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Abstract. In this paper, we show that the semilinear elliptic systems of the form

{—Au +uAv =g(x,v), —Av+rAu=f(x,u) (x € Q), o

u=v=0, (x € 0Q2)

possess at least one positive solution pair (¢, v) € HO1 (R) x HO1 (2), where 2 is a smooth
bounded domain in RY, f(x, t) and g(x, ¢) are continuous functions on € x R and
asymptotically linear at infinity.

2000 Mathematics Subject Classification. 35J60, 35J65.

1. Introduction. In this paper, we consider the existence of positive solutions of
nonlinear elliptic systems

—Au+ puAv =g(x,v), —Av+rAu=f(x,u)x e Q, (wD

u=v=0 xeaﬂ,

where @ C RY is a smooth bounded domain, A and u are nonnegative numbers, f(x, )
and g(x, ¢) are functions continuous on 2 x R and asymptotically linear at infinity
for t.

In the case of A = u = 0, there is much research in the literature for the case in
which f and g are superlinear. See [1], [2], [3], [5], [13] and references therein. In [8]
G. Li and the second author considered the asymptotically linear elliptic systems

—Autu=g(xv), —Av+v=f(x,u) (xeRY),

and obtained a positive solution by using the linking theorem under the Cerami
compactness condition.

If A, u #0, the problem has some new features. First, by the Pohozaev type
identity, the parameters A and p affect the subcritical range of the growth of nonlinear
terms at infinity. See [10]. Secondly, the decomposition of the space in the framework
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involves the parameters. In fact, let E = H}(Q2) x H}(£2) be equipped with the norm

1

2l = ( /ﬂ (Vul + |Vol) dx)z ,

where z = (u, v). We define a bilinear form B : E x E — R by

B[(u, v), (¢, ¥)] = [Q(Vuvw — AVuVo + VoVe — uVoVy)dx. (1.2)

Then B[z, n] = Bln, z], Vz, n € E. Note that B induces a self-adjoint bounded linear
operator L : E — E such that

Blz,nl=(Lz,n)e  (Vz,n € E).
The eigenvalue problem
Lz =kz

has two eigenvalues

—A—pnExJA—p2+4
ki = .
2
The corresponding eigenvectors are (i, (k+ + A)u), where u € Ho1 (). Let

E* = {(u, A rEN (2)»—11)24'4“)’ where u € Hé(SZ)}.

Then E = ET @ E~. Also, both ET and E~ are infinite dimensional. We may write for

z=(u,v) € E,
zt = ! (kou—v, —u—k), z~ = ! (=kiu + v, u + kav),
ko — Kk ey — ko
and we have
Blzt,z7 =Lz, 27 ) g =0, Vz*F e EE.
We may verify that

(z,m) =Bzt —z",n], Yz,neE (1.3)

is an inner product in E that induces a norm | z|| = ({z, z))%, z € E. The subspaces E*
and E~ are orthogonal with respect to the inner product (-, -). Moreover, we have

Iz1? =151 + 1z 1P = Blz" — 27,27 + 27, (1.4)
Let
P A O ) e R el et VA O D ey L5
2 2
Note that
—uk? 4 2ky — » > 0 if and only if Au < 1 (1.6)
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and k1k, = —1. We know that E* and E~ are also orthogonal with respect to the inner
product (-, -)g. The norms || - || and || - || g are then equivalent if Au < 1.

In [10], the authors considered problem (1.1) with superlinear nonlinearities. In
this paper, we consider the case in which f(x, ¢) and g(x, ¢) are asymptotically linear at
infinity for 7.

We assume that /" and g satisfy the following conditions.

(H1)f,ge CY(2 x R,R).

(H2)lim,_o(f(x, 1)/ 1) = lim,_,¢(g(x, £)/t) = 0 uniformly with respect to x € Q and
f(x,1)>0,g(x,1)>0fort> 0, x e Q.

(H3) lim,, oo (f(x, 8)/1) = [ > 0, lim,_, oo (g(x, )/ t) = m > 0 uniformly in x € Q.

(H4) f(x, 1)/t and g(x, t)/t are non-decreasing in ¢ > 0 for x € Q.

(HS) %tf(x, t) — F(x,t) > 0 and %tg(x, ) — G(x, 1) > 0 for any (x,7) € Q x R*.
Also there are § € (0, 1) and ¢; > 0 such that f(x, )/ > § and g(x, 7)/t > § imply,
respectively, that

1 1
Etf(x, 5 —F(x, 1) > cs, itg(?@ 1 —G(x, 1) = cs,

where F(x, ) = [, f(x, s)ds, G(x, 1) = [, g(x, 5)ds.

Let 1, be the first eigenvalue of (—A, H&(Q)) and ¢; > 0 be a corresponding
eigenfunction.

The main result of this paper is the following theorem.

THEOREM 1.1. Suppose that (H1)—(HS). If 0<iu<l1l and X1 <
mA+pl+A/ (mr—pl)2+4ml

2(1—ap)
z = (u,v) € E. Suppose further 0 < A + p < 2. Then the problem (1.1) possesses a least
energy positive solution pair z = (u, v) € E.

, then the problem (1.1) possesses at least one positive solution pair

Theorem 1.1 will be proved by looking for critical points of the associated
functional

— A 2 _ M 2 —
I(u, v)_/Q(Vqu 2|Vu| 2|Vv| ) dx /;ZF(x, u) dx /QG(x, v)dx
(1.7)

defined on E = HO1 (R) x HOI(Q). In order to find critical points of I, we show first
that the functional 7 has a geometry of linking type. Then, we find a (PS). sequence
{z,} C E of I by a linking type theorem in [6]. Theorem 1.1 follows by showing {z,}
has a strongly convergent subsequence. As a byproduct, we show that

I =inf{l(z): I'(z) =0, z= (u,v) € E\{0}}

is achieved by some zo = (up, vo) with ug > 0, vy > 0.
In the same way, we consider the problem

{—Au — puAv =g(x,v), —Av+rAu=f(x,u) (xeQ), (1.8)

u=v=_0 (x € 02),
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and
—Au+ pAv =g(x,v), —Av—2rAu=f(x,u) (xeQ),

1.9
u=v=0 (x € 02). (19

We have the following results.

THEOREM 1.2. Suppose that (H1)— (HS5) hold If A, u>0 and I <
mA—pl+ A/ (mr+pl)>+4ml
2140

solution pair z = (u, v) € E.
THEOREM 1.3. Suppose that (H1)— (HS) hold If A, u>0 and A <
NN e

iESY) , then the problem (1.9) possesses at least one nonnegative nontrivial
solution pair z = (u, v) € E.

, then the problem (1.8) possesses at least one nonnegative nontrivial

Theorem 1.1 will be proved in Section 2.

2. Existenceresults. Suppose in this section that A, u satisfies A < 1. This allows
us to define an equivalent norm on E. As we are only interested in positive solutions,
we assume in the following that f(x, 1) = g(x, ) = 0if < 0. It is known that the energy
functional I defined in (1.7) is C' on E with the Fréchet derivative I’ satisfying

(I'(u, v), (p, ¥)) = / [VuVy + VoV — AVuVe — uVoVy] dx — ff(x, u)p dx
Q Q

—/ g(x, )Y dx.
Q

for (u, v), (¢, V) € E.

A sequence {z,} C E is called a Palais-Smale sequence of a C' functional I on E
at level ¢ ((PS).-sequence for short) if I(z,) — ¢ and I'(z,) - 0 as n — oco. To get a
(PS).-sequence, we use the linking theorem in [6)].

PROPOSITION 2.1. (Theorem 3.4 of [6])
Let E be a real Hilbert space and suppose that ® € C'(E, R) satisfies the following
hypotheses:

1) ®(u) = %(Lu, u) — V(u), where L is a bounded self-adjoint linear operator, W
is bounded below, weakly sequentially lower semicontinuous and V'V is weakly
sequentially continuous;

(1) there exists a closed separable L-invariant subspace Y such that the quadratic
form u — (Lu, u) is negative definite on Y and positive semi-definite on Y*;

(iii) there are constants b, p > 0 such that ®|s ny: > b;
(iv) there is zo € SN Y+ and R > p such that ®|yp; <0, where M = {u =y +
Azo:y € Y, lull < R, A > 0}.
Then there exists a sequence {u,} C E such that V®(u,) — 0 and ®(u,) — ¢ for some
c € [b, sup;;®].

Forzy € Et\{0}and R > r > 0, let
Mr={z=z +4pz:z €E ,p=0,|z| <R}, N,={z€E":|z| =r}.
Let W(u, v) = [, F(x, u)dx + [, G(x, v) dx.

https://doi.org/10.1017/50017089507003588 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089507003588

ASYMPTOTICALLY LINEAR ELLIPTIC SYSTEMS 381

LEMMA 2.1. The following properties hold.
(1) There exist r,a > 0 and R > r (R depending on zy) such that 1(z) > « for all
z€ N,and I(z) <0 forall z € dMp.
(i) ¥ >0, Y is weakly sequentially lower semicontinuous and V' is weakly
sequentially continuous.

Proof. We first prove (i). For z € E*, thereisa u € H&(Q) such that z = (u, kju).
By (H,) — (H3), we have for € > 0 that

1 1
1(2) > Z|lz|I* - / (cetr? + cal’)dx > ~||z||* — C||z|I?,
2 Q 4

where p € (2, 2%), 2* = % Hence for ||z|| = r sufficiently small, there is « > 0 such

that
b:=infI > a.
NI’
Let zg = (uo, k1ug) € ET\{0} with ||zo|| = 1. Note that uy will be specified later,
such that

meamL%W<o (2.1)
We prove now that there exists a R > r such that maxys, I = 0. Set
wo = ((— k3 + 2k — 2)BDINYAN)?) ~*pF e,
where
(d(N))? = /Q e gy, D(N) = 4d(N))2 /Q Ix2e 2 g
and B will be determined later. Then we have as [9] that

1 1
/ uédx: 5 and / |Vuo|> dx = 5 ,
o (—#kt + 2ky — 1) BD(N) 2 (—ukd + 2ky — 1)

which yields ||zg|| = 1. Choosing 8 € (0, min(/, m)/ (Mk% + 2k, — A)D(N)), we obtain
1 — min(/, m) / u}dx < 0.
Q

If z € My, then z = z= + sz¢ with either ||z|| = R, for s > 0, or |z|| < R, when
s=0.1fs=0,wehavez € E~, z = (u, kou) and

1
I(u, kou) = —§||z’||2 - / F(x,u)dx — / G(x, kou)dx <0,
Q Q

because F(x, t), G(x, t) > 0 for any (x, ) € RN x R.
Suppose now that s > 0. If the conclusion were not true, we would have a
sequence {z,} C OM,, z, = syzo + z,, Sy > 0, ||z,|| = n such that I(z,) > 0. That is,

no
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ifz, = (un’ vn) = (Syto + @n, Sk + k290n), then
1
I(zy) = 3 (sallzoll® = Nz, 1) — / F(x, u,) dx — / G(x, v,) dx > 0.
Q Q

Hence

I(zy) _ 1 ( S 20 — ||z;||2) _/ F(x, uy) + G(x, v,)
Q

=5 0
Izall> 2 \llzall? AR AR

dx > 0. 2.2)

As aresult, s, > ||z, ||. On the other hand,

2 2 —12
Sallzoll” + M1z, 17

AR
implies that
2
Sn 2
i > 0?20
[EAR

for some p > 0, and

z
§ =T =0 =(p.kop) €E
llzall

asn — oo.
If p = 0, we get from (2.2) that

" 2 F k] n G £l n
”Z””2—>O, / (xuz)dx—>0, / (x Uz)dx—>0
[zl o lzall o lzall

as n — oo. Therefore,

2 -2
s A
= izl + A
Izl EY

as n — 0o, which is impossible.
If p >0, since 52/||z,||*> = p*> > 0 and ||z,|| — +oo as n — oo, it follows that
s, — +ooasn — oo. If x € Q is such that puy(x) + ¢(x) # 0, we have

fim ST ) 4o £ 0;

n—00 Izl

thus, wu, = s,up(x) + @u(x) > 0o as n— oo. Similarly, if pkjuy(x)+ kap(x) #
0, we have v, = s,kiuo(x) + krp,(x) = oo as n— oo. As I(z,)/|zs]l> > 0 and
F(x, 1), G(x, t) > 0, we deduce that

2 -2 2 2
) z F(x,u u G(x,v v
0< n 2”20”2_ ||n||2_f ( 2n)< n ) + ( 2n)< n ) dX

2|zl 2|zl Q u [zl vy [zl
2 -2 2
s Iz, |l F(x,uy) (u

< |zl - s - — =) dx
2|zl 2|zl {ouote#0) Uy [zl

G(x, 2
_/ (xzvn) ( Un ) dx. (23)
{pk1uo+k07#0} vy llzul
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Notice that

Uy SpUo + @n Uy Snklu() + k2‘pn
= — pup+¢ and =

llzall lzull lzull llzall

— pkiug + kag

in H}(Q) as n — oco. By Sobolev’s is embedding theorems, we may assume that

u Sptly + ) spkiug + k )
n__ 9n 0T @n — pup + @, n__ on 140 2@n N pk1uo +k2§0 de.inQ
llznll llznl NIzl [zl

as n— o00. Let z = pzog + ¢~ and zo = (up, k1up), ¢~ = (¢, kap). Taking the limit in
(2.3), using Fatou’s Lemma and the fact that lim inf,, . (|| z;; |/llz.]]) = I ||, we obtain
by (2.1) that

1 B [ m
0 < §(p2||z(>||2 — 1A - 3 / (puo + @) dx — = (phkiuo + kap)? dx
{puo+9#0} {pk1uo+kap7#0}

1 1
= 5@l = 161 = 5 [ Uoun + 9" + mipl + kag)dx
Q

1 1 .
< 5020l = 17 |1%) = Smin(/, m) /Q (ot + ¢)” + (pkerug + ko) ] dx
1
= 5Pzl = ¢ )——mm(l m)/ P2ty (14 K5) + ¢ (1 +h3)]
1 1
< 5%~ 11 = gminCom) [ [p6 + 4] dx
Q

1 1 1
= —p*|1 —min(, m)/ wtdx | — =|1¢7|* — =min(/, m)/ @ dx
2 Q 2 2 Q
< 0,
which is a contradiction. Hence, part (i) of the Lemma is proved.
Now we prove (ii). It is obvious that ¥ > 0. Let z, = (4, v;,) =~ z = (4, v) in E
as n — oo. Then u, — u, v, - v in L*(Q), p € (2, 2%), and u, — u, v, — v a.e. in Q
possibly after passing to a subsequence as n — oo . It follows from Fatou’s Lemma
that W is weakly sequentially lower semicontinuous. Moreover, by (H;) — (H3), there
isa2<p<2*if N>3and 2 <p < +oo if N <2, such that for € > 0 we can find
¢e > 0 such that
[f Dl < eltl + et lg(x, D] < elt] + et (24)

for (x, ) € Q x R. Therefore,

/ L6, un) = f(x, w)] o dx = o(1), / [g(x, va) — g(x, V)] ¥ dx = o(1)
Q Q
as n — oo. We deduce from

(W(z) — W), (0. 9) = /Q Lo ) — fx )] @ dx + /Q [g(x. va) — g(x, V)] dx,
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where (¢, v¥) € E, that W is weakly sequentially continuous. The Lemma is
proved. ]

PrOPOSITION 2.2. If (u,v) € HOI(Q) X H&(Q) is a positive solution of (1.1), then
A< mA+pl+A/ (mi—pl)>+4ml
1= .

2(1—A)

o - - 2 . ~ . .o, .
Proof. Letk = Y (2":: USRI, TSN apparent that (1, v) = (u, k) is a positive
solution pair of the problem

—Au+ ukAv = g(x, kv), —AD+ %Au = %f(x, u) (x € Q),
u=v=0 (x € 0Q2);

that is

_(1 - &)A<u+ : _“kf)) =g (x, kv) + %f(x, u).

By (H3) and (H4), we have

(-2 e

2
dx = /5‘2 [g(x, kv) + %f(x, u)] (u + L= 'ukf)) dx

A
-z

/ 1 — uk
5/ [mka+—u](u+ - f))dx
I mk? _ 1 — k.
=%/Q(u+7v>(u+ 1_% v)dx.

By the definition of & we know that l:‘f = ’”Tkz, and then
k

< 1 | _mk+ul+\/(mk—y,l)2+4ml
t= T k- 2(1 = Ap) ‘

The proof is complete. O

LEMMA 2.2. Let {z,} be a (PS).-sequence of 1. If A; < mH“Hz‘(l(Ti;)“l)szl, then

{z,} is relatively compact in E.

Proof- 1t is sufficient to show that {z,} is bounded in E. Suppose, to the contrary,
that ||z,|| — oo asn — oo. Let

z U v
w}’l - < & - ) é (w:lv wi) ’ ,On(X) = |wn(‘x)|2 =

llznll Izall” Nzl

(uﬁ + vﬁ) .

[EAE
Then we may assume for some w = (wy, wy) € E that
wy = (wy, wy) = w = (wi, wy) € E,

and

Wy = (w,ﬁ, w,%) — w = (w, wyp) a.e. in Q
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as n — oo. If w = (w1, wy) = 0, then by the Sobolev embedding theorem, we would
have

w) — 0, w2 — 0 in LI(Q)

asn — oo for2 < g < 2N/(N — 2). Since

1 1
Z,Jlr = m ((kZun - vn) P (_un - klvn)) P Z; = kz — kl ((_klun + vn) s (un + kZUn))’
we have
+ k2un — Up - —Up — klvn
U=——, U, = —
" ky — ky " ky — ky
and
v ki, v, _ Uyt kv,
V== v, = ————.
" ky — ky " ky — Kk
Thus,
Gz = 1= = [ fvuuf dx = [ e vt dx = oD
Q Q
and

UGz = 1z 1P = [ Sox, dx = [ eteou, dx = oDz .
Q Q
where zF = (u, v¥). This yields

ol = /Q Fe )t — ) dx /Q g u)f — vy dx = o(D(IzH] — lz7 1.

and so

[ L =)+ 000 =) 1,
Q llz 11
For é and ¢; given in (Hs), let

Ap={x € Q:|f(x, un(x))| < 8lu(x)}, By ={xe€ Q:|glx, u,(x))| < 8luu(x)|},

and Q,, = 4, N B,. We deduce that

‘ [RASELELARS ST Sl p
X
o, 2P
[ M =) ol =)
2, 2P

[EA

2 2
U )
5(:8/ defd/ |wp|? dx
Q Q

<ds<l1
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for n large enough. Thus, we have for all n sufficiently large

SOy un) iy — ) 4 g(x, vn)(vy — )

. N dx>1-8+o(l).
n n

On the other hand, (H,) and (H3) imply that there exists ¢ > 0 such that

LfCe Dl g, DI < ¢+ clt]
for (x, ) € 2 x R. By (2.5) and (2.6), we have

J O )ty — ) + 8(x, va) (v, — )

E dx

0<1—68+o(l) <

Q. 1z

2 2
Uy~ + v
sc/ Lﬂ—%ﬁdesc/ [ dx
o, lzll a\Q,

=2
< mes{Q\R,} 7 IIwnII%,»(Q) — 0

as n— oo because |wyllri) — 0 for 2<qg<2N/(N—-2) as n— oo.

contradiction shows that w = (wy, w;) # 0.
On the other hand,

o(l) = / [Vu, V¢ + Vv,V — AVu,Vo — uVv,Vi] dx
Q

~ [ sexmpdx— [ gtvuwdx
Q Q
asn — oo for (¢, ¥) € E. Let

LEet) i 4y,(x) > 0; gt if y, (x) > 0;

(X)) = gn(x) =

0 if u,(x) <0, 0 if v,(x) <0.
By (H;) — (Hy), we see that

0<p.(x)<!, 0=<qgux)<m, VxeQ,
and there exist two functions p(x), ¢(x) € L*°(£2) such that

Pn— P qn — qin L*(Q)
asn — oo. Hence
p,,(x)w,i — p(x)max{wl(x), 0}, qn(x)wﬁ — q(x)max{wz(x), 0} in LZ(Q)

as n — oo. From (2.7), we have, for (¢, ¥) € E, that
o(l) = / [V, V{ + Vw, Vg — AVw, Ve — uVw; V] dx
Q

—/mwwwu—/%mﬁwm
Q Q
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asn — oo. Letting n — oo, we obtain
/[levw + Vw?Vp — AVw! Ve — uVuw?vyldx — / p(x)max{w', 0}pdx
Q Q
— / g(x)max{w?, 0} dx = 0. (2.8)
Q

Therefore, w', w? satisfy

{—Awl + nAw? = g(x)max{w?, 0} > 0 (x € Q), 29)

—Aw? + AAw! = p(x)max{w!, 0} > 0 (x € Q).

Standard elliptic regularity theory in [4] shows that w!, w? € C*(Q) N C(Q). By the
strong maximum principle, we have w! — pw? > 0 or w! — pw} = 0 throught © and
w3 —w' >0 or w? —w! =0 throught Q. Since w = (w1, wz) #0 and 0 < Ap < 1,
we conclude that w! > 0, w? > 0 in Q. Hence p(x) = /, and ¢(x) = m. It follows that

w = (w', w?) satisfies

/[levw—i—szVgo—)»VwIVgo—qusz]dx—/ Iw]<pdx—/mw21/fdx=0.
Q Q Q

_ \/_72 - .
Let k = 2tz +4ml -y serve that w = (w', w?) = (w!, ki?) satisfies

2m

A !
/[lewf — ukV vy — mkw*y]dx + kf |:Vﬁ)2V(p — %lew — %wlga:l dx=0.
Q Q

Choosing (¢, ¥) = (1¢1, 1), we see that
1 _ ~ 2 e ~ 2 Ao L _
[Vw Vo, — ukV Vo —mkw g ]dx+ | |Vw-Ve, ka Vo, kw 01| dx=0,
Q Q

that is,

A 1 — pk l k?

. ) L Sl +ami .
This contradicts the fact that A; < A5 = mHMHZ(I(T;M)”I) 4 The assertion then
k

follows. O

PROPOSITION 2.3. Suppose that (H1) — (H5) hold and A < et Hz'(l(iq:;)ﬂl) 2+4ml,

then problem (1.1) possesses at least one positive solution pair (u, v) € E.

Proof. By Lemma 2.1, we know that the functional / has an infinite dimensional
linking geometry as described in Proposition 2.1. Proposition 2.1 implies that there
exists a (PS).-sequence {z,} for I, where ¢ > 0. By Lemma 2.2, there exists a z = (u, v)
€ E such that z, - z=(u,v) in E as n — oco. Now z is a nontrivial solution of
(1.1). The Strong Maximum Principle yields # > 0 and v > 0 in Q. The conclusion
follows. O
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By Proposition 2.3, we know that the set
{(u, v) € E : (u, v) # 0 is a positive solution pair of (1.1)}
is not empty. Let
I°° = inf {I(u, v)|(u, v) # 0 is a positive solution pair of (1.1)}.

PROPOSITION 2.4. Suppose that . + u < 2. Then I* is attained and I*° > 0.

Proof. By Proposition 2.3, we know that /* is finite. Indeed, by (2.4), Holder
inequality and the Sobolev embedding theorem, we get

f|Vu|2dxs/|g(x, v)lluldx+,u/ Vul Vo] dx
Q Q Q

p—1
< ecllullg vl + cellullgillvlly,  + wliullgellvliq,

Similarly,
. -1
IVol* dx < ecllull g 0]l gy + ellvll g lully, ™ + Al gy 1ol
Q 0 0 0 0 0
Adding the two inequalities above we obtain

-1 ~ —1
(IVul® + |VoP)dx < (ec + 2+ w) llull gy ol gy + cellull gy lolG + Ellollgy lully,
0 0 0 0
Q

| =

< (ec+)»+,u)f(|Vu|2+|Vv|2)dx
Q

+c;(/ (IVul® + |Vv[?) dx)®.
Q
Since A + u < 2, it follows, by choosing € > 0 suitably, that
/(|Vu|2 +|VvH)dx>c>0;
Q

that is,
llzll = ¢ > 0. (2.10)

Suppose now that z, = (u,, v,) # 0 is a minimizing sequence of /*°. By Lemma
2.2, we see that {z,} is uniformly bounded and relatively compact in E. Hence we may
assume that z, — z = (&, v) in E and I'(z) = 0. (2.10) implies this z # (0, 0). It follows
that 7°° = lim,_, », I(z,) = I(z) > 0. Consequently, /> is attained by z € E \ {0}. The
proof is complete. O

Proof of Theorem 1.1. This is a direct consequence of Proposition 2.3 and 2.4. O

The proof of Theorem 1.2 and 1.3 are similar to that of Theorem 1.1. The main
difference is to show that the (PS). sequence is bounded. For instance, for Theorem 1.2,
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we may derive as (2.9) that
{—Aw‘ — nAw? = g(x)max{w?, 0} > 0 (x € Q), 211

—Aw? + AAw! = p(x)max{w!, 0} > 0 (x € Q).

Multiplying (2.11) by w! and integrating by parts, we obtain
(1+ ML)/ lwl P dx <0,
Q

implying that w! > 0. Whence the strong maximum principle yields either (i) w?> = 0
in Q or (ii) w? > 0 in Q.
In the case (i), we have

Aw' = 0;

this yields w! = 01in €, so that (w!, w?) = 0, a contradiction.
In case (ii), g(x) = m and w!, w? satisfy

—(1 4+ ) Aw' + pp(x)w' = mw? >0,

by the strong maximum principle. Also, w' > 0 or = 0in Q. If w! = 0in Q, it follows
that (w!, w?) = 0, a contradiction to (w', w?) # 0. If w! > 0 in Q, we have p(x) =/
and from (2.6) we see that w = (w', w?) satisfies

/[levw+Vw2V<p—AVw1Vgo+qu2V1p]dx—/ lw]godx—/mwzwdx=0.
Q Q Q

The rest of the proof that the (PS). sequence {z,} is bounded is similar to Lemma 2.2.
Finally, using Proposition 2.1, we see that problem (1.8) has a nontrivial
nonnegative solution (i, v) which satisfies

—Au—puAv >0, —Av+rAu>0, xeQ.
This implies that
—(1+rpw)Av = 0.

and so, by the maximum principle, either v > 0 or v = 0. The second case cannot
happen since v = 0 implies # = 0. We remark that we could not show « > 0 although
we know u > 0. We only obtain (u, v) is a nontrivial nonnegative solution.
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