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Abstract

This paper considers option valuation under finite mixture models in a discrete-time
economy. Specifically, the Esscher transform is employed to select a pricing kernel.
Novel finite mixture models with negative-shifted Gamma and negative-shifted inverse
Gaussian distributions are developed. A hybrid finite mixture model that allows different
parametric forms for component distributions is introduced to incorporate model uncer-
tainty. An empirical characteristic function estimation method is employed to estimate
the finite mixture models. Closed-form pricing formulas for a European call option are
obtained for some finite mixture models. Empirical examples using data on the Bitcoin-
USD prices are provided to illustrate an application of the proposed models to value
Bitcoin options.
Keywords: Option valuation; finite mixture distributions; Esscher transform; empirical
characteristic function estimation; Bitcoin options
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1. Introduction

Finite mixture models, such as finite mixture normals, play an important role in modelling
empirical behaviour of financial returns. Empirical evidence supporting a mixture of normal
distributions for S&P 500 returns data was provided in [60]. The significance of finite mixture
models for modelling financial returns was discussed in [73, 80]. The merits of finite mixture
models include their analytical tractability and capability of capturing key empirical features of
financial returns, such as the skewness and heavy-tailedness of distributions for returns. Finite
mixture models also incorporate the impact of uncertainty about market news or events on
distributions for financial returns as noted, for example, in [25, 73, 74]. Finite mixture models
have important applications in machine learning and big data analytics [8, 20]. For an in-depth
statistical analysis of finite mixture models, see, for example, [33, 50, 51, 75]. Finite mixture
models are intimately linked with the regime-switching models proposed, for example, in [34,
76, T7]. Specifically, if the finite-state (hidden) Markov chain modulating a Markov regime-
switching model is replaced by a mixing random variable, the Markov regime-switching
model becomes a finite mixture model. [78] pointed out that the stationary distribution of a
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simple self-exciting threshold autoregressive (SETAR) model is a mixture of normal distribu-
tions. See also [23] for exploring links between finite mixture models and regime-switching
models.

Option valuation under finite mixture models has been considered in the literature.
[57] discussed the pricing of a European call option under a finite mixture of normal distri-
butions and obtained a closed-form pricing formula. With heterogeneous expectations, [32]
obtained the Ritchey pricing formula and showed that a finite mixture of lognormal distri-
butions is desirable for recovering a risk-neutral distribution from option prices data. See
[7, 47, 58, 59, 81] for some other contributions to option pricing and related problems such as
risk-neutral density estimation under finite mixture models. Option valuation under discrete-
time regime-switching models has been considered in the literature. [15] proposed a general
class of option pricing models based on regime-switching processes, which include the Markov
regime-switching models and some GARCH-type models. [42, 45] studied option valuation
under discrete-time hidden Markov regime-switching models. [19, 71] considered option pric-
ing under a discrete-time Markov-switching GARCH-type model and a discrete-time SETAR-
ARCH model, respectively. [14] considered the pricing of exotic options under a discrete-time,
high-order, Markov regime-switching model. [18] introduced a discrete-time, Markov regime-
switching, affine term-structure model for pricing interest-rate securities. [68] discussed option
pricing under discrete-time doubly Markov regime-switching models with non-normal inno-
vations. [29] proposed a novel approach to deal with path dependence in option valuation
under a discrete-time hidden Markov regime-switching model. The approach was improved by
[30] based on the extended Girsanov principle allowing for non-normal logarithmic returns.
[24] studied an option valuation problem under a discrete-time Markov-switching stochastic
volatility model. The aforementioned works focus on models with normal innovations, apart
from [30, 65].

Discrete-time finite mixture models offer a simpler solution to an option valuation problem
than discrete-time Markov regime-switching models. Fusing techniques in actuarial science,
financial mathematics, applied probability, statistics, econometrics, and data science, this paper
discusses canonical option valuation under discrete-time finite mixture models. Specifically,
the Esscher transform is employed to select a pricing kernel. The Esscher transform is an
important tool in actuarial science and its use for option pricing was proposed in the semi-
nal work [26]. For some subsequent developments, see, for example, [3, 11, 12, 16, 27, 28,
31, 62, 70]. The pricing kernel selected by the Esscher transform is justified by maximizing
the expected utility based on a state-dependent power utility function. Besides finite mixture
normals, we introduce novel finite mixture models including a finite mixture model of negative-
shifted Gamma (NegSGa) distributions, a finite mixture model of negative-shifted inverse
Gaussian (NegSIG) distributions, as well as a hybrid finite mixture model of normal, NegSGa,
and NegSIG distributions. The hybrid finite mixture model incorporates model uncertainty by
allowing different parametric forms for its component distributions. The maximum likelihood
estimation method is intractable when NegSGa and NegSIG distributions are involved. Given
that closed-form expressions for the characteristic functions of normal, NegSGa, and NegSIG
distributions are available, an empirical characteristic function (ECF) estimation method is
adopted to estimate the finite mixture models. Closed-form pricing formulas for a European
call option are obtained for these finite mixture models, up to solving non-linear equations
for cases involving NegSIG distributions. Although works on option valuation under mixture
normal GARCH-type models exist (see, for example, [4]) and have gained some empirical
successes, the finite mixture models considered here lead to closed-form pricing formulas and
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provide a flexible way to incorporate non-normality. Using data on the daily adjusted close
prices of Bitcoin-USD, estimation results for eight models (five finite mixture models and three
non-mixture models) are provided. Numerical results are provided and analysed for European
call Bitcoin option prices and their implied volatilities.

The rest of the paper is structured as follows. In Section 2, a discrete-time multiperiod finite
mixture model is considered. The theoretical results for option valuation under the finite mix-
ture model are presented based on the conditional Esscher transform in Section 3. Analytical
solutions to option valuation are obtained for the finite mixture models in Section 4. The esti-
mation procedures and results are provided in Section 5. Numerical results for option prices
and implied volatilities are presented and analysed in Section 6. The final section provides
concluding remarks and points out some limitations of the proposed models and study. The
supplemental material contains Appendix A, an economic justification for the pricing kernel;
Appendix B, proofs of lemmas and theorems; Appendix C, exploratory data analysis; and
Appendix D, tables and figures.

2. A discrete-time multiperiod model

A discrete-time economy is considered in which uncertainties are described by a com-
plete probability space (€2, F, P), where P is a real-world probability measure. Let 7 be a
finite discrete-time parameter set of the economy, where 7 =1{0, 1, 2, ..., T}, for some finite
horizon T < oo. The price process of a risky asset is described by a discrete-time stochastic
process {S;};c7 with the state space R, (i.e. the set of non-negative real numbers). For each

t=1,2,...,T,let R, := In(S;/S;—1), (i.e. the logarithmic return of the risky asset in the tth
period from time # — 1 to time 7).
Foreacht=1,2,...,T, R, takes on values in R, (i.e. the set of real numbers). Write [F

for the P-augmentation of the natural filtration {F;};c7 generated by {R;};e7\(0) such that
Fii=0{R1,R2, ..., R} VN and Fy:= o{@, Q} VN, where N is a collection of P-null sets
in F, AV B is the minimal o-field containing the o-fields A and B, and & is the empty set.
Here it is supposed that for each r=1, 2, ..., T, R, has a finite mixture distribution with the
cumulative distribution function (CDF) F(x), which is given as follows:

N
Fx)=Y " piFi(x), 2.1)
i=1

where p; >0 fori=1,2,...,N, and nyzlp,- =1; Fj(x) is the ith-component CDF of the
mixture CDF F(x); and p; is the weight allocated to the ith-component CDF F;(x). Note that

R1, Ry, ..., Ry are identically distributed and have the common finite mixture distribution
F(x) defined by (2.1).
Let ® denote a discrete random variable on (€2, F, P) taking a value on {1, 2, ..., N}.

Suppose that the probability mass function of ® under PP is given by
PO®=i=p;, i=1,2,...,N. (2.2)

Assume that, for each 1€ 7 \ {0} and each i=1, 2, ..., N, the conditional distribution of
R; given ® =j under P is given by

P(R; <x|®=i)=F;(x) foreachxeR, (2.3)
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where Fj(x) is the ith-component CDF of the finite mixture CDF F(x) in (2.1). Using the law
of total probability, (2.2), and (2.3), for each ¢ € T \ {0}, the unconditional CDF of R, under P
is given by
N N
Fo)=PR, <x)=Y PR <x|0=)PO=i)=) Fix)pi. (2.4)
i=1 i=1
This is the same as the CDF F(x) of the mixture distribution in (2.1). Consequently, the random
variable ® is interpreted as a mixing random variable for the mixture distribution in (2.1).

For each t € T \ {0}, let M(n) be the moment-generating function (MGF) of R; evaluated
at n under P and M;(n) be the (conditional) MGF of R; given ® =i evaluated at n under P.

That is,
o
M(n) := E[e"] = / e™ dF(x), (2.5)
—00
where [E[ - | denotes the expectation under P, and
o
Mi(n):= E[e™ |0 =i]= / e™ dF;(x), (2.6)
—00

where E[ - | ©® = i] is the conditional expectation given ® = i under IP. Then it is known that

N
M@= piMi(n). 2.7)

i=1
3. Pricing kernel using the conditional Esscher transform

In this section we specify a risk-neutral probability measure (or a pricing kernel) using
a version of the conditional Esscher transform [11, 12, 70]. We also identify the respective
martingale condition, and the distributions for the returns and mixing random variable under
the risk-neutral probability measure. Lastly, we derive a generic expression for the price of a
European call option.

Leth: {1,2,..., N} - R be areal-valued function on the finite set {1, 2, ..., N}. Assume
that, for each i e {1, 2, ..., N}, M;(h(i)) < oo (i.e. the conditional MGF of R; given ® =i
evaluated at /(i) € R under P exists).

Foreacht=1,2,...,Tandi€{l,2,...,N},let

h(DR;
A(h(D)) = —. (3.
’ Mi(h(i))
Then A(h(i)) is a positive F;-measurable random variable.
Foreacht=1,2,...,T,let G; be an enlarged o -field defined by
Gr:= Fvo{B} (3.2)

where o {®} denotes the o-algebra generated by the mixing random variable ®. Write G for
the respective enlarged filtration {G;};e7 with Gy := Fo =0 {@, Q} VN.

Similarly to (2.6), let Mg (1) denote the conditional MGF of R, given ® evaluated at n under
P. That is,

o]

Mo(n) = E["® | 0] = / & dFo (), (3.3)

—00
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where E[ - | ®] is the conditional expectation given ® under P. Note that Mg(n) may be

thought of as the (random) MGF of the (random) distribution function Fg(x) under P. For each

i=1,2,...,N,ontheset {we Q| O(w)=i}, Fo(x) = Fi(x) and Mg(n) = M;(n) under P.
Similarly to (3.1), foreachr=1,2, ..., T let

h(OR;

Ai(h(©®)) = Mo(h(©)

(3.4)
Then 1;(h(®)) is a positive G;-measurable random variable.
We define the G-adapted process {Aﬁ’(@)},eT by putting

t
AN©) = [ m(©))

k=1

’ eh(@))Rk 4
=TI oy =P (h(@) ;Rk —tln (M@(h(G))))), teT\{0}, (3.5

and A}(©) = 1.
We impose the following assumption.

Assumption 3.1. For each t=2,3, ..., T, R; is conditionally independent of F;—1 given ©
under P.

Then we have the following lemma.

Lemma 3.1. Suppose that Assumption 3.1 holds. Then {A?(@)},ET is a positive (G, P)-
martingale.

A probability measure P equivalent to P on G7 can then be defined by putting

h
% = AL(O). (3.6)
gr
The probability measure P” defined in (3.6) is a variant of the Esscher transform. It is intimately
linked with the random Esscher transform in [69], and may be thought of as a version of the
conditional Esscher transform in discrete time [11, 12, 70]. It is also related to the regime-
switching Esscher transform in [16, 45, 68]. The random variable A(®) is interpreted as a
random Esscher parameter. In the context of insurance mathematics, we can select an Esscher
parameter so that, for a given premium level, the Esscher premium principle with the Esscher
parameter is equal to the given premium level. The followng lemma gives a result that will be
used for later developments in this paper.

Lemma 3.2. Suppose that Assumption 3.1 holds. Then Ry, Ra, . .., Rt are conditionally inde-
pendent given © under P. Furthermore, Ry, Ra, ..., Rt are also conditionally independent
given © under P" defined by (3.6).

Let M}é(n) be the conditional MGF of R; given ® evaluated at 1 under the probability
measure P" defined by (3.6). That is,

ML () := E"e™ | 0], (3.7)
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where E"[ - | ©] is the conditional expectation given ® under P". Then the following lemma
gives the relation between Mf’_)(n) and Mg(n). See, for example, [19, 26, 27, 45, 60] for some
related discussions.

Lemma 3.3. Let 17: {1, 2, ..., N} = R be a measurable real-valued function. Then, for each
te T\ {0}, A
_ Mo(n(®) + (O))
M H(®)) = ,  P-almost surely. (3.9)
© Mo (h(©)) Y

Let r be the constant risk-free force of interest, i.e. the continuously compounded risk-free
interest rate. By the fundamental theorem of asset pricing [36-38], the absence of arbitrage
opportunities is essentially equivalent to the existence of a martingale measure, say IF’hT, equiv-
alent to IP on G, such that the price process of the risky asset discounted by the risk-free force
of interest r, say {e "'S;};eT, is a positive (G, IP’hT)—martingale. The latter statement holds if
and only if there exists a random variable 4" := A'(®), which is o {©®}-measurable, such that,
foreachr=1,2,...,T,

B (eS| Gril=e 7 70s, (3.9

where IE"T[ -] Gy—1] is the conditional expectation given G, under IPhT. Note that the martin-
gale condition for the discounted share price process is with respect to the enlarged filtration
G, which contains information about the share price process and the mixing random vari-
able ®. The latter may be thought of as private information that is not known to the public.
Consequently, the assumption of the strong form of market information efficiency is imposed.
It may be noted that some other studies considered the weak form of market infomation
efficiency instead. See, for example, [6, 17, 30].

The random variable hf(®) is interpreted as the risk-neutral random mixing Esscher param-
eter. In the following theorem, the fundamental theorem of asset pricing is adapted to the
current modelling framework based on the possible values taken by the risk-neutral random
mixing Esscher parameter 47(®). These possible values are given by A (i) fori=1,2, ..., N.

Theorem 3.1. Suppose an equivalent martingale measure is specified by the probability mea-
sure PN defined in (3.6) by setting h=h'. Then the absence of arbitrage opportunities is

essentially equivalent to the existence of N real numbers hT(i), i=1,2,...,N, such that
M;(1+ h'(i)
Z M) 1i9=jj, P-almost surely, (3.10)

where 19— is the indicator functton of the event {® =i}.

By slightly modifying the arguments in [27], it may be seen that the N real numbers hj(i),
i=1,2,..., N, that satisfy (3.10) are uniquely determined if they exist. The existence of N
real numbers hT(i), i=1,2,...,N, that satisfy the martingale condition in (3.10) for some
parametric cases will be discussed in Section 4. The pricing kernel selected by the conditional
Esscher transform is justified by maximizing the expected state-dependent power utility in the
supplemental material (Appendix A).

The following theorem shows that the probability mass function of the mixing random

variable ® remains unchanged when changing the probability measures from PP to Ph,

Theorem 3.2. Under ]P’hT, the mixing random variable ©® has the probability mass function

P(@©=i)=p;, i=1,2,...,N. G.11)
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Theorem 3.3 provides the conditional distribution of R, given ® =i under P for each
i=1,2,...,N, and the unconditional distribution of R, under IP’hT.

Theorem 3.3. Foreacht €T \ {0} and eachi=1,2, ..., N, let F[/-“T (x) denote the conditional
probability distribution of R; given ® =i under ]P’hT, and let F"' (x) denote the unconditional
probability distribution of R, under P Then

X ehTGy
s Fi(dy)
FZM(X):: PhT(RtSﬂ@:i):M’ (3.12)
M;(h" (i)
where the integral is interpreted as the Riemann—Stieltjes integral. Furthermore,
f ¥ Al
F!' ()= P" (R, <x) =D FI (0)pi. (3.13)

i=1

Besides using the conditional Esscher transform to specify a pricing kernel, we can adopt
other prominent approaches such as the extended Girsanov principle [17] and the second-order
Esscher transform [54] to specify a pricing kernel. However, using the conditional Esscher
transform here has several advantages. Firstly, in each of the (parametric) finite mixture dis-
tributions to be considered in Section 4, the distribution for returns under the risk-neutral
probability measure specified by the conditional Esscher transform is in the same paramet-
ric family as the distribution for returns under the real-world probability measure. That is,
the (parametric) distribution of returns is closed under changing probability measures via the
conditional Esscher transform. Indeed, in continuous-time regime-switching modelling frame-
works, it has been shown in some literature that the risk-neutral probability measure selected by
the Esscher transform minimizes the relative entropy between an equivalent martingale mea-
sure and the real-world probability measure [16, 63]. Note that the relative entropy between
an equivalent martingale measure and the real-world probability measure is a measure for the
‘distance’ between the two probability measures. Consequently, the risk-neutral probability
measure selected by the Esscher transform is ‘closest’ to the real-world probability measure.
Secondly, using the conditional Esscher transform, an analytical expression for the price of a
European call option is obtained for each of the finite mixture distributions to be considered
in Section 4. Thirdly, the pricing kernel specified by the conditional Esscher transform can be
justified by an economic equilibrium based on maximization of the expected power utility.

Note that the martingale condition in (3.10) of Theorem 3.1 is equivalent to the following
N equations satisfied by hT(i), i=1,2,...,N:

, Mi(1+RT)

—, i=1,2,...,N. (3.14)
M;(h' (i)
Furthermore, from Lemma 3.2, R, R, ..., R7 | ® are (conditionally) independent under IE”hT.
From (3.11) in Theorem 3.2,
P(©=i)=p; (3.15)

Using (3:8) in Lemma 3.3, for each i=1, 2, ..., N the conditional MGF of R; given ® =
under P evaluated at 7 is given by

Mi(n + h' @)

M () = :
D= @)

(3.16)
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Then the MGF of R; under P evaluated at n is given by

N N tos
My =S M oy = S M AD) 3.17
() ;lom ; ORe (3.17)

A European call option with strike price K and exercise date T is considered. As in [26], we
calculate the value of the call option at time = 0. Let Cy denote the value of the call option at
time = 0. Then

Co=FE"[e~T(Sy — K)*]. (3.18)

Using the law of iterated expectations and (3.15),

N
Co=Y E'[eT(Sr—K)t|0=iP" @©=i)

i=1

N
=Y E'e TS - Kt |0 =ilp. (3.19)
i=1

Foreachi=1,2,...,N,let
Coli):= BN [e 7T (Sp — K)* | © =1]. (3.20)
Then, from (3.19) and (3.20),

N
Co=_ Colipi. (3.21)
i=1

4. Analytical solutions

In this section, four parametric cases, namely a finite mixture model of normal distribu-
tions, a finite mixture model of negative-shifted Gamma distributions, a finite mixture model
of negative-shifted inverse Gaussian distributions, and a hybrid finite mixture model of normal,
negative-shifted Gamma and negative-shifted inverse Gaussian distributions are considered.
The existence of an equivalent martingale measure, or a pricing kernel, selected by a risk-
neutral Esscher measure is discussed for each of the four parametric cases. The derivations
presented adopt results from [26, Sections 3 and 4]. Some of the conventions and notation of
[26] will also be used in the following.

4.1. Finite mixture model of normal distributions

Assume that, foreachi=1, 2, ..., N, the ith-component CDF Fj(x) is the CDF of a normal
distribution with mean p; and variance aiz (G.e. N(u, aiz)). Then

1
M;(n) =exp (uin + 51720,-2) “4.1)
From (3.14) and (4.1),
12
r— i — 50;
h*(i):#, i=1,2,...,N. 4.2)

o

Then (4.2) ensures the existence of an equivalent martingale measure P,
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From (3.16), (4.1), and (4.2),

+ 1 1
Mf‘ (n) =exp ((r — zaf)n + 5’7201'2) 4.3)

This implies that under P"', the conditional distribution of R, given ® =i is a normal dis-
tribution with mean r — %O’iz and variance ai2, (e R |{®=i}~N(r— %al-z, oi2)), for each
i=1,2,...,Nandeacht=1,2,...,T. Define

T
Rir:= ) R (4.4)
=1
Note that by Lemma 3.2, Ry, R, ..., Rr|® are (conditionally) independent under IP’hT.

Furthermore, foreacht=1,2, ..., Tandeachi=1,2,...,N,R, | {® =i} NN(r— %al.z, O’l-z)

under P#", Consequently, Ry,7 | {© =i} ~N((r — %aiz)T, o? T) under Ph 1t may be seen that,
foreachi=1,2,..., N,

Co(i) = I[-EhT [e*’T(ST —K)" | ®=i]=BSM(Sy, K, T, r, 7). 4.5)
Note that BSM(Sy, K, T, r, 0;) is the Black—Scholes—Merton call price with volatility parame-
ter o;:
BSM(So, K, T, r, 07) = So®(d (i) — Ke™ " ®(da(i)), (4.6)
where

In (So/K) + (r+ 302)T
U,’\/T '

Then, from (3.21) and (4.5), an analytical expression for the call price is

di(i) = (i) = d1 (i) — o/ T.

N
Co= Z BSM(So, K, T, r, o;)pi. (4.7)

i=1

4.2. Finite mixture model of negative-shifted gamma distributions

From the empirical studies in Section 5, the skewness of the logarithmic returns of Bitcoin
in USD is negative. Consequently, a shifted Gamma distribution may not be suitable to model
the logarithmic returns of Bitcoin in USD since the skewness of a shifted Gamma distribution
is positive [26, p. 117]. Consequently, instead of considering a finite mixture model of shifted
Gamma distributions, we suppose that the logarithmic returns follow a finite mixture model
of negative-shifted Gamma distributions. Specifically, we assume that under the real-world
probability measure PP, foreachi=1,2,...,Nandeacht=1,2,...,T,

. d
R {®=i}=k - Y, (4.8)

where Y; follows a Gamma distribution Ga(w;, B;) with shape parameter «; and rate

parameter S;; 4 means equality in distribution. In this case, for eachi=1, 2, ..., N and each
t=1,2,...,T, the conditional distribution of R; given {® =i} under P is a negative-shifted
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Gamma distribution with shape parameter «;, rate parameter §;, and shifted parameter k; (i.e.
NegSGa(v;, Bi, ki), where k;, a;, and B; are all positive.

Let G(x | o, B) denote the CDF of a Gamma distribution with shape parameter « and rate
parameter 8 evaluated at x > 0. Then, foreachi=1, 2, ..., N, the ith-component CDF F;(x)
is given by

Fix)=1—-G(ki — x| oy, Bi), x<ki. 4.9)

Similarly to [26, (4.1.3)], foreachi=1, 2, ..., N the MGF of F;(x) evaluated at n is given by

Mi() = (/%) s g (4.10)
From (3.14) and (4.10),
. T(q ai
er=<ﬂ’+—h.(l)) ek, i=1,2,... N. 4.11)
Bi+ht@) +1

Take, foreachi=1,2,...,N,
Bl = Bi+ 1 (). 4.12)

Then, from (4.11) and (4.12),

. 1

lBi :m, k,~>r. (413)

Indeed, (4.12) and (4.13) ensure the existence of an equivalent martingale measure i

provided that k; > r. The condition that k; > r is required to ensure that ﬂ; > 0.
From (3.16), (4.10), and (4.12), for each i=1, 2, ..., N the conditional MGF of R; given

© =i under P"' evaluated at n is given by

i o
Ml o= (ﬁf_+) > . (“.14)
n

i

Consequently, under IP’hT, the conditional distribution of R; given ® =i is a negative-shifted
Gamma distribution with shape parameter «;, rate parameter ,B;r , and shifted parameter
k;. Since Ry, Ry, ...,Rr|® are (conditionally) independent under }P’m, Rir|{®=i}~
NegSGa(o; T, ﬂ;, k;T) under IP’”" foreachi=1,2,...,N.

Define
1 K 4.15)
=In|—). .
K S5

Then, similarly to [26, (4.1.7)],

Co() =E" [T (Sp — K)" | © =1]
=SoG(kiT —« | T, Bl + 1) — Ke T GT — ic | T, B))
=NSGa(So, K, T, r, ix B1, ki), say. (4.16)

Note that for (4.16) to hold, it is required that k;T > « foreachi=1,2, ..., N.
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From (3.21) and (4.16), an analytical expression for the call price is

N
Co=y NSGa(So, K, T, 1, i, B ki)pi. (4.17)

i=1

From (4.13), ,BZT does not depend on ; for eachi=1, 2, ..., N. Consequently, the call price
Cp in (4.17) does not depend on B;.

4.3. Finite mixture model of negative-shifted inverse Gaussian distributions

Let J(x | a, b) denote the CDF of an inverse Gaussian (IG) distribution with parameters a
and b evaluated at x > 0. Then, from [26, (4.2.1)],

a a
J(x|a, b= — V2b ZW%(——— 2h > 4.18
(x|a,b) ( TS + x)—i—e Ner: X ( )

where ®( - ) is the CDF of a standard normal distribution. That is, i_f ¥ and A are the mean
and the shape parameter of the IG distribution, respectively, then 1*¢ = a/2+/b and A = a?/2.
We suppose that, under P, foreachi=1,2,...,Nandeachr=1,2,..., T,

R{O=i} Sk — Y, (4.19)

where Y; follows an IG distribution with parameters a; and b;. Note that a;, b;, and k; are all pos-
itive. In this case, the conditional distribution of R; given {® = i} under P is a negative-shifted
inverse Gaussian distribution with IG parameters a; and b;, as well as the shifted parameter k;.
That is, under P, R; | {® =i} ~ NegSIG(a;, b;, k).

Then, foreachi=1, 2, ..., N, the ith-component CDF F;(x) is given by

Fix)y=1—Jki —x|ai, bj), x<Kki. (4.20)

Similarly to [26, (4.2.3)], foreachi=1, 2, ..., N the MGF of F;(x) evaluated at n is given by

i) =exp (/b = Vbitm+kin) . 1> —bi @“21)

From (3.14) and (4.21),

r=a; (\/b,-+h7(i)—\/b,-+hT(i)+ 1) + k. (4.22)
Take, foreachi=1,2,..., N,
bl =b; 4+ h'(i). (4.23)
Then, from (4.22) and (4.23),
bi— bl +1=""1 424
Ji -1 az

Consequently, from (4.23), the existence of an equivalent martingale measure P"" becomes the
existence of a solution to the non-linear equation in (4.24) provided that b; > —h'(@P). The latter
condition is required to ensure that b,T > 0.
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From (3.16), (4.21), and (4.23), for eachi=1, 2, ..., N the conditional MGF of R, given
© =i under P"" evaluated at n is given by

m!' = exp (as(y/b] — 5] + ) +kim). > b, (4.25)

Consequently, under IPhT, the conditional distribution of R; given ® =i is a negative-
shifted IG distribution with parameters a; and bj, as well as the shifted parameter

ki. Since Ri,Ry,...,Rr|® are (conditionally) independent under IP’hT, Rir{®=i}~
NegSIG(a;T, bl{ k;T) under P"" for each i = 1,2, ..., N. Then, similarly to [26, (4.2.7)],

Col) =B [e™(Sr — K)" |© =1
= SoJ(kiT — i | T, b} +1) — Ke " TJ(k;T — i | ;T b)),
=NSIG(So, K, T, r, ai, b, k;). (4.26)

Note that for (4.26) to hold, it is required that k;T > x foreachi=1,2,..., N.
From (3.21) and (4.26), an analytical expression for the call price is

N
Co=Y NSIG(So. K. T. r.ai. b, ki)pi. (4.27)

i=1

This analytical pricing formula is up to solving the non-linear equation for bj in (4.24).

Furthermore, from (4.24), bl‘ does not depend on b; for each i=1, 2, ..., N. Consequently,
the call price Cp in (4.27) does not depend on b;.

4.4. Hybrid finite mixture model

In this subsection, a hybrid finite mixture model of normal, negative-shifted Gamma
and negative inverse Gaussian distributions is considered. The hybrid model allows for the
flexibility that the component distributions may come from different parametric classes of
distributions. It provides a feasible way to describe both model uncertainty and parameter
uncertainty. The former is interpreted as uncertainty about the parametric form of distribu-
tions. Specifically, to describe model uncertainty we consider more than one parametric form
for the component distributions and use the mixing mechanism in a finite mixture model to
take a ‘weighted average’ of the component distributions across different parametric distri-
bution classes. The idea may perhaps be related to the use of Bayesian averaging to capture
model uncertainty in the context of smooth ambiguity pioneered in [43]. To incorporate param-
eter uncertainty, the mixing mechanism in a finite mixture model is used to take a ‘weighted
average’ of the component distributions within the same parametric class of distributions.
Informally speaking, model uncertainty is incorporated through considering the variation or
heterogeneity between different parametric classes of distributions. Parameter uncertainty is
captured by considering the variation or heterogeneity within the same parametric class of

distributions.
Suppose, for each i=1, 2, ..., N, the ith-component CDF Fj(x) is the CDF of a nor-
mal distribution with mean y; and variance O’l-z. Also, foreachi=N; +1,N;+2,...,N1 +

N3, the ith-component CDF Fj(x) is the CDF of a negative-shifted Gamma distribution
with shape parameter «;, rate parameter f;, and shifted parameter k;. Assume, for each
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i=Ni+Ny+1,Ni+N>+2, ..., N, the ith-component CDF F;(x) is the CDF of a negative-
shifted IG distribution with IG parameters a; and b;, and the shifted parameter k;. Then the
hybrid finite mixture model can be written as

N N1+N,
Fx)=Y piNGl i, o2+ Y pill = Glki — x| ai, B))
i=1 i=N1+1
N
+ Y pil—J(ki —x|ai, b)) (4.28)
i=N1+Ny+1
for x < min{ky, 11, kny 42, . . ., kn}.

Using the results in Sections 4.1—4.3, an analytical expression for the call price is

N N1+N;
Co=Y BSM(So.K.T.r.opi+ . NSGa(So.K.T.r. o B} kilpi
i=1 i=N;+1
N
+ Y NSIG(So.K.T.r a.b]. kp. (4.29)
i=N1+Ny+1

Again, the analytical pricing formula in (4.29) is up to solving the non-linear equation for bj

in (4.24). The existence of an equivalent martingale measure P follows directly from the
respective discussions in Sections 4.1-4.3.

5. Estimation procedures and results

In this section we adopt the ECF estimation method to estimate the unknown parameters in
eight models that will be used for pricing Bitcoin options in Section 6. A summary of the eight
models is provided in Table D.1 in the supplementary material. Models -V are finite mixture
models, while Models VI-VIII are non-mixture models. The latter are used for comparison.
Specifically, Model VI is the Black—Scholes—Merton model [9, 52]. Models VII and VIII are
based on negative-shifted Gamma and negative-shifted IG distributions, respectively. First, the
estimation procedures of the ECF estimation method are briefly reviewed. Then the estimation
results based on real Bitcoin price data are provided.

5.1. Estimation procedures

The ECF estimation method [21, 22, 44, 48, 49, 61, 79, 83] has been applied to estimate
unknown parameters of finite mixture models of normal distributions [10, 79, 83]. Its key
idea is to estimate the unknown parameters by minimizing the ‘distance’ between the empir-
ical characteristic function and its theoretical counterpart. It was noted in [83] that the ECF
estimation method can be considered when the maximum likelihood estimation method is
difficult and a closed-form solution of the (theoretical) characteristic function is available.
This is why the ECF estimation method is adopted here. Specifically, for the cases of a finite
mixture model of negative-shifted Gamma distributions and a finite mixture model of negative-
shifted IG distributions, it is possible that the observed logarithmic returns may not be bounded
above by the shifted parameters. This renders the maximum likelihood estimation method
intractable. Furthermore, we note that closed-form expressions for the (theoretical) character-
istic functions of a negative-shifted Gamma distribution and a negative-shifted IG distribution
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are available and that the (theoretical) characteristic function of a finite mixture model is a
mixture of the (theoretical) characteristic functions of individual (theoretical) characteristic
functions. Consequently, closed-form expressions for the (theoretical) characteristic functions
of the finite mixture model of negative-shifted Gamma distributions and the finite mixture
model of negative-shifted IG distributions are obtained. The ECF estimation method is inti-
mately linked with the generalized method of moment (GMM) estimation [35]. See [83] for
a detailed discussion on the link between the GMM method and the ECF method. [26] pro-
posed the use of the method of moments to estimate unknown parameters in a shifted Gamma
distribution and a shifted IG distribution, and derived the respective closed-form estimators. In
the following, the ECF estimation method is briefly discussed in the context of a general finite
mixture model.

Let{Ry, R>, ..., R,} denote a set of n observations about the logarithmic returns of Bitcoin.
Then the ECF of {R{, R;, ..., R,} evaluated at u € R is defined as

1 n
Cplu) := - Z exp (iuRy), (5.1)
j=1

where i := /—1.

Let C(u; ¢) denote the (theoretical) characteristic function of the general finite mixture dis-
tribution F(x) in (2.1) evaluated at u € R under P, where ¢ is a vector of unknown parameters
in the finite mixture distribution F(x):= F(x;¢) and ¢ € ® C R¥ for some Euclidean space
R, For each Jj=1,2,...,N,let Cj(u;p) denote the (theoretical) characteristic function of the
Jjth-component CDF Fj(x) of the general finite mixture distribution F(x) evaluated at u € R
under IP. That is, Cj(u; @) is the conditional (theoretical) characteristic function of R; given
{® =} evaluated at u € R under IP. Note that foreachj=1, 2, ..., N, the vector of unknown
parameters in Fj(x) is obtained by putting some components of ¢ equal to zero. To simplify
the notation, we still adopt ¢ to denote the vector of unknown parameters in Fj(x). By putting
n =1iuin (2.7), we have

N
Clu, 9) =) piCi(u, p), (5.2)
j=1
Clu, p) =E[e"R) = / e dF(x), (5.3)
S
Ci(u, 9) =E[e"R | © =j] = /S el dFj(x). (5.4)

Note that S is the support of the probability density function (PDF) of the distribution F(x);
§; is the support of the PDF of the distribution F;(x) for each j=1,2, ..., N. In the case of a
finite mixture of negative-shifted Gamma distributions, a closed-form expression for Cj(u, ¢)
is obtained by putting n =iu in (4.10). In the case of a finite mixture of negative-shifted IG
distributions, a closed-form expression for Cj(u, ¢) is obtained by putting n = iu in (4.21).

Then the ECF estimation method is to estimate ¢ by solving the following minimization
problem:

mg/|qmw—amw%ww, (5.5
(7S] —o0

where g(u) is some continuous weighting function. Here, as in [83], we choose g(u) =
2
exp (— u”).
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In practice, it is often the case that there is no closed-form expression for the integral in
(5.5). Consequently, the integral is evaluated via some numerical integration procedures. Here
we shall use the function integrate in R to compute the integral numerically, which adopts
adaptive quadrature of functions and involves a set of discrete points for the variable u of the
integration. To solve the minimization problem in (5.5), the differential evolution algorithm
is implemented using the DEoptim R package [2]. Differential evolution is an evolutionary
global optimization algorithm that adopts biology-inspired operations on a population to min-
imize an objective function over successive generations [2, 53, 56, 72]. More detail about the
use of differential evolution to estimate the finite mixture models considered in the current
paper is provided in Section 5.2. It will be seen that human or subjective judgement may need
to be exercised even when this advanced optimization algorithm is adopted. Finally, it may
be noted that the ECF estimator enjoys some desirable asymptotic properties such as strong
consistency and asymptotic normality. See [83] for a more detailed discussion.

5.2. Estimation results

A dataset on daily Bitcoin-USD (BTC-USD) adjusted close prices is used in empirical
studies on the eight models in Table D.1. Each of Models [-V has two mixing components.
The time period for the BTC-USD prices data is from 1 January 2020 to 29 May 2025 (1976
observations). The dataset was extracted from Yahoo Finance using R. It covers some periods
of the Covid pandemic. In [64, 66], Bitcoin price data covering some periods of the Covid
pandemic were considered. However, [64] focused on risk evaluation based on Value at Risk
and Expected Shortfall. [66] studied the impacts of a long memory in the conditional volatility
and conditional non-normality on pricing Bitcoin options. With the Bitcoin logarithmic returns
data (1975 observations), where the empirical studies were performed using R. The estimation
results are discussed in this subsection.

The estimation results for the five two-component finite mixture models (Models I-V) are
provided in Tables D.2-D.6 in the supplementary material, respectively. Specifically, for each
of the five two-component finite mixture models, the estimates of the unknown parameters, the
optimal value(s) of the objective function corresponding to the parameter estimates, and the
lower and upper boundaries of the parameters are presented. For the finite mixture model of
normal distributions (Model I), one set of parameter estimates is provided based on one set of
lower and upper boundaries of the parameters. For the other four finite mixture models with
non-normal mixing components (Models II-V), two sets of parameter estimates are provided
based on two sets of lower and upper boundaries of the parameters. In each of Tables D.2-D.6,
‘fn’ represents the optimal value of the objective function in differential evolution evaluated at
the parameter estimates. All the parameter estimates in Tables D.2-D.6 are in daily units. It will
be seen from the results that the parameter estimates obtained from differential evolution may
be different when different sets of lower and upper boundaries of the parameters are adopted.

In Table D.2, the lower and upper boundaries of 1«1 and w, are given by —100 and 100 times
the sample mean of the logarithmic returns, respectively. The upper boundaries of o and o, are
100 times the sample standard deviation of the logarithmic returns. From the estimation results,
around 34.87% weight is allocated to the first component. The first component corresponds to a
‘bad’ economic regime with a negative mean return and high volatility. The second component
corresponds to a ‘good’ economic regime with a positive mean return and low volatility.

There are two sets (Sets 1 and 2) of estimation results in each of Tables D.3-D.6. In each
of Tables D.3 and D.4, the upper boundaries of parameters in Set 1 are 5 times their respective
method of moments estimates from the sample logrithmic returns data. The upper boundaries
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of parameters in Set 2 are 10 times their respective method of moments estimates from the
sample data. The estimates of @¢; and b;, i = 1, 2, in Table D.4 are obtained from the respective
estimates of ,u‘i”g and A;. In each of Tables D.5 and D.6, for each of Sets 1 and 2, the lower and
upper boundaries of p are —100 and 100 times the sample mean of the logarithmic returns,
respectively; the upper boundaries of o in Sets 1 and 2 are 100 times the sample standard
deviation of the logarithmic returns. Again, the upper boundaries of negative SGa and SIG
parameters in Set 1 are five times their respective method of moment estimates from the sample
logrithmic returns data. The upper boundaries of negative SGa and SIG parameters in Set 2 are
10 times their respective method of moments estimates from the sample data. The estimates
of a and b in Table D.6 are obtained from the respective estimates of *¢ and A. There are
two reasons why the upper boundaries of negative SGa and SIG parameters are set as either
5 or 10 times their respective method of moment estimates. Firstly, some of the parameters
may become large if their upper boundaries are large. Specifically, the parameters g; (or B) in
the negative SGa distributions may become large if their upper boundaries are large. Secondly,
the optimal value ‘fn’ may not improve significantly even if the upper boundaries are large.
However, the computational time increases if the upper boundaries are large. In each of Tables
D.3-D.6, the estimation results from Sets 1 and 2 could be quite different. This illustrates that
the parameter estimates obtained from differential evolution depend on the chosen boundaries
of the parameters. We may need to exercise subjective judgements even though the advanced
optimization algorithm is adopted.

In Table D.3, the optimal value ‘fn’ (i.e. the objective function in (5.5)) increases from
1699928 x 10719 t0 2.519 128 x 10~ when moving from Set 1 to Set 2. This indicates that
the optimal value ‘fn” may not improve when parameter bounds are relaxed. This happens
because the solver was not able to find the global optimum and led to suboptimal convergence.
Although the estimates of 81 in Sets 1 and 2 are large, they are still interior optimums (i.e.
strictly less than the respective upper boundaries). Although the parameter estimates in Set 1
provide a better fit to the data than those in Set 2 according to the optimal value ‘fn’, the
parameter estimates in Set 2 will be used to calculate the option prices in Section 6 to illustrate
the mixture effect. In Table D.4, the optimal value ‘fn’ increases from 1.512 852 x 10~ to
3.604 965 x 10~ when moving from Set 1 and Set 2. This also indicates that the optimal value
‘fn’ may not improve when the upper boundaries become larger. Since the parameter estimate
of b in Set 2 looks more reasonable than that in Set 1, the former will be used to calculate
the option prices in Section 6. In Table D.5, the parameter estimates in Set 1 provide a better
fit to the data than those in Set 2. Furthermore, the parameter estimate of o in Set 2 is very
small (0.002 944 167), which may result in unreasonably small option prices. Consequently,
the parameter estimates in Set 1 will be used to calculate the option prices in Section 6. In
Table D.6, the estimates of p in Sets 1 and 2 are 0.012 423 47 and 0.578 201 806, respectively.
To illustrate the mixture effect, the parameter estimates in Set 2 may be better than those in
Set 1. However, the estimate of o in Set 2 is very small (0.002 358 598), which may result
in unreasonably small option prices. Furthermore, the parameter estimates in Set 1 provide a
better fit to the data than those in Set 2. Consequently, the parameter estimates in Set 1 will be
used to calculate the option prices in Section 6.

Tables D.7-D.9 present the estimation results for the three non-mixture models (Models
VI-VIII), respectively.

In Table D.7, both the maximum likelihood estimates (MLE) and the ECF estimates are
provided. For the ECF estimates, the lower and upper boundaries of p are —100 and 100
times the sample mean of the logarithmic returns, respectively. The upper boundary of o is
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100 times the sample standard deviation of the logarithmic returns. The optimal value ‘fn’
(i.e. the objective function in (5.5)) evaluated at the ECF estimates is smaller than the optimal
value ‘fn’ evaluated at the MLE, though the optimal values evaluated at both the MLE and
the ECF estimates are reasonably small. This indicates that the ECF estimation method may
be better than the MLE method when estimating the mean and standard deviation of a normal
distribution. However, it is possible that the solver was not able to find the global optimum
and led to suboptimal convergence. The ECF estimates will be used to calculate the option
prices in Section 6. In each of Tables D.8 and D.9, the upper boundaries for the parameters
in Sets 1 and 2 are 5 and 10 times their respective method of moment estimates, respectively.
The estimates of @ and b in Table D.9 are obtained from those of ;¢ and A. In Table D.8, the
parameter estimates in Set 2 provide a better fit to the data and will be used to calculate the
option prices in Section 6. In Table D.9, the parameter estimates in Set 1 provide a better fit to
the data and will be used to calculate the option prices in Section 6. Using ‘fn’ as a criterion,
the fitting performances of Models I-VIII look similar, though Model VIII is the best among
them.

6. An application to Bitcoin option pricing

Recently, there has been considerable interest in developing quantitative models for pric-
ing Bitcoin options and options written on cryptocurrencies. For example, [40, 42, 66, 67,
81] considered the pricing of Bitcoin options under stochastic volatility and GARCH-type
models. [65] constructed Bayesian lower and upper estimates for the prices of ether options
under GARCH models by leveraging Bayesian non-linear expectation proposed in [64].
[13, 39] discussed the pricing of Bitcoin options under jump-diffusion models. [45, 55] adopted
the machine learning and neural network approaches to price Bitcoin options, respectively.
Using the Black—Scholes—Merton model, [1] discussed the pricing of crypto quanto and inverse
options. From Figure C.1 (panel B) in the supplementary material, the daily logarithmic returns
exhibit volatility clustering. Consequently, models with conditional heteroscedasticity and
stochastic volatility may provide a better fit to the returns data than finite mixture models.
There are two reasons why we consider finite mixture models for pricing Bitcoin options.
First, closed-form expressions for the European call Bitcoin options are obtained under finite
mixture models (Section 4). Secondly, pricing Bitcoin options under models with conditional
heteroscedasticity and stochastic volatility was considered in the aforementioned literature.
Lastly, by considering the finite mixture models, we can focus on the impact of non-normality
of Bitcoin returns on option pricing.

In this section, the proposed finite mixture models are applied to price Bitcoin options.
Specifically, the estimated models (Models [-V) based on real Bitcoin returns data in Section 5
are used to compute the prices of European-style call Bitcoin options. Three estimated non-
mixture models (Models VI-VIII) are used for comparison. See Table D.1 for the detail. For
each of the eight models, a matrix of option prices with different strike prices and maturities is
computed. The possible strike prices are 0.8sg, 0.85sg, 0.9s9, 0.95s¢, 59, 1.05s¢, 1.1s9, 1.15s0,
and 1.2sg, where s is the current Bitcoin price, (i.e. the Bitcoin price at the end of the dataset).
The maturities are 21, 42, 63, 126, and 252 trading days. They correspond to one, two, three,
six, and twelve months, respectively. Since analytical expressions for the option prices are
obtained for Models I-VIII, the option prices are quickly obtained. All the computations for
the option prices were calculated with R. The risk-free interest rate is assumed to be 4.33% per
annum (i.e. 0.0433/252 per trading day), as taken from the US Federal Funds Effective Rate
(FEDFUNDS) in May 2025. Note that the interest rate on Bitcoin is zero [5, 67].
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Tables D.10-D.17 in the supplementary material show the prices of European-style call
Bitcoin options with different levels of moneyness and maturities from Models I to VIII,
respectively.

From Tables D.10-D.17, for each of the eight models (Models I-VIII), the option prices
increase as the maturity 7 increases, and they decrease as the moneyness K /s increases. These
are necessary no-arbitrage conditions [52]. From Tables D.10 and D.11, the option prices from
Model I are higher than those from Model II. One possible explanation for this is that the
negative-shifted Gamma distribution has a finite upper limit of its support, which limits the
impact of upside movements of the underlying Bitcoin price on the call price. This results in
lower call prices. By comparing the option prices in Table D.11 with those in Table D.12, the
option prices from Model II are lower than those from Model III. One potential explanation
for this is that the negative-shifted IG distribution has a heavier tail than the negative-shifted
Gamma distribution. Since the negative-shifted IG distribution is heavy-tailed, this may explain
why some option prices from Model III are higher than the respective prices from Model
I, as can be seen by comparing Tables D.10 and D.12. From Table D.13, the option prices
are unreasonably small when the maturity is short (7 =21 days) as well as when the option
is deep out-of-money (K/sg = 1.2). This indicates that Model IV may not price short-lived
options and out-of-money options accurately. For this reason, it will not be used to compute
the Black—Scholes—Merton implied volatilities in the later part of this section. By comparing
Tables D.10 and D.13, option prices from Model IV are lower than those from Model I. This
may be partly explained by a relatively small volatility in component 1 of Model IV and a
finite upper limit of the support of the negative-shifted Gamma distribution. By comparing
Table D.14 with Tables D.10-D.13, Model V gives the most conversative estimates for the
option prices among all five finite mixture models. This may be attributed to the combined
effect of the heavy-tailedness of a negative-shifted IG distribution and the unbounded support
of a normal distribution. By comparing the option prices in Tables D.15-D.17 with those in
Tables D.10-D.14, the option prices from non-mixture models are more conversative than the
respective prices from the finite mixture models. This reflects that the finite mixture models
provide the flexibility of incorporating two possible economic regimes, one of which gives
less conversative option prices.

Figure D.1 in the supplementary material plots the Black—Scholes—Merton implied volatil-
ities against moneyness from Models I-III and Model V for three different maturities. Figure
D.2 plots the BSM implied volatilities against maturity from Models I-III and Model V for
in-the-money (ITM), at-the-money (ATM), and out-of-money (OTM) options. For each mon-
eyness and each maturity, the BSM implied volatility from a model is computed by minimizing
the absolute difference between the option price from the model and the theoretical option
price from the BSM model evaluated at the implied volatility. Again, the differential evolution
algorithm is used for the minimization, with the lower and upper boundaries being 0 and 1,
respectively.

From Figure D.1, all four finite mixture models can produce implied volatility smirks or
skews. That is, the BSM implied volatilities for ITM options are higher than those for ATM
and OTM options. The BSM implied volatilities from Model V are higher than those from
the other three finite mixture models. This is in line with what was observed by comparing
Table D.14 with Tables D.10-D.13. From Figure D.2, the four finite mixture models produce
consistent term structures of the BSM implied volatilities for ITM, ATM, and OTM options.
Specifically, when the options are ITM, ATM, and OTM options, all four finite mixture mod-
els produce downward-sloping, nearly flat, and upward-sloping term structures of the BSM
implied volatilities, respectively.
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7. Conclusion

Finite mixture models were adopted for the canonical valuation of Bitcoin options in a
discrete-time economy by integrating knowledge in actuarial science, financial mathematics,
applied probability, statistics, econometrics, and data science. Specifically, the time-honored
tool in actuarial science, namely the Esscher transform, was used to specify a pricing kernel.
Novel finite mixture models were introduced to capture non-normality of returns and model
uncertainty. Specifically, a finite mixture model of negative SGa distributions, a finite mixture
model of negative SIG distributions, as well as a hybrid finite mixture model of normal, neg-
ative SGa, and negative SIG distributions were introduced. The finite mixture models were
estimated using the empirical characteristic function estimation method. Analytical pricing
formulas for a European call option were obtained for some finite mixture models. The pric-
ing formulas provide quick and convenient ways to compute matrices of option prices and to
calibrate the models to real option price data. Using real data on the adjusted close prices of
Bitcoin-USD, the estimation results of eight models (five finite mixture models and three non-
mixture models) were provided. Numerical results illustrating applications of the eight models
to pricing European call Bitcoin options were presented. The results reveal that the hybrid
mixture model with a normal distribution and a negative-shifted IG distribution gives the most
conservative pricing result. It is also found that four finite mixture models produce implied
volatility smirks/skews, and that the finite mixture models produce different patterns for term
structures of the implied volatility for ITM, ATM, and OTM options. These results could be
helpful to stakeholders in Bitcoin option markets such as traders, regulators, and individual
investors.

There are some limitations of the proposed finite mixture models and studies that may
provide some potential ideas for further research. The models cannot incorporate conditional
heteroscedasticity and stochastic volatility. Finite mixture models with either negative-shifted
Gamma distributions or negative-shifted IG distributions impose finite upper limits of the
supports of the distributions. This limits the capability of the models for modelling large
up movements in the Bitcoin returns. The estimation results based on differential evolution
depend on the choice of the boundaries of the unknown parameters, which involves subjective
judgement. Real Bitcoin option price data were not used in this study.
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