

where b; = 3h7(0), j=1,...,n. It follows that

‘Zl + p(::(,g())))gl(_,_ b1(2 _,_...‘Pl + |Z2 + f)(/il;(f())))EZ(+ bZCZ 4o P 4 oee-
ot |z, + P(;’(g))gnu b, (% + -~~‘p2 <L
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It is known that there exists a bounded linear functional T = (ay,...,a,) on the
Banach space C” with the norm p(z) such that | T|| = 1and

p(h'(0)) p(H'(0))
(21) T(Zl) (f) gZ)-“) (z;-) En)
_ p(R'(0)) p(H'(0)) ;'
_(al)a2)-”)an)(zl) (&.) 52)”-a p(f) Ei’l)

@), pH ()
=p(= = B Ty b

Set { = re', where r € (0,1) and 6 € [0, 27]. Notice that

’ P .
‘Zl P( (0))£T616+b 1'2 219 . +|Zze—16+p( (0))£ T+b 7’2 19

p(§) p(é) T
otz p(‘:(g))fnwr bar2e® 4| <1,
This shows that
7= ( - P(;l(’é()))) Eirei® 1 byr2e?® o zye 0 4 P(;‘(’?)))) Eyr
+ bereiG + "'>""Zne (f];l(é()))) Enl + b”rzeie + ), € Bpl»Pz.
Hence, we have
g{{ ﬂ1(21 + P(I’:(/g()))) £ire'® + byr2eit + )
+(12(22€ 10 P(h((g())))fzr-fb r e’e ) 4 oeen
"'+an(2n€ P(h((;))))f,,r+bnrze"9+...)}

<[T(n)|<|Tlp(n) <1.
Taking the integral with 6 on [0, 27] for the inequality above, we obtain

'(0)) p(H'(0)) (0))
b ey b
Let r — 17. Then (2.1) and (2.2) imply
p(h'(0)) p(h'(0))
A O IR

2.2) R arz + a0 (h

It follows that

| PO

‘ p(h'(0))
(£)

p(§) "
| PR(0) P2 o,
Pr + ‘ W’ (1&f°

+

+]&a]P?) < L.
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This gives
p(®) . (-l
P& (Eafp 4+ [Eale)
By the definition of the Kobayashi metric, we get

(&l + -+ &alP) 7

(1-|zlr) 7

Fx(z,&) >

The proof is complete. u
Lemma 2.2 Foranyz=(z,0,...,0)" €By, ,,, §=(0,&,...,8,) €C",

(167 + 4 £

(1=|al) 7

Fx(z,§) =

Proof Without loss of generality, we assume that & # 0. Take

§

10
(ol ++ [Enfr)

Then h: D - C” is a holomorphic mapping, and
[ (O + [ha (O)[P2 + -+ + [ ()P = [z + [¢1P* (1 = |z ) < 1.
This means that h € H(D, B, ,) and h(0) = z. Moreover,

(eD.

() =2+ (1 |al")%

(1-|alP)?
1
(1&]02 + -+ |EalP2) 7

have the same direction. Hence,

H(0) = § and ¢

p()) (&l o+ lE P

S CT0)) R

On the other hand, by Lemma 2.1, we obtain

(|£2|P2+...+|£n|P2)i'

Fx(z,¢) > 1
: (1-lalr)s

This gives the desired result. [ |

The following lemma characterizes the contraction property of the Kobayashi met-
ric, which is also a version of the Schwarz lemma.

Lemma 2.3 ([4]) Let ¢:Bp,p, — By, p, be a holomorphic mapping. Then for any
Z € BPI)PZ’ E € (Cfl’

Fx(¢(2),J4(2)&) < Fx(z, §).
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3 Main Results

In this section, we present the main results of this article. First, we set up the following
notations and definitions. We then provide a generalization of Theorem L.1.
For p; >1and p; > 1, take
g(2) = |z|P* +|z2|P? + -+ + |za]P?, z€ C".

Then the gradient of g(z) is
9g 98 98\
=2 =(2),=(2),..., —=
V(@) =2 52 (2) 52 (@) 52(2))
= (P1|Zl|p17221aP2|Zz|p27222> .. >P2|Zn|p2722n) ,

and Vg(z) is continuous on C". This shows that B, ,, is a domain with C' boundary.
So we have the following proposition.

Proposition 3.1 Let p; > 1, p, > landz € 0B, ,. Then the tangent space T,(0Bp, p,)
to 0By, p, at z is

T.(0By,p,) = {0‘ eC": S)%[PI|Z1|P17271041 +p2 ) |Zj|P2727j“j] = 0} ,
i=2

and the holomorphic tangent space 70 (0Byp,,p,) to 0By, p, at z is
n
T8 (3By,,p,) = { @€ C": il Zi0a + pa 3 |21 *Z5; = 0}
i=2

In particular, when py > 1, p, > land zg = ('%,0,-+,0)" € 9B, ,,, where 0 € R,
we have

Ty (0Bp, p,) = {a € C": RZg'a =0}, T (9B, 5,) = {a e C": ay = 0},
Theorem 3.2 Let f:B, ,, — By, p, be a holomorphic mapping and let zy =
(e%,0,...,0) € 0By, ,,, where py > 1, p, > Land 6 € R. If f is holomorphic at
zo and f(zo) = zo, then for the eigenvalues A, 5, . .., iy of J(20), the following five
statements hold.

L R@eF
O AR or

(ii) zo is an eigenvector of]f(zo), with respect to A. That is, ]f(zo),zo = Azp.

> 0.

(iii) p;j e Cand |uj| S)Liforj:Z,...,n.
(iv) For any uj, there exists a; € TZ(OI’O) (0Bp,,p,) N OBy, p, such that

Jr(zo)aj = pjaj, j=2,...,n.
) |det](z0)| <A, [tr];(z0)| < A+ A% (n ~1).

Moreover, the inequalities in (1), (iii), and (v) are sharp.

Proof The proofis divided into five steps.
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Step 1. Suppose that f is holomorphic in a neighborhood V of z;. Then
f(9By, p, V) and 0By, ,, are tangent at zy. This means that the tangent space
and holomorphic tangent space to f(0B,, p, V) at f(2z9) = zo are contained in
T,,(0B,,,p,) and TZ(OI’O)(BBPI, p,)> respectively. Notice that for any « € T, (9B,,,p,)s
Jf(zo)a is a tangent vector of (0B, ,NV) at f(z0) = zo. Then J¢(zo)a €
T, (9Bp,.p,)- This gives Rzo' J(z9)a = 0 for any a € T, (9B, p,). So there exists
A € R such that zy'J 1(z0) = Azo . That s

(3.1) ]f(ZO)/Zo = /\Zo.

It follows that A is an eigenvalue of ] f(zo),, and z; is an eigenvector of ] f(zo), with
respect to A. Since A is a real number, we know that A is also an eigenvalue of J¢(z).
The proof of (ii) is complete.

Step 2. Take g({) = zo' f({z0) = e "% fi({z0), { € D. Then g: D — D is a holomorphic
function, and g is holomorphic at 1 with g(1) = 1. Moreover, (3.1) yields

¢(1) =e " (20)20 = 207 (20)20 = A.
Thus, by (1.1) we obtain

o -S@F - F@)e P
1282 T oF T AR

The proof of (i) is complete.
Step 3. Since for any « € TZ(:’O)(BBPI,[,Z), we have J¢(z)a € TZ‘;"’)(aB,,l,pz). Hence,
Jf(20) is a linear transformation on the (# — 1)-dimensional complex vector space
Tﬁj"’)(aBm,PZ). This shows that there are g, ..., y, € C such that y,, ..., u, are the
all eigenvalues of the linear transformation J¢(zo) on TZ(O1 ) (0Bp,,p,)- So there exist
eigenvectors a; € TLSOI’O)(E)BPDPZ) N 0B,,,p, such that

Jr(zo)aj = pjaj, j=2,...,n.
The proof of (iv) is complete.

Take the eigenvector & ¢ Tz(:’o)(aBpl,pz) N 0By, ,p, of Jf(zo) with respect to uj,
j=2,...,n. Then

£=(0,&,...,8) , |&P2 + + &P =1and J(20) = pjé, j=2,...,n.
It follows that

(32) sl = 1T 7 (20) &P + - + [T, (20) 1P

For any t € (0,1), by Lemmas 2.1-2.3, we have
]2t P2+"'+]nt p2 )
1.(£20) ] /5, (tz0)¢] [ Fe(F(t20). T (120)8)]

1-|fi(tzo)|P
<[Fk(tzo, §)]"*

:|gz|pz +o 4 |E, P2 _ 1
1-th 1—tpr’
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This implies
1-[fi(tz0) "

(3.3) 5, (t20) 817> + -+ + [T, (t20) §[P> < o

Notice that f,(tzo) = €%z f(tz0) and
F(tz0) = 20— J;(z0)20(1— 1) + O(t - 17) (1 > 1),

Then
fi(tzo) =e"[1-20"T1(20)z0(1 = £) + O(|t = 1]*)]
= [1-A1-t)+0(|t-1*)] (t->17).
This gives
| Altzo)|" = [1-A(1-t) + O(|t = 12)|" = 1= piA(1- ) + O(|t = 11*) (¢ —17).
Thus,

_ 2! —
L AG)P L A
t—1- 1-t» t->1- 1—th
This, together with (3.2) and (3.3), yields

il < AP, j=2,...,n.
The proof of (iii) is complete. Moreover, (v) can be easily obtained from (iii).

Step 4. We claim that A, s, . .., p, are the all eigenvalues of the linear transformation
Jf(20) on the n-dimensional complex vector space C".

Assume that a5, ..., a, is a standard orthogonal basis of TZ(:’O)(GBPI,I,Z). Then
Zo, &2, .. ., &, becomes a standard orthogonal basis of C". Write

U=(z0,02,...,0p).

_
Then U is a unitary square matrix of order n. Since J¢(zo) zo = Azo, we have

— A B
]f(Z()) (Z(),Oéz,...,(Xn)—(Z(),(Xz,...,(xn)(o V/),

where V is a complex square matrix of order (n —1) and B is an (n — 1) x 1 complex
matrix. It follows that

Ot =(5 3)0 o nv-u(y 7).
That is,
(3.4) ff(Zo)(Zo’“z’--"“"):(ZO’“Z"”’(X")(I); 3)
Hence,
(3.5) Ji(zo) (@2, ..o an) = (@2, an) V.

Notice that J(zo) is a linear transformation on the (# -1)-dimensional complex vec-

tor space Tz(ol’o) (0Bp,,p,)- This, together with (3.5), shows that the all roots of the char-
acteristic polynomial det(xI,_; - V) of J (2o ) arejust pa, ..., tn. XA ¢ {fi2, ..., thn}>
then A, 5, ..., 4, are the all eigenvalues of the linear transformation J¢(zo) on C".
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This means that the claim holds. Suppose that A = y;,, where y;, is a root of order k
of det(xI,-; — V), and notice that J(zo) is also a linear transformation on C". Then
(3.4) and (3.5) imply that the characteristic polynomial of J¢(zo) is just

det[xln - (1); 3)] =(x-A)det(xI_; — V).

Thus, A = u;, is a root of order (k + 1) of the characteristic polynomial of J;(zo).
Therefore, A, s, . .., i, are the all eigenvalues of the linear transformation J¢(zo) on
Ccn.

Step 5. We claim that the inequalities in (i), (iii), and (v) are sharp, and we break the
proof into two cases.

Case 1. f1(0) = 0. Without loss of generality, we assume that the positive integer
m > 2. Set the positive integer k such that %k > m — 1. Take

f(z) = (e71m=DOm, e’ikomézfzz, e eiikemizfzn)'.
Then for any z € By, ,p,, we have
L@ + L)1+ + £ (2)P = |2 + mza [P (|27 + o+ |24 ]P2)
<l + mlz [P (1= |z |P)
= [+ a1 )
=x"+ mx%k(l -x),
where x = |z;|P* € [0,1). Notice that
XM mxn (1= x) < x™ + mx™ (1= x) <x™ 4 (1+ x4+ 2" (1-x)
=x"+(1-x")=1

Hence, f:Bp,,p, = Bp,,p, is a holomorphic mapping, and f is holomorphic at z, with
f(z0) = zo. Moreover, we obtain

m 0 0
1
mprz 0
]f(ZO): : :
0 0 mes

This means that the inequalities are sharp in (iii) and (v).
Case 2. £1(0) # 0. Take
f(z) = (e =r)+rz, "z, riz,,)’,
where 7 € (0,1). Then for each z € B, ,,, we get
K@ + L)1 + -+ | fu(2)P = [ (1= 1) + 12| + r(|2af?? + - + [24|?)
<((L=r)+r|z])P +r(1- |z M)

=(1-r+rx)P +r(1-xP),
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where x = |z1] € [0,1). Set
g(x)=(1-r+rx) +r(1-x), x€[0,1].

Then g'(x) = pir(1-r+rx)?" = pyrxP~!. Since 1-r+rx > x and p; —1 > 0, we know
that g'(x) > 0 forall x € [0,1]. This shows that g(x) is an increasing function on [0,1].
Thus, g(x) < g(1) = 1for all x € [0,1). Hence, f: B, ,, = Bp, p, is a holomorphic
mapping. Moreover, f is holomorphic at zy with f(zo) = 2o, f1(0) # 0 and

ro0 0
1
0 riz - 0
Jizo) =], . .
0 0 - 7o

It follows that the inequalities are sharp in (iii) and (v).

Finally, we claim that the inequality is sharp in (i). Take

i6 /
z1—re
=\ ————0,...,0),
1) ( 1-re-ifz )

where r € (0,1). Then f:B,, ,, = Bp,,p, is a holomorphic mapping, and f is holo-
morphic at zo with f(zo) = 2. Furthermore,

1
]f(Zo)= . :
0 0O - 0

This gives A = 1*£. By a straightforward calculation, we obtain

1
-G e 1er
1-1A(0)P  1-72 1-r 7

which implies that the inequality is sharp in (i). The proof is complete. ]

Remark 3.3 From the proof of Theorem 3.2 it is clear that we need only to assume
that the mapping f is C' up to the boundary of B, ,, near z,.

Remark 3.4 When n =1and z, = 1, Theorem 3.2 reduces to Theorem 1.1, which
extends the boundary Schwarz lemma for holomorphic self-mappings of the unit disk
to the egg domain By, ,, (p1 > L, p2 > 1).

Remark 3.5 If p; = p, = 2, then Theorem 3.2 is just Theorem 1.5 at the special point
zo = (%,0,...,0) € 9B".
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